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1. �¢¥¤¥¨¥

�®ïâ¨ï ®¡®¡é¥®© íà¬¨â®¢®© £¥®¬¥âà¨¨ ¨ ®¡®¡é¥®© ¯®çâ¨ íà¬¨â®¢®© áâàãªâãàë (¨«¨
GAH-áâàãªâãàë) à £  r ¯®ï¢«ïîâáï ¢¯¥à¢ë¥ ¢  ç «¥ 80-å ££. ¢ à ¡®â å �.�.�¨à¨ç¥ª® ([1],
[2]). �®¢ ï ª®áâàãªæ¨ï ¯®§¢®«¨«  ¯®áâà®¨âì ¥áâ¥áâ¢¥ë¥ ®¡®¡é¥¨ï â ª¨å å®à®è® ¨§¢¥áâëå
à ¥¥ áâàãªâãà, ª ª ¯®çâ¨ íà¬¨â®¢  áâàãªâãà , áâàãªâãà  ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï, f -áâàãªâãà  ¨
¥ª®â®àë¥ ¤àã£¨¥. � ª®© ¯®¤å®¤ ¯®§¢®«ï¥â á¢¥áâ¨ ¨§ãç¥¨¥ ¬®£®®¡à §¨ï á® áâàãªâãà ¬¨ ª ¨á-
á«¥¤®¢ ¨î á¢®©áâ¢  «£¥¡à ¨ç¥áª®£® ®¡ê¥ªâ ,  áá®æ¨¨à®¢ ®£® á á®®â¢¥âáâ¢ãîé¥© ®¡®¡é¥®©
¯®çâ¨ íà¬¨â®¢®© áâàãªâãà®©. �.�.�¨à¨ç¥ª®  §¢ « íâ®â ®¡ê¥ªâ ¯à¨á®¥¤¨¥®© Q- «£¥¡à®©.

�¥á¬®âàï   â®, çâ® ®¡®¡é¥ ï ¯®çâ¨ íà¬¨â®¢  áâàãªâãà  ®¯à¥¤¥«ï¥âáï ¤«ï ¯à®¨§¢®«ì®-
£® à £  r, ¯à ªâ¨ç¥áª¨ ¢á¥ à ¡®âë ¯® ®¡®¡é¥®© íà¬¨â®¢®© £¥®¬¥âà¨¨ á¢ï§ ë á ¨§ãç¥¨¥¬
áâàãªâãà à £  1. �â® ª á ¥âáï áâàãªâãà ¡®«¥¥ ¢ëá®ª®£® à £ , â® ¤ ¦¥ ¨å ¯à¨¬¥àë ¤® ¯®á«¥¤-
¥£® ¢à¥¬¥¨ ¡ë«¨ ¥¬®£®ç¨á«¥ë ¨ ®á¨«¨ ¤®¢®«ì® ¨áªãááâ¢¥ë© å à ªâ¥à [1].

� ¤ ®© áâ âì¥ à áá¬ âà¨¢ îâáï ¬®£®®¡à §¨ï,   ª®â®àëå § ¤ ë ¤¢¥ ¯¥à¥áâ ®¢®çë¥
¬¥âà¨ç¥áª¨¥ f -áâàãªâãàë, çâ® ®âà ¦ ¥âáï   á¯¥æ¨ä¨ª¥ ¨å á¢®©áâ¢. �¬¥® ¨§ãç¥¨¥ íâ¨å
á¢®©áâ¢ ¨ ¯®§¢®«¨«® ®¯¨á âì á¯®á®¡ë § ¤ ¨ï   â ª¨å ¬®£®®¡à §¨ïå ®¡®¡é¥ëå ¯®çâ¨ íà-
¬¨â®¢ëå áâàãªâãà à £  ¡®«ìè¥£® 1. � ª ç¥áâ¢¥ ¡®£ â®£® ¨áâ®ç¨ª  ¯à¨¬¥à®¢ ¬®£®®¡à §¨© á
¯¥à¥áâ ®¢®çë¬¨ f -áâàãªâãà ¬¨ ¬®£ãâ á«ã¦¨âì ®¤®à®¤ë¥ �-¯à®áâà áâ¢  ª®¥ç®£® ¯®àï¤-
ª .

2. �á®¢ë¥ ä ªâë

�ãáâì M | á¢ï§®¥ £« ¤ª®¥ ¬®£®®¡à §¨¥, C1(M) | ª®«ìæ® £« ¤ª¨å äãªæ¨©  M , X(M)
|  «£¥¡à  �¨ ¢¥ªâ®àëå ¯®«¥©   M á® áª®¡ª®© �¨ [�; �]. �á«¨   M § ¤   (¯á¥¢¤®)à¨¬ ®¢ 
¬¥âà¨ª  h�; �i, â® á®®â¢¥âáâ¢ãîéãî ¥© à¨¬ ®¢ã á¢ï§®áâì ¡ã¤¥¬ ®¡®§ ç âì á¨¬¢®«®¬ r. �á¥
¬®£®®¡à §¨ï, â¥§®àë¥ ¯®«ï ¨ â®¬ã ¯®¤®¡ë¥ ®¡ê¥ªâë ¡ã¤¥¬ ¯à¥¤¯®« £ âì £« ¤ª¨¬¨ ª« á-
á  C1.

�¯à¥¤¥«¥¨¥ 1 ([2]). �¡®¡é¥®© ¯®çâ¨ íà¬¨â®¢®© áâàãªâãà®© (GAH-áâàãªâãà®©) à -
£  r   £« ¤ª®¬ ¬®£®®¡à §¨¨ M  §ë¢ ¥âáï á®¢®ªã¯®áâì fg; J1; : : : ; Jr; Tg â¥§®àëå ¯®«¥©
  M , £¤¥ g = h�; �i | ¯á¥¢¤®à¨¬ ®¢  ¬¥âà¨ª    M , J1; : : : ; Jr | «¨¥©® ¥§ ¢¨á¨¬ë¥ ¢
ª ¦¤®© â®çª¥ ¬®£®®¡à §¨ï â¥§®àë â¨¯  (1; 1),  §ë¢ ¥¬ë¥ áâàãªâãàë¬¨  ää¨®à ¬¨ ¨«¨
áâàãªâãàë¬¨ ®¯¥à â®à ¬¨. �¨ ®¯à¥¤¥«¥ë ¢ ª ¦¤®© â®çª¥ ¬®£®®¡à §¨ï á â®ç®áâìî ¤® ¥-
ã«¥¢®£® ç¨á«®¢®£® ¬®¦¨â¥«ï ¨ ¯à¥¤áâ ¢«ïîâ ¢¬¥áâ¥ á® á¢®¨¬¨ ª¢ ¤à â ¬¨ ¨ â®¦¤¥áâ¢¥ë¬
 ää¨®à®¬ ®¡à §ãîé¨¥ ¥ª®â®à®© ¯®¤ «£¥¡àë  «£¥¡àë ¢á¥å í¤®¬®àä¨§¬®¢ ª á â¥«ì®£® ¯ãç-
ª  ¬®£®®¡à §¨ï, T | â¥§®à â¨¯  (2; 1),  §ë¢ ¥¬ë© ª®¬¯®§¨æ¨®ë¬ â¥§®à®¬. �à¨ íâ®¬
¤®«¦ë ¢ë¯®«ïâìáï ãá«®¢¨ï:

1. hJiX;Y i+ hX; JiY i = 0;
2. T (JiX;Y ) = T (X; JiY ) = �JiT (X;Y );
3. TXg = 0;
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4.
rT

i=1
kerJi � kerT �

rT
i=1

ker(J5
i � �iJi);

5. JiJj = JjJi.

�¤¥áì i; j = 1; : : : ; r, X;Y 2 X(M), 0 < � 2 C1(M); TXY = T (X;Y ); ®¯¥à â®à TX ®â®¦¤¥áâ¢«ï-
¥âáï á ¯®à®¦¤¥ë¬ ¨¬ ¤¨ää¥à¥æ¨à®¢ ¨¥¬ â¥§®à®©  «£¥¡àë ¬®£®®¡à §¨ï. �®£®®¡à -
§¨¥,  ¤¥«¥®¥ GAH-áâàãªâãà®©,  §ë¢ ¥âáï ®¡®¡é¥ë¬ ¯®çâ¨ íà¬¨â®¢ë¬ ¬®£®®¡à §¨¥¬
(GAH-¬®£®®¡à §¨¥¬). �¨¬¢®«®¬ GAH ®¡®§ ç ¥âáï ª« áá ¢á¥å GAH-áâàãªâãà   M .

�  §¢ ¨¨ GAH-¬®£®®¡à §¨ï ãª §ë¢ ¥âáï á®®â¢¥âáâ¢ãîé¥¥ á¢®©áâ¢® ¥£® ¯à¨á®¥¤¨¥®©
Q- «£¥¡àë [2]: GAH-¬®£®®¡à §¨¥, ¯à¨á®¥¤¨¥ ï Q- «£¥¡à  ª®â®à®£® ï¢«ï¥âáï K- «£¥¡à®©
(A- «£¥¡à®©,  ¡¥«¥¢®© Q- «£¥¡à®©),  §ë¢ ¥âáï á®®â¢¥âáâ¢¥® ®¡®¡é¥ë¬ G1-¬®£®®¡à §¨¥¬
(®¡®¡é¥ë¬ G2-¬®£®®¡à §¨¥¬, ®¡®¡é¥ë¬ íà¬¨â®¢ë¬ ¬®£®®¡à §¨¥¬), ¨ á®®â¢¥âáâ¢ãîé¨¥
GAH-áâàãªâãàë ®¡®§ ç îâáï á®®â¢¥âáâ¢¥® á«¥¤ãîé¨¬ ®¡à §®¬: GG1, GG2, GH [2].

�¯à¥¤¥«¥¨¥ 2 ([2]). Q- «£¥¡à  V  §ë¢ ¥âáï  ¡¥«¥¢®©, ¥á«¨ V �V = 0. K- «£¥¡à®©  §ë¢ -
¥âáï  â¨ª®¬¬ãâ â¨¢ ï Q- «£¥¡à : X �Y=�Y �X. A- «£¥¡à®©  §ë¢ ¥âáï Q- «£¥¡à  V â ª ï,
çâ®

hX � Y;Zi+ hY � Z;Xi + hZ �X;Y i = 0: (1)

�á®¢ë¬ ¯à¨¬¥à®¬ ®¡®¡é¥®© ¯®çâ¨ íà¬¨â®¢®© áâàãªâãàë à £  1 ï¢«ï¥âáï f -áâàãªâãà .
�®ïâ¨¥ f -áâàãªâãàë ¡ë«® ¢¢¥¤¥® ¢ 1963 £. ¢ [3].

�¯à¥¤¥«¥¨¥ 3 ([4]). f -áâàãªâãà®©   £« ¤ª®¬ ¬®£®®¡à §¨¨ M  §ë¢ ¥âáï ¯®«¥ â¥§®à 
f â¨¯  (1; 1)   M â ª®¥, çâ® f 3 + f = 0. �®£®®¡à §¨¥, á ¡¦¥®¥ f -áâàãªâãà®©,  §ë¢ ¥âáï
f -¬®£®®¡à §¨¥¬.

� áá¬®âà¨¬   ¬®£®®¡à §¨¨ M á f -áâàãªâãà®© ®¯¥à â®àë l = �f 2, m = f 2 + id [4]. �¥¯®-
áà¥¤áâ¢¥® ¯à®¢¥àï¥âáï, çâ® l2 = l, m2 = m, l +m = id, â. ¥. l ¨ m | ¢§ ¨¬® ¤®¯®«¨â¥«ìë¥
¯à®¥ªâ®àë. �¥£ª® â ª¦¥ ã¡¥¤¨âìáï, çâ® ®¡à § ®¯¥à â®à  m á®¢¯ ¤ ¥â á ker f , â. ¥. m| ¯à®¥ªâ®à
  ï¤à® ®¯¥à â®à  áâàãªâãàë. �à®¬¥ â®£®, f � l = l � f , ¢¢¨¤ã ç¥£® ¬®¦® à áá¬ âà¨¢ âì ®£à -
¨ç¥¨¥ ef ®¯¥à â®à  f   ®¡à § L ®¯¥à â®à  l. �ç¥¢¨¤® f 2l = �l, ¨ ¯®íâ®¬ã ef 2 = � id. � ª¨¬
®¡à §®¬, X(M) = L�N , £¤¥ N = ker f , f jL = ef |  â¨¨¢®«îâ¨¢ë© ®¯¥à â®à.

f -¬®£®®¡à §¨¥ M  §ë¢ îâ ¬¥âà¨ç¥áª¨¬ [2], ¥á«¨   ¥¬ § ¤   à¨¬ ®¢  ¬¥âà¨ª  g =
h� ; �i â ª ï, çâ® hfX; Y i = �hX; fY i, X;Y 2 X(M). �à¨ íâ®¬ f -áâàãªâãà    M â ª¦¥  -
§ë¢ ¥âáï ¬¥âà¨ç¥áª®©. �§ íâ®£® ®¯à¥¤¥«¥¨ï ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â, çâ® h efX; efY i = hX;Y i,
X;Y 2 L,   â ª¦¥ ¢§ ¨¬ ï ®àâ®£® «ì®áâì à á¯à¥¤¥«¥¨© L ¨ N ¢ ¬¥âà¨ª¥ g.

3. �®£®®¡à §¨¥ á ¤¢ã¬ï ¯¥à¥áâ ®¢®çë¬¨ f-áâàãªâãà ¬¨

�ãáâì   ¯à®¨§¢®«ì®¬ ¬®£®®¡à §¨¨ M § ¤ ë ¤¢¥ ¯¥à¥áâ ®¢®çë¥ f -áâàãªâãàë f1 ¨ f2.
�¢¥¤¥¬ á«¥¤ãîé¨¥ â¥§®àë¥ ¯®«ï â¨¯  (1; 1): I = 1

2
f1(f1f2 + f 21f

2
2 ); J = � 1

2
f1(f1f2 � f 21 f

2
2 );

F1 = f1 � I � J ; F2 = f2 + I � J . �®£¤   ää¨®àë f1 ¨ f2 ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥ë ¢ ¢¨¤¥
f1 = F1+I+J , f2 = F2�I+J . Bá¥ ¯®áâà®¥ë¥ áâàãªâãàë I, J , F1, F2 ï¢«ïîâáï f -áâàãªâãà ¬¨,
¨ «î¡ë¥ ¯®¯ àë¥ ¯à®¨§¢¥¤¥¨ï áâàãªâãà I, J , F1, F2 à ¢ë ã«î.

�â®á¨â¥«ì® ¯à®¨§¢®«ì®© f -áâàãªâãàë ¬®¤ã«ì X(M) à §« £ ¥âáï ¢ ¯àï¬ãî áã¬¬ã ¤¢ãå
¯®¤¯à®áâà áâ¢ L ¨ N â ª¨å, çâ® ¤«ï ef = f jL ¢¥à® ef 2 = � id, f jN = 0. �ãáâì X(M) = Lf1�Nf1 =
Lf2�Nf2 | à §«®¦¥¨ï ¬®¤ã«ï X(M), á®®â¢¥âáâ¢ãîé¨¥ áâàãªâãà ¬ f1 ¨ f2. �¥à¥§N0 ®¡®§ ç¨¬
¯®¤¯à®áâà áâ¢®, ï¢«ïîé¥¥áï ¯¥à¥á¥ç¥¨¥¬ ï¤¥à áâàãªâãà f1 ¨ f2.

�ãáâì áâàãªâãàë f1 ¨ f2 ï¢«ïîâáï ¬¥âà¨ç¥áª¨¬¨ ®â®á¨â¥«ì® g = h�; �i. �®£¤  ¯àï¬ë¬¨
¢ëç¨á«¥¨ï¬¨ ¬®¦® ãáâ ®¢¨âì, çâ® áâàãªâãàë I, J , F1, F2 â ª¦¥ ï¢«ïîâáï ¬¥âà¨ç¥áª¨¬¨
f -áâàãªâãà ¬¨. �à®¬¥ â®£®, ¢  ¡®à¥ LI , LJ , LF1 , LF2 , N0 «î¡ë¥ ¤¢  ¯®¤¯à®áâà áâ¢  ®àâ®£®-
 «ìë ¤àã£ ¤àã£ã ¢ ¢ë¡à ®© ¬¥âà¨ª¥.
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�§ ¨¬®á¢ï§ì ¦¥ ¢á¥å áâàãªâãà f1, f2, I, J , F1, F2 ¡ã¤¥â ®¯¨áë¢ âìáï  ¡®à®¬ à ¢¥áâ¢

f1f2 = J2 � I2;

IJ = IF1 = IF2 = JF1 = JF2 = F1F2 = 0;

f1J = J2; f1I = I2; f2J = J2; f2I = �I2;

f1F1 = F 2
1 ; f1F2 = 0; f2F1 = 0; f2F2 = F 2

2 :

(2)

�á¯®«ì§ãï ®¯¨á ë¥ à §«®¦¥¨ï ¤«ï áâàãªâãà f1 ¨ f2, ¯®«ãç¨¬ á«¥¤ãîé¨¥ à¥§ã«ìâ âë.

�¥®à¥¬  1. �ãáâì   à¨¬ ®¢®¬ ¬®£®®¡à §¨¨ (M; g) § ¤ ë ¤¢¥ ¯¥à¥áâ ®¢®çë¥ ¬¥âà¨-
ç¥áª¨¥ f -áâàãªâãàë f1 ¨ f2. �®£¤  ¬®¤ã«ì ¢¥ªâ®àëå ¯®«¥© ¬®£®®¡à §¨ï M ¬®¦¥â ¡ëâì
¯à¥¤áâ ¢«¥ ¢ ¢¨¤¥ X(M) = LI � LJ � LF1 � LF2 �N0.

�®ª § â¥«ìáâ¢®. �â¬¥â¨¬, çâ® áâàãªâãàë F1 ¨ F2 ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥ë ª ª

F1 = f1 + f1f
2
2 ; F2 = f2 + f 21f2:

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì®¥ ¢¥ªâ®à®¥ ¯®«¥ X ¨ ¯¥à¥¯¨è¥¬ ¥£® ¢ ¢¨¤¥ X = X1
1 + X0

1 , £¤¥
X1

1 2 Lf1 (â. ¥. f
2
1X

1
1 = �X1

1 ), X
0
1 2 Nf1 (â. ¥. f1X

0
1 = 0, X0

1 = f 21X
0
1 +X0

1 ).
� «¥¥ á¯à®¥ªâ¨àã¥¬ ª®¬¯®¥âë ãª § ®£® à §«®¦¥¨ï   ¯®¤¯à®áâà áâ¢ , ¯®à®¦¤ ¥¬ë¥

áâàãªâãà®© f2. �®£¤  X1
1 ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥® ¢ ¢¨¤¥ X

1
1 = X11

12 +X10
12 . �¤¥áì X

11
12 = �f 22X

1
1 ,

X10
12 = f 22X

1
1 + X1

1 . � à¥§ã«ìâ â¥ ¯®«ãç¨¬ X11
12 = f 22f

2
1X = ( 1

2
(f1f2 + f 21 f

2
2 ) �

1
2
(f1f2 � f 21f

2
2 ))X =

�I2X1
1 � J2X1

1 = XI +XJ , £¤¥ XI 2 LI , XJ 2 LJ . �¥¯¥àì â® ¦¥ á ¬®¥ ¯à®¤¥« ¥¬ ¤«ï X10
12 : X

10
12 =

�f 22f
2
1X�f 21X = �F 2

1X = XF1 , £¤¥XF1 2 LF1 ; â. ¥.   ¤ ®¬ íâ ¯¥ ¨¬¥¥¬X = XI+XJ+XF1+X
0
1 .

� «¥¥ à áá¬®âà¨¬ X0
1 . � «®£¨ç® ¯®«ãç ¥¬ X0

1 = X01
12 + X00

12 , £¤¥ X
01
12 2 Lf2 (â. ¥. X01

12 =
�f 22X

0
1 ), X

00
12 2 Nf2 (â. ¥. X

00
12 = f 21X

0
1 +X0

1 ); X
01
12 = �f 22f

2
1X � f 22X = �F 2

2X = XF2 , £¤¥ XF2 2 LF2 .
�¥à¥©¤¥¬ â¥¯¥àì ª® ¢â®à®¬ã á« £ ¥¬®¬ã. �® ¯®áâà®¥¨î X00

12 2 Nf2 , ® X
00
12 = f 22 (f

2
1X +X)+

f 21X +X = f 21 (f
2
2X +X) + (f 22X +X) 2 Nf1 , â. ¥. X

00
12 2 Nf1 \Nf2 = N0.

�®¤¢®¤ï ¨â®£ à ááã¦¤¥¨ï¬, ¯®«ãç ¥¬, çâ® ¯à®¨§¢®«ì®¥ ¢¥ªâ®à®¥ ¯®«¥ X ¬®¦¥â ¡ëâì
¯à¥¤áâ ¢«¥® ¢ ¢¨¤¥ X = XI +XJ +XF1 +XF2 +X0, £¤¥ XI 2 LI , XJ 2 LJ , XF1 2 LF1 , XF2 2 LF2 ,
X0 2 Nf1 \Nf2 . �ç¥¢¨¤®, â ª®¥ ¯à¥¤áâ ¢«¥¨¥ ¥¤¨áâ¢¥®.

�¥¯¥àì ¯®ª ¦¥¬, çâ® ¢á¥ ¯®¤¯à®áâà áâ¢  ¯®¯ à® ¯¥à¥á¥ª îâáï â®«ìª® ¯® ã«¥¢®¬ã ¢¥ª-
â®à®¬ã ¯®«î.

�«ï áâàãªâãà I, J , F1, F2 ¢¥àë á«¥¤ãîé¨¥ á®®â®è¥¨ï: IJ = IF1 = IF2 = JF1 = JF2 =
F1F2 = 0. � ãç¥â®¬ ¯à¨¢¥¤¥ëå à ¢¥áâ¢ ¨ â®£®, çâ® ¯®¤¯à®áâà áâ¢  LI , LJ , LF1 , LF2 áãâì
®¡à §ë íâ¨å áâàãªâãà, ¢ë¢®¤ ®¡ ¨å âà¨¢¨ «ì®¬ ¯¥à¥á¥ç¥¨¨ áâ ®¢¨âáï ®ç¥¢¨¤ë¬. �®§¬®¦-
®áâì ¯¥à¥á¥ç¥¨ï á ¯®¤¯à®áâà áâ¢®¬ N0 â ª¦¥ â®«ìª® ¯® ã«¥¢®¬ã ¢¥ªâ®àã á«¥¤ã¥â ¨§ â®£®,
çâ® N0 ï¢«ï¥âáï ¯®¤¯à®áâà áâ¢®¬ ï¤¥à áâàãªâãà I, J , F1, F2.

�§ à ááã¦¤¥¨©, ¯à¨¢¥¤¥ëå ¢ å®¤¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë, á«¥¤ãîâ

�¥®à¥¬  2. Lfi = LI � LJ � LFi, £¤¥ i 2 f1; 2g.

�¥®à¥¬  3. Lf1 \ Lf2 = LI � LJ .

� §¬¥à®áâì ¯¥à¥á¥ç¥¨ï ®¡à §®¢ f -áâàãªâãà f1 ¨ f2 ¥áâì áã¬¬  à §¬¥à®áâ¥© ®¡à §®¢
f -áâàãªâãà I ¨ J . � ª ª ª à £ f -áâàãªâãà ¯®áâ®ï¥   ¢á¥¬ ¬®£®®¡à §¨¨ [5], â® ¨§ ãª § ®£®
¯à¥¤áâ ¢«¥¨ï á«¥¤ã¥â, çâ® à §¬¥à®áâì ¯¥à¥á¥ç¥¨ï ¡ã¤¥â ¯®áâ®ï®©.

�¥®à¥¬  4. �«ï ¯¥à¥áâ ®¢®çëå f -áâàãªâãà f1 ¨ f2   ¬®£®®¡à §¨¨ M ¢¥àë ãâ¢¥à-
¦¤¥¨ï :

1. X 2 LI , X 2 Lf1 , X 2 Lf2 , f1X = �f2X;
2. X 2 LJ , X 2 Lf1 , X 2 Lf2, f1X = f2X;
3. X 2 LF1 , X 2 Lf1 , f2X = 0;
4. X 2 LF2 , X 2 Lf2 , f1X = 0.
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�®ª § â¥«ìáâ¢®. 1. �á«¨ X 2 LI , â® �I2X = X. �®£¤  �f 21X = �f 21 (�I
2X) = �I2X = X,

â. ¥. X 2 Lf1 . � «®£¨ç® ¯®«ãç¨¬ X 2 Lf2 . �¬¥¥¬(
f1X = f1(�I2X) = IX;

f2X = f2(�I2X) = �IX
) f1X = �f2X:

�¡à â®, eá«¨ X 2 Lf1 ¨ X 2 Lf2 , â® �f
2
1X = X = �f 22X. �§ â®£®, çâ® f1X = �f2X, á«¥¤ã¥â

�I2X = 1
2
(f1f2 + f 21f

2
2 )X = 1

2
(f1f2X + f 21 f

2
2X) = 1

2
(�f 21X + f 41X) = �f 21X = X. � ç¨â, X 2 LI .

2. � ááã¦¤¥¨ï   «®£¨çë ¯. 1.
3. �ãáâì X 2 LF1 , â®£¤  �F

2
1X = �f 21X � f 21 f

2
2X = X ¨ f2X = �f 21f2X + f 21 f2X = 0. � ç¨â,

¢ á¨«ã ¯à¥¤ë¤ãé¥£® à ¢¥áâ¢  ¯®«ãç ¥¬ �f 21X = X. �âáî¤  X 2 Lf1 ¨ f2X = 0.
�¡à â®, ¯ãáâì X 2 Lf1 , â. ¥. �f

2
1X = X. � «®£¨ç®, f2X = 0 ) IX = 0, JX = 0, F2X = 0,

F1X = f1X. �®£¤  �F 2
1X = �f 21X � f 21 f

2
2X = �f 21X = X. � ç¨â, X 2 LF1 .

4. � ááã¦¤¥¨ï   «®£¨çë ¯. 3.

�¥®à¥¬  5. �á«¨   ¬®£®®¡à §¨¨ § ¤ ë ¤¢¥ ¯¥à¥áâ ®¢®çë¥ f -áâàãªâãàë, â® ¢ ª á -
â¥«ì®¬ ¯à®áâà áâ¢¥ ¢ ª ¦¤®© â®çª¥ ¬®£®®¡à §¨ï áãé¥áâ¢ã¥â ¡ §¨á  ¤ C , ¢ ª®â®à®¬
¬ âà¨æë íâ¨å áâàãªâãà ¤¨ £® «ìë.

�®ª § â¥«ìáâ¢®. �§ â¥®à¥¬ë 1 X(M) = LI � LJ � LF1 � LF2 �N0. �®íâ®¬ã ¢ «î¡®© â®çª¥
¬®£®®¡à §¨ï m 2M ª á â¥«ì®¥ ¯à®áâà áâ¢® à §« £ ¥âáï ¢ áã¬¬ã ¯®¤¯à®áâà áâ¢

Tm(M) = (LI)m � (LJ)m � (LF1)m � (LF2)m � (N0)m:

� ä¨ªá¨àã¥¬ â®çªã m 2 M . �ã¤¥¬ à áá¬ âà¨¢ âì ¤¥©áâ¢¨¥ f1   (LI)m, â. ¥. ®£à ¨ç¥¨¥
f1j(LI)m . �¯¥à â®à f1 ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥ ª á¢®¥© ¦®à¤ ®¢®© ®à¬ «ì®© ä®à¬¥. �«¥¤®¢ -
â¥«ì®, ¬ âà¨æ  áâàãªâãàë ¯à¨¬¥â ¤¨ £® «ìë© ¢¨¤. � ¤àã£®© áâ®à®ë, f1j(LI)m = �f2j(LI)m ,
â. ¥. ¬ âà¨æ  f2j(LI)m ®â«¨ç eâáï ®â ¬ âà¨æë f1j(LI)m â®«ìª® § ª®¬ ¨ â ª¦¥ ¨¬¥eâ ¤¨ £® «ìë©
¢¨¤.

�¥¯¥àì à áá¬®âà¨¬ ®£à ¨ç¥¨¥ áâàãªâãàë f1   ¯®¤¯à®áâà áâ¢® (LJ)m. �§ ¯à¥¤ë¤ãé¨å
â¥®à¥¬ f1j(LJ )m = J . �§ «¨¥©®©  «£¥¡àë ¨§¢¥áâ®, çâ® ¢ ¯à®áâà áâ¢¥ (LJ)m ¬®¦® ¢ë¡à âì
¡ §¨á, ¢ ª®â®à®¬ áâàãªâãà  f1 ¡ã¤¥â ¨¬¥âì ¤¨ £® «ìë© ¢¨¤. �® f1jLJ = f2jLJ , § ç¨â, ®£à ¨-
ç¥¨¥ f2   íâ® ¯®¤¯à®áâà áâ¢® â ª¦¥ ¡ã¤¥â ¨¬¥âì ¤¨ £® «ìë© ¢¨¤.

� «¥¥ à áá¬ âà¨¢ ¥¬ ¯®¤¯à®áâà áâ¢® (LF1)m. �âàãªâãà  f1, ®£à ¨ç¥ ï   (LF1)m, ¯à¨-
¢®¤¨âáï ª ¦®à¤ ®¢®© ®à¬ «ì®© ä®à¬¥, á«¥¤®¢ â¥«ì®, ¬ âà¨æ  áâàãªâãàë ¨¬¥¥â ¤¨ £® «ì-
ë© ¢¨¤. �â® ª á ¥âáï áâàãªâãàë f2, â® f2j(LF1 )m = 0.

� «®£¨ç® f1j(LF2 )m = 0,   ¬ âà¨æ  ®£à ¨ç¥¨ï f2   (LF2)m â ª¦¥ ¨¬¥¥â ¤¨ £® «ìë©
¢¨¤.

�  ¯®¤¯à®áâà áâ¢¥ N0 ®¡¥ áâàãªâãàë ®¡à é îâáï ¢ ã«ì.
� ª¨¬ ®¡à §®¬, ¢ ª ¦¤®¬ ¨§ ¯®¤¯à®áâà áâ¢ ¬®¦® ¢ë¡à âì ¡ §¨á, ¢ ª®â®à®¬ ¬ âà¨æë

áâàãªâãà f1 ¨ f2, ®£à ¨ç¥ëå   íâ® ¯®¤¯à®áâà áâ¢®, ¯à¨¨¬ îâ ¤¨ £® «ìë© ¢¨¤. � -
ç¨â, ¬®¦® § ¤ âì ¡ §¨á ¢á¥£® ¯à®áâà áâ¢  Tm(M) â ª, çâ® ¢ ¥¬ ¬ âà¨æë áâàãªâãà f1 ¨ f2
¤¨ £® «ìë.

4. �¡®¡é¥ë¥ ¯®çâ¨ íà¬¨â®¢ë áâàãªâãàë   ¬®£®®¡à §¨ïå

á ¯¥à¥áâ ®¢®çë¬¨ f{áâàãªâãà ¬¨

� ç «¥ à áá¬®âà¨¬ ¬®£®®¡à §¨ï,   ª®â®àëå § ¤ ë r ¬¥âà¨ç¥áª¨å f -áâàãªâãà â ª¨å, çâ®
¢á¥ ¨å ¯®¯ àë¥ ¯à®¨§¢¥¤¥¨ï à ¢ë ã«î.

�«ï â ª¨å áâàãªâãà á¯à ¢¥¤«¨¢ 

�¥®à¥¬  6 ([6]). �ãáâì f1; : : : ; fr | «¨¥©® ¥§ ¢¨á¨¬ë¥ ¢ ª ¦¤®© â®çª¥ à¨¬ ®¢  ¬®-
£®®¡à §¨ï (M; g) ¬¥âà¨ç¥áª¨¥ f -áâàãªâãàë, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î fifj = 0, i; j = 1; r,
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Ni | á®®â¢¥âáâ¢ãîé¨© fi â¥§®à �¥©¥å¥©á . �®£¤    ¬®£®®¡à §¨¨ M áãé¥áâ¢ã¥â â¥-
§®à T â¨¯  (2; 1) â ª®©, çâ® á®¢®ªã¯®áâì fg; f1; : : : ; fr; Tg ®¡à §ã¥â ®¡®¡é¥ãî ¯®çâ¨ íà-

¬¨â®¢ã áâàãªâãàã à £  r. �¥§®à T ¨¬¥¥â ¢¨¤ T (X;Y ) =
rP

i=1
Ti(X;Y ), £¤¥ Ti(X;Y ) =

Bi(X;Y )�B�
i (X;Y )�B�

i (Y;X), Bi(X;Y ) = �f 2i N(f 2i X; f
2
i Y ), B

�
i | â¥§®à, á®¯àï¦¥ë© â¥-

§®àã Bi.

�¬¥îâáï á«¥¤ãîé¨¥ ¢§ ¨¬®á¢ï§¨ ¬¥¦¤ã á¢®©áâ¢ ¬¨ ®¡®¡é¥®© ¯®çâ¨ íà¬¨â®¢®© áâàãªâã-
àë, ®¯¨á ®© ¢ â¥®à¥¬¥ 6, ¨ á¢®©áâ¢ ¬¨ áâàãªâãà à £  1.

�¥®à¥¬  7 ([6]). �¡®¡é¥ ï ¯®çâ¨ íà¬¨â®¢  áâàãªâãà  fg; J1; : : : ; Jr; Tg ¨§ â¥®à¥¬ë 6
ï¢«ï¥âáï GH-áâàãªâãà®© (á®®â¢¥âáâ¢¥®, GG1-áâàãªâãà®©, á®®â¢¥âáâ¢¥®, GG2-áâàãª-
âãà®©) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª ¦¤ ï ®¡®¡é¥ ï ¯®çâ¨ íà¬¨â®¢  áâàãªâãà  fg; Ji; Tig,
i = 1; n, ï¢«ï¥âáï GH-áâàãªâãà®© (á®®â¢¥âáâ¢¥®, GG1-áâàãªâãà®©, á®®â¢¥âáâ¢¥®,
GG2-áâàãªâãà®©).

�¥à¥áâ ®¢®çë¥ f -áâàãªâãàë ¥ ¨áç¥à¯ë¢ îâáï áâàãªâãà ¬¨ á ã«¥¢ë¬ ¯à®¨§¢¥¤¥¨¥¬.
� áá¬®âà¨¬ ¬®£®®¡à §¨¥ á ¯à®¨§¢®«ìë¬¨ ¯¥à¥áâ ®¢®çë¬¨ f -áâàãªâãà ¬¨ f1 ¨ f2. �ëè¥
®â¬¥ç «®áì, çâ® áâàãªâãàë f1 ¨ f2 ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥ë ¢ ¢¨¤¥ f1 = F1+I+J , f2 = F2�I+J .

�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ â¥§®àë BI , BJ , BF1 , BF2 , £¤¥ Bi(X;Y ) = �i2Ni(i2X; i2Y ), i 2
fI; J; F1; F2g. � ¥¥ ¡ë«  ãáâ ®¢«¥  ¢§ ¨¬®á¢ï§ì â¥§®à®¢ f1, f2, I, J , F1 ¨ F2 (á¬. (2)). �á-
¯®«ì§ãï íâ¨ à ¢¥áâ¢ , ¬®¦® ¯®«ãç¨âì á«¥¤ãîé¨¥ á®®â®è¥¨ï: Bj(fiX;Y ) = Bj(X; fiY ) =
�fiBj(X;Y ), £¤¥ i 2 f1; 2g, j 2 fI; J; Fig; BFi(fjX;Y ) = BFi(X; fjY ) = fjBFi(X;Y ) = 0, £¤¥ i 6= j,
i; j 2 f1; 2g. �à®¬¥ â®£®, Bi(jX; Y ) = Bi(X; jY ) = jBi(X;Y ) = 0, £¤¥ i 6= j, i; j 2 fI; J; F1; F2g.

�â¬¥â¨¬, çâ® Bi(iX; Y ) = Bi(X; iY ) = �iBi(X;Y ), £¤¥ i 2 fI; J; F1, F2g ([2]).
�¥¯¥àì ¯®áâà®¨¬ â¥§®à T , ª®â®àë© ¡ã¤¥â ã¤®¢«¥â¢®àïâì ¢á¥¬ âà¥¡®¢ ¨ï¬ ¤«ï ª®¬¯®§¨-

æ¨®®£® â¥§®à  f -áâàãªâãà f1, f2, I, J ¨§ ®¯à¥¤¥«¥¨ï ®¡®¡é¥®© ¯®çâ¨ íà¬¨â®¢®© áâàãª-
âãàë. �®«®¦¨¬ T (X;Y ) =

P
i2fI;J;F1;F2g

Ti(X;Y ), £¤¥ Ti(X;Y ) = Bi(X;Y ) � B�
i (X;Y )� B�

i (Y;X) ¨

hBi(X;Y ); Zi = hX;B�
i (Y;Z)i, i 2 fI; J; F1; F2g.

�¥¯®áà¥¤áâ¢¥®© ¯à®¢¥àª®© ¬®¦® ãáâ ®¢¨âì, çâ® ¤«ï â¥§®à  T ¢ë¯®«ïîâáï ãá«®¢¨ï:

1. T (iX; Y ) = T (X; iY ) = �iT (X;Y ), i 2 ff1; f2; I; Jg;
2. hT (X;Y ); Zi+ hY; T (X;Z)i = 0.

�á¯®«ì§ãï à¥§ã«ìâ âë �.�.�¨à¨ç¥ª® [2] ¤«ï á«ãç ï áâàãªâãàë à £  1, § ¯¨è¥¬ ¯®«ãç¥-
ë© â¥§®à T ¢ ï¢®¬ ¢¨¤¥ T (X;Y ) =

P
i2fI;J;F1;F2g

1
2
firiX(i)(iY )� iri2X(i)(i2Y )g.

� ®¯à¥¤¥«¥¨¨ ®¡®¡é¥®© ¯®çâ¨ íà¬¨â®¢®© áâàãªâãàë âà¥¡ã¥âáï, çâ®¡ë áâàãªâãàë¥  ä-
ä¨®àë ¢¬¥áâ¥ á® á¢®¨¬¨ ª¢ ¤à â ¬¨ ¨ â®¦¤¥áâ¢¥ë¬  ää¨®à®¬ ï¢«ï«¨áì ®¡à §ãîé¨¬¨
¥ª®â®à®© ¯®¤ «£¥¡àë ¢  «£¥¡à¥ ¢á¥å í¤®¬®àä¨§¬®¢ ª á â¥«ì®£® ¯ãçª  ¬®£®®¡à §¨ï M . �§
(2) ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â, çâ® áâàãªâãàë f1, f2, I ¨ J á¢ï§ ë á«¥¤ãîé¨¬ ®¡à §®¬:

f1f2 = J2 � I2; IJ = 0;

f1J = J2; f1I = I2; (3)

f2J = J2; f2I = �I2:

� ç¨â, «î¡®© í«¥¬¥â ¯®¤ «£¥¡àë ¯à¥¤áâ ¢«ï¥âáï ¯®áà¥¤áâ¢®¬ id, f1, f2, I, J , f 21 , f
2
2 , I

2, J2.
�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¥á«¨ áâàãªâãàë f1 ¨ f2 ¥ã«¥¢ë¥ ¨ ¥ à ¢ë ¬¥¦¤ã á®¡®©, â® áà¥¤¨

áâàãªâãà I, J , F1, F2 ¥áâì ¯® ªà ©¥© ¬¥à¥ ¤¢¥ ®â«¨çë¥ ®â ã«ï.
� áá¬®âà¨¬ â¥¯¥àì ¢®¯à®á ® «¨¥©®© § ¢¨á¨¬®áâ¨ áâàãªâãàëå  ää¨®à®¢. � ¥ª®â®àëå

á«ãç ïå,  ¯à¨¬¥à, ª®£¤  Jm(f1) � Jm(f2) (â. ¥. F1 = 0) ¨«¨ Jm(f2) � Jm(f1) (F2 = 0), ¯®«ãç ¥¬
f1 = I + J ¨«¨ f2 = �I + J á®®â¢¥âáâ¢¥®. �®£¤  ¢ æ¥«ïå á®åà ¥¨ï «¨¥©®© ¥§ ¢¨á¨¬®áâ¨
áâàãªâãàëå  ää¨®à®¢ ®¡®¡é¥®© ¯®çâ¨ íà¬¨â®¢®© áâàãªâãàë ®£à ¨ç¨¬áï à áá¬®âà¥¨¥¬
áâàãªâãà ff1; f2; Ig. � ãà ¢¥¨ïå (3) § ¬¥ï¥¬ J   (f1�I) ¨«¨ (f2+I) á®®â¢¥âáâ¢¥®. �®£¤  ¢
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¯¥à¢®¬ á«ãç ¥ ¨¬¥¥¬ f1f2 = f 21 � 2I2, f1I = I2; f2I = �I2. �«ï ¢â®à®£® á«ãç ï à ¢¥áâ¢  ¯à¨¬ãâ
¢¨¤ f1f2 = f 22 � 2I2, f1I = I2; f2I = �I2.

� §¡¥à¥¬ ¢á¥ ¢®§¬®¦ë¥ á¨âã æ¨¨.
�á«¨ ¢á¥ áâàãªâãàë I, J , F1, F2 ¥ã«¥¢ë¥, â® áâàãªâãàë f1, f2, I, J ¡ã¤ãâ «¨¥©® ¥§ ¢¨-

á¨¬ë.
� á«ãç ¥ ¥á«¨ ®¡¥ I, J ®â«¨çë ®â ã«ï,   áà¥¤¨ áâàãªâãà F1 ¨ F2 ¥áâì ®¤  ã«¥¢ ï, â®

«¨¥©® ¥§ ¢¨á¨¬ë¬¨ ¡ã¤ãâ áâàãªâãàë f1, f2 ¨ «î¡ ï ¨§ áâàãªâãà I ¨«¨ J .
�®£¤  ®¤  ¨§ áâàãªâãà I ¨«¨ J à ¢  ã«î,   F1 ¨ F2 ¥ã«¥¢ë¥, â®£¤  à áá¬ âà¨¢ ¥¬

áâàãªâãàë f1, f2 ¨ ®â«¨çãî ®â ã«ï áâàãªâãàã I ¨«¨ J .
�á«¨ ®¤  ¨§ áâàãªâãà I ¨«¨ J à ¢  ã«î ( ¯à¨¬¥à, I = 0) ¨ ®¤  ¨§ áâàãªâãà F1 ¨ F2

â ª¦¥ ã«¥¢ ï ( ¯à¨¬¥à, F1 = 0, â. ¥. f1 = J), â® ®£à ¨ç¨¢ ¥¬áï à áá¬®âà¥¨¥¬ â®«ìª® ¤¢ãå
áâàãªâãà f1 ¨ f2.

�®£¤  ®¡¥ áâàãªâãàë F1 ¨ F2 à ¢ë ã«î,   ®¡¥ áâàãªâãàë I ¨ J ®â«¨çë ®â ã«ï, «¨¥©®
¥§ ¢¨á¨¬ë¬¨ ¡ã¤ãâ â®«ìª® ¤¢¥ áâàãªâãàë: «î¡ ï ¨§ áâàãªâãà f1 ¨«¨ f2 ¢ ¯ à¥ á «î¡®© ¨§
áâàãªâãà I ¨«¨ J .

� á«ãç ¥ I = J = 0 ¨¬¥¥¬ f1 = F1, f2 = F2, â. ¥. f1f2 = 0. �®£¤  à áá¬ âà¨¢ ¥¬ f1 ¨ f2.
� ®¯à¥¤¥«¥¨¨ GAH-áâàãªâãàë âà¥¡ã¥âáï ¢ë¯®«¥¨¥ ãá«®¢¨ï ® ¢«®¦¨¬®áâ¨ ï¤¥à. �¨-

¦¥ ¯®ª ¦¥¬, çâ® íâ® ãá«®¢¨¥ £ à â¨à®¢ ® ¢ë¯®«ï¥âáï. �à §ã ®â¬¥â¨¬, çâ® ¤«ï «î¡®©
f -áâàãªâãàë á¯à ¢¥¤«¨¢® à ¢¥áâ¢® f 5 � f = 0, â. ¥. ï¤à® áâàãªâãàë f 5 � f á®¢¯ ¤ ¥â á® ¢á¥¬
¯à®áâà áâ¢®¬ X(M). �«¥¤®¢ â¥«ì®, ¢ ã¯®¬ïãâ®¬ ¢ëè¥ ãá«®¢¨¨   ï¤à  ¤®áâ â®ç® à áá¬®-
âà¥âì á¯à ¢¥¤«¨¢®áâì â®«ìª® ¯¥à¢®£® ¢«®¦¥¨ï.

� á«ãç ¥, ª®£¤  F1 ¨ F2 à ¢ë ã«î, ¯®«ãç ¥¬ ker fi \ ker I = ker fi \ ker J = ker fi. � «¥¥
®ç¥¢¨¤® á«¥¤ã¥â ker fi � kerT .

�«ï ¤àã£¨å á«ãç ¥¢ Nf1 \Nf2 � NI \NJ . � ç¨â, ¥§ ¢¨á¨¬® ®â â®£®, ª ª®£® à £  áâàãªâãà 
à áá¬ âà¨¢ ¥âáï, ¤®áâ â®ç® ¤®ª § âì, çâ® Nf1 \Nf2 � ker T . �®á«¥¤¥¥ ®ç¥¢¨¤®: ¥á«¨ f1X =
f2X = 0 ¤«ï «î¡ëå ¢¥ªâ®àëå ¯®«¥© X ¨ Y , â® IX = 0; JX = 0, F1X = 0, F2X = 0. � ç¨â,
B(X;Y ) = 0) T (X;Y ) = 0.

�â®£ ¢ëè¥¨§«®¦¥ë¬ à ááã¦¤¥¨ï¬ ¯®¤¢®¤¨â

�¥®à¥¬  8. �á«¨   à¨¬ ®¢®¬ ¬®£®®¡à §¨¨ (M; g) ¨¬¥îâáï ¤¢¥ ¯¥à¥áâ ®¢®çë¥ ¬¥âà¨-
ç¥áª¨¥ f -áâàãªâãàë f1 ¨ f2, â®   íâ®¬ ¬®£®®¡à §¨¨ ¬®¦¥â ¡ëâì § ¤   ®¡®¡é¥ ï ¯®çâ¨
íà¬¨â®¢  áâàãªâãà , à £ ª®â®à®© ¡ã¤¥â ®¯à¥¤¥«ïâìáï ¨§ á«¥¤ãîé¨å ãá«®¢¨©:

| eá«¨ ¢á¥ áâàãªâãàë I, J , F1, F2 ®â«¨çë ®â ã«ï, â® á®¢®ªã¯®áâì fg; f1; f2; I; J; Tg
ï¢«ï¥âáï ®¡®¡é¥®© ¯®çâ¨ íà¬¨â®¢®© áâàãªâãà®© à £  4, £¤¥ T | ª®¬¯®§¨æ¨®ë©
â¥§®à;

| eá«¨ I, J ®â«¨çë ®â ã«ï,   áà¥¤¨ áâàãªâãà F1 ¨ F2 ¥áâì ®¤  ã«¥¢ ï, â® «¨¥©®
¥§ ¢¨á¨¬ë¬¨ ¡ã¤ãâ áâàãªâãàë f1, f2 ¨ «î¡ ï ¨§ áâàãªâãà I, J , a   (M; g) ¢®§¨ª ¥â
®¡®¡é¥ ï ¯®çâ¨ íà¬¨â®¢  áâàãªâãà  à £  3;

| ª®£¤  ®¤  ¨§ áâàãªâãà I ¨«¨ J à ¢  ã«î ( ¯à¨¬¥à, I = 0), ® F1 ¨ F2 ¥ã«¥¢ë¥,
â® áãé¥áâ¢ã¥â ®¡®¡é¥ ï ¯®çâ¨ íà¬¨â®¢  áâàãªâãà  fg; f1; f2; J; Tg à £  3;

| eá«¨ ®¤  ¨§ áâàãªâãà I ¨«¨ J à ¢  ã«î ¨ ®¤  ¨§ áâàãªâãà F1 ¨ F2 â ª¦¥ ã«¥¢ ï,
â® ®¡®¡é¥ ï ¯®çâ¨ íà¬¨â®¢  áâàãªâãà  fg; f1; f2; Tg ¨¬¥¥â à £ 2;

| ª®£¤  ®¡¥ áâàãªâãàë F1 ¨ F2 ã«¥¢ë¥,   ®¡¥ áâàãªâãàë I, J ®â«¨çë ®â ã«ï,   (M; g)
¢®§¨ª ¥â ®¡®¡é¥ ï ¯®çâ¨ íà¬¨â®¢  áâàãªâãà  à £  2   ®á®¢¥ áâàãªâãà f1 ¨«¨
f2 ¨ «î¡®© ¨§ áâàãªâãà I ¨ J ;

| ¥á«¨ I = J = 0, â® f1 = F1, f2 = F2, â. ¥. f1f2 = 0, ¨ áãé¥áâ¢ã¥â ®¡®¡é¥ ï ¯®çâ¨
íà¬¨â®¢  áâàãªâãà  fg; f1; f2; Tg à £  2.

5. �¡®¡é¥ë¥ ¯®çâ¨ íà¬¨â®¢ë áâàãªâãàë   ®¤®à®¤®¬ �-¯à®áâà áâ¢¥

� íâ®¬ ¯ à £à ä¥ ¯®«ãç¥ëe à¥§ã«ìâ âë ¯à¨¬¥ïîâáï ª áâàãªâãà ¬   ®¤®à®¤ëå ¬®-
£®®¡à §¨ïå.
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�ãáâì G=H | à¥£ã«ïà®¥ �-¯à®áâà áâ¢®, ®¯à¥¤¥«ï¥¬®¥  ¢â®¬®àä¨§¬®¬ � á¢ï§®© £àã¯¯ë
�¨ G, g = h � m | ª ®¨ç¥áª®¥ à¥¤ãªâ¨¢®¥ à §«®¦¥¨¥  «£¥¡àë �¨ g £àã¯¯ë �¨ G, á®®â-
¢¥âáâ¢ãîé¥¥  ¢â®¬®àä¨§¬ã ' = d�e, â. ¥. m = A'g, £¤¥ A' = ' � id [7], [8]. �¡®§ ç¨¬ ç¥à¥§ �
áã¦¥¨¥ '   m. �¢ à¨ â ï  ää¨®à ï áâàãªâãà  F   G=H  §ë¢ ¥âáï ª ®¨ç¥áª®© [8],
¥á«¨ ®  ¢ â®çª¥ o = fHg ï¢«ï¥âáï ¯®«¨®¬®¬ ®â �: F = F (�). �á¥ ®¤®à®¤ë¥ �-¯à®áâà áâ¢ 
¯®àï¤ª  n (�n = id) à¥£ã«ïàë [7], ¨ ¤«ï â ª¨å ¯à®áâà áâ¢ ¢ [8] ¯®«ãç¥ë ä®à¬ã«ë ¤«ï ¢á¥å
ª ®¨ç¥áª¨å áâàãªâãà â¨¯®¢ f ¨ J .

� áá¬®âà¨¬ ª ®¨ç¥áª¨¥ f -áâàãªâãàë, § ¤ ë¥   ®¤®à®¤®¬ �-¯à®áâà áâ¢¥ ª®¥ç®£®
¯®àï¤ª  n. �ãáâì á¯¥ªâà ®¯¥à â®à  � á®áâ®¨â ¨§ s ¯ à á®¯àï¦¥ëå ª®à¥© áâ¥¯¥¨ n ¨§ 1, £¤¥
s � [n

2
]. �®£¤  ç¨á«® í«¥¬¥â®¢ á¯¥ªâà  ®¯¥à â®à  � à ¢® 2s, ¥á«¨ (�1) ¥ ¢å®¤¨â ¢ á¯¥ªâà, ¨«¨

2s � 1, ¥á«¨ ª®à¥ì (�1) ¯à¨ ¤«¥¦¨â á¯¥ªâàã (¯®á«¥¤¥¥ ¢®§¬®¦® ¢ á«ãç ¥ n = 2k). � ª¨¬
®¡à §®¬, ¬ âà¨æ  ®¯¥à â®à  � ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥   ¤ C á®®â¢¥âáâ¢¥® ª ¢¨¤ã

[�] = diagf"E1; "
2E2; : : : ; "

k�1Ek�1; "
kEk; : : : ; "

n�1En�1g

¨«¨

[�] = diagf"E1; "
2E2; : : : ; "

k�1Ek�1;�Ek; "
k+1Ek+1; : : : ; "

n�1En�1g;

£¤¥ " | ¯à¨¬¨â¨¢ë© ª®à¥ì áâ¥¯¥¨ n ¨§ 1, ¯à¨ç¥¬ ¯®àï¤ª¨ ¥¤¨¨çëå ¬ âà¨æ Ei ¨ En�i,
i = 1; : : : ; n � 1, ®¤¨ ª®¢ë ¨ ®¤®¢à¥¬¥® à ¢ë ã«î, ¥á«¨ "i ¥ ¯à¨ ¤«¥¦¨â á¯¥ªâàã ®¯¥-
à â®à  � [8]. �ç¥¢¨¤®, çâ® ç¨á«® í«¥¬¥â®¢ á¯¥ªâà  ¡ã¤¥â á®¢¯ ¤ âì á ª®«¨ç¥áâ¢®¬ ¥¤¨¨çëå
¬ âà¨æ ¥ã«¥¢®£® ¯®àï¤ª  ¢ ¤ ®¬ ¯à¥¤áâ ¢«¥¨¨ �. � â ª¨å ®¡®§ ç¥¨ïå ¬ âà¨æã ª ®¨-
ç¥áª®© f{áâàãªâãàë ¬®¦® ¯à¨¢¥áâ¨ á®®â¢¥âáâ¢¥® ª ¢¨¤ã

[f0] = diagf�1E1; : : : ; �k�1Ek�1; �kEk; : : : ; �n�1En�1g

¨«¨

[f0] = diagf�1E1; : : : ; �k�1Ek�1; 0Ek; �k+1Ek+1; : : : ; �n�1En�1g;

£¤¥ �j ¯à¨¨¬ îâ § ç¥¨ï ¨§ ¬®¦¥áâ¢  f�i; 0; ig, �j = ��n�j [8], ¨ ¥ ¢á¥ �j = 0.
�ë¤¥«¨¬ ¨§ ¬®¦¥áâ¢  ¢á¥å ª ®¨ç¥áª¨å f -áâàãªâãà  ¡®à

[(f0)j ] = diagf0; : : : ; 0; iEj ; 0; : : : ; 0;�iEn�j ; 0; : : : ; 0g;

â. ¥. ¤«ï ª ¦¤®£® j ¯®« £ ¥¬ �j = ��n�j = i,   ¢á¥ ®áâ «ìë¥ �l = �n�l = 0, l = 1; : : : ; a, l 6= j.
�®«¨ç¥áâ¢® â ª¨å áâàãªâãà ¡ã¤¥â s� 1, ¥á«¨ (�1) ¯à¨ ¤«¥¦¨â á¯¥ªâàã ®¯¥à â®à  �, ¨ s, ¥á«¨
¥ ¯à¨ ¤«¥¦¨â.

�¥£ª® § ¬¥â¨âì, çâ® ¯à®¨§¢¥¤¥¨¥ «î¡ëå ¤¢ãå áâàãªâãà (f0)i, i = 1; n, ¡ã¤¥â à ¢® ã«î.
�®«¥¥ â®£®, ¢ [9] ¤®ª §   á®£« á®¢ ®áâì ¢á¥å ª« áá¨ç¥áª¨å áâàãªâãà á® áâ ¤ àâ®© ¬¥âà¨-
ª®© (¯®à®¦¤ ¥¬®© ä®à¬®© �¨««¨£ ). � ç¨â, ¢®§¨ª îé¨¥ áâàãªâãàë ¡ã¤ãâ ã¤®¢«¥â¢®àïâì
ãá«®¢¨ï¬ â¥®à¥¬ë 6.

�¥®à¥¬  9. �ãáâì G=H | ®¤®à®¤®¥ �-¯à®áâà áâ¢® ¯®àï¤ª  n, ¯à¨ç¥¬ á¯¥ªâà ®¯¥à â®-
à  � á®áâ®¨â ¨§ s ¯ à ª®à¥© áâ¥¯¥¨ n ¨§ 1 [8]. �à¥¤¯®«®¦¨¬, çâ® G | ¯®«ã¯à®áâ ï £àã¯¯ 
�¨, g | ¨¢ à¨ â ï ¯á¥¢¤®à¨¬ ®¢  ¬¥âà¨ª    G=H, ¨¤ãæ¨à®¢  ï ä®à¬®© �¨««¨£ .
�®£¤    G=H ¬®¦¥â ¡ëâì § ¤   ®¡®¡é¥ ï ¯®çâ¨ íà¬¨â®¢  áâàãªâãà  fg; f1; : : : ; fr; Tg
à £  r = s � 1, ¥á«¨ (�1) ¯à¨ ¤«¥¦¨â á¯¥ªâàã ®¯¥à â®à  �, ¨ à £  r = s ¢ ¯à®â¨¢®¬

á«ãç ¥, £¤¥ T =
rP

i=1
Ti. �¤¥áì Ti ®¡®§ ç ¥â ª®¬¯®§¨æ¨®ë© â¥§®à ¤«ï áâàãªâãàë fi [2],  

fifj = 0, i 6= j, i; j = 1; r.
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�ç¥¢¨¤®, ª â ª¨¬ áâàãªâãà ¬ ¯à¨¬¥¨¬  â¥®à¥¬  7. � ç áâ®áâ¨,   �-¯à®áâà áâ¢¥ ¯®àï¤-
ª  5 áãé¥áâ¢ãîâ, ¢®®¡é¥ £®¢®àï, ¤¢¥ ®¡®¡é¥ë¥ ¯®çâ¨ íà¬¨â®¢ë áâàãªâãàë à £  1, ¯®áâà®-
¥ë¥   ª ®¨ç¥áª¨å f -áâàãªâãà å f1, f2 [8], ª®â®àë¥ á¢ï§ ë ãá«®¢¨¥¬ f1f2 = 0. �§¢¥áâ®,
çâ® ª ¦¤ ï ¨§ íâ¨å áâàãªâãà ï¢«ï¥âáï ®¡®¡é¥®© íà¬¨â®¢®© áâàãªâãà®© à £  1 [10]. �®£¤ ,
¯à¨¬¥ïï â¥®à¥¬ë 9 ¨ 7, ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã à¥§ã«ìâ âã.

�¥®à¥¬  10. �ãáâì f1 ¨ f2 | ª ®¨ç¥áª¨¥ f -áâàãªâãàë   ¥áâ¥áâ¢¥® à¥¤ãªâ¨¢®¬
®¤®à®¤®¬ �{¯à®áâà áâ¢¥ (G=H; g) ¯®àï¤ª  5 ¯®«ã¯à®áâ®© £àã¯¯ë �¨ G, ¯à¨ç¥¬ á¯¥ªâà
®¯¥à â®à  � ¬ ªá¨¬ «¥ [8]. �®£¤  (G=H; g; f1; f2; T ) ï¢«ï¥âáï ®¡®¡é¥ë¬ íà¬¨â®¢ë¬ ¬®£®-
®¡à §¨¥¬ à £  2.

�î¡ë¥ ¤¢¥ ª ®¨ç¥áª¨¥ f -áâàãªâãàë ¯¥à¥áâ ®¢®çë. � â® ¦¥ ¢à¥¬ï ¢á¥ â ª¨¥ áâàãªâãàë
á®£« á®¢ ë á® áâ ¤ àâ®© ¬¥âà¨ª®© [9]. � «¨ç¨¥ íâ¨å ¤¢ãå á¢®©áâ¢ ¯®§¢®«ï¥â à¥ «¨§®¢ âì  
�-¯à®áâà áâ¢ å ª®¥ç®£® ¯®àï¤ª  á«ãç ©, ®¯¨á ë© ¢ â¥®à¥¬¥ 8.

�á«¨ áâàãªâãàë f1 ¨ f2 ª ®¨ç¥áª¨¥, â® ¨§ á¯®á®¡  § ¤ ¨ï áâàãªâãà I, J , F1, F2 ®ç¥¢¨¤®
á«¥¤ã¥â, çâ® ®¨ â ª¦¥ ¡ã¤ãâ ï¢«ïâìáï ª ®¨ç¥áª¨¬¨ f -áâàãªâãà ¬¨. �ç¨âë¢ ï ª®«¨ç¥áâ¢®
¢®§¨ª îé¨å ª ®¨ç¥áª¨å f -áâàãªâãà [8], ¬®¦® § ª«îç¨âì, çâ® ¯à¨¬¥àë ãª § ®£® â¨¯  ®¡-
®¡é¥ëå ¯®çâ¨ íà¬¨â®¢ëå áâàãªâãà à £®¢ 2, 3 ¨ 4 ¬®£ãâ ¡ëâì ¯®áâà®¥ë   �-¯à®áâà áâ¢ å,
¯®àï¤®ª ª®â®àëå ¥ ¬¥ìè¥ 5, 7 ¨ 9 á®®â¢¥âáâ¢¥®.

�à¨¢¥¤¥¬ ¯à¨¬¥à ®¡®¡é¥®£® ¯®çâ¨ íà¬¨â®¢  ¯à®áâà áâ¢  à £  4. � áá¬®âà¨¬ ®¤®à®¤-
®¥ ¯à®áâà áâ¢® SU(9)=T , £¤¥ T | ¬ ªá¨¬ «ìë© â®à. �ãáâì g | ¨¢ à¨ â ï à¨¬ ®¢ 
¬¥âà¨ª    SU(9)=T , ¨¤ãæ¨à®¢  ï ä®à¬®© �¨««¨£ . �®¦® ¯®áâà®¨âì   «¨â¨ç¥áª¨©  ¢-
â®¬®àä¨§¬ £àã¯¯ë SU(9)=T : �(x) = sxs�1, £¤¥ s = diagf"; "2; "3; "4; "5; "6; "7; "8; 1g. �¥âàã¤®
¢¨¤¥âì, çâ® �9 = id. �à®áâà áâ¢® SU(9)=T ®¡« ¤ ¥â áâàãªâãà®© ®¤®à®¤®£® �-¯à®áâà áâ¢ 
¯®àï¤ª  9. �®á«¥ ¢ëç¨á«¥¨© ¯®«ãç ¥¬, çâ®   íâ®¬ ¯à®áâà áâ¢¥ áãé¥áâ¢ãîâ ç¥âëà¥ ª ®¨-
ç¥áª¨¥ f -áâàãªâãàë f1, f2, f3, f4 â ª¨¥, çâ® ¨å ¯®¯ àë¥ ¯à®¨§¢¥¤¥¨ï à ¢ë ã«î, ¨«¨, ¤àã£¨-
¬¨ á«®¢ ¬¨, á¯¥ªâà ®¯¥à â®à  � á®áâ®¨â ¨§ ç¥âëà¥å ¯ à á®¯àï¦¥ëå ª®à¥©. � ª á«¥¤ã¥â ¨§
â¥®à¥¬ë 9, ®â®á¨â¥«ì® á®¢®ªã¯®áâ¨ íâ¨å áâàãªâãà SU(9)=T ¬®¦¥â ¡ëâì à áá¬®âà¥® ª ª ®¡-
®¡é¥®¥ ¯®çâ¨ íà¬¨â®¢® ¬®£®®¡à §¨¥ à £  4. �®«¥¥ â®£®, ¥¯®áà¥¤áâ¢¥ë¬¨ ¢ëç¨á«¥¨ï¬¨
¬®¦® ãáâ ®¢¨âì ¥ª®â®àë¥ á¢®©áâ¢  â ª®© áâàãªâãàë.

�¥®à¥¬  11. �¤®à®¤®¥ �-¯à®áâà áâ¢® SU(9)=T ¯®àï¤ª  9 á ¬¥âà¨ª®© g, ¨¤ãæ¨à®-
¢ ®© ä®à¬®© �¨««¨£ , ï¢«ï¥âáï ®¡®¡é¥ë¬ ¯®çâ¨ íà¬¨â®¢ë¬ ¬®£®®¡à §¨¥¬ à £  4.
�à¨ íâ®¬ GAH-áâàãªâãà  fg; f1; f2; f3; f4; Tg ï¢«ï¥âáï GG1-áâàãªâãà®© ¨ ¥ ï¢«ï¥âáï GH-
áâàãªâãà®©.

�â¬¥â¨¬, çâ®   íâ®¬ ¦¥ �-¯à®áâà áâ¢¥ ¢ ª« áá¥ ª ®¨ç¥áª¨å f -áâàãªâãà ¬®£ãâ ¡ëâì
à¥ «¨§®¢ ë ¢á¥ á¨âã æ¨¨, ®¯¨á ë¥ ¢ â¥®à¥¬¥ 8.

�¢â®à ¡« £®¤ à¥ á¢®¥¬ã  ãç®¬ã àãª®¢®¤¨â¥«î ¤®æ¥âã �.�. � « é¥ª® §  ¯®«¥§ë¥ á®-
¢¥âë ¨ § ¬¥ç ¨ï ¯à¨  ¯¨á ¨¨ à ¡®âë.
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