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� ¡®â  ¯®á¢ïé¥  â®çë¬ ¨ ¯à¨¡«¨¦¥ë¬ ¬¥â®¤ ¬ à¥è¥¨ï ¤¢ã¬¥à®£® á« ¡® á¨£ã«ïà-
®£® ¨â¥£à «ì®£® ãà ¢¥¨ï (á.á.¨.ã.) ¯¥à¢®£® à®¤  á «®£ à¨ä¬¨ç¥áª¨¬¨ ï¤à ¬¨ ¢¨¤ 
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h(s� �; t� �)x(�; �)d� d� = y(s; t); (1)

§¤¥áì h(s; t), y(s; t) | ¨§¢¥áâë¥ ¥¯à¥àë¢ë¥ 2�-¯¥à¨®¤¨ç¥áª¨¥ äãªæ¨¨ ¯® ª ¦¤®© ¨§ ¯¥à¥-
¬¥ëå, x(�; �) | ¨áª®¬ ï äãªæ¨ï,   á¨£ã«ïàë© ¨â¥£à « ¯®¨¬ ¥âáï ª ª ¥á®¡áâ¢¥ë©.

� ª ¨ ¢ ®¤®¬¥à®¬ á«ãç ¥ [1]{[3], § ¤ ç  à¥è¥¨ï ãà ¢¥¨ï (1) ï¢«ï¥âáï ¥ª®àà¥ªâ®©.
�¤ ª® á¯¥æ¨ «ì ï áâàãªâãà  ï¤à  ¯®§¢®«ï¥â áâ ¢¨âì íâã § ¤ çã ª®àà¥ªâ® ¢ ¯ à¥ äãªæ¨®-
 «ìëå ¯à®áâà áâ¢, ª®â®àë¥ ®¯à¥¤¥«¨¬ á«¥¤ãîé¨¬ ®¡à §®¬. � ª ç¥áâ¢¥ ¯à®áâà áâ¢  ¨áª®-
¬ëå í«¥¬¥â®¢ X ¡ã¤¥¬ à áá¬ âà¨¢ âì ¯à®áâà áâ¢® L2 � L2[0; 2�]2 áã¬¬¨àã¥¬ëå á ª¢ ¤à â®¬
2�-¯¥à¨®¤¨ç¥áª¨å äãªæ¨© ®â ¤¢ãå ¯¥à¥¬¥ëå á ®¡ëç®© ®à¬®©

kxkL2
=
�

1
4�2

Z 2�

0

Z 2�

0

jx(�; �)j2d� d�
�1=2

; x 2 L2;

  ¢ ª ç¥áâ¢¥ ¯à®áâà áâ¢  ¯à ¢ëå ç áâ¥© | ¯à®áâà áâ¢® Y = W 12
2 � W 12

2 [0; 2�]2 2�-¯¥à¨®-
¤¨ç¥áª¨å äãªæ¨© y(s; t) ®â ¤¢ãå ¯¥à¥¬¥ëå, ª®â®àë¥ ¢¬¥áâ¥ á® á¢®¨¬¨ ¯¥à¢ë¬¨ y01, y

0
2 ¨

¢â®àë¬¨ á¬¥è ë¬¨ ¯à®¨§¢®¤ë¬¨ y0012 = y0021 ï¢«ïîâáï ª¢ ¤à â¨ç® áã¬¬¨àã¥¬ë¬¨ 2�-
¯¥à¨®¤¨ç¥áª¨¬¨ äãªæ¨ï¬¨ ®â ¤¢ãå ¯¥à¥¬¥ëå. � ¯à®áâà áâ¢¥ W 12

2 ¢¢®¤¨¬ ®à¬ã

kykW 12

2
= 4[kykX + ky01kX + ky02kX + ky0012kX ]:

�áî¤ã ¤ «¥¥ ¡ã¤¥¬ áç¨â âì, çâ® á.á.¨.ã. (1) ®¤®§ ç® à §à¥è¨¬® ¢ ¯à®áâà áâ¢¥ X = L2 �
L2[0; 2�]2 ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ y(s; t) 2 Y =W 12

2 �W 12
2 [0; 2�]2.

�ã¤¥¬ à áá¬ âà¨¢ âì ¨áå®¤®¥ ãà ¢¥¨¥ (1) ¢ ®¯¥à â®à®¬ ¢¨¤¥

Ax � Sx+Rx = y (x 2 X; y 2 Y );
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h(s� �; t� �)x(�; �)d� d�:

�§ ¨§¢¥áâëå à¥§ã«ìâ â®¢, ¯à¨¢¥¤¥ëå ¢ [1], ¢ëâ¥ª îâ á«¥¤ãîé¨¥ «¥¬¬ë.
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�¥¬¬  1. �«ï ®¯¥à â®à  A : X ! X á¯à ¢¥¤«¨¢  ®æ¥ª 

kAkX!X � (ln 2)2 + khkX ; A : L2 ! L2:

�¥¬¬  2. �á«¨ áãé¥áâ¢ãîâ ¯à®¨§¢®¤ë¥ h01(s; t), h
0
2(s; t),   â ª¦¥ á¬¥è  ï ¯à®¨§¢®¤ ï

h0012(s; t) ¢ ¯à®áâà áâ¢¥ X, â® ®à¬  ®¯¥à â®à  A : X ! Y (X = L2, Y = W 12
2 ) ¬®¦¥â ¡ëâì

®æ¥¥  á ¯®¬®éìî ¥à ¢¥áâ¢ 

kAkX!Y � ln 2e � ln 2 + khkY :

�«¥¤ãï [1], [4], ãáâ ®¢¨¬ ¤®áâ â®çë¥ ãá«®¢¨ï ®¡à â¨¬®áâ¨ ®¯¥à â®à  A : X ! Y ,   â ª¦¥
®æ¥¨¬ ®à¬ã ¯®áâà®¥®£® ®¡à â®£® ®¯¥à â®à .

�¥¬¬  3. �ãáâì X = L2, Y =W 12
2 ,

ckj(h) 6= ��k�j (k; j = 0;�1;�2; : : : ); (2)

£¤¥ �r = fln 2; r = 0; 1
2jrj

; r = �1;�2; : : : g. �®£¤  ®¯¥à â®à A : X ! Y ¥¯à¥àë¢® ®¡à â¨¬, ¨

®¡à âë© ®¯¥à â®à A�1 : Y ! X ®¯à¥¤¥«ï¥âáï ¯® «î¡®© ¨§ ä®à¬ã«

A�1y(�; �) =
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ei(k�+j�); (3)
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�ei(k�+j�); y(s; t) 2 Y;

£¤¥

ckj(') =
1
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Z 2�

0
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0
'(�; �)e�i(k�+j�)d� d� (k = 0;�1; : : : ; j = 0;�1; : : : ); ' 2 L2:

�«¥¤áâ¢¨¥. �ãáâì ¢ ãá«®¢¨ïå «¥¬¬ë 3 áãé¥áâ¢ã¥â ¯®áâ®ï ï  > 0 â ª ï, çâ®

min
k;j=0;�1;�2;:::

fj�k�j [ckj(h) + �k�j ]j2g =
1

162
;

£¤¥ �r (r = 0;�1;�2; : : : ) ®¯à¥¤¥«¥ë ¢ëè¥,  

�r =

(
1; r = 0;

ir; r = �1;�2; : : :

�®£¤  ¤«ï ®¡à â®£® ®¯¥à â®à  A�1 :W 12
2 ! L2 á¯à ¢¥¤«¨¢  ®æ¥ª 

kA�1k �  <1:

� «¥¥ à áá¬ âà¨¢ ¥âáï ®¡é¨© ¯à®¥ªæ¨®ë© ¬¥â®¤ à¥è¥¨ï á¨£ã«ïà®£® ¨â¥£à «ì®£®
ãà ¢¥¨ï (1).

�¡®§ ç¨¬ ç¥à¥§ HT
nm ¬®¦¥áâ¢® ¢á¥å âà¨£®®¬¥âà¨ç¥áª¨å ¯®«¨®¬®¢ ®â ¤¢ãå ¯¥à¥¬¥ëå

¯®àï¤ª  ¥ ¢ëè¥ n ¯® ¯¥à¢®© ¯¥à¥¬¥®© ¨ ¥ ¢ëè¥ m ¯® ¢â®à®© ¯¥à¥¬¥®©, â. ¥. í«¥¬¥â®¢
¢¨¤ 

'nm(s; t) =
nX

k=�n

mX
j=�m

�kje
i(ks+jt): (4)

�¥à¥§ Xnm � X ¨ Ynm � Y ¡ã¤¥¬ ®¡®§ ç âì ¬®¦¥áâ¢® HT
nm,  ¤¥«¥®¥ ®à¬ ¬¨ ¯à®áâà áâ¢

X ¨ Y á®®â¢¥âáâ¢¥®.
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�à¨¡«¨¦¥®¥ à¥è¥¨¥ ¨áå®¤®£® ãà ¢¥¨ï (1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ âà¨£®®¬¥âà¨ç¥áª®£®
¯®«¨®¬  (4), ª®â®àë© ®¯à¥¤¥«¨¬ ª ª â®ç®¥ à¥è¥¨¥ ãà ¢¥¨ï

Anmxnm � PnmSxnm + PnmRxnm = Pnmy (xnm 2 Xnm; Pnmy 2 Ynm; Pnm 2 }nm); (5)

£¤¥ }nm = fPnm : Y ! Ynmg | ¥ª®â®à®¥ ¬®¦¥áâ¢® «¨¥©ëå ¯à®¥ªæ¨®ëå ®¯¥à â®à®¢.
�â¬¥â¨¬, çâ® ãà ¢¥¨¥ (5) íª¢¨¢ «¥â® á¨áâ¥¬¥ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ¯®-

àï¤ª  (2n+ 1) � (2m+ 1) ®â®á¨â¥«ì® ª®íää¨æ¨¥â®¢ ¯®«¨®¬  (4).
�¡®á®¢ ¨¥ ¬¥â®¤  ¨ ®æ¥ªã áå®¤¨¬®áâ¨ ¤ îâ á«¥¤ãîé¨¥ â¥®à¥¬ë.

�¥®à¥¬  1. �á«¨ á.á.¨.ã. (1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x� 2 X ¯à¨ «î¡®© ¯à ¢®© ç áâ¨

y 2 Y ,   ï¤à® h(s; t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (2), â® ¯à¨ «î¡ëå  âãà «ìëå n ¨ m ¯à¨¡«¨-

¦¥®¥ ãà ¢¥¨¥ (5) â ª¦¥ ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥

x�nm(�; �) =
nX

jkj=0

mX
jjj=0

ckj(Pnmy)
ckj(h) + �k�j

ei(k�+j�):

�à¨ íâ®¬, ¥á«¨ Pnmy ! y ¢ ¯à®áâà áâ¢¥ Y , â® x�nm ! x� ¢ X ¨ ¯®£à¥è®áâì ¯à¨¡«¨¦¥®£®

à¥è¥¨ï ¬®¦¥â ¡ëâì ®æ¥¥  ¥à ¢¥áâ¢®¬

kx� � x�nmkX � ky � PnmykY :

�«¥¤áâ¢¨¥. �á«¨ Pnm = �nm | ®¯¥à â®à �ãàì¥ ¯®àï¤ª  ¥ ¢ëè¥ n ¯® ¯¥à¢®© ¯¥à¥¬¥®©
¨ ¥ ¢ëè¥ m ¯® ¢â®à®© ¯¥à¥¬¥®©, â® ¤«ï ¯®£à¥è®áâ¨ ¯à¨¡«¨¦¥®£® à¥è¥¨ï á¯à ¢¥¤«¨¢ë
á®®â®è¥¨ï

x� � x�nm =
1X

jkj=n+1

1X
jjj=m+1

ckj(y0012)
�k�j [ckj(h) + �k�j ]

ei(k�+j�);

kx� � x�nmkX �
Enm(y0012)Y

min
jkj�n+1;
jjj�m+1

fj�k�j [ckj(h) + �k�j ]jg
;

£¤¥ Enm(')Y |  ¨«ãçè¥¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨ '(�; �) í«¥¬¥â ¬¨ ¨§ HT
nm ¢ ¯à®áâà áâ¢¥ Y .

�¥®à¥¬  2. �ãáâì ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 y ¨ Pnmy â ª®¢ë, çâ®

ky � PnmykX = O(n�r���2 +m�l���2); r; l � 0; 0 < �; � � 1:

�®£¤  ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï x�nm(�; �) ¯à¨ n;m ! 1 ¥§ ¢¨á¨¬® ¤àã£ ®â ¤àã£  áå®¤ïâáï ª

â®ç®¬ã à¥è¥¨î x�(�; �) á® áª®à®áâìî

kx� � x�nmkX = O(n�r�� +m�l��); r + � > 0; l + � > 0:

�«¥¤áâ¢¨¥. �ãáâì ¢ ãá«®¢¨ïå â¥®à¥¬ë 2 m = O(n), â®£¤  ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï x�nm(�; �)
¯à¨ n!1 áå®¤ïâáï ª â®ç®¬ã à¥è¥¨î x�(�; �) ¢ ¯à®áâà áâ¢¥ ¥¯à¥àë¢ëå 2�-¯¥à¨®¤¨ç¥áª¨å
äãªæ¨© ¯® ª ¦¤®© ¨§ ¯¥à¥¬¥ëå á® áª®à®áâìî

max
�;�2[0;2�]

jx� � x�nmj = O(n1�minfr+�; l+�g); r + � > 1; l + � > 1:

� «®£¨çë¥ ®æ¥ª¨ ¬®¦® ¯®«ãç¨âì ¤«ï ¥¢ï§ª¨ ®¡é¥£® ¯à®¥ªæ¨®®£® ¬¥â®¤ .
�à¨¢¥¤¥¬ á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  3. � ãá«®¢¨ïå â¥®à¥¬ë 2 ®¡é¨© ¯à®¥ªæ¨®ë© ¬¥â®¤ à¥è¥¨ï á.á.¨.ã. (1) áå®¤¨â-
áï ¢ â®¬ á¬ëá«¥, çâ® ¤«ï ¥¢ï§ª¨ rnm = y �Ax�nm á¯à ¢¥¤«¨¢  ®æ¥ª 

krnmkX = O(n�r�� +m�l��); r + � > 0; l + � > 0:
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�¥ª®â®àë¥ § ¬¥ç ¨ï ¨ ¤®¯®«¥¨ï

1. �ëç¨á«¨â¥«ì ï áå¥¬  (1), (4), (5) ¢ª«îç ¥â ¢ á¥¡ï ¢á¥ ¯®«¨®¬¨ «ìë¥ ¯à®¥ªæ¨®ë¥
¬¥â®¤ë à¥è¥¨ï ãà ¢¥¨ï (1) ¢ § ¢¨á¨¬®áâ¨ ®â ¢ë¡à ®£® «¨¥©®£® ¯à®¥ªæ¨®®£® ®¯¥à â®-
à  Pnm : Y ! Ynm, ¢ ç áâ®áâ¨, ¬¥â®¤ë � «¥àª¨  (Pnm = �nm | ®¯¥à â®à �ãàì¥ ¯®àï¤ª  ¥
¢ëè¥ n ¯® ¯¥à¢®© ¯¥à¥¬¥®© ¨ ¥ ¢ëè¥ m ¯® ¢â®à®© ¯¥à¥¬¥®©) ¨ ª®««®ª æ¨¨ (Pnm = Lnm

| ®¯¥à â®à � £à ¦  ¯®àï¤ª  ¥ ¢ëè¥ n ¯® ¯¥à¢®© ¯¥à¥¬¥®© ¨ ¥ ¢ëè¥ m ¯® ¢â®à®© ¯¥à¥-
¬¥®©).

2. �á«®¢¨¥ (2),  ª« ¤ë¢ ¥¬®¥ ¢ëè¥   ï¤à® h(s; t), ï¢«ï¥âáï «¨èì ¤®áâ â®çë¬ ¤«ï áãé¥-
áâ¢®¢ ¨ï ®¡à â®£® ®¯¥à â®à  A�1 : Y ! X.

3. � «®£¨ â¥®à¥¬ 1 ¨ 2 ¨ ¨å á«¥¤áâ¢¨© á¯à ¢¥¤«¨¢ë â ª¦¥ ¯à¨ ®âáãâáâ¢¨¨ âà¥¡®¢ ¨ï (2).
�«ï áå®¤¨¬®áâ¨ ¨áá«¥¤ã¥¬®£® ®¡é¥£® ¯à®¥ªæ¨®®£® ¬¥â®¤  ¤®áâ â®ç® ®¡à â¨¬®áâ¨ ®¯¥à â®à 
A : X ! Y .

4. �«ï à¥è¥¨ï ¯®áâ ¢«¥®© ¢ëè¥ § ¤ ç¨ ¬®¦¥â ¡ëâì ¯à¨¬¥¥ ¨ ¤àã£®© ¯®¤å®¤, ®á®¢ -
ë©   ä®à¬ã«¥ (3) ¤«ï ®¡à â®£® ®¯¥à â®à  A�1 : Y ! X. �ãâì íâ®£® ¯®¤å®¤  § ª«îç ¥âáï ¢
â®¬, çâ® ª®íää¨æ¨¥âë �ãàì¥ ckj(') (k = �n; n, j = �m;m), ãç áâ¢ãîé¨¥ ¢ ¯à¥¤áâ ¢«¥¨¨ (3),
¬®£ãâ ¡ëâì ¢ëç¨á«¥ë ¯à¨¡«¨¦¥® ¯® ªã¡ âãà®© ä®à¬ã«¥  ¨¢ëáè¥© âà¨£®®¬¥âà¨ç¥áª®©
áâ¥¯¥¨ â®ç®áâ¨, â. ¥. ¯® ªã¡ âãà®© ä®à¬ã«¥ ¯àï¬®ã£®«ì¨ª®¢. �ë¡®à ªã¡ âãà®© ä®à¬ã«ë
®¡ãá«®¢«¥ ¥¥ ¯à®áâ®â®© ¨ ¢ â® ¦¥ ¢à¥¬ï  ¨«ãçè¨¬¨ ®æ¥ª ¬¨ ¯®£à¥è®áâ¨. �æ¥ªã ¯®£à¥è-
®áâ¨ ®¯¨á ®£® ¬¥â®¤  ¤ ¥â

�¥®à¥¬  4. �á«¨ á.á.¨.ã. (1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x� 2 X ¯à¨ «î¡®© ¯à ¢®© ç áâ¨

y 2 Y ,   ï¤à® h(s; t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (2), â® ¤«ï «î¡ëå  âãà «ìëå n ¨ m ¯à¨¡«¨¦¥-

®¥ à¥è¥¨¥ ¬®¦¥â ¡ëâì  ©¤¥® ¯® ä®à¬ã«¥

x�nm(�; �) =
nX

jkj=0

mX
jjj=0

eckj(y)eckj(h) + �k�j
ei(k�+j�);

£¤¥ eckj(') = 1
NM

NP
l=1

MP
r=1

'(sl; tr)e�i(ksl+jtr) (k = �n; n, j = �m;m), N = 2n + 1, M = 2m + 1,

sl = 2�
N
l (l = 1; N ), tr = 2�

M
r (r = 1;M ). �à¨ íâ®¬ x�nm ! x� ¢ ¯à®áâà áâ¢¥ X ¨ ¯®£à¥è®áâì

¯à¨¡«¨¦¥®£® à¥è¥¨ï ®æ¥¨¢ ¥âáï ¥à ¢¥áâ¢®¬

kx� � x�nmkX = OfEnm(x
�) +Enm(h) +Enm(y)g;

§¤¥áì Enm(') |  ¨«ãçè¥¥ à ¢®¬¥à®¥ ¯à¨¡«¨¦¥¨¥ '(�; �) í«¥¬¥â ¬¨ ¨§ HT
nm.
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