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�âà®¨âáï â®ç®¥ à¥è¥¨¥ ãà ¢¥¨© â¨¯  �¨¬®è¥ª® ¤«ï ®àâ®âà®¯®£® áä¥à¨ç¥áª®£® á¥£-
¬¥â ,  å®¤ïé¥£®áï ¯®¤ ¤¥©áâ¢¨¥¬ à ¢®¬¥à® à á¯à¥¤¥«¥®© ¯® ¯ à ««¥«¨ � = �0 ¨  -
¯à ¢«¥®© ¯® ®à¬ «¨ ª áà¥¤¨®© ¯®¢¥àå®áâ¨ ®¡®«®çª¨  £àã§ª¨ á £« ¢ë¬ ¢¥ªâ®à®¬ P.
�à¨ íâ®¬ ¨á¯®«ì§ã¥âáï ¬ â¥¬ â¨ç¥áª ï   «®£¨ï á à¥è¥¨¥¬   «®£¨ç®© § ¤ ç¨ ¢ â¥®à¨¨
�¨àå£®ä {�ï¢  [1].

�¨áâ¥¬  ãà ¢¥¨© à ¢®¢¥á¨ï ¢ ãá¨«¨ïå ¨ ¬®¬¥â å ¨¬¥¥â ¢¨¤ ([2], á. 68)

1
�

d

d�
(�T�)�

1
�
T� = 0;

1
�

d

d�
(�M�)�

1
�
M� �RN� = 0;

1
�

d

d�
(�N�)� (T� + T�) +RZ = 0: (1)

�¢®¤ï äãªæ¨î ãá¨«¨© ' â ª, çâ®¡ë
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¨ ¨á¯®«ì§ãï á®®â®è¥¨ï ¤«ï ¬®¬¥â®¢, ¨ ¯¥à¥à¥§ë¢ îé¥© á¨«ë ([2], cc. 35, 38)

M� =
D�

R2

�
d2

d�2
+
v�
�

d

d�

�
(�� w); M� =

D�

R2

�
1
�

d

d�
+ v�

d2

d�2

�
(�� w); N� =

c2

R

d�
d�

; (3)

  â ª¦¥ ãà ¢¥¨ï á®¢¬¥áâ®áâ¨ ¤¥ä®à¬ æ¨©, ¯à¨å®¤¨¬ ª á¨áâ¥¬¥ à §à¥è îé¨å ãà ¢¥¨©
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�¤¥áì R, H | à ¤¨ãá áä¥àë ¨ â®«é¨  á¥£¬¥â ; Z | ¨â¥á¨¢®áâì à ¢®¬¥à® à á¯à¥¤¥-
«¥®© ¯® ¯ à ««¥«¨ � = �0 ¯®¯¥à¥ç®©  £àã§ª¨ á £« ¢ë¬ ¢¥ªâ®à®¬ P; E�, E� | ¬®¤ã«¨
ã¯àã£®áâ¨ ¬ â¥à¨ «  ¢  ¯à ¢«¥¨¨ ¬¥à¨¤¨   ¨ ¯ à ««¥«¨; v�, v� | ª®íää¨æ¨¥âë �ã áá®-
 , G | ¬®¤ã«ì ¯®¯¥à¥ç®£® á¤¢¨£ , w | ¯à®£¨¡ ®¡®«®çª¨, � | ¯®â¥æ¨ «ì ï ç áâì äãªæ¨¨
¯®¯¥à¥ç®£® á¤¢¨£  (¢¨åà¥¢ ï ª®¬¯®¥â  ¯à¨ ®á¥á¨¬¬¥âà¨ç®© ¤¥ä®à¬ æ¨¨ à ¢  ã«î),
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(5)

�á®¢ë¬ ãâ¢¥à¦¤¥¨¥¬ áâ âì¨ ï¢«ï¥âáï

�¥®à¥¬ . �¨áâ¥¬  ãà ¢¥¨© (4) íª¢¨¢ «¥â  á¨áâ¥¬¥ ¤¢ãå ãà ¢¥¨©

L(
)� f 2e2i r2
�
R4Z

D�

e4i = 0; r2	+
R2Z

c2
= 0; (6)

6



£¤¥ 
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12(1 � v�v�): (7)

�¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë (6),   á«¥¤®¢ â¥«ì®, ¨ (4) § ¢¨á¨â ®â ¢®áì¬¨ ¢¥é¥áâ¢¥ëå ¯à®¨§-

¢®«ìëå ¯®áâ®ïëå.

�®ª § â¥«ìáâ¢®. �¬®¦ ¥¬ ¯¥à¢®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (4)   1=D�, ¢â®à®¥ ãà ¢¥¨¥ |
  M , âà¥âì¥ |   N ¨ áã¬¬¨àã¥¬ ¨å. �®£¤ 
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�à¨à ¢¨¢ ï ª®íää¨æ¨¥âë ¯à¨ w ¨ ', ¯®«ãç ¥¬ N = E�RHM ,   ¤«ï M | ª¢ ¤à â-
®¥ ãà ¢¥¨¥ M 2 + 1

c2R
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D�E�H
= 0. �£® ¤¨áªà¨¬¨ â ®âà¨æ â¥«¥, ª®£¤  4c2R2
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G2R2(1�v�v�)

E�E�H2
> 1, çâ® á¯à ¢¥¤«¨¢® ¤«ï ¤®áâ â®ç® â®ª¨å ®¡®«®ç¥ª ¨ ¡®«ìè¨áâ¢  áãé¥áâ¢ã-

îé¨å ë¥  ¨§®âà®¯ëå ¬ â¥à¨ «®¢. �«¥¤®¢ â¥«ì®, ª®à¨ ª¢ ¤à â®£® ãà ¢¥¨ï ª®¬¯«¥ªá-
ë¥. �ãáâì M = �r2e2i , â®£¤  N = �f 2e2i .

� ¨â®£¥ ãà ¢¥¨¥ (8) ¯à¨¨¬ ¥â ¢¨¤

L[
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�
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e4i = 0:

�®¡ ¢«ïï ª ¥¬ã âà¥âì¥ ãà ¢¥¨¥ ¨§ (4), ¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢¥¨© (6).
�®ª ¦¥¬, çâ® äãªæ¨¨, ï¢«ïîé¨¥áï à¥è¥¨¥¬ á¨áâ¥¬ë ãà ¢¥¨© (6), ®¡à é îâ ¢ â®¦¤¥-

áâ¢  ãà ¢¥¨ï á¨áâ¥¬ë (4). �ãáâì 
� = ���w�� r2e2i '�, 	� = ��� 1
c2R

'� ï¢«ïîâáï à¥è¥¨¥¬
á¨áâ¥¬ë ãà ¢¥¨© (6). �®á«¥ ¯®¤áâ ®¢ª¨ ¢ ãà ¢¥¨ï íâ¨å äãªæ¨© ¨ ¢ë¤¥«¥¨ï ¤¥©áâ¢¨-
â¥«ì®© ¨ ¬¨¬®© ç áâ¥© ¢ ¯¥à¢®¬ ãà ¢¥¨¨ ¯®«ãç ¥¬ âà¨ â®¦¤¥áâ¢ :
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�ãªæ¨¨ ��, '� ¯à¥¢à é îâ ¢ â®¦¤¥áâ¢® âà¥âì¥ ãà ¢¥¨¥ á¨áâ¥¬ë (4), çâ® á«¥¤ã¥â ¨§ (9).
�áª«îç ¥¬ á ¯®¬®éìî âà¥âì¥£® â®¦¤¥áâ¢  r2�� ¨§ ¢â®à®£®. �®£¤ 
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�§ á®®â®è¥¨© (5) ¨ (7) á«¥¤ã¥â 1
r2c2R

= D�f2
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= 2 cos(2 ), f
2

r2
= E�RH, ¨ â®¦¤¥áâ¢® ¯à¨¨¬ ¥â

¢¨¤ L('�)�RHE�r2w� � 0. �â® ®§ ç ¥â, çâ® ¢â®à®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (4) â ª¦¥ ¢ë¯®«ï¥âáï.
�¥¯¥àì ¨áª«îç¨¬ r2�� ¨§ ¯¥à¢®£® á®®â®è¥¨ï (9). � à¥§ã«ìâ â¥
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�®áª®«ìªã cos(4 )� 1
r2c2R

cos(2 ) = cos(4 )� D2

�

R2c2
cos(2 ) = �1, çâ® á«¥¤ã¥â ¨§ ¢ëè¥¯à¨¢¥¤¥ëå

ä®à¬ã«, f 2r2 = R
D�
,   ¢ëà ¦¥¨¥ ¢ ¯¥à¢ëå ª¢ ¤à âëå áª®¡ª å â®¦¤¥áâ¢¥® à ¢® ã«î, â®

D�L(�� � w�)�Rr2'� +R4Z � 0;

â. ¥. äãªæ¨¨ ��, w�, '� ï¢«ïîâáï à¥è¥¨¥¬ á¨áâ¥¬ë (4). �ª¢¨¢ «¥â®áâì á¨áâ¥¬ (4) ¨ (6)
¤®ª §  .

�¥à¥å®¤¨¬ ª à¥è¥¨î á¨áâ¥¬ë ãà ¢¥¨© (6). �¥à¢®¥ ãà ¢¥¨¥ â®«ìª® ª®íää¨æ¨¥â ¬¨
®â«¨ç ¥âáï ®â   «®£¨ç®£® ãà ¢¥¨ï à ¡®âë [1], çâ® ¯®§¢®«ï¥â ¯à¥¤áâ ¢¨âì ¥£® ¢ ¢¨¤¥
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� (q2 + f 2�2e2i )F
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d
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� ª ª ª «¨¥©® ¥§ ¢¨á¨¬ë¬¨ ç áâë¬¨ à¥è¥¨ï¬¨ ®¤®à®¤®£® ãà ¢¥¨ï (10) ï¢«ïîâáï
äãªæ¨¨ �¥áá¥«ï Jq(b�, Yq(b�) ¨ �®¬¬¥«ï s0;q(b�) [3], ¯à¨ç¥¬

b = fei( +�=2); (11)

â® ®¡é¥¥ à¥è¥¨¥ ®¤®à®¤®£® ãà ¢¥¨ï ¨¬¥¥â ¢¨¤

eF = eC1Jq(b�) + eC2Yq(b�) + eC3s0;q(b�); (12)

£¤¥ eC1, eC2, eC3 | ª®¬¯«¥ªáë¥ ¯®áâ®ïë¥.
� áâ®¥ à¥è¥¨¥ ãà ¢¥¨ï (10) ¨é¥¬ ¤«ï ¢ëè¥ãª § ®©  £àã§ª¨, ª®â®àãî ¯à¥¤áâ ¢¨¬ á

¯®¬®éìî ¤¥«ìâ -äãªæ¨¨ �¨à ª 

Z =
P

2�R2�0
�(� � �0); (13)

£¤¥ P | ¢¥«¨ç¨  ¢¥ªâ®à  P. �®¨¦ ¥¬ ¯®àï¤®ª ãà ¢¥¨ï (10), ãç¨âë¢ ï ¯à¨ íâ®¬ á®®â®-
è¥¨¥ (13) ¨ ��(� � �0) = �0�(� � �0),

R
�(� � �0)d� = H(� � �0), £¤¥ H(� � �0) | ¥¤¨¨ç ï

äãªæ¨ï �¥¢¨á ©¤ . �®£¤ 
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2�D��
e4i H(�� �0): (14)

�à¥¤áâ ¢¨¬ ¢ëà ¦¥¨¥ 1
�
H(�� �0) àï¤®¬ �ãàì¥{�¥áá¥«ï [3]

1
�
H(�� �0) =

1X
n=1

anJq(�n�); (15)

¯à¨ç¥¬ �n ï¢«ï¥âáï n-¬ ¯®«®¦¨â¥«ìë¬ ª®à¥¬ äãªæ¨¨ �¥áá¥«ï Jq(z),

an =
2

J2
q+1(�n)

Z 1

�0

Jq(�n�)d�:

� áâ®¥ à¥è¥¨¥ ãà ¢¥¨ï (14),   á«¥¤®¢ â¥«ì®, ¨ (10) ¨é¥¬ ¢ ¢¨¤¥ àï¤ 

F =
1X
n=1

FnJq(�n�):

�§ ãà ¢¥¨ï (14) á ãç¥â®¬ à §«®¦¥¨ï (15) ®¯à¥¤¥«ï¥¬

Fn = �
PR3

2�D�

e4i 
an

�2n + f 2e2i 
; ¨«¨ Fn = �

PR3

2�D�

!nan;

!n =
[�2n cos 4 + f 2 cos 2 ] + i[�2n sin 4 + f 2 sin 2 ]

(�4n + 2f 2�2n cos 2 + f 4)
:
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�ç¥¢¨¤®,

F = �
PR3

2�D�

1X
n=1

!nanJq(�n�): (16)

�®áª®«ìªã j!nj <
M
�2n

< M
n2
, â. ª. § ç¥¨¥ ª®àï äãªæ¨¨ �¥áá¥«ï ¬¥ìè¥ ¥£® ®¬¥à , â® ¨§

áå®¤¨¬®áâ¨ àï¤  (15) ¯® ¯à¨§ ªã �¡¥«ï ¡ã¤¥â á«¥¤®¢ âì à ¢®¬¥à ï áå®¤¨¬®áâì ¢ ®¡« áâ¨
0 < � < 1 àï¤  (16).

�¡é¥¥ à¥è¥¨¥ ¥®¤®à®¤®£® ãà ¢¥¨ï (10) ¥áâì áã¬¬  á®®â®è¥¨© (12) ¨ (16). �â®¡ë
¯®«ãç¨âì 
, ¥®¡å®¤¨¬® ¢ëç¨á«¨âì ¨â¥£à « íâ®© áã¬¬ë. �¥è¥¨¥ ®¤®à®¤®£® ãà ¢¥¨ï, á®-
®â¢¥âáâ¢ãîé¥£® ¢â®à®¬ã ãà ¢¥¨î á¨áâ¥¬ë (6), ¨¬¥¥â ¢¨¤

e	 = C4 +C5 ln�: (17)

�«ï ¯®«ãç¥¨ï à¥è¥¨ï ¥®¤®à®¤®£® ãà ¢¥¨ï ¯à¥¤áâ ¢¨¬ ¥£® ¢ ¢¨¤¥

d	
d�

= �
PR

2�c2
1
�
H(�� �0):

�®á¯®«ì§®¢ ¢è¨áì ¯à¨¢¥¤¥ë¬ ¢ëè¥ à §«®¦¥¨¥¬ (15), ¨â¥£à¨àã¥¬ ¯®«ãç¥®¥ ãà ¢¥¨¥ ¨
¤®¡ ¢«ï¥¬ ª ¥¬ã ¢ëà ¦¥¨¥ (17), ¢ ¨â®£¥

	 = ��
1
c2R

' = C5 + C6 ln��
PR

2�c2

1X
n=1

an

Z
Jq(�n�)d�:

�â ª, ®¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë (6),   á«¥¤®¢ â¥«ì®, ¨ á¨áâ¥¬ë (4) ¯®áâà®¥®. �® § ¢¨á¨â ®â
âà¥å ª®¬¯«¥ªáëå eC1 = C1 + iC 0

1, eC2 = C2 + iC 0

2, eC3 = C3 + iC 0

3 ¨ ¤¢ãå ¢¥é¥áâ¢¥ëå C4, C5

¯à®¨§¢®«ìëå ¯®áâ®ïëå, ¤àã£¨¬¨ á«®¢ ¬¨ | ®â ¢®áì¬¨ ¤¥©áâ¢¨â¥«ìëå ¯ à ¬¥âà®¢.

�§¢¥áâ®, çâ® à¥è¥¨¥ ¨áå®¤®© á¨áâ¥¬ë ãà ¢¥¨© (1){(3) ¤®«¦® á®¤¥à¦ âì è¥áâì ¯®áâ®-
ïëå ¨â¥£à¨à®¢ ¨ï. �â®¡ë ãáâà ¨âì íâ® ¥á®®â¢¥âáâ¢¨¥, ¯®¤áâ ¢¨¬ ¯®«ãç¥®¥ à¥è¥¨¥
¢ íâ¨ ãà ¢¥¨ï. �¡ àã¦¨¢ ¥¬, çâ® ª®áâ â  C4 ¥ ¯à¨áãâáâ¢ã¥â ¢ ¢ëà ¦¥¨ïå ¤«ï ª®¬¯®-
¥â  ¯àï¦¥® ¤¥ä®à¬¨à®¢ ®£® á®áâ®ï¨ï, ¯®áª®«ìªã äãªæ¨¨ �, ' ¢å®¤ïâ â®«ìª® ¢ ¢¨¤¥
¯à®¨§¢®¤ëå,   C5 = � 2

f
(C3 cos + C 0

3 sin ) ctg(2 ). � ¤ ç  à¥è¥ .
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