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�¡®§ ç¨¬ ç¥à¥§ S� ª« áá §¢¥§¤®®¡à §ëå äãªæ¨© w = f(z), f(0) = 0, f 0(0) = 1, à¥£ã«ïàëå
¨ ®¤®«¨áâëå ¢ ªàã£¥ E = fz 2 C : jzj < 1g, ®â®¡à ¦ îé¨å E   §¢¥§¤®®¡à §ãî ®â®á¨â¥«ì®

w = 0 ®¡« áâì. � [1] ¨§ãç « áì ®¡« áâì Bz § ç¥¨© á¨áâ¥¬ë äãªæ¨® «®¢
n
ln
��� f(z)

z

���; ���zf 0(z)
f(z)

���o
¢ ª« áá¥ S� ¯à¨ ä¨ªá¨à®¢ ®¬ z, 0 < jzj < 1. � ¯®¬®éìî íâ¨å à¥§ã«ìâ â®¢ ¢ ¤ ®© áâ âì¥

ã«ãçè ¥âáï ¢¥àåïï £à ¨æ  äãªæ¨® « 
���zf 0(z)

f(z)

��� ¢ ª« áá¥ S�, § ¢¨áïé ï ®â ln
��� f(z)

z

���, ¯®«ãç¥ ï
¤àã£¨¬ ¬¥â®¤®¬ �¨£å®¬ ¢ 1991 £. ([2], â¥®à¥¬  2, ¥à ¢¥áâ¢® (27)).

� ª ª ª Bz   § ¢¨á¨â ®â arg z, â® ¢ ¤ «ì¥©è¥¬ ¯®« £ ¥¬ z = r, 0 < r < 1, ¨ à áá¬ âà¨¢ ¥¬
®¡« áâì Br.

�á¯®«ì§ã¥¬ ¨§¢¥áâ®¥ (á¬.,  ¯à., [3], á. 507) ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ äãªæ¨© ª« áá  S�

á ¯®¬®éìî ¨â¥£à «  �â¨«ìâì¥á  f(z) = z exp
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ln(1� zeit)d�(t)
i
, £¤¥ �(t) | ¥ã¡ë¢ îé ï

¢¥é¥áâ¢¥ ï äãªæ¨ï, �� � t � �, �(��) = 0, �(�) = 1. �¯à¥¤¥«¨¬

I1(f) = ln
����f(r)r

���� = �
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��

ln(1� 2r cos t+ r2)d�(t); I2(f) =
����rf 0(r)
f(r)

���� =
����
Z �
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1 + eitr

1� eitr
d�(t)

����:
�«ï ¨§ãç¥¨ï ¢¥àå¥© £à ¨æë ®¡« áâ¨ § ç¥¨© Br äãªæ¨® «  I(f) = I1(f) + iI2(f) ¢ [1]
áâ ¢¨« áì ¢á¯®¬®£ â¥«ì ï § ¤ ç   å®¦¤¥¨ï ¢ ª« áá¥ S� ®¡« áâ¨ § ç¥¨© B+

r äãªæ¨®-

 «  I+(f) = I1(f) + iI+2 (f), £¤¥ I+2 (f) =
�R
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��� 1+eitr

1�eitr

���d�(t), �(t) | ¥ã¡ë¢ îé ï ¢¥é¥áâ¢¥ ï

äãªæ¨ï, �� � t � �, �(��) = 0, �(�) = 1. �ç¥¢¨¤®, I2(f) � I+2 (f). �¥£ª® ¢¨¤¥âì, çâ®

I+2 (f) =
�R

��

g+(r; t)d�(t), £¤¥

g+(r; t) = � ln(1� 2r cos t+ r2) + i

s
1 + 2r cos t+ r2

1� 2r cos t+ r2
: (1)

�§¢¥áâ® [4], çâ® ®¡« áâì § ç¥¨© äãªæ¨® «  I+(f) ¥áâì ¢ë¯ãª« ï ®¡®«®çª  ªà¨¢®© �, § -
¤ ®© ãà ¢¥¨¥¬ � = g+(r; t), �� � t � �. �  è¥¬ á«ãç ¥ íâ  ªà¨¢ ï ¨¬¥¥â â®çªã ¯¥à¥£¨¡ .
�«¥¤®¢ â¥«ì®, ®¡« áâì B+

r ,   á ¥© ¨ Br, ®£à ¨ç¥  á¢¥àåã ç áâìî ªà¨¢®© � (®¡®§ ç¨¬ íâã
ç áâì ç¥à¥§ �1 : � = g+(r; t), � � t � �, 0 < � < �) ¨ ®âà¥§ª®¬ ª á â¥«ì®© ª �, ¯à®¢¥¤¥®©

¨§ â®çª¨ M
�
� ln(1� r)2; 1+r

1�r

�
. �â ª, ¢¥àåïï £à ¨æ  ®¡« áâ¨ B+

r á®áâ®¨â ¨§ ¢ë¯ãª«®© ª¢¥àåã

ªà¨¢®© �1 ¨ ®âà¥§ª  ¯àï¬®© MM0, £¤¥ M0 | â®çª  ª á ¨ï.
�§ (1) ¨¬¥¥¬ ¯ à ¬¥âà¨ç¥áª®¥ ãà ¢¥¨¥ ªà¨¢®© �:

u = � ln(1� 2r cos t+ r2); v =

s
2(1 + r2)� (1 + r2 � 2r cos t)

1� 2r cos t+ r2
; 0 � t � �:
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�âáî¤  v =
p
2(1 + r2)eu � 1, �2 ln(1 + r) � u � �2 ln(1 � r). �®á¯®«ì§®¢ ¢è¨áì ãà ¢¥¨¥¬

ª á â¥«ì®©, ¯®«ãç ¥¬, çâ® u0 ( ¡áæ¨áá  â®çª¨ M0) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î
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�
: (2)

�à®¢®¤ï ®¡ëçë¥ ¨áá«¥¤®¢ ¨ï, ¯à®¢¥àï¥¬, çâ® ¢ ¨â¥à¢ «¥
�
ln 1

(1+r)2
; ln 1
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�
ãà ¢¥¨¥ ¨¬¥¥â

¥¤¨áâ¢¥ë© ª®à¥ì. �¤¥áì u� = � ln(1 + r2) |  ¡áæ¨áá  â®çª¨ ¯¥à¥£¨¡  ªà¨¢®© �. �ä®à¬ã«¨-
àã¥¬ ¯®«ãç¥ë© à¥§ã«ìâ â.

�¥®à¥¬ . �«ï «î¡®© äãªæ¨¨ f(z) 2 S�, jzj = r, 0 < r < 1, ¨¬¥îâ ¬¥áâ® ¥à ¢¥áâ¢ 
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2(1+r2)eu0�1
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, u0 | ª®à¥ì ãà ¢¥-

¨ï (2).

�¥à ¢¥áâ¢® (3) ï¢«ï¥âáï â®çë¬, â. ª. ¤«ï äãªæ¨¨ f(z) = z

(1�eitz)2
  ªà¨¢®© �1

(�2 ln(1 + r) � u � u0) ¡ã¤¥â I2(f) = I+2 (f) ¨ �1 � Br.
�¨£å [2] ¯à¨¢®¤¨â ®æ¥ªã ����zf 0(z)

f(z)

����
2

� 2(1 + r2)�2(r)� 1; (5)

£¤¥ �(r) = 1
1+r

+
r ln

h
(1+r)2

r
jf(r)j

i
(1�r2) ln 1+r

1�r

. �à ¢¨¢ ï ¥à ¢¥áâ¢  (3) ¨ (5), ¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥-

¨¥¬ ã¡¥¦¤ ¥¬áï, çâ® �(r) >
q

jf(r)j

r
. �«ï áà ¢¥¨ï ¥à ¢¥áâ¢ (4) ¨ (5) á ç «  ¯à¨¤ ¤¨¬

¥à ¢¥áâ¢ã (5) ¡®«¥¥ ã¤®¡ãî ä®à¬ã, ®¡®§ ç ï
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�
; b =
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2(1 + r2)
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:

�®£¤  ¨§ (5) á«¥¤ã¥â, çâ® äãªæ¨ï v =
p
2(1 + r2)�2(r)� 1 ¨¬¥¥â ¢¨¤ v(u) =

p
(a+ bu)2 � 1, £¤¥

u = ln
��� f(r)

r

���. �à ä¨ª®¬ íâ®© äãªæ¨¨ ï¢«ï¥âáï ç áâì £¨¯¥à¡®«ë á ¢¥àè¨®© ¢ â®çª¥ �a+1
b
,

¯à¨ç¥¬ �a+1
b

< � ln(1 + r)2, «¥¦ é ï ¢ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨ ¨ ¯à®å®¤ïé ï ç¥à¥§ â®çª¨

N
�
� ln(1 + r)2; 1�r

1+r

�
¨ M

�
� ln(1 � r)2; 1+r

1�r

�
. � ª ª ª ¢ á¨«ã ¢ë¯ãª«®áâ¨ ª¢¥àåã íâ  ªà¨¢ ï

«¥¦¨â ¢ëè¥ ®âà¥§ª  ª á â¥«ì®©, â® ®æ¥ª¨ (3){(4) ã«ãçè îâ ®æ¥ªã (5)   ¢á¥¬ ¯à®¬¥¦ãâª¥
[� ln(1 + r)2; � ln(1� r)2].
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