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�®áâ ¢«¥­  § ¤ ç   ¤ ¯â¨¢­®©  ¯¯à®ªá¨¬ æ¨¨ äã­ªæ¨¨ ¨§ L2. �à¥¤«®¦¥­ ¬¥â®¤ ¯®á«¥¤®¢ -
â¥«ì­ëå ¯à¨¡«¨¦¥­¨© à¥è¥­¨ï § ¤ ç¨. �®ª § ­ë â¥®à¥¬ë ® ¤®áâ â®ç­ëå ãá«®¢¨ïå áå®¤¨¬®áâ¨
¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨© ª ¨áª®¬®¬ã à¥è¥­¨î.

1. �®áâ ­®¢ª  § ¤ ç¨

�®«¨­®¬¨ «ì­ ï  ¯¯à®ªá¨¬ æ¨ï äã­ªæ¨© ¨¬¥¥â æ¥«ìî á®§¤ ­¨¥ ¤®¯®«­¨â¥«ì­ëå ¢®§¬®¦-
­®áâ¥© ¨å ¯à¨¡«¨¦¥­­®£®  ­ «¨â¨ç¥áª®£® ¨áá«¥¤®¢ ­¨ï ¨ ¯à ªâ¨ç¥áª®© à¥ «¨§ æ¨¨. �â® ¤®-
áâ¨£ ¥âáï §  áç¥â ¯à¨¬¥­¥­¨ï ¢ ª ç¥áâ¢¥ ª®®à¤¨­ â­ëå äã­ªæ¨©  ¯¯à®ªá¨¬ æ¨© å®à®è® ¨áá«¥-
¤®¢ ­­ëå ¢ëà ¦¥­¨©,   â ª¦¥ ç¨á«®¢ëå ¯ à ¬¥âà®¢ | ª®íää¨æ¨¥­â®¢ ¯®«¨­®¬®¢ ([1], £«. 3,
x 7, á. 42). �à¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï, çâ® ¢ëç¨á«¨¬®áâì ¯ à ¬¥âà®¢ £ à ­â¨àã¥â ¨å ä¨§¨ç¥áªãî
à¥ «¨§ã¥¬®áâì.

�¥¦¤ã â¥¬, ¯®á«¥¤­¥¥ ­¥ ¢á¥£¤  ¨¬¥¥â ¬¥áâ®. � ç áâ­®áâ¨, ¢ æ¥«®¬ àï¤¥ á«ãç ¥¢ ¨áª®¬ë¥
®¯â¨¬ «ì­ë¥ §­ ç¥­¨ï ¯ à ¬¥âà®¢  ¯¯à®ªá¨¬ æ¨© ¯à ªâ¨ç¥áª¨ ¬®£ãâ ¡ëâì ¯®«ãç¥­ë «¨èì
¯®á«¥¤®¢ â¥«ì­ë¬¨ ãâ®ç­¥­¨ï¬¨ (ª®àà¥ªæ¨ï¬¨) ¨å ­¥ª®â®àëå ­ ç «ì­ëå á®áâ®ï­¨© á ¨á¯®«ì-
§®¢ ­¨¥¬ ¯®á«¥¤®¢ â¥«ì­® ­ ª ¯«¨¢ ¥¬®© ¨§¬¥à¨â¥«ì­®© ¨­ä®à¬ æ¨¨ ®¡  ¯¯à®ªá¨¬¨àãîé¨å
äã­ªæ¨ïå. � ª®£® à®¤  á¨âã æ¨¨ ®â­®áïâáï ª ç¨á«ã ¤®áâ â®ç­® à á¯à®áâà ­¥­­ëå ¨ ­¥ âà¥¡ãîâ
á¯¥æ¨ «ì­®£® ¨áá«¥¤®¢ ­¨ï ([2], á. 135).

� á¢ï§¨ á íâ¨¬ à áá¬®âà¨¬ § ¤ çã ®¡ ®¯â¨¬ «ì­®©  ¯¯à®ªá¨¬ æ¨¨ ¢¥é¥áâ¢¥­­®© äã­ªæ¨¨
x�(t) 2 L2 ­  ¨­â¥à¢ «¥ T §­ ç¥­¨© ¢¥é¥áâ¢¥­­®£®  à£ã¬¥­â  t ¢ ª« áá¥  ¯¯à®ªá¨¬¨àãîé¨å
äã­ªæ¨© ¢¨¤ 

x(t) = UTu+ V Tv +W Tw + �T# (t 2 T ): (1.1)

�¤¥áì UT = kU 1(t); : : : ; Un(t)k, V T = kV 1(t); : : : ; V m(t)k, W t = kW 1(t); : : : ;W r(t)k, �T =
k�1(t); : : : ; �q(t)k | ¬ âà¨æë-áâà®ª¨ ª®®à¤¨­ â­ëå äã­ªæ¨© ¨§ L2; u = ku1; : : : ; unkT , v =
kv1; : : : ; vmkT , w = kw1; : : : ; wrkT , # = k#1; : : : ; #qkT | ¬ âà¨æë-áâ®«¡æë ¯ à ¬¥âà®¢  ¯¯à®ª-
á¨¬ æ¨¨; T | §­ ª âà ­á¯®­¨à®¢ ­¨ï ¬ âà¨æë.

�¯¯à®ªá¨¬ æ¨î

xf (t) = UTuf + V Tvf +W Twf + �T#; (1.2)

¯ à ¬¥âàë ª®â®à®© uf = ku1f ; : : : ; u
n
f k

T , vf = kv1f ; : : : ; v
m
f k

T ¤®áâ ¢«ïîâ ¬¨­¨¬ã¬ äã­ªæ¨¨

Y =
Z
T

[x(t)� x�(t)]2dt (1.3)

¯® ¯¥à¥¬¥­­ë¬ u, v ¯à¨ ãá«®¢¨¨ w = wf = kw1
f ; : : : ; w

r
fk

T , £¤¥ wf | § ¤ ­­ ï ¬ âà¨æ , ¡ã¤¥¬
­ §ë¢ âì ®¯â¨¬ «ì­®©.

�ç¥¢¨¤­®, çâ® uf ¨ vf ¤®«¦­ë ®¯à¥¤¥«ïâìáï ¨§ ãà ¢­¥­¨© ([1], £«. 3, x 7, á. 43)

(U;UT )uf + (U; V T )vf = (x�; U)� (U;W T )wf � (U; �T )#;

(V;UT )uf + (V; V T )vf = (x�; V )� (V;W T )wf � (V; �T )#:
(1.4)
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�¤¥áì ªàã£«ë¥ áª®¡ª¨ | ¢ëà ¦¥­¨ï ¢¨¤ 

(U; V T ) =
Z
T

UV Tdt;

¨ ¯à¥¤¯®« £ ¥âáï ¢ë¯®«­¥­­ë¬ ãá«®¢¨¥����(U;UT ) (U; V T )
(V;UT ) (V; V T )

���� 6= 0: (1.5)

�§¢¥áâ­®, çâ® ®¡ëç­ ï § ¤ ç  ®¯â¨¬ «ì­®©  ¯¯à®ªá¨¬ æ¨¨ äã­ªæ¨© ¢ ª« áá¥ (1.1) á¢®¤¨âáï
ª à¥è¥­¨î ãà ¢­¥­¨© ¢¨¤  (1.4) ®â­®á¨â¥«ì­® uf , vf . �¤­ ª® ãç¥â ãá«®¢¨© ä¨§¨ç¥áª®© à¥ «¨-
§ã¥¬®áâ¨  ¯¯à®ªá¨¬ æ¨© ¨ ¨å ¯ à ¬¥âà®¢ áãé¥áâ¢¥­­® ¬¥­ïîâ ¤¥«®.

�ã¤¥¬ áç¨â âì, çâ® ¯®áâà®¥­¨¥ ®¯â¨¬ «ì­®©  ¯¯à®ªá¨¬ æ¨¨ (1.2) á ¥¥ ¯ à ¬¥âà ¬¨ ¤®«¦­®
¯à®¢®¤¨âìáï á á®¡«î¤¥­¨¥¬ á«¥¤ãîé¨å ãá«®¢¨© ä¨§¨ç¥áª®© à¥ «¨§ã¥¬®áâ¨ x(t) ¨ ¥¥ ¯ à ¬¥-
âà®¢.

1. �¯â¨¬ «ì­ ï  ¯¯à®ªá¨¬ æ¨ï xf (t) ¬®¦¥â ¡ëâì ¯®«ãç¥­  â®«ìª® ¯¥à¥å®¤®¬ ®â ­¥ª®â®à®£®
­ ç «ì­®£® á®áâ®ï­¨ï

x0(t) = UTu0 + V Tv0 +W Tw0 + �T# (t 2 T ) (1.6)

 ¯¯à®ªá¨¬ æ¨¨ x(t) §  áç¥â ¯®á«¥¤®¢ â¥«ì­ëå ¨§¬¥­¥­¨© (ª®àà¥ªæ¨©) ¯ à ¬¥âà®¢ u0, v0, w0

­  ­¥ª®â®àë¥ ¨§¢¥áâ­ë¥ ¢¥«¨ç¨­ë �uk, �vk, �wk (k = 0; 1; : : : ). �¤¥áì u0 = ku1
0
; : : : ; un

0
kT ,

v0 = kv10 ; : : : ; v
m
0 k

T , w0 = kw1
0 ; : : : ; w

r
0k

T | ­ ç «ì­ë¥ á®áâ®ï­¨ï ¯ à ¬¥âà®¢ u, v, w; �uk =
k�u1k; : : : ; �u

n
kk

T , �vk = k�v1k; : : : ; �v
m
k k

T , �wk = k�w1
k; : : : ; �w

r
kk

T | k + 1-ï (k = 0; 1; : : : ) ª®àà¥ª-
æ¨ï ¯ à ¬¥âà®¢ u0, v0, w0; # | ­¥¨§¢¥áâ­ë© ­¥¨§¬¥­ï¥¬ë© ¯ à ¬¥âà.

2. �¯¯à®ªá¨¬ æ¨ï x(t) ¯®á«¥ k + 1-© ª®àà¥ªæ¨¨ ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥

xk+1(t) = UTuk+1 + V T vk+1 +W Twk+1 + �T# (t 2 T ; k = 0; 1; : : : ); (1.7)

£¤¥

uk+1 = u0 + �uk; vk+1 = v0 + �vk; wk+1 = w0 + �wk (k = 0; 1; : : : ): (1.8)

3. �î¡ ï  ¯¯à®ªá¨¬ æ¨ï xk(t) (k = 0; 1; : : : ) ¬®¦¥â ¡ëâì à¥ «¨§®¢ ­  ¢ ¢¨¤¥ á«ãç ©­®£®
¯à®æ¥áá 

Xk(t) = xk(t) + Yk(t) (k = 0; 1; : : : ); (1.9)

£¤¥ Yk(t) | á«ãç ©­ ï ®è¨¡ª  à¥ «¨§ æ¨¨, xk(t) | £¨«ì¡¥àâ®¢áª¨© á«ãç ©­ë© ¯à®æ¥áá á å à ª-
â¥à¨áâ¨ª ¬¨

M(Yk(t)) = 0; M [Yk(t) � Yk(t
0)] = Ky(t; t

0): (1.10)

�¤¥áì M | ®¯¥à æ¨ï ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï; Ky(t; t0) | ¨­â¥£à¨àã¥¬ ï ­  T � T  ¢â®ª®à-
à¥«ïæ¨®­­ ï äã­ªæ¨ï ¯à®æ¥áá  Yk(t), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬

8
(t) 2 L2 :
ZZ
TT


(t)
(t0)Ky(t; t0)dt dt0 > 0;

Ky(t; t0) = Ky(t0; t):

(1.11)

4. �î¡ ï à¥ «¨§ æ¨ï ¨§¬¥à¥­¨ï á«ãç ©­®£® ¯à®æ¥áá  Xk(t) ¬®¦¥â ¡ëâì ¯®«ãç¥­  ¢ ¢¨¤¥
à¥ «¨§ æ¨¨ á«ãç ©­®£® ¯à®æ¥áá 

Zk(t) = Xk(t) + �k(t) (k = 0; 1; : : : ): (1.12)

�¤¥áì �k(t) | á«ãç ©­ ï ®è¨¡ª  ¨§¬¥à¥­¨© ¯à®æ¥áá , Xk(t) | £¨«ì¡¥àâ®¢áª¨© á«ãç ©­ë© ¯à®-
æ¥áá á å à ªâ¥à¨áâ¨ª ¬¨

M [�k(t)] = 0; M [�k(t) ��k(t
0)] = K�(t; t

0); (1.13)
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£¤¥ K�(t; t0) | ¨­â¥£à¨àã¥¬ ï ­  T � T  ¢â®ª®àà¥«ïæ¨®­­ ï äã­ªæ¨ï ¯à®æ¥áá  �k(t), ã¤®¢«¥-
â¢®àïîé ï ãá«®¢¨ï¬

M [�k(t)Zj(t
0)] = 0 (t; t0 2 T ; k; j = 0; 1; : : : );

8
(t) 2 L2 :
ZZ
TT


(t)
(t0)K�(t; t
0)dt dt0 > 0; (1.14)

K�(t; t
0) = K�(t

0; t):

5. �®àà¥ªæ¨ï ¯ à ¬¥âà®¢, à¥ «¨§ æ¨¨ ¨ ¨§¬¥à¥­¨¥  ¯¯à®ªá¨¬ æ¨© ¬®£ãâ ®áãé¥áâ¢«ïâìáï
ª ª ¯à¨ ¨§¢¥áâ­ëå, â ª ¨ ­¥¨§¢¥áâ­ëå á®áâ®ï­¨ïå ¯ à ¬¥âà®¢ u0, v0, w0, #. �¤¥áì ¤®¯®«­¨â¥«ì­®
¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® u0 ¨ wf | ¨§¢¥áâ­ë¥ ¬ âà¨æë,   ¬ âà¨æë v0, w0, # ­¥¨§¢¥áâ­ë.

� á¢ï§¨ á íâ¨¬ ¯®¤ç¥àª­¥¬ á¯¥æ¨ä¨ªã ¯ à ¬¥âà®¢ u, v, w, #, á¢ï§ ­­ãî á® á¯¥æ¨ä¨ª®©
¯à¨ª« ¤­ëå § ¤ ç:

u | ¯ à ¬¥âà, ª®â®àë© ¯®¤«¥¦¨â ¯à¥®¡à §®¢ ­¨î ®â ¨§¢¥áâ­®£® ­ ç «ì­®£® u0 ª ­¥¨§¢¥áâ-
­®¬ã ®¯â¨¬ «ì­®¬ã á®áâ®ï­¨î uf (¯à®£à ¬¬­ë© ¯ à ¬¥âà);

v | ¯ à ¬¥âà, ª®â®àë© ¯®¤«¥¦¨â ¯à¥®¡à §®¢ ­¨î ®â ­¥¨§¢¥áâ­®£® ­ ç «ì­®£® v0, ª ­¥¨§-
¢¥áâ­®¬ã ®¯â¨¬ «ì­®¬ã á®áâ®ï­¨î vf ;

w | ¯ à ¬¥âà, ª®â®àë© ¤®«¦¥­ ¡ëâì ¯à¥®¡à §®¢ ­ ®â ­¥¨§¢¥áâ­®£® ­ ç «ì­®£® w0 ª § ¤ ­-
­®¬ã ª®­¥ç­®¬ã á®áâ®ï­¨î wf ;

# | ­¥¨§¢¥áâ­ë© ­¥¨§¬¥­ï¥¬ë© ¯ à ¬¥âà (¬¥è îé¨© ¯ à ¬¥âà).
�¥¯¥àì ¢¨¤­®, çâ® ¢ ®â«¨ç¨¥ ®â ®¡ëç­®© § ¤ ç¨ ®¯â¨¬ «ì­®©  ¯¯à®ªá¨¬ æ¨¨ ãá«®¢¨¥ (1.4)

¢ ­ è¥¬ á«ãç ¥ ­¥®¡å®¤¨¬®, ­® ­¥ ¤®áâ â®ç­® ¤«ï ä ªâ¨ç¥áª®£® ¯®áâà®¥­¨ï ¯ à ¬¥âà®¢ uf ,
vf , wf ¨ äã­ªæ¨¨ xf (t). �¥©áâ¢¨â¥«ì­®, ¢®-¯¥à¢ëå, ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¯à ¢ë¥ ç áâ¨
ãà ¢­¥­¨© (1.4) á®¤¥à¦ â ­¥¨§¢¥áâ­ë© ¯ à ¬¥âà #; ¢®-¢â®àëå, ¤ ¦¥ ¥á«¨ ¢ ç áâ­ëå á«ãç ïå
¨§ íâ¨å ãà ¢­¥­¨© ­ ©¤¥âáï ¯ à ¬¥âà vf , ¥£® ­¥«ì§ï ¡ã¤¥â à¥ «¨§®¢ âì ¯à ªâ¨ç¥áª¨ ¬¥â®¤®¬
ª®àà¥ªæ¨© ¨áå®¤­®£® á®áâ®ï­¨ï v0, â. ª. ¨áª®¬®¥ ä¨§¨ç¥áª¨ à¥ «¨§ã¥¬®¥ ãâ®ç­¥­¨¥ �vf = vf�v0,
£¤¥ ¯® ãá«®¢¨î v0 ­¥¨§¢¥áâ¥­, ®áâ ­¥âáï ­¥¨§¢¥áâ­®© ¢¥«¨ç¨­®©.

�­ «®£¨ç­® ®¡áâ®¨â ¤¥«® á ¯à¥®¡à §®¢ ­¨¥¬ ­¥¨§¢¥áâ­®£® ¯ à ¬¥âà w0 ¢ § ¤ ­­®¥ á®áâ®ï­¨¥
wf .

� á¢ï§¨ á íâ¨¬, ãç¨âë¢ ï áä®à¬ã«¨à®¢ ­­ë¥ ãá«®¢¨ï ä¨§¨ç¥áª®© à¥ «¨§ã¥¬®áâ¨, ¡ã¤¥¬
à¥è âì § ¤ çã ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨©, æ¨ª« ª®â®à®£® á®áâ®¨â ¢ á«¥¤ãîé¥¬.

1. �¥ «¨§ æ¨ï  ¯¯à®ªá¨¬ æ¨¨ xk(t) k-£® ¯à¨¡«¨¦¥­¨ï ­  T ¢ ¢¨¤¥ Xk(t) á à¥§ã«ìâ â ¬¨
¨§¬¥à¥­¨ï ¯à®æ¥áá  Xk(t) ¢ ¢¨¤¥ Zk(t) (k = 0; 1; : : : ).

2. �¯à¥¤¥«¥­¨¥ á ¨á¯®«ì§®¢ ­¨¥¬ Z0(t); : : : ; Zk(t) ¯®¤å®¤ïé¨å ª®àà¥ªæ¨© �uk, �vk, �wk ¯ à -
¬¥âà®¢ u0, v0, w0 (k = 0; 1; : : : ).

3. �¥ «¨§ æ¨ï ¯ à ¬¥âà®¢ uk+1, vk+1, wk+1 á«¥¤ãîé¥£® ¯à¨¡«¨¦¥­¨ï ¢ á®®â¢¥âáâ¢¨¨ á ä®à-
¬ã« ¬¨ (1.8).

�á­®, çâ® ¯à¥¤« £ ¥¬ë© ¬¥â®¤ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨© ¡ã¤¥â ¯à¨¥¬«¥¬ë¬, ¥á«¨
ª®àà¥ªæ¨¨ �uk, �vk, �wk (k = 0; 1; : : : ) ¡ã¤ãâ ä®à¬¨à®¢ âìáï â ª¨¬ ®¡à §®¬, çâ®¡ë ¡ë«  ®¡¥á¯¥-
ç¥­  áå®¤¨¬®áâì ¢ ª ª®¬-â® ¯à ªâ¨ç¥áª¨ ¯à¨¥¬«¥¬®¬ á¬ëá«¥ ¯®á«¥¤®¢ â¥«ì­®áâ¥© fukg, fvkg,
fwkg, fxk(t)g á®®â¢¥âáâ¢¥­­® ª uf , vf , wf , xf (t).

� ª¨¬ ®¡à §®¬, ¨¬¥¥¬ § ¤ çã: ¯à¨ § ¤ ­­ëå n, m, {, q, u0, wf , x�(t), U , V , W , �, Ky(t; t0),
K�(t; t0), Zk(t) (k = 0; 1; : : : ) ¨ ­¥¨§¢¥áâ­®© ¬ âà¨æ¥ # âà¥¡ã¥âáï ¯®áâà®¨âì ¯®á«¥¤®¢ â¥«ì­®áâ¨
fukg, fvkg, fwkg, fxk(t)g, ª®â®àë¥ áå®¤ïâáï ¢ ª ª®¬-â® á¬ëá«¥ á®®â¢¥âáâ¢¥­­® ª uf , vf , wf , xf (t)
¯à¨ ãá«®¢¨ïå (1.1), (1.2), (1.4){(1.14) ¨ ®¡¥á¯¥ç¨¢ îâ ¢ ¯à¥¤¥«¥ ¬¨­¨¬¨§ æ¨î ¢ëà ¦¥­¨ï (1.3)
¯® ¯¥à¥¬¥­­ë¬ u, v. �âã § ¤ çã ¡ã¤¥¬ ­ §ë¢ âì  ¤ ¯â¨¢­®©  ¯¯à®ªá¨¬ æ¨¥© äã­ªæ¨© ¨§ L2.

�â¬¥â¨¬, çâ® ¯®áª®«ìªã ª®àà¥ªæ¨¨ ¯ à ¬¥âà®¢ u0, v0, w0 ä®à¬¨àãîâáï ¢ § ¢¨á¨¬®áâ¨ ®â
à¥§ã«ìâ â®¢ ¨§¬¥à¥­¨© á«ãç ©­ëå äã­ªæ¨© Xk(t) á® á«ãç ©­ë¬¨ ®è¨¡ª ¬¨ �k(t), â® à áá¬ -
âà¨¢ ¥¬ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ï¢«ïîâáï á«ãç ©­ë¬¨. �®íâ®¬ã ¨å áå®¤¨¬®áâì ¬®¦¥â ä®à¬ã-
«¨à®¢ âìáï ¢ â¥à¬¨­ å áå®¤¨¬®áâ¨ á«ãç ©­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©.

20



2. �¥è¥­¨¥ § ¤ ç¨

� ª ç¥áâ¢¥ ¤®áâ â®ç­®£®  «£®à¨â¬  ¬¥â®¤  à¥è¥­¨ï § ¤ ç¨  ¤ ¯â¨¢­®©  ¯¯à®ªá¨¬ æ¨¨ ¬®-
¦¥â ¡ëâì ¯à¨­ïâ á«¥¤ãîé¨© ¯®àï¤®ª ¤¥©áâ¢¨© ¨ ¢ëç¨á«¥­¨©.

1. �áãé¥áâ¢¨âì ­  T ¯à®æ¥áá Xk(t) ¨ ¯®«ãç¨âì à¥§ã«ìâ â ¥£® ¨§¬¥à¥­¨ï Zk(t) ­  k-¬ è £¥
¯à¨¡«¨¦¥­¨© (k = 0; 1; : : : ).

2. �¯à¥¤¥«¨âì ­  T äã­ªæ¨¨

Z�k(t) = Zk(t)� UTuk (k = 0);

Z�k(t) = Zk(t)� UTuk � V T �vk�1 �W T �wk�1 (k = 1; 2; : : : ); (2.1)

Zk(t) =
1

k + 1

kX
i=0

Z�i (t) (k = 0; 1; : : : ):

3. �á¯®«ì§ãï Z�k(t), Zk(t), ¯®áâà®¨âì ®æ¥­ª¨ evk, ewk, e#k k-£® ¯à¨¡«¨¦¥­¨ï ¯ à ¬¥âà®¢ v0, w0,
#0, ­ ¯à¨¬¥à, ¯® ä®à¬ã« ¬ ¢¨¤ 

evk = 
0v +
Z
T


v(t)Zk(t)dt;

ewk = 
0w +
Z
T


w(t)Zk(t)dt; k = 0; 1; : : : (2.2)

e#k = 
0# +
Z
T


#(t)Zk(t)dt;

�¤¥áì ¨ ¤ «¥¥ 
0 ¨ 
(t) á á®®â¢¥âáâ¢ãîé¨¬¨ ¨­¤¥ªá ¬¨| ¬ âà¨æë-áâ®«¡æë ¯ à ¬¥âà®¢ ¨ äã­ª-
æ¨© ¨§ L2 á®®â¢¥âáâ¢ãîé¨å à §¬¥à­®áâ¥©, ®¯à¥¤¥«ï¥¬ë¥ ¬¥â®¤ ¬¨ áâ â¨áâ¨ç¥áª®£® â®ç¥ç­®£®
®æ¥­¨¢ ­¨ï.

4. �®áâà®¨âì k-¥ ¯à¨¡«¨¦¥­¨¥ ®æ¥­®ª eufk, evfk ¯ à ¬¥âà®¢ uf , vf ¨§ ãà ¢­¥­¨©
(UUT )eufk + (UV T )evfk = (x�; U)� (U;W T )wf � (U; �T )e#k;
(V UT )eufk + (V V T )evfk = (x�; V )� (V;W T )wf � (V; �T )e#k; k = 0; 1; : : : (2.3)

5. �®áâà®¨âì ®æ¥­ªã k-£® ¯à¨¡«¨¦¥­¨ï exfk(t) äã­ªæ¨¨ exf (t) ¢ ¢¨¤¥
exfk(t) = U(t)T eufk + V (t)T e
fk +W (t)Twf + �(t)T e#k; k = 0; 1; : : : (2.4)

6. �ëç¨á«¨âì ¬¥àë â®ç­®áâ¨ ®æ¥­®ª ¯ à ¬¥âà®¢, ­ ¯à¨¬¥à, ¢ ¢¨¤¥ ¨å áà¥¤­¥ª¢ ¤à â¨ç¥áª¨å
®âª«®­¥­¨©

J
j
# =M [(e#ik � #i0)

2]; J
j
V =M [( ewj

k �w
j
0)
2]; J# =M [(e#rk � #s)

2] (i = 1;m; j = 1;{; s = 1; q):
(2.5)

7. �¯à¥¤¥«¨âì ª®àà¥ªæ¨¨ ¯ à ¬¥âà®¢ k-£® ¯à¨¡«¨¦¥­¨ï ¯® ä®à¬ã« ¬

�uk = eufk � u0; �vk = evfk � evk; �wk = wf � ewk; k = 0; 1; : : : (2.6)

8. �¥ «¨§®¢ âì ¯®«ãç¥­­ë¥ ª®àà¥ªæ¨¨ ¨ ¯®«ãç¨âì ¯ à ¬¥âàë á«¥¤ãîé¥£® ¯à¨¡«¨¦¥­¨ï ¢
á®®â¢¥âáâ¢¨¨ á ä®à¬ã« ¬¨ (1.8).

9. �á¯®«ì§ãï uk+1, vk+1, wk+1 ¢ ª ç¥áâ¢¥ ¨áå®¤­ëå ¤ ­­ëå ¤«ï ¯®áâà®¥­¨ï xk+1(t), ¯®¢â®à¨âì
¯¯. 1{8  «£®à¨â¬  á ã¢¥«¨ç¥­¨¥¬ ¨­¤¥ªá  ¤¥©áâ¢¨© ­  ¥¤¨­¨æã; ¯à®æ¥áá ¯à®¤®«¦ âì ¤® â¥å ¯®à,
¯®ª  ­¥ ¡ã¤¥â ¤®áâ¨£­ãâ  ã¤®¢«¥â¢®à¨â¥«ì­ ï â®ç­®áâì ®æ¥­®ª ¯ à ¬¥âà®¢ uf , vf , wf ¨ äã­ªæ¨¨
xf (t).

�®áâ â®ç­ë¥ ãá«®¢¨ï ¯à¨¬¥­¨¬®áâ¨ íâ®£®  «£®à¨â¬  ãáâ ­ ¢«¨¢ ¥â á«¥¤ãîé ï

�¥®à¥¬  1. �á«¨ á«ãç ©­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fevkg, f ewkg, fe#kg ®æ¥­®ª ¯ à ¬¥âà®¢ v0,
w0, # áå®¤ïâáï ¯® ¢¥à®ïâ­®áâ¨ ª íâ¨¬ ¯ à ¬¥âà ¬, â® á«ãç ©­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fukg,
fvkg, fwkg, fxk(t)g áå®¤ïâáï ¯® ¢¥à®ïâ­®áâ¨ á®®â¢¥âáâ¢¥­­® ª uf , vf , wf , xf (t) (8t 2 T ).
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�®ª § â¥«ìáâ¢®. �§ ãà ¢­¥­¨© (2.3) ¨ ãá«®¢¨ï (1.5) á«¥¤ã¥â, çâ® eufk ¨ evfk ï¢«ïîâáï «¨­¥©-
­ë¬¨ äã­ªæ¨ï¬¨  à£ã¬¥­â  e#k. �âáî¤  ¨ ¨§ á¨áâ¥¬ë (1.4), ãç¨âë¢ ï ¨§¢¥áâ­ãî â¥®à¥¬ã ¢¥à®-
ïâ­®áâ¥© ® áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ §­ ç¥­¨© ­¥¯à¥àë¢­ëå äã­ªæ¨©, á®®â¢¥âáâ¢ãîé¥©
¯®á«¥¤®¢ â¥«ì­®áâ¨ §­ ç¥­¨© á«ãç ©­ëå  à£ã¬¥­â®¢, áå®¤ïé¨åáï ¯® ¢¥à®ïâ­®áâ¨ ª ­¥ª®â®à®¬ã
¯à¥¤¥«ã, ­ å®¤¨¬, çâ® ¥á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ ® áå®¤¨¬®áâ¨ ¯® ¢¥à®ïâ­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨
fe#kg ª #, â® ¨¬¥¥â ¬¥áâ®  ­ «®£¨ç­ ï áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¥© feufkg ¨ fevfkg á®®â¢¥â-
áâ¢¥­­® ª uf ¨ vf .

�ç¨âë¢ ï íâ® ®¡áâ®ïâ¥«ìáâ¢®, á®®â­®è¥­¨ï (2.6),   â ª¦¥ ãá«®¢¨¥ â¥®à¥¬ë ® áå®¤¨¬®áâ¨ ¯®
¢¥à®ïâ­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¥© fevkg ¨ f ewkg ª v0, ¨ w0, ¢ á¨«ã â®© ¦¥ â¥®à¥¬ë ­ å®¤¨¬, çâ®
á«ãç ©­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ f�ukg, f�vkg, f�wkg áå®¤ïâáï ¯® ¢¥à®ïâ­®áâ¨ á®®â¢¥âáâ¢¥­­® ª
uf � u0, vf � v0, wf � w0.

�¥¯¥àì, ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ (1.8), ­¥âàã¤­® ã¡¥¤¨âìáï, çâ® á«ãç ©­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨
fuk+1g, fvk+1g, fwk+1g ¤¥©áâ¢¨â¥«ì­® áå®¤ïâáï ¯® ¢¥à®ïâ­®áâ¨ á®®â¢¥âáâ¢¥­­® ª u0+uf�u0 = uf ,
v0 + vf � v0 = vf , w0 + wf �w0 = wf .

�­ «®£¨ç­® á ãç¥â®¬ ä®à¬ã« (1.2) ¨ (2.4) ãáâ ­ ¢«¨¢ ¥âáï áå®¤¨¬®áâì ¯® ¢¥à®ïâ­®áâ¨ á«ã-
ç ©­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ fxk(t)g ª xf (t) ¤«ï ¢áïª®£® t 2 T , çâ® ¨ âà¥¡®¢ «®áì.

�§ íâ®© â¥®à¥¬ë á«¥¤ã¥â, çâ® ¯®áâà®¥­¨¥ á®áâ®ïâ¥«ì­ëå ®æ¥­®ª ¯ à ¬¥âà®¢ v0, w0, #0 ¯®
à¥§ã«ìâ â ¬ Zk(t) ¨§¬¥à¥­¨© äã­ªæ¨© Xk(t) (k = 0; 1; : : : ) ¤®áâ â®ç­® ¤«ï áå®¤¨¬®áâ¨ ¢ áâ â¨-
áâ¨ç¥áª®¬ á¬ëá«¥ ¯à¥¤« £ ¥¬®£® ¬¥â®¤  ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨©.

�®­áâàãªâ¨¢­®¥ ãá«®¢¨¥ áå®¤¨¬®áâ¨  «£®à¨â¬  ãáâ ­ ¢«¨¢ ¥â á«¥¤ãîé ï

�¥®à¥¬  2. �á«¨ ®æ¥­ª¨ evk, ewk, e#k ¢¨¤  (2:2) ï¢«ïîâáï ­¥á¬¥é¥­­ë¬¨, â® ¯®á«¥¤®¢ â¥«ì-
­®áâ¨ fukg, fvkg, fwkg, fxk(t)g (t 2 T ) áå®¤ïâáï ¯® ¢¥à®ïâ­®áâ¨ á®®â¢¥âáâ¢¥­­® ª uf , vf , wf ,
xf (t) (t 2 T ).

�®ª § â¥«ìáâ¢®. �§ á®®â­®è¥­¨© (1.7){(1.14), (2.1) ¯®á«¥ ­¥á«®¦­ëå ¯à¥®¡à §®¢ ­¨© ¯®-
«ãç¨¬

Z�k(t) = �(t) + �k(t); Zk(t) =�(t) +
�

Zk(t); M [
�

Zk(t)] = 0;

M [Z�k(t)] =M [Zk(t)] = �(t); M [
�

Z(t)
�

Z(t0)] =
1

k + 1
K(t; t0):

(2.7)

�¤¥áì

�k = Jk(t) + �k(t);
�

Zk(t) =
1

k + 1

kX
i=0

�i(t);

�(t) = V T v0 +W Tw0 + �T#0; (2.8)

K(t; t0) = Ky(t; t
0) +K�(t; t

0):

�¥¯¥àì ¨§ (2.2) á«¥¤ã¥â

evjk = 
0jv +
Z
T


jv(t)�(t)dt+
Z
T


jv(t)
�

Zk(t)dt (j = 1; n):

�âáî¤ , ãç¨âë¢ ï á®®â­®è¥­¨¥ (2.7), ­ å®¤¨¬

M(evjk) = 

0j
vk +

Z
T


jv(t)�(t)dt;

evjk �M(evjk) =
Z
T


jv(t)
�

Zk(t)dt (j = 1; n):
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�«¥¤®¢ â¥«ì­®, ¥á«¨ ®æ¥­ª  evjk ï¢«ï¥âáï ­¥á¬¥é¥­­®©, â. ¥. M(evjk) = v
j
0, â®

M [(evjk � vj0)
2] =

ZZ
TT


jvk(t)

j
vk(t

0)M [
�

Zk(t)
�

Zk(t0)]dt dt0 (j = 1; n):

�âáî¤  ¨ ¨§ (2.7) á«¥¤ã¥â, çâ® ¯à¨ ãá«®¢¨¨ â¥®à¥¬ë 2

M [(evjk � vj0)
2] =

1
k + 1

ZZ
TT


jv(t)

j
v(t

0)K(t; t0)dt dt0:

�«¥¤®¢ â¥«ì­®,

lim
k!1

M [(evjk � v
j
0)
2] = 0:

�®á«¥¤­¥¥ ®§­ ç ¥â áå®¤¨¬®áâì ®æ¥­ª¨ evjk ª vj0 ¢ áà¥¤­¥¬ ª¢ ¤à â¨ç¥áª®¬ ¨, á«¥¤®¢ â¥«ì­®,
áå®¤¨¬®áâì ¯® ¢¥à®ïâ­®áâ¨.

�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï á®áâ®ïâ¥«ì­®áâì ®æ¥­®ª ¤àã£¨å í«¥¬¥­â®¢ ¬ âà¨æ evk, ewk, e#k.
�®áª®«ìªã ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 1 ¨§ á®áâ®ïâ¥«ì­®áâ¨ ®æ¥­®ª evk, ewk, e#k á«¥¤ã¥â áå®¤¨-

¬®áâì ¬¥â®¤  ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨©, â® â¥®à¥¬ã 2 á«¥¤ã¥â áç¨â âì ¤®ª § ­­®©.

�¥®à¥¬  3. �á«¨ ®æ¥­ª¨ evk, ewk, e#k ®¯à¥¤¥«ïîâáï ¨§ á¨áâ¥¬ë ãà ¢­¥­¨©

(V; V T )evk + (V;W T ) ewk + (V; �T )e#k = (V;Zk);

(W;V T )evk + (W;W T ) ewk + (W; �T )e#k = (W;Zk); (2.9)

(�; V T )evk + (�;W T ) ewk + (�; �T )e#k = (�; Zk);

®¯à¥¤¥«¨â¥«ì ª®â®à®© ®â«¨ç¥­ ®â ­ã«ï, â® ¯®á«¥¤®¢ â¥«ì­®áâ¨ fukg, fvkg, fwkg, fxk(t)g
(t 2 T ) áå®¤ïâáï ¯® ¢¥à®ïâ­®áâ¨ á®®â¢¥âáâ¢¥­­® ª uf , vf , wf , xf (t) (t 2 T ).

�®ª § â¥«ìáâ¢®. �ç¨âë¢ ï ¢¢¥¤¥­­®¥ à ­¥¥ ®¯à¥¤¥«¥­¨¥ ¢ëà ¦¥­¨©{ªàã£«ëå áª®¡®ª ¢
ãà ¢­¥­¨¨ (2.9) ¨ ­¥§ ¢¨á¨¬®áâì ¨å ®â ¨­¤¥ªá  k, ®ç¥¢¨¤­ë¬ ®¡à §®¬ ãáâ ­ ¢«¨¢ ¥¬, çâ® ®æ¥­ª¨
¯ à ¬¥âà®¢, ®¯à¥¤¥«ï¥¬ë¥ ¨§ íâ¨å ãà ¢­¥­¨©, ®â­®áïâáï ª ª« ááã (2.2). � «¥¥, ãç¨âë¢ ï á®®â-
­®è¥­¨ï (2.7) ¨ (2.8), ®â­®áïé¨¥áï ª äã­ªæ¨¨ Zk(t), ¨ ¯à¨¬¥­ïï ®¯¥à æ¨î ¬ â¥¬ â¨ç¥áª®£®
®¦¨¤ ­¨ï ª ®¡¥¨¬ ç áâï¬ ãà ¢­¥­¨© (2.8), ¯®«ãç¨¬

(V; V T )M(evk) + (V;W T )M( ewk) + (V; �T )M(e#k) = (V; V T )v0 + (V;W T )w0 + (V; �T )#;

(W;V T )M(evk) + (W;W T )M( ewk) + (W; �T )M(e#k) = (W;V T )v0 + (W;W T )w0 + (W; �T )#;

(�; V T )M(evk) + (�;W T )M( ewk) + (�; �T )M(e#k) = (�; V T )v0 + (�;W T )w0 + (�; �T )#:

�® ãá«®¢¨î ®¯à¥¤¥«¨â¥«ì íâ®© á¨áâ¥¬ë ®â«¨ç¥­ ®â ­ã«ï, ¯®íâ®¬ã ¨¬¥¥¬

M(evk) = v0; M( ewk) = w0; M(e#k) = #:

� ª¨¬ ®¡à §®¬, ®æ¥­ª¨ evk, ewk, e#k, ®¯à¥¤¥«ï¥¬ë¥ ¨§ ãà ¢­¥­¨© (2.9), ï¢«ïîâáï ­¥á¬¥é¥­­ë-
¬¨,   ¯®áª®«ìªã ®­¨ ®â­®áïâáï ª ª« ááã ®æ¥­®ª (2.2), â® ®­¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë
2. �âáî¤  á«¥¤ã¥â ¨å âà¥¡ã¥¬ ï áå®¤¨¬®áâì ¨, á«¥¤®¢ â¥«ì­®, ¤®áâ â®ç­®áâì ¤«ï à áá¬ âà¨¢ -
¥¬®£® ¬¥â®¤  ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨©.

�®¦­® ¯®ª § âì, çâ® ¤®áâ â®ç­ë¬¨ ¤«ï  «£®à¨â¬  ¬¥â®¤  ï¢«ïîâáï â ª¦¥ ¬¨­¨¬ ªá­ë¥
®æ¥­ª¨ ¯ à ¬¥âà®¢, ¯®«ãç¥­­ë¥ ¢ ([3], á. 14).
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