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_x(t) =
mP
i=1

Ai(t)x(t� gi(t)); t 2 [0;1[;

x(t) = '(t); t 2 [a; 0[;
(1)

x(0) = '(0); (2)

£¤¥ !-¯¥à¨®¤¨ç¥áª¨¥ (! > 0) n� n-¬ âà¨æë Ai ¨ !-¯¥à¨®¤¨ç¥áª¨¥ § ¯ §¤ë¢ ­¨ï gi ¨§¬¥à¨¬ë ¨
®£à ­¨ç¥­ë ¢ áãé¥áâ¢¥­­®¬ ­  [0; ![; t� gi(t) , hi(t), t 2 [0;1[; áãé¥áâ¢ã¥â s1 2 [0; ![ â ª®¥, çâ®
hi(t) � s1 ¯à¨ ¯®çâ¨ ¢á¥å t � s1; hi ã¤®¢«¥â¢®àïîâ ãá«®¢¨î ­¥§ ¢¨á ­¨ï ([1], á. 21) ¨ ®¯à¥¤¥«ïîâ
­ ç «ì­ë© ¯à®¬¥¦ãâ®ª [a; 0]; n-¬¥à­ ï ¢¥ªâ®à-äã­ªæ¨ï ' ®¯à¥¤¥«¥­  ¨  ¡á®«îâ­® ­¥¯à¥àë¢­ 
­  [a; 0].

�®¤ à¥è¥­¨¥¬ § ¤ ç¨ (1){(2) ¯®­¨¬ ¥¬ «®ª «ì­®  ¡á®«îâ­® ­¥¯à¥àë¢­ãî ­  [a;1[ n-¬¥à-
­ãî ¢¥ªâ®à-äã­ªæ¨î x, ã¤®¢«¥â¢®àïîéãî ¯®çâ¨ ¢áî¤ã ­  íâ®¬ ¯à®¬¥¦ãâª¥ ãà ¢­¥­¨î (1) ¨
ãá«®¢¨î (2).

1. �áâ ­®¢¨¬ ¤®áâ â®ç­ë© ¯à¨§­ ª íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâ¨ ãà ¢­¥­¨ï (1) ( á¨¬¯â®-
â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¯® ¯®ª § â¥«ì­®¬ã § ª®­ã âà¨¢¨ «ì­®£® à¥è¥­¨ï ãà ¢­¥­¨ï (1) (á¬. [2],
á. 113)). �à¨ íâ®¬ ¢®á¯®«ì§ã¥¬áï ­¥ª®â®àë¬¨ ¨¤¥ï¬¨ à ¡®âë [3].

� ¬¥­¨¬ § ¤ çã (1){(2) à ¢­®á¨«ì­ë¬ ¥© ãà ¢­¥­¨¥¬

x(t) =
Z t

0

mX
i=1

�(t; s)Ai(s)x(hi(s)) ds+ f(t); t 2 [a;1[; (3)

£¤¥ �(�; �) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  f(t; s) : t � sg;

f(t) =

(
'(t); ¥á«¨ t 2 [a; 0[;

'(0); ¥á«¨ t 2 [0;1[:

�®¤ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (3) ¯®­¨¬ ¥¬ «®ª «ì­®  ¡á®«îâ­® ­¥¯à¥àë¢­ãî ­  [a;1[ n-¬¥à-
­ãî ¢¥ªâ®à-äã­ªæ¨î x; ã¤®¢«¥â¢®àïîéãî ¥¬ã ¢áî¤ã ­  íâ®¬ ¯à®¬¥¦ãâª¥.

� íâ®¬ ¦¥ á¬ëá«¥ ¡ã¤¥¬ ¯®­¨¬ âì ¨ à¥è¥­¨ï ¢áâà¥ç îé¨åáï ­¨¦¥ ¨­â¥£à «ì­ëå ãà ¢­¥­¨©.
�«ï ãà ¢­¥­¨ï (3) ®¯à¥¤¥«¨¬ ¨â¥à¨à®¢ ­­ë¥ ï¤à  K l

i(�; �) (i = 1; : : : ;m; l = 1; 2; : : : ):

K(1)
i (t; s) = �(t; s)Ai(s), K

(l+1)
i (t; s) =

tR
s

mP
j=1

K(l)
j (t; �)�(hj(�); s)Ai(s) d� ¨ à¥§®«ì¢¥­â­ë¥ ï¤à 

Ri(�; �): Ri(t; s) =
1P
l=1

K l
i(t; s). �¥á«®¦­® ¯®ª § âì, çâ® ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ t 2 [0;1[ àï¤ë

1P
l=1

K(l)
i (t; �) áå®¤ïâáï ¢ ¯à®áâà ­áâ¢¥ áã¬¬¨àã¥¬ëå ¢¥ªâ®à-äã­ªæ¨© Ln

1 [a; b] (8b > a) ¨ á¯à ¢¥¤-

«¨¢ 
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�¥®à¥¬  1. �à ¢­¥­¨¥ (3) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ®¯à¥¤¥«ï¥¬®¥ ä®à¬ã«®©

x(t) =
Z t

0

mX
i=1

Ri(t; s)f(hi(s)) ds+ f(t); t 2 [a;1[; (4)

¯à¨ íâ®¬ ã¯®àï¤®ç¥­­ë© ­ ¡®à Ri(t; �) ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ t ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë

Ri(t; s) =
Z t

s

mX
j=1

Rj(t; �)�(hj(�); s)Ai(s)d� + �(t; s)Ai(s); i = 1; : : : ;m; (5)

  ã¯®àï¤®ç¥­­ë© ­ ¡®à Ri(�; s) ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ s | à¥è¥­¨¥¬ á¨áâ¥¬ë

Ri(t; s) =
Z t

s

mX
j=1

�(t; �)Aj(�)Ri(hj(�); s)d� + �(t; s)Ai(s); i = 1; : : : ;m: (6)

�â¬¥â¨¬, çâ® ¤«ï ­¥¯à¥àë¢­ëå Ai, gi ¨ f ¯®¤®¡­®¥ ãâ¢¥à¦¤¥­¨¥ ¯à¨¢¥¤¥­® ¢ [4].
�¢¥¤¥¬ ¬ âà¨æã, ¨£à îéãî ¢ ¤ «ì­¥©è¥¬ ®á­®¢­ãî à®«ì, ¯®«®¦¨¢ ¯à¨ «î¡ëå t, s

C(t; s) =
Z t

s

mX
i=1

Ri(t; �)�(hi(�); s)d� + �(t; s)E; (7)

£¤¥ E | ¥¤¨­¨ç­ ï n� n-¬ âà¨æ .

�¥®à¥¬  2. � âà¨æ  C(�; �) !-¯¥à¨®¤¨ç­  ¯® ¤¢ã¬  à£ã¬¥­â ¬,   C(�; s) ¯à¨ «î¡®¬ ä¨ªá¨-

à®¢ ­­®¬ s ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

C(t; s) =
Z t

s

mX
i=1

�(t; �)Ai(�)C(hi(�); s)d� + �(t; s)E: (8)

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ (6) ¨ (7). �

�¥®à¥¬  3. �á«¨ ¢ ãà ¢­¥­¨¨

x(t) =
Z t

s1

mX
i=1

K
(1)
i (t; s)x(hi(s))ds+ f(t); t 2 [s1;1[;

äã­ªæ¨ï f «®ª «ì­®  ¡á®«îâ­® ­¥¯à¥àë¢­  ­  [s1;1[, â® ¥£® à¥è¥­¨¥ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

x(t) = C(t; s1)f(s1) +
Z t

s1

C(t; s)f 0(s)ds; t 2 [s1;1[: (9)

�®ª § â¥«ìáâ¢® ¢ëâ¥ª ¥â ¨§  ­ «®£  ä®à¬ã«ë (4) ¨ (7). �

� ¬¥ç ­¨¥. � ¢¥­áâ¢® (9) ®¡®¡é ¥â ä®à¬ã«ã �®è¨ à¥è¥­¨ï ­¥®¤­®à®¤­®£® ¤¨ää¥à¥­æ¨-
 «ì­®£® ãà ¢­¥­¨ï ([5], á. 155), ¢ á¢ï§¨ á ç¥¬ C(�; �) ¡ã¤¥¬ ­ §ë¢ âì ¬ âà¨æ¥© �®è¨ ãà ¢­¥-
­¨ï (1).

�®«ãç¨¬ íªá¯®­¥­æ¨ «ì­ãî ®æ¥­ªã ¬ âà¨æë �®è¨. �®«®¦¨¬ sk = s1+(k�1)!, k = 2; 3; : : : ,
� = f(t; s) : s1 � s � t <1g; D = f(t; s) : s1 � s � t < s+ ! < s3g;

�(t; s; z) =
1X
k=0

C(t+ k!; s)zk; (10)

£¤¥ (t; s) 2 D, z | ª®¬¯«¥ªá­ ï ¯¥à¥¬¥­­ ï.
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�¥®à¥¬  4. 1) �á«¨ áãé¥áâ¢ã¥â � > 0 â ª®¥, çâ® äã­ªæ¨ï �(t; s; �)  ­ «¨â¨ç­  ¢­ãâà¨

®ªàã¦­®áâ¨ jzj = � ¨ ®£à ­¨ç¥­  ­  ­¥© à ¢­®¬¥à­® ¯® t ¨ s, â® áãé¥áâ¢ã¥â c0 > 0 â ª®¥,

çâ® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®1

kC(t; s)k � c0 exp(�(t� s)); (t; s) 2 �; (11)

£¤¥ � = �(ln�)=!.
2) �á«¨ áãé¥áâ¢ãîâ � ¨ c0 > 0 â ª¨¥, çâ® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® (11), â® äã­ªæ¨ï

�(t; s; �)  ­ «¨â¨ç­  ¢­ãâà¨ ®ªàã¦­®áâ¨ jzj = exp(��!).

�®ª § â¥«ìáâ¢®. 1) �®§ì¬¥¬ ¯à®¨§¢®«ì­ãî â®çªã (t; s) 2 �. �®£¤  áãé¥áâ¢ãîâ â®çª 
(t; s) 2 D ¨ k; l 2 f0; 1; : : : g (k � l) â ª¨¥, çâ® t = t+ k!, s = s+ l!, ¨ á®£« á­® â¥®à¥¬¥ 2

C(t; s) = C(t+ (k � l)!; s): (12)

�® ¢á«¥¤áâ¢¨¥ ­¥à ¢¥­áâ¢ �®è¨ ([6], c. 61) kC(t + (k � l)!; s)k � c1�
�(k�l) = c1 exp(�(k! � l!)),

£¤¥ � = �(ln�)=!, c1 = sup
jzj=�; (t;s)2D

k�(t; s; z)k. �ç¥¢¨¤­®, k! = t � t, l! = s � s, ¨ ¯®â®¬ã

kC(t + (k � l)!; s)k � c0 exp(�(t � s)), £¤¥ c0 = c1 max
(t;s)2D

exp(��(t � s)). �âáî¤  ¨ ¨§ (12) á«¥-

¤ã¥â (11).
2) �à¨ (t; s) 2 D ¨ k 2 f0; 1; : : : g ¢ á¨«ã (11) kC(t+k!; s)k � c0 exp(�(t+k!�s)) � c2 exp(�k!),

£¤¥ c2 = c0 max
(t;s)2D

exp(�(t�s)). � ¯®áª®«ìªã lim
k!1

k

p
exp(�k!) = exp(�!), â® ¢ á¨«ã ¯à¨§­ ª  �®è¨

à ¤¨ãá � áå®¤¨¬®áâ¨ àï¤  (10) ­¥ ¬¥­ìè¥ exp(��!).

�áâ ­®¢¨¬ ä®à¬ã«ë ª®íää¨æ¨¥­â®¢ àï¤  (10), çâ® ¤ áâ ¢®§¬®¦­®áâì ®¯à¥¤¥«¨âì ®¡« áâì
 ­ «¨â¨ç­®áâ¨ äã­ªæ¨¨ �(t; s; �).

�¥¬¬  1. �®íää¨æ¨¥­âë àï¤  (10), ­ ç¨­ ï á k = 1, ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

C(t+ k!; s) = C(t+ !; s1)C
k�1(s2; s1)C(s2; s); (t; s) 2 D: (13)

�®ª § â¥«ìáâ¢®. �­ ç «¥ á ¯®¬®éìî ®¡®¡é¥­­®£® ¯à¨­æ¨¯  ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨ ¯®-
ª ¦¥¬, çâ® ¯à¨ t 2 [s1;1[, k = 0; 1; 2; : : :

C(t+ k!; s1) = C(t; s1)Ck(s2; s1): (14)

�à¨ k = 0 ä®à¬ã«  (14) ®ç¥¢¨¤­ . �à¥¤¯®«®¦¨¬, çâ® ®­  ¢¥à­  ¯à¨ k = 0; : : : ; r� 1 (r 2 N). �§
(8) ¯à¨ t 2 [s1;1[ ¢¢¨¤ã !-¯¥à¨®¤¨ç­®áâ¨ Ai, �(�; �) ¨ gi ¨¬¥¥¬

C(t+ r!; s1) =
Z t

s1

mX
i=1

�(t; �)Ai(�)C(hi(�) + r!; s1) d� +

+
r�1X
k=0

Z s2

s1

mX
i=1

�(t+ (r � k)!; �)Ai(�)C(hi(�) + k!; s1) d� + �(t+ r!; s1)E:

�®á¯®«ì§ã¥¬áï  ­ «®£®¬ ä®à¬ã«ë (4). �®£¤  á ãç¥â®¬ ­¥à ¢¥­áâ¢  hi(s) � s1 ¯à¨ s � s1 ¨ (7)

¯®«ãç¨¬ C(t + r!; s1) = C(t; s1)
h r�1P
k=0

s2R
s1

mP
j=1

Aj(�)C(hj(�) + k!; s1) d� + E
i
. �® ¯® ¨­¤ãªâ¨¢­®¬ã

¯à¥¤¯®«®¦¥­¨î C(hj(�) + k!; s1) = C(hj(�); s1)Ck(s2; s1), hj(�) 2 [s1;1[, k = 0; 1; : : : ; r � 1,

¨ ¯®â®¬ã á®£« á­® (8) C(t + r!; s1) = C(t; s1)
h r�1P
k=0

(C(s2; s1) � E)Ck(s2; s1) + E
i
. �âáî¤  ¯®á«¥

­¥á«®¦­ëå ¯à¥®¡à §®¢ ­¨© ¯®«ãç ¥¬ C(t + r!; s1) = C(t; s1)Cr(s2; s1), t 2 [s1;1[, ¨ ä®à¬ã« 

1kAk = sup
i

nP
j=1

jaij j ¤«ï ¬ âà¨æë A = (aij)
n
i;j=1; kxk = sup

i

jxij ¤«ï ¢¥ªâ®à  x = col(x1; : : : ; xn).
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(14) ¢¥à­  ¯à¨ «î¡®¬ k = 0; 1; 2; : : : �¥¯¥àì ¨§ (14) ¯à¨ t 2 [s2;1[ ¨ k = 0; 1; 2; : : : ¢ á¨«ã
!-¯¥à¨®¤¨ç­®áâ¨ C(�; �) ¯® ¤¢ã¬  à£ã¬¥­â ¬ ¨¬¥¥¬

C(t+ k!; s2) = C(t; s2)C
k(s2; s1): (15)

�ãáâì s 2 [0; s2], � 2 Rn ¨ xs, exs | à¥è¥­¨ï ãà ¢­¥­¨©

x(t) =
Z t

s

mX
i=1

�(t; �)Ai(�)x(hi(�))d� + �(t; s)�; t 2 [s+ a;1[;

¨

x(t) =
Z t

s2

mX
i=1

�(t; �)Ai(�)x(hi(�))d� + xs(s2); t 2 [s2;1[;

á®®â¢¥âáâ¢¥­­®. �® ä®à¬ã«¥ (4) á ãç¥â®¬ (7)

xs(t) = C(t; s)�; t 2 [s;1[; (16)

  á ãç¥â®¬ (7), (16) exs(t) = C(t; s2)C(s2; s)�, t 2 [s2;1[. � ¯®áª®«ìªã exs ï¢«ï¥âáï áã¦¥­¨¥¬ xs
­  [s2;1[, â® ¢­®¢ì á®£« á­® (16) ¨ ¯à®¨§¢®«ã ¢ ¢ë¡®à¥ � ¯®«ãç¨¬

C(t; s) = C(t; s2)C(s2; s); 0 � s � s2 � t <1: (17)

�§ (17) â¥¯¥àì á«¥¤ã¥â, çâ® C(t + k!; s) = C(t + k!; s2)C(s2; s) ¯à¨ t 2 [s2;1[ ¨ s 2 [0; s2[; ¨ á
¨á¯®«ì§®¢ ­¨¥¬ (15) ¯®«ãç ¥¬ C(t + k!; s) = C(t; s2)Ck(s2; s1)C(s2; s). �âáî¤ , ¥á«¨ ¯®«®¦¨âì
t = t+ !, ¢ëâ¥ª ¥â (13).

� ¬¥ç ­¨¥. �®  ­ «®£¨¨ á ¤®ª § â¥«ìáâ¢®¬ (17) ¯®«ãç ¥âáï á®®â­®è¥­¨¥ C(t; s) =
C(t; sk)C(sk; s), 0 � s � sk � t < 1, ï¢«ïîé¥¥áï  ­ «®£®¬ ¨§¢¥áâ­®£® ¢ â¥®à¨¨ ®¡ëª­®¢¥­-
­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯®«ã£àã¯¯®¢®£® à ¢¥­áâ¢  ([5], c. 155).

�ãáâì � | ­ ¨¡®«ìè¥¥ ¯® ¬®¤ã«î á®¡áâ¢¥­­®¥ ç¨á«® ¬ âà¨æë C(s2; s1).

�¥®à¥¬  5. �«ï â®£® çâ®¡ë ¨¬¥«  ¬¥áâ® ®æ¥­ª  (11), ãá«®¢¨¥

j�j < exp(�!) (18)

¤®áâ â®ç­®,   ãá«®¢¨¥

j�j � exp(�!) (19)

­¥®¡å®¤¨¬®.

�®ª § â¥«ìáâ¢®. �ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ (18). �®£¤  ¤«ï à ¤¨ãá  áå®¤¨¬®áâ¨ r àï¤  (10)
([7], á. 47) ¨¬¥¥¬ r = j�j�1 > exp(��!). �à®¬¥ â®£®, ª ª ¢¨¤­® ¨§ (7) ¨ (8), kC(�; s1)k ¨ kC(s2; �)k
®£à ­¨ç¥­ë ¢ D, ¨ ¢ ¯. 1 â¥®à¥¬ë 4 ¬®¦¥¬ ¯à¨­ïâì � = exp(��!), ¢ á¨«ã ª®â®à®© â¥¯¥àì ¨¬¥¥â
¬¥áâ® ®æ¥­ª  (11) á ¯®ª § â¥«¥¬ � = �(ln�)=!.

�ãáâì ¨¬¥¥â ¬¥áâ® ®æ¥­ª  (11). �®£¤  ¯® ¯. 2 â¥®à¥¬ë 4 r � exp(��!), ¨ á ãç¥â®¬ à ¢¥­áâ¢ 
r = j�j�1 ¯à¨å®¤¨¬ ª (19).

�¥¯¥àì ¬®¦¥¬ ãáâ ­®¢¨âì ¤®áâ â®ç­ë© ¯à¨§­ ª (íªá¯®­¥­æ¨ «ì­®©) ãáâ®©ç¨¢®áâ¨ ãà ¢­¥-
­¨ï (1).

�¥®à¥¬  6. �ãáâì ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® (18). �®£¤  ¯à¨ � = 0 ãà ¢­¥­¨¥ (1) ãáâ®©-
ç¨¢®,   ¯à¨ � < 0 íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢®.
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�®ª § â¥«ìáâ¢®. �ãáâì x(s1) | §­ ç¥­¨¥ à¥è¥­¨ï ãà ¢­¥­¨ï (3) ¢ â®çª¥ s1. �¥âàã¤­®
¢¨¤¥âì, çâ® à¥è¥­¨¥ ãà ¢­¥­¨ï

x(t) =
Z t

s1

mX
i=1

�(t; s)Ai(s)x(hi(s))ds+ x(s1); t 2 [s1;1[; (20)

ï¢«ï¥âáï áã¦¥­¨¥¬ à¥è¥­¨ï ãà ¢­¥­¨ï (3) ­  [s1;1[. �®íâ®¬ã, ¯à¨¬¥­ïï ª (20) ä®à¬ã«ã (9),
¯®«ãç¨¬ x(t) = C(t; s1)x(s1), t 2 [s1;1[.

�âáî¤  ¢¢¨¤ã (11) ¨ ¢ëâ¥ª ¥â ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à¦¤¥­¨¥.

� ¬¥ç ­¨¥. �«ï è¨à®ª®£® ª« áá  ãà ¢­¥­¨© ¢¨¤  (1) á¯à ¢¥¤«¨¢® ¨ ®¡à â­®¥ ãâ¢¥à¦¤¥-
­¨¥. �¥©áâ¢¨â¥«ì­®, ¯ãáâì ãà ¢­¥­¨¥ (1), ¢ ª®â®à®¬ s1 = 0; íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢® ([2],
á. 113). �¢¨¤ã (9) x(t) = C(t; 0)'(0), t 2 [0;1[, ¨ ¯®â®¬ã kC(t; 0)'(0)k � B� exp(�t), t 2 [0;1[.
�®§ì¬¥¬ §¤¥áì '(0) = col(0; : : : ; �; : : : ; 0), £¤¥ � áâ®¨â ­  i-¬ ¬¥áâ¥ (i = 1; : : : ; n). �®£¤  ¯®«ãç¨¬
kC(t; 0)k � Bn exp(�t), t 2 [0;1[. �®á¯®«ì§®¢ ¢è¨áì â¥¯¥àì !-¯¥à¨®¤¨ç­®áâìî ¬ âà¨æë C(�; �)
¯® ¤¢ã¬  à£ã¬¥­â ¬, ®âáî¤  ­ å®¤¨¬ kC(t; !)k � Bn exp(�(t � !)), t 2 [!;1[, ¨ ¢¢¨¤ã (17)
kC(t; s)k � c0 exp(�(t � s)) ¯à¨ 0 � s � ! � t <1, £¤¥ c0 = Bn sup

s2[0;!]

kC(!; s)k exp(��!). �§ íâ®-

£® ­¥à ¢¥­áâ¢  ¢ á¨«ã !-¯¥à¨®¤¨ç­®áâ¨ C(�; �) ¯® ¤¢ã¬  à£ã¬¥­â ¬ á«¥¤ã¥â, çâ® íâ  ¦¥ ®æ¥­ª 
¨¬¥¥â ¬¥áâ® ¨ ¯à¨ (t; s) 2 �. �à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã (19).

2. � ª ª ª ¬ âà¨æ  C(s2; s1) ¬®¦¥â ¡ëâì ­ ©¤¥­  «¨èì ¢ ¨áª«îç¨â¥«ì­ëå á«ãç ïå, â® â¥®à¥-
¬  6 ¨¬¥¥â £« ¢­ë¬ ®¡à §®¬ â¥®à¥â¨ç¥áª®¥ §­ ç¥­¨¥. �â®¡ë ¨á¯®«ì§®¢ âì ¥¥ ­  ¯à ªâ¨ª¥, ¯à®-
¢¥¤¥¬ ª®­áâàãªâ¨¢­®¥ ¨áá«¥¤®¢ ­¨¥ ãà ¢­¥­¨ï (1) ([1], á. 226), ¯®§¢®«ïîé¥¥ ¯®«ãç¨âì C(s2; s1)
(¨ ª ª á«¥¤áâ¢¨¥ � ¢ ®æ¥­ª¥ (11)) ¯à¨¡«¨¦¥­­®, á § ¤ ­­®© áâ¥¯¥­ìî â®ç­®áâ¨. �à¨ íâ®¬ ¡ã¤¥¬
¯®áâã¯ âì ¢® ¬­®£®¬  ­ «®£¨ç­® â®¬ã, ª ª íâ® á¤¥« ­® ¢ [8].

�®§ì¬¥¬ ­¥ª®â®àãî ¬®­®â®­­ãî ¡¥áª®­¥ç­® ¬ «ãî ¯®á«¥¤®¢ â¥«ì­®áâì ¯®«®¦¨â¥«ì­ëå à -
æ¨®­ «ì­ëå ç¨á¥« f�(k)g, k = 1; 2; : : : , ¨ ¯®áâà®¨¬ !-¯¥à¨®¤¨ç¥áª¨¥ ¢ëç¨á«¨¬ë¥ ([1], á. 228)
n� n-¬ âà¨æë A

(k)
i â ª, çâ®¡ë ¢ë¯®«­ï«¨áì ­¥à ¢¥­áâ¢ Z s2

s1

kAi(s)�A
(k)
i (s)kds � �(k); i = 1; : : : ;m: (21)

�¢¥¤¥¬ ãà ¢­¥­¨¥

x(t) =
Z t

0

mX
i=1

�(t; s)A(k)
i (s)x(hi(s)) ds+ f(t); t 2 [a;1[;

¨ ¯ãáâì R(k)
i (�; �) | ¥£® à¥§®«ì¢¥­â­ë¥ ï¤à . �®«®¦¨¬

C(k)(s2; s1) =
Z s2

s1

mX
i=1

R
(k)
i (s2; �)d� +E: (22)

�¥¬¬  2. lim
k!1

kC(s2; s1)� C(k)(s2; s1)k = 0.

�®§ì¬¥¬ â¥¯¥àì ­¥ª®â®àãî ¬®­®â®­­ãî ¡¥áª®­¥ç­® ¬ «ãî ¯®á«¥¤®¢ â¥«ì­®áâì ¯®«®¦¨â¥«ì-
­ëå à æ¨®­ «ì­ëå ç¨á¥« �(l) (l = 1; 2; : : : ), ¨ ¯ãáâì g(l)i | ¢ëç¨á«¨¬ë¥ äã­ªæ¨¨ â ª¨¥, çâ®

max
i

vrai sup
t2[0;![

jgi(t)� g
(l)
i (t)j � �(l); (23)

¨ ã¤®¢«¥â¢®àïîé¨¥ â¥¬ ¦¥ ãá«®¢¨ï¬, çâ® ¨ gi.
� ä¨ªá¨àã¥¬ ­¥ª®â®à®¥ k 2 N ¨ ­ àï¤ã á ãà ¢­¥­¨¥¬

x(t) =
Z t

s1

mX
i=1

�(t; s)A(k)
i (s)x(hi(s)) ds+ f(t); t 2 [s1; s2];
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à áá¬®âà¨¬ ãà ¢­¥­¨¥

x(t) =
Z t

s1

mX
i=1

�(t; s)A(k)
i (s)x(h(l)i (s)) ds+ f(t); t 2 [s1; s2]; (24)

£¤¥ h(l)i (s) , s� g
(l)
i (s). �®¤®¡­® (22), ¯®«®¦¨¬ C(kl)(s2; s1) =

s2R
s1

mP
i=1

R
(kl)
i (s2; s)ds+ E, £¤¥ R(kl)

i (�; �)

| à¥§®«ì¢¥­â­ë¥ ï¤à  ãà ¢­¥­¨ï (24).

�¥¬¬  3. �à¨ ä¨ªá¨à®¢ ­­®¬ k 2 N

lim
l!1

kC(k)(s2; s1)� C(kl)(s2; s1)k = 0:

� «¥¥, ¤«ï ¯à®¨§¢®«ì­ëå k; l; p 2 N ¯®«®¦¨¬ R
(klp)
j (s2; s) =

pP
i=1

K
(kli)
j (s2; s), s 2 [0; s2],

£¤¥ K
(kli)
j (�; �) | i-¥ ¨â¥à¨à®¢ ­­®¥ ï¤à® ãà ¢­¥­¨ï ¢¨¤  (3) á ï¤à ¬¨ K

(k)
j (�; �) (K(k)

j (t; s) �

�(t; s)A(k)
j (s), j = 1; : : : ;m);

C(klp)(s2; s1) =
Z s2

s1

mX
j=1

R(klp)
j (s2; s)ds+E: (25)

�¥¬¬  4. �à¨ ä¨ªá¨à®¢ ­­ëå k; l 2 N

lim
p!1

kC(kl)(s2; s1)� C(klp)(s2; s1)k = 0:

� ª®­¥æ, ¢®§ì¬¥¬ ­¥ª®â®àãî ¬®­®â®­­ãî ¡¥áª®­¥ç­® ¬ «ãî ¯®á«¥¤®¢ â¥«ì­®áâì ¯®«®¦¨-
â¥«ì­ëå à æ¨®­ «ì­ëå ç¨á¥« f�ng, n = 1; 2; : : : , ¨ á¢ï¦¥¬ á ­¥© ¯®á«¥¤®¢ â¥«ì­®áâì ¬ âà¨æ
fC(n)(s2; s1)g á«¥¤ãîé¨¬ ®¡à §®¬.

�«ï ª ¦¤®£® n 2 N ¯®¤¡¥à¥¬ ­ ¨¬¥­ìè¨¥ ç¨á«  kn; ln; pn 2 N â ª, çâ®¡ë ¢ë¯®«­ï«®áì
­¥à ¢¥­áâ¢® kC(s2; s1)� C(knlnpn)(s2; s1)k < �n (á¤¥« âì íâ® ¬®¦­® ¢¢¨¤ã «¥¬¬ 2{4), ¨ ¯®«®¦¨¬
C(knlnpn)(s2; s1) = C(n)(s2; s1). �®«ãç¨¬ kC(s2; s1)� C(n)(s2; s1)k < �n.

� «ì­¥©è¥¥ ¨§«®¦¥­¨¥ ¯à®áâ® ª®¯¨àã¥â ¯®á«¥¤­îî ç áâì áâ âì¨ [8] (­ ç¨­ ï á «¥¬¬ë 3),
¢ ª®â®à®© ¢¬¥áâ® U ¨ Ukl ­ ¤® ¢§ïâì C(s2; s1) ¨ C(n)(s2; s1) á®®â¢¥âáâ¢¥­­®. �®íâ®¬ã ¯à¨¢¥¤¥¬
«¨èì § ª«îç¨â¥«ì­®¥ ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  7. �ãáâì " > 0 ¨ � 2 ]0; 1[ | § ¤ ­­ë¥ ç¨á« , �(1) ¨ �(1)n | ­ ¨¡®«ìè¨¥ ¯®

¬®¤ã«î á®¡áâ¢¥­­ë¥ ç¨á«  ¬ âà¨æ C(s2; s1) ¨ C(n)(s2; s1) á®®â¢¥âáâ¢¥­­®, e�n > 0 | ¯à¨-

¡«¨¦¥­­®¥ §­ ç¥­¨¥ j�(1)n j â ª®¥, çâ® e�n � "=2 < j�(1)n j + "=2;1 �n , e�n + "; mn | ­ ¨-

¬¥­ìè¥¥ ­ âãà «ì­®¥ ç¨á«® â ª®¥, çâ®


� 1

�n
C(n)(s2; s1)

�mn


 < �, qn ,



� 1
�n
C(n)(s2; s1)

�mn


,

�n , max
0�j�mn�1



� 1
�n
C(n)(s2; s1)

�j

mn

�n
. �á«¨ ¯à¨ ­¥ª®â®à®¬ ­ âãà «ì­®¬ n ¢ë¯®«­¥­® ­¥à ¢¥­-

áâ¢®

�n�n=(1� qn) < 1; (26)

â® ¨¬¥¥â ¬¥áâ® ®æ¥­ª  (11), £¤¥ � ®¯à¥¤¥«¥­® à ¢¥­áâ¢®¬

� = (1=!) ln (e�n + "): (27)

� ¬¥ç ­¨¥ 1. �®­áâàãªâ¨¢­®¥ ¨áá«¥¤®¢ ­¨¥ ãà ¢­¥­¨ï (1) â¥¯¥àì ¬®¦­® à §¡¨âì ­  á«¥-
¤ãîé¨¥ íâ ¯ë:

1) ¯®áâà®¥­¨¥ ¢ëç¨á«¨¬ëå ¬ âà¨æ A(k)
i ¨ § ¯ §¤ë¢ ­¨© g(l)i , ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­-

áâ¢ ¬ (21) ¨ (23) á®®â¢¥âáâ¢¥­­®;
2) ¯®áâà®¥­¨¥ ¬ âà¨æë C(n)(s2; s1), ®¯à¥¤¥«ï¥¬®© à ¢¥­áâ¢®¬ (25);

1�¨á«® e�n ¬®¦­® ­ ©â¨, ­ ¯à¨¬¥à, QR-¬¥â®¤®¬ ([9], á. 176).
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3) ®¯à¥¤¥«¥­¨¥ ¯®áâ®ï­­ëå �n ¨ qn; ¢å®¤ïé¨å ¢ ­¥à ¢¥­áâ¢® (26), ¨ ¯à®¢¥àª  íâ®£® ­¥à -
¢¥­áâ¢ ;

4) ®¯à¥¤¥«¥­¨¥ ¯®ª § â¥«ï � ¯® ä®à¬ã«¥ (27).

�â ¯ë 2){4) íâ®© áå¥¬ë ¬®£ãâ ¡ëâì à¥ «¨§®¢ ­ë áà¥¤áâ¢ ¬¨ ¯à®£à ¬¬­®£® ª®¬¯«¥ªá 
\Maple".

� ¬¥ç ­¨¥ 2. �â¬¥â¨¬, çâ® ãà ¢­¥­¨¥ (1) ¬®¦¥â ï¢«ïâìáï å®à®è¥© ¬®¤¥«ìî ¬­®£¨å à¥-
 «ì­ëå ¯à®æ¥áá®¢ (á¬., ­ ¯à., [10]).
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