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2n�1

� ¡®â  ï¢«ï¥âáï ¯à®¤®«¦¥¨¥¬ ¨áá«¥¤®¢ ¨©  ¢â®à  ¯à®¥ªâ¨¢®£® ¨§£¨¡ ¨ï á¥¬¥©áâ¢ Lm
2n�1

[1] ¨ ¯®á¢ïé¥  ¨áá«¥¤®¢ ¨î ¥®¡å®¤¨¬ëå ¨ ¤®áâ â®çëå ãá«®¢¨© ¯à®¥ªâ¨¢®£® ¨§£¨¡ ¨ï 2-£®
¯®àï¤ª  á¥¬¥©áâ¢ Lm

2n�1. �¢®¤ïâáï ¯®ïâ¨ï ª®àà¥«ïâ¨¢®£® ¨§£¨¡ ¨ï ¯®£àã¦¥®£® «¨¥©ç -
â®£® ¬®£®®¡à §¨ï ¢ Pn ¨ «¨¥©®£® í«¥¬¥â  á¥¬¥©áâ¢ Lm

2n�1, ¨áá«¥¤ã¥âáï à®«ì â ª®£® í«¥¬¥â 
¯à¨ ¯à®¥ªâ¨¢®¬ ¨ ª®àà¥«ïâ¨¢®¬ ¨§£¨¡ ¨¨. � áá¬ âà¨¢ ¥âáï ª« áá¨ç¥áª®¥ ¯à®¥ªâ¨¢®¥ ¨§-
£¨¡ ¨¥ �ã¡¨¨{� àâ   ([2], £«. 5, ¯. 55, á. 102).

�á«®¢¨¬áï, çâ® ¯® ¨¤¥ªá ¬ i, j áã¬¬¨à®¢ ¨ï ¥â, ¨ ¥á«¨ ®¨  å®¤ïâáï ¢ ®¤®¬ ¨ â®¬
¦¥ ¢ëà ¦¥¨¨, â® ¥ ¯à¨¨¬ îâ à ¢ë¥ § ç¥¨ï. �® ¤àã£¨¬ ¨¤¥ªá ¬ ¢á¥£¤  ¯à®¢®¤¨âáï
áã¬¬¨à®¢ ¨¥. �á¥ ¨¤¥ªáë ¯à¨¨¬ îâ § ç¥¨ï ®â 1 ¤® n ¢ª«îç¨â¥«ì®.

1. �á®¢ ï â¥®à¥¬ . � ¯à®¥ªâ¨¢®¬ ¯à®áâà áâ¢¥ P2n�1 ¢¢¥¤¥¬ ¯à®¥ªâ¨¢ë© à¥¯¥à fAi; An+ig
á ¨ä¨¨â¥§¨¬ «ìë¬¨ ¯¥à¥¬¥é¥¨ï¬¨ dAi = !p

iAp + !n+p
i An+p, dAn+i = !p

n+iAp + !n+p
n+iAn+p ¨

¨§¢¥áâë¬¨ ãà ¢¥¨ï¬¨ áâàãªâãàë ¯à®¥ªâ¨¢®£® ¯à®áâà áâ¢ .
� ª ¨ ¢ à ¡®â¥ [1], ¯®¬¥áâ¨¬ â®çª¨ Ai ¢ ä®ªãáë (n�1)-¯«®áª®áâ¨ Ln�1 = (A1 : : : An), ª®â®à ï

®¯¨áë¢ ¥â á¥¬¥©áâ¢® Lm
2n�1. �®«®¦¨¬ !i = !n+i

i ¨ ®¯à¥¤¥«¨¬ ä®ª «ì®¥  ¯à ¢«¥¨¥ ä®ªãá  Ai

ãà ¢¥¨¥¬ !i = 0. �  ¥§ ¢¨á¨¬ë¥ ä®à¬ë á¥¬¥©áâ¢  Lm
2n�1 ¯à¨¬¥¬ !k, k = 1;m, 2 � m � n.

�â¥áï á¥¬¥©áâ¢® Lm
2n�1 ª à¥¯¥àã 1-£® ¯®àï¤ª , ¯®«ãç¨¬

!n+j
i = 0: (1)

� «®£¨ç®, á¥¬¥©áâ¢® L
m

2n�1, ª®â®à®¥ ¨§£¨¡ ¨¥¬ 2-£® ¯®àï¤ª   «®¦¨¬®   á¥¬¥©áâ¢® Lm
2n�1,

®â¥á¥¬ ª à¥¯¥àã fBi; Bn+ig 1-£® ¯®àï¤ª  á ¨ä¨¨â¥§¨¬ «ìë¬¨ ¯¥à¥¬¥é¥¨ï¬¨ dBi = 
p
iBp+


n+p
i Bn+p, dBn+i = 
p

n+iBp +
n+p
n+iBn+p. �®£¤  ¡ã¤ãâ ¨¬¥âì ¬¥áâ® ãà ¢¥¨ï


n+j
i = 0: (2)

� «¥¥ ¡ã¤¥¬ ¯®« £ âì 
i = 
n+i
i , e!�

� = 
�
� � !�

�, �; � = 1; 2n.
� ª ¨§¢¥áâ® [1], ¯à¨ ¨§£¨¡ ¨¨ 2-£® ¯®àï¤ª  ¨§£¨¡ ¥¬®¥ á¥¬¥©áâ¢® Lm

2n�1 ¢¬¥áâ¥ á® á¢®¨¬
¨§£¨¡ ¨¥¬ L

m

2n�1 ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© ãà ¢¥¨© (1), (2) ¨ ãà ¢¥¨ï¬¨ �ä ää 

e!i = 0; e!i
i � e!n+i

n+i = 0; e!j
i = 0; e!n+j

n+i = 0:

�à®¤®«¦ ï á¨áâ¥¬ã (1) ¨ ¨á¯®«ì§ãï «¥¬¬ã � àâ  , ¯®«ãç¨¬

!j
i = aji!j + c ji!i; !n+j

n+i = bji!i � c ji!j :

� «®£¨çë¥ ãà ¢¥¨ï ¨¬¥îâ ¬¥áâ® ¨ ¤«ï á¥¬¥©áâ¢  L
m

2n�1. �¨áâ¥¬  äãªæ¨© fa
j
i ; b

j
i ; c

j
ig ®¡à -

§ã¥â äã¤ ¬¥â «ìë© ®¡ê¥ªâ 2-£® ¯®àï¤ª  á¥¬¥©áâ¢  Lm
2n�1. �®ª §  

�¥®à¥¬  1. �¥¬¥©áâ¢  Lm
2n�1 ¨ L

m

2n�1  «®¦¨¬ë ¯à®¥ªâ¨¢ë¬ ¨§£¨¡ ¨¥¬ 2-£® ¯®àï¤ª 

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨å äã¤ ¬¥â «ìë¥ ®¡ê¥ªâë 2-£® ¯®àï¤ª  á®¢¯ ¤ îâ.
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�«¥¤áâ¢¨¥. �á«¨ á¥¬¥©áâ¢  Lm
2n�1 ¨ L

m

2n�1  «®¦¨¬ë ¯à®¥ªâ¨¢ë¬ ¨§£¨¡ ¨¥¬ 2-£® ¯®àï¤ª ,
â® ¨å á®®â¢¥âáâ¢ãîé¨¥  ¡á®«îâë¥ ¨¢ à¨ âë ¨ ¨¢ à¨ âë¥ ä®à¬ë, ®å¢ âë¢ ¥¬ë¥ äã¤ -
¬¥â «ìë¬¨ ®¡ê¥ªâ ¬¨ 2-£® ¯®àï¤ª , á®¢¯ ¤ îâ,   ®â®á¨â¥«ìë¥ ¨¢ à¨ âë ¨ ¨¢ à¨ âë¥
ä®à¬ë ¯à®¯®àæ¨® «ìë.

� ¬¥ç ¨¥. � ª« ¤ë¢ ï   ¨¢ à¨ âë ¨«¨ ¨¢ à¨ âë¥ ä®à¬ë, ®å¢ ç¥ë¥ äã¤ ¬¥-
â «ìë¬ ®¡ê¥ªâ®¬ 2-£® ¯®àï¤ª  á¥¬¥©áâ¢  Lm

2n�1, ¥ª®â®àë¥ ãá«®¢¨ï, ¡ã¤¥¬ ¯®«ãç âì à §«¨çë¥
ª« ááë á¥¬¥©áâ¢ Lm

2n�1. �¢  á¥¬¥©áâ¢  L
m
2n�1 ¨ L

m

2n�1 ¬®£ãâ ¤®¯ãáª âì ¯à®¥ªâ¨¢®¥ ¨§£¨¡ ¨¥ 2-£®
¯®àï¤ª , ¥á«¨ ®¨ ¯à¨ ¤«¥¦ â ®¤®¬ã ¨ â®¬ã ¦¥ ª« ááã.

2. �®àà¥«ïâ¨¢®¥ ¨§£¨¡ ¨¥. � áá¬®âà¨¬ r-ç«¥ãî £àã¯¯ã �¨ á ¡ §¨áë¬¨ «¥¢®¨¢ à¨-
 âë¬¨ ä®à¬ ¬¨ !�

�, ã¤®¢«¥â¢®àïîé¨¬¨ ãà ¢¥¨ï¬ áâàãªâãàë � àâ  

d!�
� = !

� ^ !�
 ; �; �;  = 1; n+ 1:

�«ï íâ®© £àã¯¯ë �¨ ¬®¦® ãª § âì ¤¢  «¨¥©ëå ®¤®à®¤ëå âà §¨â¨¢ëå ¯à¥¤áâ ¢«¥¨ï.
�¥à¢®¥ ¨§ ¨å ¥áâì ¯à®¥ªâ¨¢®¥ ¯à®áâà áâ¢® n ¨§¬¥à¥¨© Pn á à¥¯¥à®¬ fA�g. �¬¥¥¬ ¢¯®«¥
¨â¥£à¨àã¥¬ãî á¨áâ¥¬ã ãà ¢¥¨©

dA� = !�
�A�;

n+1X
�=1

!�
� = 0:

�â®à®¥ ¯à®áâà áâ¢® ¯à¥¤áâ ¢«¥¨ï | íâ® n-¬¥à®¥ ¯à®¥ªâ¨¢®¥ ¯à®áâà áâ¢® ePn á ª®à¥¯¥à®¬
f eA�g. �¬¥¥¬ ¢¯®«¥ ¨â¥£à¨àã¥¬ãî á¨áâ¥¬ã ãà ¢¥¨©

d eA� = �!�
�
eA�;

n+1X
�=1

!�
� = 0:

�¥¯¥à fA�g ¬®¦® à áá¬ âà¨¢ âì ª ª ª®à¥¯¥à, ¯®« £ ï A� = (�1)�(A1 : : : A��1A�+1 : : : An+1) (¥
áã¬¬¨à®¢ âì). � «®£¨ç®, ª®à¥¯¥à ¬®¦® à áá¬ âà¨¢ âì ª ª à¥¯¥à.

�¯à¥¤¥«¥¨¥ 1. �®àà¥«ïæ¨î K(A�) = A�  §®¢¥¬ ¥áâ¥áâ¢¥®©.

� ¯à®¥ªâ¨¢®¬ ¯à®áâà áâ¢¥ Pn  àï¤ã á à¥¯¥à®¬ fA�g ¢¢¥¤¥¬ ª®à¥¯¥à fA
�
g â ª, çâ® dA

�
=

�
�
�A

�
, d
�

� = 

� ^ 


�
 . �®£¤  ¥áâ¥áâ¢¥ ï ª®àà¥«ïæ¨ï ¨¤ãæ¨àã¥â à¥¯¥à fA�g.

� áá¬ âà¨¢ ï   «¨â¨ç¥áª¨¥ â®çª¨ ¨ ª®â®çª¨ ª ª (n+ 1)-¬¥àë¥ ¢¥ªâ®àë, § ª«îç ¥¬, çâ®
«î¡ ï â®çª  ¨«¨ ª®â®çª  ¯à®áâà áâ¢  Pn ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© â®ç¥ª à¥¯¥à  ¨«¨
ª®â®ç¥ª ª®à¥¯¥à ; ª®íää¨æ¨¥âë íâ®© «¨¥©®© ª®¬¡¨ æ¨¨  §ë¢ îâáï ª®®à¤¨ â ¬¨ ¤ ®©
â®çª¨ ¨«¨ ª®â®çª¨ ®â®á¨â¥«ì® ¤ ®£® à¥¯¥à  ¨«¨ ª®à¥¯¥à .

�¯à¥¤¥«¥¨¥ 2. �®çªãM1 ¨ ª®â®çªãM 1  §®¢¥¬ ¨¤¥â¨çë¬¨, ¥á«¨ ®â®á¨â¥«ì® ¥ª®â®-
à®£® à¥¯¥à  ¨«¨ ª®à¥¯¥à  ¨å á®®â¢¥âáâ¢ãîé¨¥ ®¤®à®¤ë¥ ª®®à¤¨ âë à ¢ë; íâ®â ä ªâ ¡ã¤¥¬
§ ¯¨áë¢ âì M1 =M 1.

� «®£¨ç®¥ ®¯à¥¤¥«¥¨¥ ¨¤¥â¨ç®áâ¨ ¨¬¥¥â ¬¥áâ® ¤«ï   «¨â¨ç¥áª®© m-¯«®áª®áâ¨ ¨ m-
ª®¯«®áª®áâ¨.

�¯à¥¤¥«¥¨¥ 3. �¥¯¥à ¨ ª®à¥¯¥à  §ë¢ îâáï ¨¤¥â¨çë¬¨, ¥á«¨ ãáâ ®¢«¥  ¡¨¥ªæ¨ï, ¯à¨
ª®â®à®© â®çª¨ à¥¯¥à  ¨¤¥â¨çë á®®â¢¥âáâ¢ãîé¨¬ ª®â®çª ¬ ª®à¥¯¥à .

� ¯à¨¬¥à, ¢ ¥áâ¥áâ¢¥®© ª®àà¥«ïæ¨¨ à¥¯¥à ¨ ª®à¥¯¥à ¨¤¥â¨çë.

�¥®à¥¬  2. �«ï «î¡®£® ¬®£®®¡à §¨ï L, ¯®£àã¦¥®£® ¢ Pn, áãé¥áâ¢ã¥â â ª®¥ ®á é¥¨¥,

çâ® ª®àà¥«ïæ¨ï   ¬®£®®¡à §¨¨ L ¨ ¥£® ®á é¥¨¨ ¯¥à¥¢®¤¨â á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨©, ®¯à¥¤¥«ïîéãî ¬®£®®¡à §¨¥ L, ¢ á¥¡ï.

�¯à¥¤¥«¥¨¥ 4. �®àà¥«ïæ¨î   ¬®£®®¡à §¨¨ L  §®¢¥¬ ¢ãâà¥¥©, ¥á«¨ ®  ¯¥à¥¢®¤¨â
á¨áâ¥¬ã ãà ¢¥¨© ¬®£®®¡à §¨ï L ¢ á¥¡ï.
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� Pn à áá¬®âà¨¬ k-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® m-¯«®áª®áâ¥© (Lm)k, ®â¥á¥®¥ ª à¥¯¥àã
fA�g, £¤¥ Lm = (A1 : : : Am+1), k < (m+ 1)(n �m), m < n. � «®£¨ç®, á¥¬¥©áâ¢® (Lm)k ®â¥á¥¬
ª à¥¯¥àã fA�g, £¤¥ Lm = (A1 : : : Am+1). �ãâà¥îî ª®àà¥«ïæ¨î   ¬®£®®¡à §¨¨ (Lm)k ¬®¦®
¢ë¡à âì â ª, çâ®¡ë ®  ¡ §¨à®¢ « áì   ¥áâ¥áâ¢¥®© ª®àà¥«ïæ¨¨ K(A�) = A

�
. �®£¤  ¯®«ãç¨¬

¬®£®®¡à §¨¥ (L
m
)k, £¤¥ L

m
= (A

1
: : : A

m+1
), ¤¢®©áâ¢¥®¥ ¬®£®®¡à §¨î (Lm)k.

� áá¬®âà¨¬ ¯à®¥ªâ¨¢®¥ ¯à¥®¡à §®¢ ¨¥ �, ¯¥à¥¢®¤ïé¥¥ ª®à¥¯¥à fA
�
g ¢ ª®à¥¯¥à f eA�g, ¨¤¥-

â¨çë© à¥¯¥àã fA�g â ª, çâ® �(A
�
) = eA� = A�. � ª¨¬ ®¡à §®¬, ¨¬¥¥¬ ª®àà¥«ïæ¨î K = �K,

¯¥à¥¢®¤ïéãî à¥¯¥à fA�g ¢ ª®à¥¯¥à f eA�g â ª, çâ® K(A�) = eA�, K(Lm) = eLm = Lm.

�¯à¥¤¥«¥¨¥ 5. �ã¤¥¬ £®¢®à¨âì, çâ® ¬®£®®¡à §¨ï (Lm)k ¨ (eLm)k ¨¬¥îâ   «¨â¨ç¥áª®¥
ª á ¨¥ ¯®àï¤ª  r, ¥á«¨

eLm + � � �+
1
r!
dr eLm = (�0 + � � � + �r)

�
Lm + � � �+

1
r!
drLm

�
; (3)

£¤¥ �l | áª «ïàë¥ ¬®¦¨â¥«¨ á®®â¢¥âáâ¢ãîé¥£® ¯®àï¤ª  ¬ «®áâ¨.

�¯à¥¤¥«¥¨¥ 6. �®£®®¡à §¨ï (Lm)k ¨ (Lm)k  §ë¢ îâáï ª®àà¥«ïâ¨¢®  «®¦¨¬ë¬¨ ¯®-
àï¤ª  r, ¥á«¨ áãé¥áâ¢ã¥â â ª ï ª®àà¥«ïæ¨ï K(Lm)k = (eLm)k, ¯à¨ ª®â®à®© ®¨ ¨¬¥îâ   «¨â¨-
ç¥áª®¥ ª á ¨¥ ¯®àï¤ª  r.

3. �®àà¥«ïâ¨¢®¥ ¨§£¨¡ ¨¥ á¥¬¥©áâ¢ Lm
2n�1. � ª ¨ ¢ ¯. 1 à áá¬®âà¨¬ á¥¬¥©áâ¢  Lm

2n�1 ¨
L
m

2n�1. � ª ª ª (n � 1)-¯«®áª®áâì Ln�1 = (B1 : : : Bn), ®¯¨áë¢ îé ï á¥¬¥©áâ¢® L
m

2n�1, ï¢«ï¥âáï
¤¢®©áâ¢¥®© á ¬  á¥¡¥, â® ¤«ï ®¯à¥¤¥«¥¨ï ¢ãâà¥¥© ª®àà¥«ïæ¨¨ á¥¬¥©áâ¢  L

m

2n�1 ¤®áâ â®ç®
ä®ªãáã Bi ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ ¥£® ä®ª «ìãî £¨¯¥à¯«®áª®áâì

L
i

2(n�1) = (B1 : : : Bn+i�1Bn+i+1 : : : B2n) = (�1)n+iBn+i;

  ª ¦¤®© â®çª¥ Bn+i | £¨¯¥à¯«®áª®áâì

Bi = (�1)i(B1 : : : Bi�1Bi+1 : : : B2n):

�®£¤  á¥¬¥©áâ¢® bLm
2n�1, ¤¢®©áâ¢¥®e á¥¬¥©áâ¢ã L

m

2n�1, ¡ã¤¥â ®¯¨áë¢ âìáï (n� 1)-ª®¯«®áª®áâìîbLn�1 = (Bn+1 : : : B2n).
�à¨ ª®àà¥«ïâ¨¢®¬ ¨§£¨¡ ¨¨ 2-£® ¯®àï¤ª  á¥¬¥©áâ¢ Lm

2n�1 ª á¨áâ¥¬¥ (1), (2) ¢ á¨«ã (3)
¯à¨á®¥¤¨ïîâáï ãà ¢¥¨ï �ä ää 


i + !i = 0; e!i
i � e!n+i

n+i = 0; 
n+i
n+j = �!j

i ; 
i
j = �!n+j

n+i : (4)

�áá«¥¤®¢ ¨¥ á¨áâ¥¬ë (1), (2), (4) ¯®ª §ë¢ ¥â, çâ® á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ âà¨ â¥®à¥¬ë.

�¥®à¥¬  3. � ¯à®¨§¢®«®¬ 2n� 3 äãªæ¨© ¤¢ãå  à£ã¬¥â®¢ áãé¥áâ¢ã¥â á¥¬¥©áâ¢® L2
2n�1,

¤®¯ãáª îé¥¥ ª®àà¥«ïâ¨¢®¥ ¨§£¨¡ ¨¥ 2-£® ¯®àï¤ª .

�¥®à¥¬  4. �à¨ n > 2 á ¯à®¨§¢®«®¬ 3n2�n äãªæ¨© ®¤®£®  à£ã¬¥â  áãé¥áâ¢ã¥â á¥¬¥©-

áâ¢® Ln
2n�1, ¤®¯ãáª îé¥¥ ª®àà¥«ïâ¨¢®¥ ¨§£¨¡ ¨¥ 2-£® ¯®àï¤ª .

�¥®à¥¬  5. �à¨ m 6= 2; n ¨ n > 2 áãé¥áâ¢ãîâ á ¯à®¨§¢®«®¬ n�m äãªæ¨© m  à£ã¬¥â®¢

á¥¬¥©áâ¢  Lm
2n�1, ¤®¯ãáª îé¨¥ ª®àà¥«ïâ¨¢®¥ ¨§£¨¡ ¨¥ 2-£® ¯®àï¤ª .

4. �¨¥©ë© í«¥¬¥â á¥¬¥©áâ¢ Lm
2n�1. � áá¬®âà¨¬ á¨¬¬¥âà¨ç¥áª¨¥  ¡á®«îâë¥ ¨¢ à¨ â-

ë¥ ä®à¬ë �ij = 'ij'ji=!i!j , £¤¥ 'ij = !j
i!j + !n+j

n+i!i | ®â®á¨â¥«ìë¥ ¨¢ à¨ âë¥ ä®à¬ë
á¥¬¥©áâ¢  Lm

2n�1.

�¯à¥¤¥«¥¨¥ 7. �¡á®«îâãî ¨¢ à¨ âãî ä®à¬ã � =
nP
(ij)

�ij  §®¢¥¬ «¨¥©ë¬ ¯à®¥ª-

â¨¢ë¬ í«¥¬¥â®¬ á¥¬¥©áâ¢  Lm
2n�1,   ä®à¬ë �ij | ¥£® ª®¬¯®¥â ¬¨.
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� áá¬®âà¨¬ â®çªãMij = Ai+�ijAj . �§ ãá«®¢¨ï (Mij+dMij+d2Mij ; L
j

2(n�1)) = 0, £¤¥ Lj

2(n�1) |
ä®ª «ì ï £¨¯¥à¯«®áª®áâì ä®ªãá  Aj , ¢ë¤¥«ïï £« ¢ãî ç áâì ¢ ª®íää¨æ¨¥â¥ ¯à¨ �ij , ¯®«ãç¨¬
à ¢¥áâ¢® �ij = �'ij=!j . � ª¨¬ ®¡à §®¬, (AiAjMijMji) = �ij�ji = �ij . �â® á«®¦®¥ ®â®è¥¨¥
ç¥âëà¥å â®ç¥ª å à ªâ¥à¨§ã¥â £¥®¬¥âà¨ç¥áª¨© á¬ëá« ä®à¬ �ij .

�¥®à¥¬  6. �¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ãá«®¢¨¥¬ ¯à®¥ªâ¨¢®© ¨«¨ ª®àà¥«ïâ¨¢®©  -

«®¦¨¬®áâ¨ 2-£® ¯®àï¤ª  ¤¢ãå á¥¬¥©áâ¢ Lm
2n�1 ï¢«ï¥âáï à ¢¥áâ¢® ¨å «¨¥©ëå ¯à®¥ªâ¨¢ëå

í«¥¬¥â®¢.

�¨â¥à âãà 
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