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�i

�
x; y; z; w;

@z

@x
;
@z

@y
;
@w

@x
;
@w

@y

�
= 0; i = 1; 2;

£¤¥ z, w | ­¥¨§¢¥áâ­ë¥ äã­ªæ¨¨ ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå x ¨ y, § ¤ ç  �®è¨ á®áâ®¨â ¢ ®âëá-
ª ­¨¨ à¥è¥­¨ï á¨áâ¥¬ë, ª®â®à®¥ ­  § ¤ ­­®© «¨­¨¨ L : x = x(0)(s), y = y(0)(s), � < s < �,
ã¤®¢«¥â¢®àï«® ¡ë ­ ç «ì­ë¬ ãá«®¢¨ï¬

z(x(0)(s); y(0)(s)) = z(0)(s); w(x(0)(s); y(0)(s)) = w(0)(s):

� à ¡®â å [1], [2] ¤®ª § ­®, çâ® ¯à¨ áãé¥áâ¢®¢ ­¨¨ ã äã­ªæ¨© �i, i = 1; 2, ­¥¯à¥àë¢­ëå ç áâ­ëå
¯à®¨§¢®¤­ëå ¤® âà¥âì¥£® ¯®àï¤ª  ¢ª«îç¨â¥«ì­® ¨ ¢ë¯®«­¥­¨¨ ¤àã£¨å ¥áâ¥áâ¢¥­­ëå ãá«®¢¨©
§ ¤ ç  �®è¨ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¢ ¤®áâ â®ç­® ¬ «®© ®ªà¥áâ­®áâ¨ L. � ¤ ­­®© à ¡®â¥
¤®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï § ¤ ç¨ �®è¨ ¯à¨ ­ «¨ç¨¨ ã äã­ªæ¨©
�i, i = 1; 2, «¨èì ­¥¯à¥àë¢­ëå ç áâ­ëå ¯à®¨§¢®¤­ëå ¤® ¢â®à®£® ¯®àï¤ª  ¢ª«îç¨â¥«ì­®. �à®-
¬¥ â®£®, ¤ ¥âáï â®ç­®¥ ®¯¨á ­¨¥ ®¡« áâ¨, ¢ ª®â®à®© áãé¥áâ¢ã¥â à¥è¥­¨¥. �®«ãç¥­¨¥ ¤ ­­ëå
­®¢ëå à¥§ã«ìâ â®¢ ¤®áâ¨£ ¥âáï á ¯®¬®éìî ¨á¯®«ì§®¢ ­¨ï ­¥ ã¯®âà¥¡«ï¥¬ëå ¢ à ¡®â å [1], [2]
ª ­®­¨ç¥áª¨å ä®à¬ «¨­¥©­ëå ¨ ª¢ §¨«¨­¥©­ëå á¨áâ¥¬ ãà ¢­¥­¨©.

1.�à¨¢¥¤¥­¨¥ ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã «¨­¥©­®© á¨áâ¥¬ë ãà ¢­¥­¨©. �ãáâì ¤ ­  á¨áâ¥¬  ãà ¢-
­¥­¨©

Ai

@z

@x
+Bi

@z

@y
+ Ci

@w

@x
+Di

@w

@y
= fi; i = 1; 2; (1)

£¤¥ fi = 'i �Kiz � Liw, i = 1; 2, Ai, Bi, Ci, Di, Ki, Li, 'i, i = 1; 2, | äã­ªæ¨¨  à£ã¬¥­â®¢ x ¨ y.
�¢®¤ï ­®¢ë¥ ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥ � = �(x; y), � = �(x; y) ¨ ¨á¯®«ì§ãï ä®à¬ã«ë

@

@x
=

@�

@x

@

@�
+
@�

@x

@

@�
;

@

@y
=

@�

@y

@

@�
+
@�

@y

@

@�
;

«¨­¥©­ãî á¨áâ¥¬ã (1) ¯à¨¢®¤¨¬ ª ¢¨¤ã

�
Ai

@�

@x
+Bi

@�

@y

�
@z

@�
+
�
Ai

@�

@x
+Bi

@�

@y

�
@z

@�
+

+
�
Ci

@�

@x
+Di

@�

@y

�
@w

@�
+
�
Ci

@�

@x
+Di

@�

@y

�
@w

@�
= fi; i = 1; 2: (2)
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�¬­®¦ ï ¯¥à¢®¥ ¨ ¢â®à®¥ ãà ¢­¥­¨ï á¨áâ¥¬ë (2) á®®â¢¥âáâ¢¥­­® ­  A2
@�

@x
+B2

@�

@y
, A1

@�

@x
+B1

@�

@y
¨

¯à®¨§¢®¤ï ¢ëç¨â ­¨¥, ¯®«ãç ¥¬��
A1

@�

@x
+B1

@�

@y

��
A2

@�

@x
+B2

@�

@y

�
�

�
A2

@�

@x
+B2

@�

@y

��
A1

@�

@x
+B1

@�

@y

��
@z

@�
+

+
��

C1

@�

@x
+D1

@�

@y

��
A2

@�

@x
+B2

@�

@y

�
�

�
C2

@�

@x
+D2

@�

@y

��
A1

@�

@x
+B1

@�

@y

��
@w

@�
+

+
��

C1

@�

@x
+D1

@�

@y

��
A2

@�

@x
+B2

@�

@y

�
�

�
C2

@�

@x
+D2

@�

@y

��
A1

@�

@x
+B1

@�

@y

��
@w

@�
=

=
�
A2

@�

@x
+B2

@�

@y

�
f1 �

�
A1

@�

@x
+B1

@�

@y

�
f2: (3)

�ãáâì ¤«ï äã­ªæ¨© �, � ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï

C1
@�

@x
+D1

@�

@y

A1
@�

@x
+B1

@�

@y

=
C1

@�

@x
+D2

@�

@y

A2
@�

@x
+B2

@�

@y

� �0; (4)

C1
@�

@x
+D1

@�

@y

A1
@�

@x
+B1

@�

@y

=
C2

@�

@x
+D2

@�

@y

A2
@�

@x
+B2

@�

@y

� �: (5)

� á¨«ã (4) ¨ (5) ãà ¢­¥­¨¥ (3) ¯à¨­¨¬ ¥â ¢¨¤

(A1B2 �A2B1)
�
@�

@x

@�

@y
�
@�

@y

@�

@x

��
@z

@�
+ �0

@w

@�

�
=
�
A2

@�

@x
+B2

@�

@y

�
f1 �

�
A1

@�

@x
+B1

@�

@y

�
f2

¨«¨

@z

@�
+ �0

@w

@�
= F; (6)

£¤¥

F =

�
A2

@�

@x
+B2

@�

@y

�
f1 �

�
A1

@�

@x
+B1

@�

@y

�
f2

(A1B2 �A2B1)
�
@�

@x

@�

@y
� @�

@y

@�

@x

� :

�«ï ¢ë¯®«­¥­¨ï ãá«®¢¨© (4), (5) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë äã­ªæ¨¨ � ¨ � ã¤®¢«¥â¢®-
àï«¨ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬

@�

@x
+ � 0

@�

@y
= 0;

@�

@x
+ �

@�

@y
= 0; (7)

£¤¥ � ¨ � 0 | ª®à­¨ ãà ¢­¥­¨ï����A1 C1

A2 C2

���� �2 � �����B1 C1

B2 C2

����+ ����A1 D1

A2 D2

����� � + ����B1 D1

B2 D2

���� = 0: (8)

�â­®á¨â¥«ì­® ãà ¢­¥­¨ï (8) ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¥£® ª®à­¨ � ¨ � 0 à §«¨ç­ë ¨ ¢¥é¥áâ¢¥­­ë.
�â® ®§­ ç ¥â, çâ® á¨áâ¥¬  (1) ¨¬¥¥â £¨¯¥à¡®«¨ç¥áª¨© â¨¯. �§ (4), (5), (7) á«¥¤ã¥â

�0 =
�C1�

0 +D1

�A1� 0 +B1

=
�C2�

0 +D2

�A2� 0 +B2

;

� =
�C1� +D1

�A1� +B1

=
�C2� +D2

�A2� +B2

:

(9)

� ª¨¬ ¦¥ ®¡à §®¬, ª ª ¨ ãà ¢­¥­¨¥ (6), ¯®«ãç ¥âáï ãà ¢­¥­¨¥

@z

@�
+ �

@w

@�
= F 0; (10)
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£¤¥

F 0 =
�
�
A2

@�

@x
+B2

@�

@y

�
f1 +

�
A1

@�

@x
+B1

@�

@y

�
f2

(A1B2 �A2B1)
�
@�

@x

@�

@y
� @�

@y

@�

@x

� :

� ¯®¬®éìî ¢¢¥¤¥­¨ï ­®¢ëå ­¥¨§¢¥áâ­ëå äã­ªæ¨© z1 = z + �0w, w1 = z + �w, ¯à¨ ãá«®¢¨¨
¤¨ää¥à¥­æ¨àã¥¬®áâ¨ äã­ªæ¨© � ¨ �0, á¨áâ¥¬  ãà ¢­¥­¨© (6), (10) ¯à¥®¡à §ã¥âáï ¢ á¨áâ¥¬ã
¢¨¤ 

@z1

@�
= a1z1 + b1w1 + c1;

@w1

@�
= a2z1 + b2w1 + c2:

� «¥¥ á ¯®¬®éìî ¯®¤áâ ­®¢®ª

z1 = z2 exp
Z �

�0

a1(t; �)dt; w1 = w2 exp
Z �

�0

b2(�; t)dt

®­  ¯à¨¢®¤¨âáï ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã

@z2

@�
= aw2 +A;

@w2

@�
= bz2 +B:

�«ï ¤ ­­®© ª ­®­¨ç¥áª®© á¨áâ¥¬ë ä®à¬ã«ë à¥è¥­¨ï § ¤ ç¨ �®è¨ á®¤¥à¦ âáï ¢ ([3], á. 99-100).

2. �à¨¢¥¤¥­¨¥ ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã ª¢ §¨«¨­¥©­®© á¨áâ¥¬ë ãà ¢­¥­¨©. �«ï ª¢ §¨«¨­¥©­®©
á¨áâ¥¬ë ¨á¯®«ì§ã¥¬ ®¡®§­ ç¥­¨¥ (1), áç¨â ï ¯à¨ íâ®¬, çâ® Ai, Bi, Ci, Di, 'i, i = 1; 2, ï¢«ïîâáï
äã­ªæ¨ï¬¨  à£ã¬¥­â®¢ x, y, z, w ¨ Ki = Li = 0, i = 1; 2. �à¥¤¯®«®¦¨¬, çâ® ã â ª®© á¨áâ¥¬ë
¨¬¥¥âáï à¥è¥­¨¥ z = z(x; y), w = w(x; y), ¨ ¯¥à¥¬¥­­ë¥ z ¨ w § ¬¥­¥­ë ¢ (1) äã­ªæ¨ï¬¨ z(x; y),
w(x; y). �â® ®§­ ç ¥â, çâ® á¨áâ¥¬ã (1) ¬®¦­® à áá¬ âà¨¢ âì ª ª á®¢®ªã¯­®áâì ¤¢ãå â®¦¤¥áâ¢
®â­®á¨â¥«ì­® ¯¥à¥¬¥­­ëå x ¨ y. �®-¯à¥¦­¥¬ã ¯à¥¤¯®« £ ¥¬, çâ® ª®à­¨ �, � 0 ãà ¢­¥­¨ï (8)
¢¥é¥áâ¢¥­­ë, à §«¨ç­ë

(A1B2 �A2B1)
�
@�

@x

@�

@y
�
@�

@y

@�

@x

�
6= 0:

�®£¤  á¨áâ¥¬  â®¦¤¥áâ¢ (1) à ¢­®á¨«ì­  á¨áâ¥¬¥ â®¦¤¥áâ¢ (6), (10), ¢ ª®â®àëå ¢¥«¨ç¨­ë x ¨ y
®¯à¥¤¥«ïîâáï á¨áâ¥¬®© (7) ª ª äã­ªæ¨¨  à£ã¬¥­â®¢ � ¨ �. �á¯®«ì§ãï à ¢¥­áâ¢ 

@�

@x
=

@y

@�

.
�;

@�

@y
= �

@x

@�

.
�;

@�

@x
= �

@y

@�

.
�;

@�

@y
=

@�

@x

.
�; � =

D(x; y)
D(�; �)

;

á¨áâ¥¬ã (7) ¨ ä®à¬ã«ë ¤«ï F , F 0 § ¯¨è¥¬ ¢ ¢¨¤¥

@y

@�
� �

@x

@�
= 0;

@y

@�
� � 0

@x

@�
= 0; (11)

F =

�
�A2

@y

@�
+B2

@x

@�

�
f1 �

�
�A1

@y

@�
+B1

@x

@�

�
f2

A1B2 �A2B1

;

F 0 =
�
�
�A2

@y

@�
�B2

@x

@�

�
f1 +

�
A1

@y

@�
�B1

@x

@�

�
f2

A1B2 �A2B1

:

�¡®§­ ç¨¢

@x

@�
= �;

@x

@�
= �0;

@z

@�
= p;

@z

@�
= q;

@w

@�
= u;

@w

@�
= v; (12)

¢¬¥áâ® (11), (6), (10) ¨¬¥¥¬

@x

@�
= �;

@x

@�
= �0;

@y

@�
= ��;

@y

@�
= � 0�0; (13)

p+ �0u = F0�; q + �v = F 0

0�
0;
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£¤¥

F0 =
(�A2� +B2)f1 � (�A1� +B1)f2

A1B2 �A2B1

;

F 0

0 =
(�A2�

0 +B2)f1 � (�A1�
0 +B1)f2

A1B2 �A2B1

:

�¨ää¥à¥­æ¨àãï (13) ¯® � ¨ �, á ãç¥â®¬ à ¢¥­áâ¢  @2T

@�@�
= @2T

@�@�
¯à¨¬¥­¨â¥«ì­® ª äã­ªæ¨ï¬ x, y,

z, w ¯à¨å®¤¨¬ ª á¨áâ¥¬¥ ãà ¢­¥­¨©

@�
@�

=
@�0

@�
; �

@�
@�

+�
@�

@�
= � 0

@�0

@�
+�0

@� 0

@�
;

@p

@�
+ �0

@u

@�
= �

@F0

@�
+ F0

@�
@�

� u
@�0

@�
;

@q

@�
+ �

@v

@�
= �

@F0

@�
+ F0

@�
@�

� u
@�0

@�
; (14)

@q

@�
+ �

@v

@�
= �0

@F 0

0

@�
+ F 0

0

@�0

@�
� v

@�

@�
;

@p

@�
+ �

@u

@�
= �0

@F 0

0

@�
+ F 0

0

@�0

@�
� v

@�

@�
:

�§ (14) ­ å®¤¨¬

@�
@�

=
@�0

@�
= P;

@p

@�
=

@q

@�
= Q;

@u

@�
=

@v

@�
= R; (15)

£¤¥

P =
1

� � � 0

�
�0
@� 0

@�
� �

@�

@�

�
;

Q =
�F0 � �0F 0

0

(� � � 0)(�� �0)

�
�0
@� 0

@�
� �

@�

@�

�
+

1
�� �0

�
��

@F0

@�
� �0�0

@F 0

0

@�
� u�

@�0

@�
+ v�0

@�

@�

�
;

R =
F 0

0 � F0

(� � � 0)(�� �0)

�
�0
@� 0

@�
� �

@�

@�

�
+

1
�� �0

�
�0
@F 0

0

@�
� �

@F0

@�
� v

@�

@�
+ u

@�0

@�

�
:

� ä®à¬ã« å ¤«ï P , Q, R ¯à¥¤¯®« £ ¥âáï, çâ® ¯à®¨§¢®¤­ë¥ @�

@�
, @�0

@�
, @�

@�
, @�0

@�
ã¤®¢«¥â¢®àïîâ à -

¢¥­áâ¢ ¬

@T

@�
=

@T

@x

@x

@�
+
@T

@y

@y

@�
+
@T

@z

@z

@�
+
@T

@w

@w

@�
=

@T

@x
�+

@T

@y
��+

@T

@z
p+

@T

@w
u;

@T

@�
=

@T

@x

@x

@�
+
@T

@y

@y

@�
+
@T

@z

@z

@�
+
@T

@w

@w

@�
=

@T

@x
�0 +

@T

@y
� 0�0 +

@T

@z
q +

@T

@w
v:

�®£¤  äã­ªæ¨¨ P , Q, R ¬®¦­® à áá¬ âà¨¢ âì ª ª äã­ªæ¨¨ ¢¥ªâ®à  ~!(�; �) á ª®®à¤¨­ â ¬¨
x(�; �), y(�; �), �(�; �), �0(�; �), z(�; �), w(�; �), p(�; �), q(�; �), u(�; �), v(�; �): P = P (~!(�; �)), Q =
Q(~!(�; �)), R = R(~!(�; �)). �®¯®«­ïï á¨áâ¥¬ã (15) ãà ¢­¥­¨ï¬¨

@x

@�
= �(�; �);

@y

@�
= �(~!(�; �))�(�; �);

@z

@�
= p(�; �);

@w

@�
= u(�; �);
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¯à¨å®¤¨¬ ª ª ­®­¨ç¥áª®© á¨áâ¥¬¥ ãà ¢­¥­¨©

@x

@�
= �(�; �);

@y

@�
= �(!(�; �))�(�; �);

@z

@�
= p(�; �);

@w

@�
= u(�; �);

@�
@�

=
@�0

@�
= P (~!(�; �)); (16)

@p

@�
=

@q

@�
= Q(~!(�; �));

@u

@�
=

@v

@�
= R(~!(�; �)):

�®¯®«­ïï á¨áâ¥¬ã (15) ãà ¢­¥­¨ï¬¨

@x

@�
= �0(�; �);

@y

@�
= � 0(~!(�; �))�0(�; �);

@z

@�
= q(�; �);

@w

@�
= v(�; �);

¯à¨å®¤¨¬ ª ª ­®­¨ç¥áª®© á¨áâ¥¬¥

@x

@�
= �0(�; �);

@y

@�
= � 0(~!(�; �))�0(�; �);

@z

@�
= q(�; �);

@w

@�
= v(�; �);

@�
@�

=
@�0

@�
= P (~!(�; �)); (17)

@p

@�
=

@q

@�
= Q(~!(�; �));

@u

@�
=

@v

@�
= Q(~!(�; �)):

3. �®áâ ­®¢ª  § ¤ ç¨ �®è¨ ¤«ï ª¢ §¨«¨­¥©­®© á¨áâ¥¬ë ãà ¢­¥­¨©. B¢¥¤¥¬ àï¤ ®¡®§­ ç¥-
­¨©: ki, i = 1; 2; 3; 4, | ¯®áâ®ï­­ë¥, k1 < k2 < 0 < k3 < k4, � (�) | ®âªàëâë© (§ ¬ª­ãâë©)
âà¥ã£®«ì­¨ª, ®£à ­¨ç¥­­ë© ¯àï¬ë¬¨ y = 0, y = k1(x� a), y = k4(x� b) (a < b), D | § ¬ª­ãâ ï
æ¨«¨­¤à¨ç¥áª ï ®¡« áâì ¯¥à¥¬¥­­ëå x; y; z; w : (x; y) 2 �, �1 < z < +1, �1 < w < +1.

�â¬¥â¨¬ ãá«®¢¨ï, ¯à¨ ª®â®àëå ¡ã¤¥â à áá¬ âà¨¢ âìáï § ¤ ç .

a) � ®¡« áâ¨ D äã­ªæ¨¨ Ai, Bi, Ci, Di, 'i, i = 1; 2, ­¥¯à¥àë¢­ë, ®£à ­¨ç¥­ë ¨ ¨¬¥îâ ­¥¯à¥-
àë¢­ë¥, ®£à ­¨ç¥­­ë¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¯¥à¢®£® ¯®àï¤ª  ¯® ª ¦¤®¬ã ¨§  à£ã¬¥­â®¢
x, y, z, w.

b) � ®¡« áâ¨ D ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

k1 � � � k2; k3 � � 0 � k4; jA1B2 �A2B1j > � > 0;

jB1 �A1�
0j > � > 0; jB1 �A1�j > � > 0:

� ¤ ç  �®è¨. �à¥¡ã¥âáï ­ ©â¨ à¥è¥­¨¥ z = z(x; y), w = w(x; y) ª¢ §¨«¨­¥©­®© á¨áâ¥¬ë
(1) ¢ ­¥ª®â®à®© ®¡« áâ¨, ¯à¨¬ëª îé¥© ª ®âà¥§ªã (a; b) ®á¨ Ox á® áâ®à®­ë ¯®«ã¯«®áª®áâ¨ y < 0,
ª®â®à®¥ ã¤®¢«¥â¢®àï«® ¡ë £à ­¨ç­ë¬ ãá«®¢¨ï¬

z(x;�0) = z(0)(x); w(x;�0) = w(0)(x); a � x � b; (18)

£¤¥ z(0)(x), w(0)(x) | ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ § ¤ ­­ë¥ äã­ªæ¨¨.
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4. �¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï ª¢ §¨«¨­¥©­®© á¨áâ¥¬ë ãà ¢­¥­¨©. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï

@z

@x
= p�;

@z

@y
= q�;

@w

@x
= u�;

@w

@y
= v�;

p�(x;�0) = p(0)
�
(x); q�(x;�0) = q(0)

�
(x);

u�(x;�0) = u(0)
�
(x); v�(x;�0) = v(0)

�
(x):

� ¯®¬®éìî ¯®¤áâ ­®¢ª¨ ¢ á¨áâ¥¬¥ (1)

0@x y z w @z

@x

@z

@y

@w

@x

@w

@y

x 0 z(0)(x) w(0)(x) p(0)
�
(x) q(0)

�
(x) u(0)

�
(x) v(0)

�
(x)

1A

¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© á ­¥¨§¢¥áâ­ë¬¨ äã­ªæ¨ï¬¨ q(0)
�
(x), v(0)

�
(x). �¯à¥¤¥«¨â¥«ì íâ®© á¨-

áâ¥¬ë ¢ á¨«ã ãá«®¢¨ï b) ®â«¨ç¥­ ®â ­ã«ï, ¨ äã­ªæ¨¨ q(0)
�
(x), v(0)

�
(x) ®¯à¥¤¥«ïîâáï ®¤­®§­ ç­®.

�«¥¤®¢ â¥«ì­®, ¢á¥ äã­ªæ¨¨ z(0)
�
(x), w(0)

�
(x), p(0)

�
(x), q(0)

�
(x), u(0)

�
(x), v(0)

�
(x) ¡ã¤¥¬ áç¨â âì ¨§¢¥áâ-

­ë¬¨. � ç «ì­ë¬ ãá«®¢¨ï¬ (18) á®®â¢¥âáâ¢ãîâ ®¯à¥¤¥«¥­­ë¥ ­ ç «ì­ë¥ ãá«®¢¨ï ¯à¨¬¥­¨â¥«ì-
­® ª á¨áâ¥¬ ¬ (16), (17). �â®¡ë ãáâ ­®¢¨âì ¢¨¤ íâ¨å ãá«®¢¨©, § ¬¥â¨¬, çâ® ¢ á¨áâ¥¬¥ ª®®à¤¨­ â
�, � ª®®à¤¨­ â­ë¬¨ «¨­¨ï¬¨ ï¢«ïîâáï ¨­â¥£à «ì­ë¥ «¨­¨¨ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

dy

dx
= � ¨

dy

dx
= � 0: (19)

�ç¨âë¢ ï íâ®, ãáâ ­®¢¨¬ ¡®«¥¥ ª®­ªà¥â­ãî á¢ï§ì ¬¥¦¤ã x, y ¨ �, �. �ãáâì a � � � � � b; � | ¨­-
â¥£à «ì­ ï ªà¨¢ ï ¯¥à¢®£® ãà ¢­¥­¨ï (19), ¯à®å®¤ïé ï ç¥à¥§ â®çªã (�; 0) ¨ �0 | ¨­â¥£à «ì­ ï
ªà¨¢ ï ¢â®à®£® ãà ¢­¥­¨ï (19), ¯à®å®¤ïé ï ç¥à¥§ â®çªã (�; 0), (x; y) | â®çª  ¯¥à¥á¥ç¥­¨ï ªà¨-
¢ëå � ¨ �0. �à¨ íâ®¬ â®çª¥ (x; y) ¯à¨¯¨è¥¬ ­®¢ë¥ ª®®à¤¨­ âë (�; �). � á¨«ã ¯¥à¢ëå ¤¢ãå ãá«®-
¢¨© b) á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã (x; y) ¨ (�; �) ï¢«ï¥âáï ¢§ ¨¬­® ®¤­®§­ ç­ë¬. �ã­ªæ¨¨ � = �(x; y),
� = �(x; y) ¯à¥¤áâ ¢«ïîâ á®¡®© à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (7) ¨ ã¤®¢«¥â¢®àïîâ
ãá«®¢¨ï¬ �(x; 0) = x, �(x; 0) = x, a � x � b. �®®â¢¥âáâ¢¥­­® íâ®¬ã x(�; �) = �, y(�; �) = 0,
a � � � b. � ¤ ­­®¬ á«ãç ¥ £à ­¨ç­ë¬ ãá«®¢¨ï¬ (18) ­  ®âà¥§ª¥ (a; b) ®á¨ Ox á®®â¢¥âáâ¢ãîâ
á«¥¤ãîé¨¥ £à ­¨ç­ë¥ ãá«®¢¨ï ­  ®âà¥§ª¥ ¯àï¬®© a � � = � � b:

�(�; �) � �0(�) =
�� 0

� � � 0
; �0(�; �) � �0

0(�) =
�

� � � 0
;

p(�; �) � p0(�) = �
� 0

� � � 0
(p(0)

�
(�) + �q(0)

�
(�));

q(�; �) � q0(�) =
�

� � � 0
(p(0)

�
(�) + � 0q(0)

�
(�)); (20)

u(�; �) � u0(�) = �
� 0

� � � 0
(u(0)

�
(�) + �v(0)

�
(�));

v(�; �) � v0(�) = (v(0)
�
(�) + � 0v(0)

�
(�))

�

� � � 0
:

�¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (16) á®¢¬¥áâ­® á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ ­  «¨­¨¨
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a � � = � � b à ¢­®á¨«ì­  á¨áâ¥¬¥ ¨­â¥£à «ì­ëå ãà ¢­¥­¨©

x(�; �) = � +
Z �

�

�(t; �)dt; y(�; �) =
Z �

�

�(~!(t; �))�(t; �)dt;

z(�; �) = z(0)
�
(�) +

Z �

�

p(t; �)dt; w(�; �) = w(0)
�
(�) +

Z �

�

u(t; �)dt;

�0(�; �) = �0

0(�) +
Z �

�

P (~!(t; �))dt; �(�; �) = �0(�) +
Z �

�

P (~!(�; �))d�; (21)

p(�; �) = p0(�) +
Z �

�

Q(~!(�; �))d�; q(�; �) = q0(�) +
Z �

�

Q(~!(t; �))dt;

u(�; �) = u0(�) +
Z �

�

R(~!(�; �))d�; v(�; �) = v0(�) +
Z �

�

R(~!(t; �))dt:

�à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© a) ¨ b) ¨ ¤®áâ â®ç­® ¬ «®¬ §­ ç¥­¨¨ h á¨áâ¥¬  ¨­â¥£à «ì­ëå
ãà ¢­¥­¨© (21), çâ® ­¥âàã¤­® ¤®ª § âì, ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¢ ®¡« áâ¨, ®£à ­¨ç¥­­®©
¯àï¬ë¬¨ � � � = 0, � � � = h ¨ å à ªâ¥à¨áâ¨ª ¬¨ �, �0, ¨áå®¤ïé¨¬¨ ¨§ â®ç¥ª (a; a), (b; b).
�â® à¥è¥­¨¥ ¯à¨ ­ ç «ì­ëå ¤ ­­ëå ­  ¯àï¬®© � � � = h ¬®¦¥â ¡ëâì ¯à®¤®«¦¥­® ¢ ®¡« áâì,
®£à ­¨ç¥­­ãî ¯àï¬ë¬¨ � � � = h, � � � = h0 (h < h0) ¨ â¥¬¨ ¦¥ å à ªâ¥à¨áâ¨ª ¬¨ �, �0. �
à¥§ã«ìâ â¥ ­¥®£à ­¨ç¥­­®£® ¯à®¤®«¦¥­¨ï ãª § ­­®£® ¯à®æ¥áá  ¯®«ãç¨¬ à¥è¥­¨¥ á¨áâ¥¬ë (21)
¢ âà¥ã£®«ì­¨ª¥, ®£à ­¨ç¥­­®¬ ¯àï¬®© ��� = 0 ¨ å à ªâ¥à¨áâ¨ª ¬¨ �, �0, ¨áå®¤ïé¨¬¨ ¨§ â®ç¥ª
(a; a), (b; b). �¥è¥­¨¥ á¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (21) ¤«ï á¨áâ¥¬ë (16) ï¢«ï¥âáï à¥è¥­¨-
¥¬ § ¤ ç¨ �®è¨ á ãª § ­­ë¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ ­  ®âà¥§ª¥ a � � = � � b. �­® â ª¦¥
ï¢«ï¥âáï ¨ à¥è¥­¨¥¬ á¨áâ¥¬ë (17) á â¥¬¨ ¦¥ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨. �¨áâ¥¬ë (16), (17) ¯®«ã-
ç¥­ë ¨§ á¨áâ¥¬ë (1) á ¯®¬®éìî ®¡à â¨¬ëå ¯®¤áâ ­®¢®ª. �®íâ®¬ã á¨áâ¥¬  äã­ªæ¨© x = x(�; �),
y = y(�; �), z = z(�; �), w = w(�; �) ¢ëà ¦ ¥â á®¡®© à¥è¥­¨¥ ¢ ¯ à ¬¥âà¨ç¥áª®¬ ¢¨¤¥ § ¤ ç¨
�®è¨ á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ (18) ¤«ï á¨áâ¥¬ë (1). �®«ãç¥­­ë© à¥§ã«ìâ â áä®à¬ã«¨àã¥¬ ¢
¢¨¤¥ â¥®à¥¬ë.

�¥®à¥¬  1. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© a) ¨ b) § ¤ ç  �®è¨ á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ (18) ¤«ï
ª¢ §¨«¨­¥©­®© á¨áâ¥¬ë (1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ z = z(x; y), w = w(x; y) ¢ ®¡« áâ¨, ­¥
§ ¤ ¢ ¥¬®© § à ­¥¥, ®£à ­¨ç¥­­®© ®âà¥§ª®¬ [a; b] ®á¨ Ox ¨ ¨­â¥£à «ì­ë¬¨ ªà¨¢ë¬¨ ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨© dy

dx
= �, dy

dx
= � 0, ¢ëå®¤ïé¨¬¨ ¨§ â®ç¥ª (a; 0), (b; 0), á®®â¢¥âáâ¢ãîé¨¬¨

à¥è¥­¨î z = z(x; y), w = w(x; y). �â¬¥ç¥­­ ï ®¡« áâì áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ï¢«ï¥âáï ç -
áâìî âà¥ã£®«ì­¨ª , ®£à ­¨ç¥­­®£® ¯àï¬ë¬¨ y = 0, y = k1(x� a), y = k4(x� b), ¨ á®¤¥à¦¨â ¢
á¥¡¥ ª ª ç áâì âà¥ã£®«ì­¨ª, ®£à ­¨ç¥­­ë© ¯àï¬ë¬¨ y = 0, y = k2(x� a), y = k3(x� b).

5. �à¨¢¥¤¥­¨¥ á¨áâ¥¬ë

�i

�
x; y; z; w;

@z

@x
;
@z

@y
;
@w

@x
;
@w

@y

�
= 0; i = 1; 2; (22)

ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã. �¢®¤ï ®¡®§­ ç¥­¨ï @z

@x
= z1, @z

@y
= z2, @w

@x
= w1, @w

@y
= w2, á¨áâ¥¬ã (22)

§ ¯¨è¥¬ ¢ ¢¨¤¥

�i(x; y; z; w; z1; z2; w1; w2) = 0; i = 1; 2: (23)

�à¥¤¯®« £ ï, çâ® ã á¨áâ¥¬ë (22) áãé¥áâ¢ã¥â à¥è¥­¨¥ z = z(x; y), w = w(x; y), ãá«®¢¨¬áï (23)
à áá¬ âà¨¢ âì ª ª á¨áâ¥¬ã â®¦¤¥áâ¢ ®â­®á¨â¥«ì­® ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå x ¨ y. � à¥§ã«ìâ â¥
¤¨ää¥à¥­æ¨à®¢ ­¨ï á¨áâ¥¬ë (23) ¯® ¯¥à¥¬¥­­ë¬ x, y ¨ ãç¥â  ­¥à ¢¥­áâ¢ @z2

@x
= @z1

@y
, @w2

@x
= @w1

@y

¯à¨å®¤¨¬ ª á¨áâ¥¬¥ ãà ¢­¥­¨©

bAi

@z1

@x
+ bBi

@z1

@y
+ bCi

@w1

@x
+ bDi

@w1

@y
= fi1; i = 1; 2;

bAi

@z2

@x
+ bBi

@z2

@y
+ bCi

@w2

@x
+ bDi

@w2

@y
= fi2; i = 1; 2;

(24)
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£¤¥ bAi, bBi, bCi, bDi, fi1, fi2, i = 1; 2, | ¨§¢¥áâ­ë¥ äã­ªæ¨¨  à£ã¬¥­â®¢ x, y, z, w, z1, z2, w1, w2.
�å®¤ïé¨¥ ¢ (24) á¨áâ¥¬ë ¨¬¥îâ âã ¦¥ áâàãªâãàã, çâ® ¨ ª¢ §¨«¨­¥©­ ï á¨áâ¥¬  (1). �«ï ­¨å
 ­ «®£ ¬¨ ¢¥«¨ç¨­ �, � 0, �, �0 ï¢«ïîâáï äã­ªæ¨¨, ®¯à¥¤¥«ï¥¬ë¥ ãà ¢­¥­¨¥¬ (8) ¨ ä®à¬ã« ¬¨
(9) ¯à¨ ãá«®¢¨¨ § ¬¥­ë ¢ (8) ¨ (9) äã­ªæ¨©Ai, Bi, Ci, Di, i = 1; 2, á®®â¢¥âáâ¢¥­­® äã­ªæ¨ï¬¨ bAi,bBi, bCi, bDi, i = 1; 2. � ¯®¬®éìî ¢¢¥¤¥­¨ï ­®¢ëå ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå �, �, ã¤®¢«¥â¢®àïîé¨å
ãà ¢­¥­¨ï¬ (7), (11), á¨áâ¥¬  (24) ¯à¥®¡à §ã¥âáï ª ¢¨¤ã

@z1

@�
+ �0

@w1

@�
= F01�;

@z1

@�
+ �

@w1

@�
= F 0

01�
0;

@z2

@�
+ �0

@w2

@�
= F02�;

@z2

@�
+ �

@w2

@�
= F 0

02�
0;

(25)

£¤¥ � = @x

@�
, �0 = @x

@�
, F0i, F 0

0i, i = 1; 2, | ¨§¢¥áâ­ë¥ äã­ªæ¨¨  à£ã¬¥­â®¢ x, y, z, w, z1, z2, w1, w2.
�¢®¤ï ®¡®§­ ç¥­¨ï @zi

@�
= pi, @zi

@�
= qi, i = 1; 2, @wi

@�
= ui, @wi

@�
= vi, i = 1; 2, ¨¬¥¥¬

@x

@�
= �;

@y

@�
= ��;

@x

@�
= �0;

@y

@�
= � 0�0;

pi + �0ui = F0i�; qi = �vi = F 0

0i�
0; i = 1; 2:

(26)

C ¯®¬®éìî â¥å ¦¥ à ááã¦¤¥­¨©, çâ® ¨ ¢ á«ãç ¥ á¨áâ¥¬ë (13), ¯à¨å®¤¨¬ ª ª ­®­¨ç¥áª¨¬ á¨áâ¥-
¬ ¬ ãà ¢­¥­¨©, ï¢«ïîé¨¬áï  ­ «®£ ¬¨ á¨áâ¥¬ (16), (17). �«ï ®¯à¥¤¥«¥­­®áâ¨ ¢ë¯¨è¥¬  ­ «®£
á¨áâ¥¬ë (16)

@x

@�
= �(�; �);

@y

@�
= �(~!(�; �))�(�; �);

@z

@�
= (z2(�; �) + �(~!(�; �))z2(�; �))�(�; �);

@w

@�
= [w1(�; �) + �(~!(�; �))w2(�; �)]�(�; �);

@zi

@�
= pi(�; �);

@wi

@�
= ui(�; �); i = 1; 2; (27)

@�
@�

=
@�0

@�
= P (~!(�; �));

@pi

@�
=

@qi

@�
= Qi(~!(�; �)); i = 1; 2;

@ui

@�
=

@vi

@�
= Ri(~!(�; �)); i = 1; 2:

6. �®áâ ­®¢ª  § ¤ ç¨ �®è¨ ¤«ï á¨áâ¥¬ë (22). �à¥¤¢ à¨â¥«ì­®, á®åà ­ïï ®¡®§­ ç¥­¨ï ¯. 3
k1, k2, k3, k4 (k1 < k2 < k3 < k4), �, �, ¢¢¥¤¥¬ ãá«®¢¨ï, ¯à¨ ª®â®àëå ¡ã¤¥â à áá¬ âà¨¢ âìáï
§ ¤ ç  �®è¨.

a�) �ã­ªæ¨¨ �i(x; y; z; w; z1; z2; w1; w2), i = 1; 2, ¢ æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨ D� : (x; y) 2 �,
�1 < z < +1, �1 < w < +1, �1 < z1 < +1, �1 < z2 < +1, �1 < w1 < +1,
�1 < w2 < +1 ­¥¯à¥àë¢­ë ¨ ¨¬¥îâ ­¥¯à¥àë¢­ë¥, ®£à ­¨ç¥­­ë¥ ç áâ­ë¥ ¯à®¨§¢®¤-
­ë¥ ¢â®à®£® ¯®àï¤ª  ¯® ¢á¥¬  à£ã¬¥­â ¬ x, y, z, w, z1, z2, w1, w2, ¢ª«îç ï ç áâ­ë¥
¯à®¨§¢®¤­ë¥ á¬¥è ­­®£® â¨¯ .

b�) � ®¡« áâ¨ D� ª®à­¨ � ¨ � 0 ª¢ ¤à â­®£® ãà ¢­¥­¨ï����� bA1
bC1bA2
bC2

����� �2 �
 ����� bB1

bC1bB2
bC2

�����+
����� bA1

bD1bA2
bD2

�����
!
� +

����� bB1
bD1bB2
bD2

����� = 0

¢¥é¥áâ¢¥­­ë ¨ à §«¨ç­ë.
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c�) � ®¡« áâ¨ D� ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

k1 � � � k2; k3 � � 0 � k4; j bA1
bB2 � bA2

bB1j > � > 0;

j bB1 � bA1�
0j > � > 0; j bB1 � bA1�j > � > 0:

� ¤ ç  �®è¨. �«ï á¨áâ¥¬ë äã­ªæ¨© z(0)(x), w(0)(x), z(0)1 (x), z(0)2 (x), w(0)
1 (x), w(0)

2 (x), ¤¢ ¦¤ë
­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå ­  á¥£¬¥­â¥ [a; b], ¤«ï ª®â®àëå ¢ë¯®«­ïîâáï à ¢¥­áâ¢ 

�i(x; 0; z(0)(x); w(0)(x); z(0)1 (x); z(0)2 (x); w(0)
1 (x); w(0)

2 (x)) = 0; i = 1; 2;

âà¥¡ã¥âáï ¢ ­¥ª®â®à®© ®¡« áâ¨, ¯à¨¬ëª îé¥© ª ®âà¥§ªã (a; b) ®á¨ Ox á® áâ®à®­ë ¯®«ã¯«®áª®-
áâ¨ y < 0, ­ ©â¨ à¥è¥­¨¥ z = z(x; y), w = w(x; y) á¨áâ¥¬ë ãà ¢­¥­¨© (22), ã¤®¢«¥â¢®àïîé¥¥
£à ­¨ç­ë¬ ãá«®¢¨ï¬

z(x;�0) = z(0)(x); w(x;�0) = w(0)(x);
@z

@x

����
y=�0

= z
(0)
1 (x);

@z

@y

����
y=�0

= z
(0)
2 (x);

@w

@x

����
y=�0

= w
(0)
1 (x);

@w

@y

����
y=�0

= w
(0)
2 (x); a � x � b:

7. �¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï á¨áâ¥¬ë ãà ¢­¥­¨© (22). �á¯®«ì§ãï ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë,
®â­®áïé¨¥áï ª á¨áâ¥¬¥ ãà ¢­¥­¨© (1), ®£à ­¨ç¨¬áï «¨èì áå¥¬®© à¥è¥­¨ï § ¤ ç¨ �®è¨ ¤«ï
á¨áâ¥¬ë (22). �®á«¥ ¯®«ãç¥­¨ï ª ­®­¨ç¥áª®© á¨áâ¥¬ë (27), ¨áå®¤ï ¨§ ­ ç «ì­ëå ¤ ­­ëå ¤«ï
äã­ªæ¨© z, w, @z

@x
, @z

@y
, @w

@x
, @w

@y
­  ®âà¥§ª¥ a � x � b, y = 0, ãáâ ­ ¢«¨¢ ¥¬ ­ ç «ì­ë¥ ¤ ­­ë¥

¤«ï äã­ªæ¨© x, y, �, �0, z, w, zi, wi, pi, qi, ui, vi, i = 1; 2, ­  ®âà¥§ª¥ ¯àï¬®© a � � = � � b.
�®®â¢¥âáâ¢¥­­® íâ®¬ã á¨áâ¥¬ã (27) ¯à¥®¡à §ã¥¬ ¢ á¨áâ¥¬ã ¨­â¥£à «ì­ëå ãà ¢­¥­¨©, ª®â®à ï
®¤­®§­ ç­® à §à¥è¨¬ . �«ï à¥è¥­¨ï á¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¤®ª §ë¢ ¥¬, çâ® ®­®
ã¤®¢«¥â¢®àï¥â ­¥ â®«ìª® á¨áâ¥¬¥ (27), ­® ¨ á¨áâ¥¬¥, ï¢«ïîé¥©áï  ­ «®£®¬ á¨áâ¥¬ë (17). �
¨â®£¥ ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  2. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© a�), b�), c�) § ¤ ç  �®è¨ á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨
z(x;�0) = z(0)(x), w(x;�0) = w(0)(x), a � x � b, ¤«ï á¨áâ¥¬ë (22) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥
z = z(x; y), w = w(x; y) ¢ ®¡« áâ¨, ­¥ § ¤ ¢ ¥¬®© § à ­¥¥, ®£à ­¨ç¥­­®© ®âà¥§ª®¬ [a; b] ®á¨
Ox ¨ ¨­â¥£à «ì­ë¬¨ ªà¨¢ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© dy

dx
= �, dy

dx
= � 0, ¢ëå®¤ïé¨¬¨ ¨§

â®ç¥ª (a; 0), (b; 0), á®®â¢¥âáâ¢ãîé¨å à¥è¥­¨î z = z(x; y), w = w(x; y). �â¬¥ç¥­­ ï ®¡« áâì
áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ï¢«ï¥âáï ç áâìî âà¥ã£®«ì­¨ª , ®£à ­¨ç¥­­®£® ¯àï¬ë¬¨ y = 0, y =
k1(x�a), y = k4(x�b) ¨ á®¤¥à¦¨â ¢ á¥¡¥ ª ª ç áâì âà¥ã£®«ì­¨ª, ®£à ­¨ç¥­­ë© ¯àï¬ë¬¨ y = 0,
y = k2(x� a), y = k3(x� b).
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