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1. �¢¥¤¥¨¥

�®áâà®¥¨¥ ®æ¥®ª ¬®¦¥áâ¢  à¥è¥¨© ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ï¢«ï¥âáï ¢ ¦®© § -
¤ ç¥© ¢ â¥®à¨¨ ¤¨ ¬¨ç¥áª¨å á¨áâ¥¬. �«ï ¥¥ à¥è¥¨ï,  ç¨ ï á à ¡®â �.�.�¥â ¥¢  [1], áâ «
¯à¨¬¥ïâìáï ¬¥â®¤ äãªæ¨© �ï¯ã®¢  [2], [3]. � á«®¦ëå á¨áâ¥¬ å ¤«ï ¯®áâà®¥¨ï ®æ¥®ª à¥-
è¥¨© ¨á¯®«ì§ã¥âáï ¬¥â®¤ ¢¥ªâ®à-äãªæ¨© �ï¯ã®¢  [4], [5]. �«ï  ¯¯à®ªá¨¬ æ¨¨ ¬®¦¥áâ¢ 
¤®áâ¨¦¨¬®áâ¨ ¥ ¢â®®¬ëå á¨áâ¥¬ ¢ [6] à §à ¡®â  ¬¥â®¤ í««¨¯á®¨¤®¢. � ¤ ®© áâ âì¥ ¤«ï
¯®áâà®¥¨ï ®æ¥®ª ¬®¦¥áâ¢  à¥è¥¨© ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¯à¨¬¥ï¥âáï ¬¥â®¤ ¬ -
âà¨çëå á¨áâ¥¬ áà ¢¥¨ï, ¯à¥¤«®¦¥ë© ¢ [7], [8] ¨ à §¢¨âë© ¢ [9]{[11]. � ª ç¥áâ¢¥ ¬ âà¨çëå
á¨áâ¥¬ áà ¢¥¨ï ¨á¯®«ì§ãîâáï ¬ âà¨çë¥ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï á ãá«®¢¨¥¬ ª¢ §¨¬®-
®â®®áâ¨ ¯à ¢®© ç áâ¨ ®â®á¨â¥«ì® ª®ãá  ¥®âà¨æ â¥«ì® ®¯à¥¤¥«¥ëå á¨¬¬¥âà¨ç¥áª¨å
¬ âà¨æ. � ª¨¥ á¨áâ¥¬ë ¨§ãç¥ë ¢ [12]. �  ®á®¢¥ ¯®«ãç¥ëå ¢ [12] à¥§ã«ìâ â®¢ §¤¥áì ¯à¥¤« -
£ ¥âáï á¯®á®¡ ¯®áâà®¥¨ï ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï ¤«ï ª« áá  ¤¨ää¥à¥æ¨ «ìëå ãà ¢-
¥¨© á ¯®«¨®¬¨ «ì®© ¯à ¢®© ç áâìî. �áâ  ¢«¨¢ ¥âáï á¢ï§ì ¬ âà¨çëå á¨áâ¥¬ áà ¢¥¨ï
á ª¢ ¤à â¨çë¬¨ äãªæ¨ï¬¨ �ï¯ã®¢ , ¢ë¤¥«ïîé¨¬¨ ¢ ä §®¢®¬ ¯à®áâà áâ¢¥ ¨¢ à¨ âë¥
¬®¦¥áâ¢ ,   ¤«ï «¨¥©ëå ¥ ¢â®®¬ëå á¨áâ¥¬ | á í¢®«îæ¨®ë¬¨ ãà ¢¥¨ï¬¨ ¬¥â®¤ 
í««¨¯á®¨¤®¢. �®ª §ë¢ ¥âáï, çâ® ¬ âà¨ç ï á¨áâ¥¬  áà ¢¥¨ï ®¯¨áë¢ ¥â í¢®«îæ¨î í««¨¯á®-
¨¤®¢, ª®â®àë¬ ¯à¨ ¤«¥¦ â à¥è¥¨ï ¨áå®¤®© á¨áâ¥¬ë,  ç¨ îé¨¥áï ¨§ § ¤ ®£® í««¨¯á®-
¨¤ . �¥§ã«ìâ âë ¨««îáâà¨àãîâáï ¯à¨¬¥à ¬¨, ¤«ï ª®â®àëå ¤ îâáï í««¨¯á®¨¤ «ìë¥ ®æ¥ª¨
¬®¦¥áâ¢  à¥è¥¨© ¢ áà ¢¥¨¨ á ®æ¥ª ¬¨, ¯®«ãç¥ë¬¨ ¤àã£¨¬¨ ¬¥â®¤ ¬¨.

2. �®áâ ®¢ª  § ¤ ç¨

� áá¬ âà¨¢ ¥âáï á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

dx

dt
= f(t; x); x 2 Rn ; t 2 T = [t0; t0 + �); (2.1)

£¤¥ äãªæ¨ï f : T�Rn ! R
n ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨

ª« áá¨ç¥áª¨å à¥è¥¨©.
�ãáâì ¢  ç «ìë© ¬®¬¥â ¢à¥¬¥¨ t0 á®áâ®ï¨¥ á¨áâ¥¬ë áç¨â ¥âáï ¥®¯à¥¤¥«¥ë¬, ¨ ¨§-

¢¥áâ® â®«ìª®, çâ® ®® ¯à¨ ¤«¥¦¨â í««¨¯á®¨¤ã E(a0; Q0), â. ¥.

x(t0) = x0 2 E(a0; Q0) = fx : (x� a0)
TQ�1

0 (x� a0) � 1g; (2.2)

£¤¥ a0 | § ¤ ë© n-¬¥àë© ¢¥ªâ®à | æ¥âà í««¨¯á®¨¤ , Q0 | § ¤  ï á¨¬¬¥âà¨ç¥áª ï
¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ ï n � n-¬ âà¨æ . �â ¢¨âáï § ¤ ç  ¯®áâà®¥¨ï ®æ¥®ª ¬®¦¥áâ¢ , ¢
ª®â®à®¬  å®¤ïâáï à¥è¥¨ï x(t; t0; x0) ¯à¨ t ¨§ T . �â¬¥â¨¬, çâ® ¤  ï § ¤ ç  à áá¬ âà¨¢ « áì

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

¯à®¥ªâ 00-01-00293.
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¢ [6], £¤¥ ¤«ï ¥¥ à¥è¥¨ï ¡ë« à §à ¡®â  ¬¥â®¤ í««¨¯á®¨¤®¢. �¤¥áì íâ  § ¤ ç  à¥è ¥âáï  
®á®¢¥ ¬¥â®¤  ¬ âà¨çëå á¨áâ¥¬ áà ¢¥¨ï.

3. �æ¥¨¢ ¨¥ ¬®¦¥áâ¢  à¥è¥¨© á ¯®¬®éìî ¬ âà¨çëå á¨áâ¥¬ áà ¢¥¨ï

�à¥¤¯®«®¦¨¬, çâ® ¤«ï á¨áâ¥¬ë (2.1) á ¬ âà¨ç®© äãªæ¨¥©

V (t; x) = [x� a(t)][x � a(t)]T ; (3.1)

¯®«ãç¥  ¬ âà¨ç ï á¨áâ¥¬  áà ¢¥¨ï

dQ(t)=dt = F (t;Q(t)); Q 2 G; t 2 T; (3.2)

£¤¥ F | ª¢ §¨¬®®â®® ¥ã¡ë¢ îé ï ®â®á¨â¥«ì® ª®ãá  G+ (¥®âà¨æ â¥«ì® ®¯à¥¤¥«¥-
ëå á¨¬¬¥âà¨ç¥áª¨å ¬ âà¨æ à §¬¥à  n � n) ¬ âà¨ç ï äãªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬
â¥®à¥¬ë 1 ¨§ [12] áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï. �¥ªâ®à-äãªæ¨ï a(t) = a(t; t0; a0)
¥áâì ç áâ®¥ à¥è¥¨¥ á a(t0) = a0 ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï

dx=dt = f�(t; a); (3.3)

£¤¥ äãªæ¨ï f� : T �Rn ! Rn «¨¡® á®¢¯ ¤ ¥â á äãªæ¨¥© f ¨§ ãà ¢¥¨ï (2.1), «¨¡® ï¢«ï¥âáï
¥ª®â®àë¬ ¥¥ ¯à¨¡«¨¦¥¨¥¬. �ãáâì Q(t) = Q(t; t0; Q0) | à¥è¥¨¥ ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï
(3.2) á Q(t0) = Q0, £¤¥ Q0 | ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ ï ¬ âà¨æ  ¨§ (2.2). �â¬¥â¨¬, çâ® ¢
á¨«ã ¨¢ à¨ â®áâ¨ G+ ¤«ï à¥è¥¨© á¨áâ¥¬ë (3.2) (â¥®à¥¬  3 ¨§ [12]) ¨ Q0 2 G+ ¬ âà¨ç ï
äãªæ¨ïQ(t; t0; Q0) 2 G+ ¯à¨ ¢á¥å t > t0. � ª ª ªQ0 |¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ ï ¬ âà¨æ , â®
à¥è¥¨¥Q(t; t0; Q0) ¡ã¤¥â ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ë¬ ¯® ªà ©¥© ¬¥à¥   ¥ª®â®à®¬ ¨â¥à¢ «¥
¢à¥¬¥¨ T1 = [t0; t0 + �) (� � �) ¨ ¥®âà¨æ â¥«ì® ®¯à¥¤¥«¥ë¬ ¯à¨ ¢á¥å t 2 T . �¯à¥¤¥«¨¬  
T1 ª¢ ¤à â¨çãî ä®à¬ã

v(t; x) = [x� a(t)]TQ�1(t)[x� a(t)]: (3.4)

�¥¬¬  1. �®¦¥áâ¢  P (t) = fx : V (t; x) � Q(t)g ¨ E(t) = fx : v(t; x) � 1g ¯®«®¦¨â¥«ì®

¨¢ à¨ âë ¤«ï à¥è¥¨© á¨áâ¥¬ë (2:1).

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ «î¡®¥ x0 2 fx : v(t; x) � 1g. �â® ®§ ç ¥â, çâ® x0 2 E(a0; Q0),
¯®íâ®¬ã ¯à¨ t = t0 ¡ã¤¥â ¢ë¯®«ïâìáï [13] ¥à ¢¥áâ¢®

V (t0; x0) = [x0 � a0][x0 � a0]T � Q0:

� ª ª ª (3.2) ï¢«ï¥âáï ¬ âà¨ç®© á¨áâ¥¬®© áà ¢¥¨ï ¤«ï (2.1), â® ¢ á¨«ã «¥¬¬ë áà ¢¥¨ï
(«¥¬¬  9 ¨§ [12]) ¨¬¥¥¬ ¬ âà¨ç®¥ ¥à ¢¥áâ¢® (®â®á¨â¥«ì® ª®ãá  G+) ¤«ï ¢á¥å t 2 T

V (t; x(t)) � Q(t); (3.5)

£¤¥ V (t; x(t; t0; x0)) | ¬ âà¨ç ï äãªæ¨ï (3.1), ®¯à¥¤¥«¥ ï   à¥è¥¨ïå x(t) = x(t; t0; x0) á¨-
áâ¥¬ë (2.1), Q(t) = Q(t; t0; Q0) | à¥è¥¨¥ á¨áâ¥¬ë áà ¢¥¨ï (3.2) á Q(t0) = Q0. �â® ¤®ª §ë¢ ¥â
¨¢ à¨ â®áâì ¬®¦¥áâ¢  P (t).

� ãç¥â®¬ (3.1) ¥à ¢¥áâ¢® (3.5) ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥

Q(t)� [x(t)� a(t)][x(t) � a(t)]T � 0:

� ª®© ¥®âà¨æ â¥«ì® ®¯à¥¤¥«¥®© ¬ âà¨æ¥ á®®â¢¥âáâ¢ã¥â [14] ª¢ ¤à â¨ç ï ä®à¬  (¯à¨ ãá«®-
¢¨¨ Q(t) > 0)

[x(t)� a(t)]TQ�1(t)fQ(t)� [x(t)� a(t)][x(t) � a(t)]T gQ�1(t)[x(t) � a(t)] � 0

¨«¨
[x(t)� a(t)]TQ�1(t)[x(t) � a(t)] � f[x(t)� a(t)]TQ�1(t)[x(t) � a(t)]g2:

�âáî¤  á«¥¤ã¥â [x(t)� a(t)]TQ�1(t)[x(t) � a(t)] � 1 ¨«¨ v(t; x(t)) � 1 ¤«ï ¢á¥å t 2 T1.
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�â ª, á®£« á® ¤ ®© «¥¬¬¥ à¥è¥¨ï ãà ¢¥¨ï (2.1),  ç¨ îé¨¥áï ¨§  ç «ì®£® í««¨-
¯á®¨¤  E(a0; Q0), ¢ ¤ «ì¥©è¥¬ ¤«ï ¢á¥å t 2 T1 ¡ã¤ãâ  å®¤¨âìáï ¢ í««¨¯á®¨¤¥

E[a(t); Q(t)] = fx : [x� a(t)]TQ�1(t)[x� a(t)] � 1g;

à §¬¥àë ª®â®à®£® ®¯à¥¤¥«ïîâáï ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ë¬ ç áâë¬ à¥è¥¨¥¬ Q(t) ¬ âà¨ç-
®© á¨áâ¥¬ë áà ¢¥¨ï (3.2). �â® ¦¥ ç áâ®¥ à¥è¥¨¥ á¨áâ¥¬ë áà ¢¥¨ï (3.2) ®¯à¥¤¥«ï¥â ª¢ -
¤à â¨çãî äãªæ¨î �ï¯ã®¢  v(t; x) (3.4), ª®â®à ï ¢ë¤¥«ï¥â ¢ ä §®¢®¬ ¯à®áâà áâ¢¥ á¨áâ¥¬ë
(2.1) ¨¢ à¨ â®¥ ¬®¦¥áâ¢® E[a(t); Q(t)] = fx : v(t; x) � 1g. � ª¨¬ ®¡à §®¬, ¬ âà¨ç ï á¨áâ¥-
¬  áà ¢¥¨ï (3.2) ¨ ãà ¢¥¨¥ (3.3) ®¯¨áë¢ îâ í¢®«îæ¨î í««¨¯á®¨¤®¢, ï¢«ïîé¨åáï ¨¢ à¨-
 âë¬¨ ¬®¦¥áâ¢ ¬¨ ¤«ï à¥è¥¨© ¨áå®¤®© á¨áâ¥¬ë (2.1). �à®¬¥ â®£®, íâ¨ ¬®¦¥áâ¢  ¬®¦®
à áá¬ âà¨¢ âì ª ª ¢¥àå¨¥ ®æ¥ª¨ ¬®¦¥áâ¢ ¤®áâ¨¦¨¬®áâ¨ ¨áå®¤®© ¥«¨¥©®© á¨áâ¥¬ë (2.1)
¯à¨ x0 2 E0 = E(a0; Q0).

� ¬¥ç ¨¥ 1. �á«¨ ¥ ®£®¢ à¨¢ âì ¤®¯®«¨â¥«ìëå ãá«®¢¨©   ¯à ¢ãî ç áâì á¨áâ¥¬ë áà ¢-
¥¨ï, â® Q(t), ï¢«ïîé ïáï ç áâë¬ à¥è¥¨¥¬ á¨áâ¥¬ë áà ¢¥¨ï, ¬®¦¥â ¢ ¥ª®â®àë¥ ¬®¬¥âë
¢à¥¬¥¨ ®ª § âìáï ¢ëà®¦¤¥®© ¥®âà¨æ â¥«ì® ®¯à¥¤¥«¥®© ¬ âà¨æ¥©. � á«ãç ¥ áâà¥¬«¥¨ï
detQ(t) ª ã«î ¬®¦® ¨á¯®«ì§®¢ âì ¯à¨ ®æ¥¨¢ ¨¨ ¥à ¢¥áâ¢® (3.5). �®¦® â ª¦¥, ¥áª®«ì-
ª® ®£àã¡«ïï, áâà®¨âì í««¨¯á®¨¤ «ìãî ®æ¥ªã, ¨á¯®«ì§ãï ¥®á®¡ãî ¬ âà¨æã Q(t) + "I, £¤¥ I |
¥¤¨¨ç ï (n� n)-¬ âà¨æ ,   " | ¬ «®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®.

�  ®á®¢ ¨¨ «¥¬¬ë 1 ¬®¦® ¯à¥¤«®¦¨âì á«¥¤ãîé¨© á¯®á®¡ í««¨¯á®¨¤ «ì®£® ®æ¥¨¢ ¨ï
á ¯®¬®éìî ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï ¬®¦¥áâ¢  à¥è¥¨©,  ç¨ îé¨åáï ¨§ § ¤ ®£®
í««¨¯á®¨¤ :

1) ¯®áâà®¥¨¥ ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï;
2)  å®¦¤¥¨¥ ¯à¨ t 2 T ç áâ®£® à¥è¥¨ï a(t) á¨áâ¥¬ë ¢¨¤  (3.3) á a(t0) = a0 ¨ ç áâ®£®

à¥è¥¨ï Q(t) ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï (3.2) á Q(t0) = Q0;
3) ®â®¡à ¦¥¨¥ ¬®¦¥áâ¢  E(t) (¥á«¨ Q(t) | ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ ï ¯à¨ t 2 T ¬ -

âà¨æ ) ¨«¨ ¬®¦¥áâ¢  P (t) (¥á«¨ Q(t) | ¥®âà¨æ â¥«ì® ®¯à¥¤¥«¥ ï ¨ ¯à¨ ¥ª®â®àëå t 2 T
¢ëà®¦¤¥ ï ¬ âà¨æ ) ¢ § ¤ ®¬ á¥ç¥¨¨ ä §®¢®£® ¯à®áâà áâ¢ .

� áá¬®âà¨¬ ª ¦¤ë© ¨§ íâ¨å ¯ãªâ®¢ ¯®¤à®¡¥¥.
� ª ¦¥, ª ª ¤«ï äãªæ¨© �ï¯ã®¢ , ¤«ï ¬ âà¨çëå á¨áâ¥¬ áà ¢¥¨ï ¥ áãé¥áâ¢ã¥â ã¨-

¢¥àá «ì®£® á¯®á®¡  ¨å ¯®áâà®¥¨ï. �¤ ª® ¤«ï ®â¤¥«ìëå ª« áá®¢ á¨áâ¥¬ â ª¨¥ á¯®á®¡ë ¯®-
áâà®¥¨ï äãªæ¨© �ï¯ã®¢ , ¢¥ªâ®à-äãªæ¨© �ï¯ã®¢  ¨ ¢¥ªâ®àëå á¨áâ¥¬ áà ¢¥¨ï à §à -
¡®â ë, à¥ «¨§®¢ ë ¯à®£à ¬¬® [4], [5] ¨ ¯à¨¬¥ï«¨áì ¢ ¯à¨ª« ¤ëå ¨áá«¥¤®¢ ¨ïå. � âà¨ç-
ë¥ á¨áâ¥¬ë áà ¢¥¨ï ¢ ¢¨¤¥ ¤¨ää¥à¥æ¨ «ì®£® ¬ âà¨ç®£® ãà ¢¥¨ï �ï¯ã®¢  ¨ �¨ªª â¨
áâà®¨«¨áì ¢ [7] ¤«ï  ¢â®®¬ëå «¨¥©ëå ¨ à¥£ã«¨àã¥¬ëå á¨áâ¥¬ á ®¤®© ¥«¨¥©®áâìî ¨§
á¥ªâ®à . � «¥¥ ¢ áâ âì¥ ¯à¥¤« £ îâáï á¯®á®¡ë ¯®áâà®¥¨ï ¬ âà¨çëå á¨áâ¥¬ áà ¢¥¨ï ¤«ï
¥ ¢â®®¬ëå á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ¥®¯à¥¤¥«¥ë¬¨ ¯ à ¬¥âà ¬¨ ¨ ¤«ï
¥«¨¥©ëå á¨áâ¥¬ á ¯®«¨®¬¨ «ì®© ¯à ¢®© ç áâìî.

�«ï  å®¦¤¥¨ï ç áâëå à¥è¥¨© ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï ¨á¯®«ì§ãîâáï áâ ¤ àâ-
ë¥ ¯à®æ¥¤ãàë ç¨á«¥®£® à¥è¥¨ï ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©.

�®áâà®¥¨¥ ¨ ®â®¡à ¦¥¨ï ¬®¦¥áâ¢  E(t) ¯à®¨§¢®¤¨âáï ¢ â ª®© ¯®á«¥¤®¢ â¥«ì®áâ¨:
1) § ¤ ¥âáï  ¯à ¢«¥¨¥ ¢ § ¤ ®¬ á¥ç¥¨¨ ä §®¢®£® ¯à®áâà áâ¢  ¢ ¢¨¤¥ ¢¥ªâ®à  p =

(p1; p2; : : : ; pi+1; sin'; pi+1; : : : ; pj�1; cos'; pj+1; : : : ; pn)T , ã ª®â®à®£® ¢á¥ í«¥¬¥âë, ªà®¬¥ i-£® ¨ j-
£®, ä¨ªá¨à®¢ ë,   i-© ¨ j-© í«¥¬¥âë ï¢«ïîâáï ¯à®¥ªæ¨ï¬¨ ¥¤¨¨ç®£® ¢¥ªâ®à ,  ¯à ¢«¥®£®
¯®¤ ã£«®¬ ';

2) ¢¥ªâ®à x�a, «¥¦ é¨©   £à ¨æ¥ í««¨¯á®¨¤  ¢ § ¤ ®¬  ¯à ¢«¥¨¨ p, ¯à¥¤áâ ¢«ï¥âáï
¢ ¢¨¤¥ x� a = �p, £¤¥ � | ¤«¨  ¢¥ªâ®à , ®¯à¥¤¥«ï¥¬ ï ¨§ ãà ¢¥¨ï �2pTQ�1(t)p = 1;

3) ¢ àì¨àãï ' ¢ ¨â¥à¢ «¥ [0; 2�] á § ¤ ë¬ è £®¬ h', ¯®á«¥¤®¢ â¥«ì® ®¯à¥¤¥«ï¥¬ �(') =
1=p(')TQ�1(t)p(') ¨ â®çª¨ �(')p(') £à ¨æë í««¨¯á®¨¤  ¢ § ¤ ®¬ á¥ç¥¨¨.
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4. �®áâà®¥¨¥ ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï
¤«ï «¨¥©®© ¥ ¢â®®¬®© á¨áâ¥¬ë

� áá¬®âà¨¬ «¨¥©ãî á¨áâ¥¬ã ¢¨¤ 

dx=dt = A(t)x+ b(t); (4.1)

£¤¥ x 2 Rn, t 2 T , A(t) | (n� n)-¬ âà¨æ , b(t) | n-¢¥ªâ®à, ¢á¥ í«¥¬¥âë ª®â®àëå áã¬¬¨àã¥¬ë
  ª ¦¤®¬ ®âà¥§ª¥, á®¤¥à¦ é¥¬áï ¢ ¨â¥à¢ «¥ T . �®£¤  á®£« á® â¥®à¥¬¥ 3 ¨§ [15] ¯à¨ «î¡®¬
x(t0) = x0 áãé¥áâ¢ã¥â à¥è¥¨¥ á¨áâ¥¬ë (4.1)   ¢á¥¬ ¨â¥à¢ «¥ T ¨ ®® ¥¤¨áâ¢¥®.

�ãáâì ¢  ç «ìë© ¬®¬¥â ¢à¥¬¥¨ t0 ¢¥ªâ®à á®áâ®ï¨ï x(t0) = x0, x0 2 E(a0; Q0), £¤¥ Q0 |
§ ¤  ï ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ ï (n� n)-¬ âà¨æ , a0 | § ¤ ë© n-¢¥ªâ®à.

�®§ì¬¥¬ ª¢ ¤à â¨çãî ä®à¬ã v(t; x) = [x�a(t)]TQ�1(t)[x�a(t)], £¤¥ Q�1(t) | ¯®«®¦¨â¥«ì®
®¯à¥¤¥«¥ ï á¨¬¬¥âà¨ç¥áª ï n�n ¬ âà¨æ , ¨ ¯à®¤¨ää¥à¥æ¨àã¥¬ ¥¥ ¯® ¢à¥¬¥¨ ¢ á¨«ã (4.1)

dv(t)=dt = df(x� a(t))TQ�1(t)(x� a(t))g=dt = [A(t)x(t)� da(t)=dt]TQ�1(t)[x(t) � a(t)] +

+ [x(t)�a(t)]TQ�1(t)[A(t)x(t)+da(t)=dt]+xT (t)dQ�1(t)=dt x(t)+ bT (t)Q�1(t)x(t)+xT (t)Q(t)b(t):

�¯à¥¤¥«¨¬ a(t) ¨§ ¨áå®¤®£® ãà ¢¥¨ï (4.1), â. ¥.

da=dt = A(t)a+ b(t); a(t0) = a0: (4.2)

�®£¤ , ¯®¤áâ ¢«ïï da=dt ¢ ¢ëà ¦¥¨¥ ¤«ï dv(t)=dt, ¯®«ãç ¥¬

dv(t)=dt = [x(t)� a(t)]T [AT (t)Q�1(t) +Q�1(t)A(t) + dQ�1(t)=dt][x(t) � a(t)]:

�à¨à ¢¨¢ ï ã«î ¯à®¨§¢®¤ãî dv(t)=dt ¨ ãç¨âë¢ ï (4.1), ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ãà ¢¥¨¥,
ª®â®à®¬ã ¤®«¦  ã¤®¢«¥â¢®àïâì ¬ âà¨ç ï äãªæ¨ï Q�1(t), çâ®¡ë ª¢ ¤à â¨ç ï ä®à¬  v(t)
®áâ ¢ « áì ¯®áâ®ï®© ¢¤®«ì à¥è¥¨© á¨áâ¥¬ë (4.1):

dQ�1(t)=dt = �AT (t)Q�1(t)�Q�1(t)A(t):

�ç¨âë¢ ï ¯à ¢¨«® ¤¨ää¥à¥æ¨à®¢ ¨ï ®¡à â®© ¬ âà¨ç®© äãªæ¨¨ dQ�1=dt = �Q�1(dQ=dt)Q�1

[16], ¯®á«¥ ¯®¤áâ ®¢ª¨ ¨ ã¬®¦¥¨ï á«¥¢  ¨ á¯à ¢    ¥®á®¡ãî ¬ âà¨æã Q(t) ¯®«ãç ¥¬ ¬ -
âà¨ç®¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ �ï¯ã®¢ 

dQ(t)=dt = Q(t)AT (t) +A(t)Q(t); Q(t0) = Q0; (4.3)

ª®â®à®¥ á®¢¯ ¤ ¥â á í¢®«îæ¨®ë¬ ãà ¢¥¨¥¬ ¬¥â®¤  í««¨¯á®¨¤®¢ [6] ¨, ª ª ¨§¢¥áâ® [7], ï¢«ï-
¥âáï ¬ âà¨ç®© á¨áâ¥¬®© áà ¢¥¨ï ¤«ï ¨áå®¤®© á¨áâ¥¬ë (4.1) (¯à¨ b(t) = 0 ¨ V (x) = xxT ).

�®«ãç¨âì ãà ¢¥¨¥ (4.3) ¬®¦® ¨ ¯ãâ¥¬ ¢ëç¨á«¥¨ï ¯à®¨§¢®¤®© ®â ¬ âà¨ç®© äãªæ¨¨
(3.1) ¢ á¨«ã á¨áâ¥¬ë (3.1). �®£« á® «¥¬¬¥ 10 ¨§ [12] ¯à ¢ ï ç áâì (4.3) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
ª¢ §¨¬®®â®®áâ¨ ®â®á¨â¥«ì® ª®ãá  G+. �®íâ®¬ã ãà ¢¥¨¥ (4.3) ¡ã¤¥â ï¢«ïâìáï ¬ âà¨ç-
®© á¨áâ¥¬®© áà ¢¥¨ï ¤«ï (4.1). �® «¥¬¬¥ 1 ¤«ï à¥è¥¨© á¨áâ¥¬ë (4.1),  ç¨ îé¨åáï ¨§
§ ¤ ®£® í««¨¯á®¨¤  E0, ¡ã¤¥¬ ¨¬¥âì ®æ¥ª¨

x(t) 2 P (t) = fx : [x� a(t)][x� a(t)]T � Q(t)g ¯à¨ t 2 T

¨«¨ x(t) 2 E(t) = fx : [x� a(t)]TQ�1(t)[x� a(t)] � 1g ¯à¨ t 2 T1.
�â¬¥â¨¬, çâ® á®£« á® «¥¬¬¥ 1 ¬®¦¥áâ¢  P (t) ¨ E(t) ¯®«®¦¨â¥«ì® ¨¢ à¨ âë ¤«ï à¥è¥-

¨© á¨áâ¥¬ë (4.1),   ãà ¢¥¨¥ (4.3) ¢¬¥áâ¥ á ãà ¢¥¨¥¬ (4.2) ®¯¨áë¢ îâ í¢®«îæ¨î í««¨¯á®¨¤ 
E[a(t); Q(t)], ª®â®àë© ¢ â®ç®áâ¨ ï¢«ï¥âáï ¬®¦¥áâ¢®¬ ¤®áâ¨¦¨¬®áâ¨ ¢á¥å à¥è¥¨© «¨¥©®©
¥ ¢â®®¬®© á¨áâ¥¬ë (2.1),  ç¨ îé¨åáï ¨§ § ¤ ®£® í««¨¯á®¨¤  E0. � ª¨¬ ®¡à §®¬, ¬ -
âà¨ç ï á¨áâ¥¬  áà ¢¥¨ï (4.3), ª ª ¨ í¢®«îæ¨®®¥ ãà ¢¥¨¥ ¬¥â®¤  í««¨¯á®¨¤®¢, ¤ ¥â â®ç-
ë¥ í««¨¯á®¨¤ «ìë¥ ®æ¥ª¨ ¤«ï ¬®¦¥áâ¢  à¥è¥¨© «¨¥©®© ¥ ¢â®®¬®© á¨áâ¥¬ë. �àã£¨¥
¨§¢¥áâë¥ á¯®á®¡ë   ®á®¢¥ äãªæ¨© ¨ ¢¥ªâ®à-äãªæ¨© �ï¯ã®¢  ¥  è«¨ ¯à¨¬¥¥¨ï ¤«ï
®æ¥¨¢ ¨ï ¬®¦¥áâ¢  à¥è¥¨© ¥ ¢â®®¬ëå á¨áâ¥¬.
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5. �®áâà®¥¨¥ ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï ¤«ï ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨© á ¯®«¨®¬¨ «ì®© ¯à ¢®© ç áâìî

� ¤ ®¬ ¨ á«¥¤ãîé¥¬ ¯ãªâ å ¯à¥¤« £ îâáï á¯®á®¡ë ¯®áâà®¥¨ï ¬ âà¨ç®© á¨áâ¥¬ë áà ¢-
¥¨ï, ®á®¢ ë¥   ¨á¯®«ì§®¢ ¨¨ ¥«¨¥©®£® (áâ¥¯¥®£®) [7], [17] ¯à¥®¡à §®¢ ¨ï ª®®à-
¤¨ â ¨áå®¤®© á¨áâ¥¬ë á ¯®á«¥¤ãîé¨¬ ®¯â¨¬ «ìë¬ ¢ ¥ª®â®à®¬ á¬ëá«¥ ¬ ¦®à¨à®¢ ¨¥¬
¯à®¨§¢®¤®© ®â ¬ âà¨ç®© äãªæ¨¨ ¯à¥®¡à §®¢ ¨ï ¢ á¨«ã ¨áå®¤®© á¨áâ¥¬ë. �â¥¯¥®¥ ¯à¥-
®¡à §®¢ ¨¥ H = xxT ¯¥à¥¬¥ëå ¢¢®¤¨âáï ¯® ä®à¬ã«¥ (3.1) ¯à¨ a(t) = 0. �«¥¬¥â ¬¨ á¨¬-
¬¥âà¨ç¥áª®© ¬ âà¨æë H à §¬¥à®áâ¨ n � n ï¢«ïîâáï hij = xixj . �¨á«® à §«¨çëå í«¥¬¥â®¢
¬ âà¨æë H à ¢® n(n + 1)=2. �à¨ ¬ ¦®à¨à®¢ ¨¨ ¯à®¨§¢®¤®© ®â ¬ âà¨ç®© äãªæ¨¨ H ¡ã-
¤¥¬ ¨á¯®«ì§®¢ âì ®ç¥¢¨¤®¥ ¬ âà¨ç®¥ ¥à ¢¥áâ¢® (®â®á¨â¥«ì® G+): ¤«ï «î¡ëå ¢¥ªâ®à®¢
x; y 2 Rn ¨ «î¡®© ¯®«®¦¨â¥«ì®© ¯¥à¥¬¥®© q

xyT + yxT �
1
q
xxT + qyyT : (5.1)

� áá¬®âà¨¬ á¨áâ¥¬ã

dx=dt = A(t)x+
mX
i=1

bi(t)'i(t; �i); �i = cTi (t)x; (5.2)

£¤¥, ª ª ¨ ¢ëè¥, A(t) | (n� n)-¬ âà¨æ , bi(t), ci(t) | n-¢¥ªâ®àë,  

'i(t; �i) = �i(t)�
�i

i ;

�i � 2 | æ¥«®¥ ç¨á«®, �i(t) | ¨§¢¥áâë¥ ¨§¬¥à¨¬ë¥ äãªæ¨¨ (i = 1; : : : ;m).
�®§ì¬¥¬ ¬ âà¨çãî äãªæ¨î H ¨, ¯à®¤¨ää¥à¥æ¨à®¢ ¢ ¥¥ ¢ á¨«ã á¨áâ¥¬ë (5.1), ¯®«ãç¨¬

dH=dt = A(t)H +HAT (t) +
mX
i=1

'i(t; �i)[bi(t)x
T + xbTi (t)]: (5.3)

�ãáâì J1 | ¬®¦¥áâ¢® ¨¤¥ªá®¢ i, ¤«ï ª®â®àëå 'i(t; �i) ï¢«ïîâáï áâ¥¯¥ë¬¨ äãªæ¨ï¬¨
�i ¥ç¥â®© áâ¥¯¥¨, â. ¥. �i = 2li + 1, li � 1, | æ¥«®¥ ç¨á«®, ¨ J2 | ¬®¦¥áâ¢® ¨¤¥ªá®¢ i, ¤«ï
ª®â®àëå 'i(t; �i) ï¢«ïîâáï áâ¥¯¥ë¬¨ äãªæ¨ï¬¨ �i ç¥â®© áâ¥¯¥¨, â. ¥. �i = 2li, li � 1, |
æ¥«®¥ ç¨á«®. � §®¡ì¥¬ áã¬¬ã ¢ ¯à ¢®© ç áâ¨ à ¢¥áâ¢  (5.3)   ¤¢¥: ¢ ®¤ã ¢ª«îç¨¬ ç«¥ë á
¥«¨¥©®áâï¬¨ ¢ ¢¨¤¥ ¥ç¥âëå áâ¥¯¥¥©,   ¢ ¤àã£ãî | ç«¥ë á ¥«¨¥©®áâï¬¨ ¢ ¢¨¤¥ ç¥âëå
áâ¥¯¥¥© �i. �ç¨âë¢ ï â®¦¤¥áâ¢® �2

i (t) = cTi (t)H(t)ci(t), ¤«ï ¯¥à¢®© áã¬¬ë (á«ãç © �i = 2li + 1)
¨¬¥¥¬

X
i2J1

'i(t; �i)[bi(t)xT + xbTi (t)] =
X
i2J1

�i(t)�
2li+1
i

�i
[bi(t)cTi (t)H +Hci(t)bTi (t)] =

=
X
i2J1

�i(t)[c
T
i (t)Hci(t)]

li [bi(t)c
T
i (t)H +Hci(t)b

T
i (t)]:

�«ï ¢â®à®© áã¬¬ë (á«ãç © �i = 2li) á ãç¥â®¬ ¬ âà¨ç®£® ¥à ¢¥áâ¢  (5.1) ¨ â®¦¤¥áâ¢  �2
i (t) =

cTi (t)H(t)ci(t)  å®¤¨¬

X
i2J2

'i(t; �i)[bi(t)xT + xbTi (t)] =
X
i2J2

�2li
i �i(t)[bi(t)xT + xbTi (t)] �

�
X
i2J2

[cTi (t)Hci(t)]li
�
1
qi
H + qi�

2
i (t)bi(t)b

T
i (t)

�
:
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� ¨â®£¥, ¯®¤áâ ¢«ïï ¢ëà ¦¥¨ï ¤«ï ¯¥à¢®© ¨ ¢â®à®© áã¬¬ ¢ (5.3), ¯®«ãç ¥¬ ¬ âà¨ç®¥
¤¨ää¥à¥æ¨ «ì®¥ ¥à ¢¥áâ¢® ¤«ï ¯à®¨§¢®¤®© ®â ¬ âà¨ç®© äãªæ¨¨H ¢ á¨«ã á¨áâ¥¬ë (5.2)

dH=dt � A(t)H +HAT (t) +
X
i2J1

�i(t)[cTi (t)Hci(t)]li [bi(t)cTi (t)H +Hci(t)bTi (t)] +

+
X
i2J2

[cTi (t)Hci(t)]li
�
1
qi
H + qi�

2
i (t)bi(t)b

T
i (t)

�
:

�¥£ª® ¯®ª § âì á ¯à¨¬¥¥¨¥¬ «¥¬¬ë 10 ¨§ [12], çâ® ¯à ¢ ï ç áâì ¥à ¢¥áâ¢  ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î ª¢ §¨¬®®â®®áâ¨ ®â®á¨â¥«ì® ª®ãá  G+. �®íâ®¬ã á®®â¢¥âáâ¢ãîé¥¥ ¥à ¢¥áâ¢ã
¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥

dQ=dt = A(t)Q+QAT (t) +
X
i2J1

�i(t)[cTi (t)Qci(t)]
li [bi(t)cTi (t)Q+Qci(t)bTi (t)] +

+
X
i2J2

[cTi (t)Qci(t)]
li

�
1
qi
Q+ qi�

2
i (t)bi(t)b

T
i (t)

�
(5.4)

¡ã¤¥â ï¢«ïâìáï ¬ âà¨ç®© á¨áâ¥¬®© áà ¢¥¨ï ¤«ï ¨áå®¤®© á¨áâ¥¬ë (5.2).
�â¬¥â¨¬, çâ® ¥á«¨ ¯à ¢ ï ç áâì ¨áå®¤®© á¨áâ¥¬ë (5.2) á®¤¥à¦¨â ¥«¨¥©®áâ¨ â®«ìª® ¥-

ç¥â®© áâ¥¯¥¨, â® ¤«ï ¯à®¨§¢®¤®© ®â ¬ âà¨ç®© äãªæ¨¨H ¢ á¨«ã á¨áâ¥¬ë ¡ã¤¥â á¯à ¢¥¤«¨¢®,
ª ª ¡ë«® ¯®ª § ®, ¤¨ää¥à¥æ¨ «ì®¥ à ¢¥áâ¢®. �®íâ®¬ã á¨áâ¥¬  áà ¢¥¨ï

dQ=dt = A(t)Q+QAT (t) +
X
i2J1

�i(t)[cTi (t)Qci(t)]
li [bi(t)cTi (t)Q+Qci(t)bTi (t)] (5.5)

¡ã¤¥â ¤ ¢ âì â®ç®¥ ®¯¨á ¨¥ ¯®¢¥¤¥¨ï ¬ âà¨ç®© äãªæ¨¨ H   à¥è¥¨ïå ¨áå®¤®© á¨áâ¥-
¬ë. � ª ¨§¢¥áâ®, ¤àã£¨¥ á¯®á®¡ë (  ®á®¢¥ äãªæ¨©, ¢¥ªâ®à-äãªæ¨© �ï¯ã®¢ , ¬¥â®¤  í«-
«¨¯á®¨¤®¢) ¥ ¤ îâ â®ç®£® ®¯¨á ¨ï ¯®¢¥¤¥¨ï ¬®¦¥áâ¢  à¥è¥¨© à áá¬®âà¥®£® ª« áá 
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (á ¥«¨¥©®áâï¬¨ ¥ç¥â®© áâ¥¯¥¨).

� á«ãç ¥  ¢â®®¬®áâ¨ ¨áå®¤®£® ãà ¢¥¨ï (5.2) á¨áâ¥¬  áà ¢¥¨ï (5.4) ¡ã¤¥â â ª¦¥  ¢-
â®®¬®©. �®£¤  â¥®à¥¬  8 ¨§ [12] ¤ ¥â ãá«®¢¨ï ¥¥  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¢ ¢¨¤¥ à §à¥-
è¨¬®áâ¨  «£¥¡à ¨ç¥áª¨å ¬ âà¨çëå ¥à ¢¥áâ¢. �  ®á®¢¥ á«¥¤áâ¢¨ï 3 ¨§ [12] ¬®¦® ¯®«ãç¨âì
®æ¥ª¨ ®¡« áâ¨ ¯à¨âï¦¥¨ï. �«ï íâ®£® ¯ãâ¥¬ ç¨á«¥®£® ¨â¥£à¨à®¢ ¨ï ¬ âà¨ç®© á¨áâ¥¬ë
áà ¢¥¨ï (5.3)  å®¤¨âáï ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ ï ¬ âà¨æ  Q0, ¤«ï ª®â®à®© ¢ë¯®«ï¥âáï
ãá«®¢¨¥:  ©¤¥âáï â ª®© ¬®¬¥â ¢à¥¬¥¨ � , ¯à¨ ª®â®à®¬ ¯à ¢ ï ç áâì á¨áâ¥¬ë áà ¢¥¨ï áâ ¥â
®âà¨æ â¥«ì® ®¯à¥¤¥«¥®© ¬ âà¨æ¥©:

AQ+QAT +
X
i2J1

�i[c
T
i Qci]

li [bic
T
i Q+Qcib

T
i ] +

X
i2J2

[cTi Qci]
li

�
1
qi
Q+ qi�

2
i bib

T
i ] < 0:

�®£¤  ®æ¥ª ¬¨ ®¡« áâ¨ ¯à¨âï¦¥¨ï ¡ã¤ãâ ï¢«ïâìáï ¬®¦¥áâ¢ 

�1 =
[

t2[0;� ]

P (t); �2 =
[

t2[0;� ]

E(t):

�á«¨ à¥è¥¨¥ Q(t; t0; Q0)! 0 ¯à¨ t!1 ¤«ï ¥ª®â®à®© ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥®© ¬ âà¨-
æë Q0, â® ã«¥¢®¥ à¥è¥¨¥ ¨áå®¤®© á¨áâ¥¬ë (5.3)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®. �á«¨ íâ® ¨¬¥¥â
¬¥áâ® ¯à¨ «î¡®© ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥®© ¬ âà¨æ¥ Q0, â® ã«¥¢®¥ à¥è¥¨¥  ¢â®®¬®© á¨-
áâ¥¬ë (5.2)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ¢ æ¥«®¬. �â® á«¥¤ã¥â ¨§ â®£®, çâ® ¢  ¢â®®¬®¬ á«ãç ¥
¤«ï à¥è¥¨© ¨áå®¤®© á¨áâ¥¬ë á x(0) = x0 ¨ x0x

T
0 � Q0 ¡ã¤¥â ¨¬¥âì ¬¥áâ® ¯à¨ ¢á¥å t > 0 ¬ -

âà¨ç®¥ ¥à ¢¥áâ¢® x(t)xT (t) � Q(t), ¨§ ª®â®à®£® ¢ëâ¥ª îâ ¯®ª®¬¯®¥âë¥ ¤«ï ¤¨ £® «ìëå
í«¥¬¥â®¢ ¥à ¢¥áâ¢  (xi)2 � qii,   â ª¦¥ ¥à ¢¥áâ¢® Tr[x(t)xT (t)] � Tr[Q(t)], £¤¥ Tr[Q] | á«¥¤
¬ âà¨æë Q. �®íâ®¬ã ¯à¨ áâà¥¬«¥¨¨ Q(t) ª ã«¥¢®© ¬ âà¨æ¥ ¡ã¤¥â áâà¥¬¨âìáï ª ã«î ¥¥ á«¥¤
¨ á«¥¤ ¬ âà¨æë x(t)xT (t). �áâ «®áì § ¬¥â¨âì, çâ® Tr[x(t)xT (t)] = kx(t)k2.

35



� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ á¨áâ¥¬ã ¢â®à®£® ¯®àï¤ª  á ªã¡¨ç¥áª®© ¥«¨¥©®áâìî
dx=dt = A(t)x+ b�3, � = cT (t)x. �«ï ¥¥ ¬ âà¨ç ï á¨áâ¥¬  áà ¢¥¨ï (5.4) ¯à¨¨¬ ¥â ¢¨¤

dQ=dt = AQ+QAT + cTQc(bcTQ+QcbT ):

�  ®á®¢¥ ¨â¥£à¨à®¢ ¨ï ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï ¯®«ãç¥ë ¬ âà¨æë, ®¯à¥¤¥«ïîé¨¥
à §¬¥àë í««¨¯á®¨¤®¢, ¯à¨ á«¥¤ãîé¨å § ç¥¨ïå ¯ à ¬¥âà®¢:

1) A = [ 0 1
0 �2 ], b = [ 0

�1 ], c = [ 20 ], Q0 = [ 4 0
0 25 ], T = [0; 6],

2) A = [ 0 1
0 �1 ], b = [ 0

�0:1 ], c = [ 10 ], Q0 = [ 4 0
0 25 ], T = [0; 6],

3) A = [ 0 1
0 0:2 ], b = [ 0

�1 ], c = [ 20 ], Q0 = [ 0:05 0
0 0:2 ], T = [0; 15].

�¢®«îæ¨ï í««¨¯á®¨¤®¢ ¯®ª §   á®®â¢¥âáâ¢¥®   à¨áãª å 1{3. �«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢ ¯¥à-
¢ëå ¤¢ãå á«ãç ïå ¬ âà¨æ  A «¨¥©®© ç áâ¨ ¨¬¥¥â ®¤® ®âà¨æ â¥«ì®¥ ¨ ®¤® ã«¥¢®¥ á®¡-
áâ¢¥®¥ § ç¥¨¥. �¥¬ ¥ ¬¥¥¥, ª ª ¢¨¤® ¨§ à¨áãª®¢ 1, 2 (í««¨¯á®¨¤ë á¦¨¬ îâáï ª  ç «ã
ª®®à¤¨ â), á¨áâ¥¬  á ªã¡¨ç¥áª®© ¥«¨¥©®áâìî  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢  ¢ ¡®«ìè®¬. � âà¥-
âì¥¬ á«ãç ¥ ¬ âà¨æ  «¨¥©®© ç áâ¨ ¨¬¥¥â ®¤® ¯®«®¦¨â¥«ì®¥ á®¡áâ¢¥®¥ § ç¥¨¥, ¯®íâ®¬ã
á¨áâ¥¬  á ªã¡¨ç¥áª®© ¥«¨¥©®áâìî ï¢«ï¥âáï ¥ãáâ®©ç¨¢®©. �â® ¬®¦®  ¡«î¤ âì   à¨á. 3,
£¤¥ í««¨¯á®¨¤ë à áè¨àïîâáï á â¥ç¥¨¥¬ ¢à¥¬¥¨

�¨á. 1. �¨á. 2. �¨á. 3.

�«ï á¨áâ¥¬ë á ®¤®© ª¢ ¤à â¨ç®© ¥«¨¥©®áâìî

dx=dt = A(t)x+ b(t)�2; � = cT (t)x;

£¤¥ A(t) | n� n-¬ âà¨æ ; b(t), c(t) | n-¢¥ªâ®àë, ¬ âà¨ç ï á¨áâ¥¬  áà ¢¥¨ï ¯à¨¨¬ ¥â ¢¨¤

dQ=dt = AQ+QAT + cTQc

�
1
q
Q+ qbbT

�
;

£¤¥ q > 0 | ¯ à ¬¥âà, ¯®¤«¥¦ é¨© ®¯à¥¤¥«¥¨î. � ç áâ®áâ¨, ¤«ï  ¨¡®«¥¥ â®ç®£® ¬ ¦®à¨-
à®¢ ¨ï à¥ª®¬¥¤ã¥âáï ¢ë¡¨à âì ¯ à ¬¥âà q ¯® ä®à¬ã«¥

q = (cTQc)1=2=jcT bj ¯à¨ cT b 6= 0 ¨«¨ q =
q
Tr(Q)=Tr(bbT ):
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�  à¨áãª å 4, 5 ®â®¡à ¦¥ë í««¨¯á®¨¤ë, ¯®áâà®¥ë¥ ¨â¥£à¨à®¢ ¨¥¬ á¨áâ¥¬ë áà ¢¥¨ï
¯à¨ A = [ 0 1

�1 �2 ], b = [ 0
�1 ], c = [ 10 ]. � ª ç¥áâ¢¥  ç «ì®£® ãá«®¢¨ï ¯à¨ïâë á®®â¢¥âáâ¢¥®

¬ âà¨æë Q01 = [ 0:5 0
0 0:5 ] ¨ Q02 = [ 0:5 0

0 0:6 ]. � ¯¥à¢®¬ á«ãç ¥ (à¨á. 4) í««¨¯á®¨¤ë á â¥ç¥¨¥¬ ¢à¥¬¥¨
á¦¨¬ îâáï ª  ç «ã ª®®à¤¨ â,   ¢® ¢â®à®¬ á«ãç ¥ (à¨á. 5) à áè¨àïîâáï

�¨á. 4. �¨á. 5.

�«¥¤®¢ â¥«ì®, í««¨¯á®¨¤ fx : xT diag[2; 2]x � 1g á®¤¥à¦¨âáï ¢ ®¡« áâ¨ ¯à¨âï¦¥¨ï á¨áâ¥¬ë á
ª¢ ¤à â¨ç®© ¥«¨¥©®áâìî.

6. �®áâà®¥¨¥ ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï ¤«ï «¨¥©®©
¤¨ää¥à¥æ¨ «ì®© á¨áâ¥¬ë á ¥®¯à¥¤¥«¥ë¬¨ ¯ à ¬¥âà ¬¨

� áá¬®âà¨¬ «¨¥©ãî á¨áâ¥¬ã á ¥®¯à¥¤¥«¥®© ¬ âà¨æ¥©

dx=dt = A(t)x+
mX
i=1

bi(t)�i(t)�i; �i = cTi (t)x; (6.1)

£¤¥, ª ª ¨ ¢ëè¥, A(t) | ¨§¢¥áâ ï n � n-¬ âà¨æ , bi(t), ci(t) | ¨§¢¥áâë¥ n-¢¥ªâ®àë. �ã¤¥¬
¯à¥¤¯®« £ âì, çâ® �i(t) | ¥®¯à¥¤¥«¥ ï ¨§¬¥à¨¬ ï äãªæ¨ï á® § ç¥¨ï¬¨ ¨§ ®âà¥§ª  [0; ki],
£¤¥ ki = const > 0, i = 1; : : : ;m.

�¯®á®¡ ¯®áâà®¥¨ï ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï ®á®¢    ¯à¨¬¥¥¨¨ ¥à ¢¥áâ¢  (5.1)
¯à¨ ¬ ¦®à¨à®¢ ¨¨ ¯à®¨§¢®¤®© ®â ¬ âà¨ç®© äãªæ¨¨ H ¢ á¨«ã á¨áâ¥¬ë (6.1)

dH=dt = AH +HAT +
mX
i=1

(�i�ixb
T
i + bi�i�ix

T ) � AH +HAT +

+
mX
i=1

�
qi�

2
i �

2
iH +

1
qi
bib

T
i

�
� AH +HAT +

mX
i=1

�
qik

2
i �

2
iH +

1
qi
bib

T
i

�
:

� ãç¥â®¬ à ¢¥áâ¢  �2
i = cTi Hci ¯®«ãç ¥¬ ¬ âà¨çãî ¤¨ää¥à¥æ¨ «ìãî á¨áâ¥¬ã

dQ=dt = AQ+QAT +
mX
i=1

�
qik

2
i c

T
i QciQ+

1
qi
bib

T
i

�
; (6.2)

£¤¥ qi | ¯®«®¦¨â¥«ìë¥ ¯¥à¥¬¥ë¥, ¯®¤«¥¦ é¨¥ ®¯à¥¤¥«¥¨î. �â¬¥â¨¬, çâ® ¯à ¢ ï ç áâì
(6.2) á®£« á® «¥¬¬¥ 10 ¨§ [12] ï¢«ï¥âáï ª¢ §¨¬®®â®®© ®â®á¨â¥«ì® G+ ¬ âà¨ç®© äãªæ¨-
¥©, ¯®íâ®¬ã (6.2) ï¢«ï¥âáï ¬ âà¨ç®© á¨áâ¥¬®© áà ¢¥¨ï ¤«ï ¨áå®¤®© á¨áâ¥¬ë (6.1).
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�«ï ¯à¨¬¥¥¨ï á¨áâ¥¬ë áà ¢¥¨ï (6.2) ¥®¡å®¤¨¬® ®¯à¥¤¥«¨âì ¯ à ¬¥âà q. � à ¬¥âà®¬ q
¬®¦® à á¯®àï¤¨âìáï ¤«ï ¯®«ãç¥¨ï  ¨¡®«¥¥ â®çëå ®æ¥®ª à¥è¥¨© ¨áå®¤®© á¨áâ¥¬ë ¨«¨
 ¨«ãçè¥£® ¬ ¦®à¨à®¢ ¨ï ¯à®¨§¢®¤®© dH=dt (¢ á¨«ã á¨áâ¥¬ë) ¬ âà¨ç®© äãªæ¨¥© ¯à -
¢®© ç áâ¨ á®®â¢¥âáâ¢ãîé¥© á¨áâ¥¬ë áà ¢¥¨ï. �ç¥¢¨¤®, ¬®¦® ãª § âì à §«¨çë¥ á¯®á®¡ë
§ ¤ ¨ï ¯ à ¬¥âà  q ¨ ¯®«ãç âì à §«¨çë¥ ãà ¢¥¨ï, ª®â®àë¥ ¡ã¤ãâ ï¢«ïâìáï á¨áâ¥¬ ¬¨
áà ¢¥¨ï ¤«ï ¨áå®¤®© á¨áâ¥¬ë, ¥á«¨ ¯à ¢ ï ç áâì íâ®£® ãà ¢¥¨ï ¡ã¤¥â ®áâ ¢ âìáï ª¢ -
§¨¬®®â®®© ¬ âà¨ç®© äãªæ¨¥© ®â®á¨â¥«ì® G+. � ¯à¨¬¥à, ¢ë¡®à ¯ à ¬¥âà  qi ¬®¦®
¯à®¨§¢®¤¨âì ¨§ ãá«®¢¨ï ¬¨¨¬¨§ æ¨¨ ª¢ ¤à â¨ç®© ä®à¬ë, ®¡à §®¢ ®© á ¯®¬®éìî ¬ âà¨æ
¯à ¢®© ç áâ¨ á¨áâ¥¬ë áà ¢¥¨ï (6.2)

min
qi

�
1
qi
zTi Eizi + qiz

T
i Dizi

�

¯à¨ ¥ª®â®à®¬ § ¤ ®¬ zi 2 fzi : zTi Eizi > 0g. �¤¥áì Ei = bib
T
i , Di = k2i c

T
i QciQ. �à¨à ¢¨¢ ï

ã«î ¯à®¨§¢®¤ãî ¯® qi, ¯®«ãç¨¬

q2i = zTi Eizi=(zTi Dizi): (6.3)

�â®à ï ¯à®¨§¢®¤ ï ¯à¨ qi ¨§ (6.3) (zTi Eizi)=q3i = (zTi Dizi)3=(zTi Eizi) ¡ã¤¥â ¯®«®¦¨â¥«ì , ¥á«¨
(zTi Dizi)(zTi Eizi) > 0, çâ® ï¢«ï¥âáï ¤®áâ â®çë¬ ãá«®¢¨¥¬ ¬¨¨¬ã¬ . � ª¨¬ ®¡à §®¬, ¢ë¡¨à ¥¬
¯ à ¬¥âà qi = [(zTi Eizi)=(zTi Dizi)]1=2, £¤¥ ¢¥ªâ®à zi ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (zTi Dizi)(zTi Eizi) > 0.

�«ï á¨áâ¥¬ë (6.2), â ª¨¬ ®¡à §®¬,  å®¤¨¬

qi = fzTi Eizi=z
T
i Dizig

1=2 = k�1
i jzTi bij=(z

T
i Qzic

T
i Qci)

1=2; i = 1; : : : ;m;

¯à¨ ª®â®àëå ¡ã¤¥â ®¡¥á¯¥ç¨¢ âìáï  ¨«ãçè¥¥ (¢ ãª § ®¬ ¢ëè¥ á¬ëá«¥) ¬ ¦®à¨à®¢ ¨¥ ¯à®-
¨§¢®¤®© ¬ âà¨ç®© äãªæ¨¨ H ¢ á¨«ã ¨áå®¤®© á¨áâ¥¬ë,   á¨áâ¥¬  áà ¢¥¨ï (6.2) ¯®á«¥
¯®¤áâ ®¢ª¨ qi ¯à¨¨¬ ¥â ¢¨¤

dQ=dt = AQ+QAT +
mX
i=1

ki(c
T
i Qci)

1=2f(zTi Qzi)
1=2jzTi bij

�1bib
T
i + jz

T
i bij(z

T
i Qzi)

�1=2Q)g: (6.4)

�á«¨ § ¤ âì zi = ci, â® ¯à¨ ãá«®¢¨¨ cTi bi 6= 0, i = 1;m, ¯®«ãç¨¬ á¨áâ¥¬ã áà ¢¥¨ï ¢ ¢¨¤¥

dQ=dt = AQ+QAT +
mX
i=1

ki(cTi Qcijc
T
i bij

�1bib
T
i + jc

T
i bijQ): (6.5)

C®£« á® «¥¬¬¥ 10 ¨§ [12] ¯à ¢ë¥ ç áâ¨ á¨áâ¥¬ (6.4) ¨ (6.5) ¯®-¯à¥¦¥¬ã ã¤®¢«¥â¢®àïîâ ãá«®¢¨î
ª¢ §¨¬®®â®®áâ¨ ®â®á¨â¥«ì® ª®ãá  G+.

� ª ¡ë«® ¯®ª § ® ¢ëè¥,   ®á®¢¥ ¬ âà¨çëå á¨áâ¥¬ áà ¢¥¨ï ¬®£ãâ ¡ëâì ¯®«ãç¥ë ®æ¥-
ª¨ à¥è¥¨©, ¨¢ à¨ âëå ¬®¦¥áâ¢, ®¡« áâ¥© ¯à¨âï¦¥¨ï (¢  ¢â®®¬®¬ á«ãç ¥) ¨áå®¤®©
á¨áâ¥¬ë. �«ï íâ®£® áâ ¤ àâë¬¨ ¬¥â®¤ ¬¨ ç¨á«¥®£® ¨â¥£à¨à®¢ ¨ï á ¯à¨¬¥¥¨¥¬ ����
 å®¤ïâáï   ª®¥ç®¬ ¨â¥à¢ «¥ ¢à¥¬¥¨ T ®¤® ¨«¨ ¥áª®«ìª® ç áâëå à¥è¥¨© á¨áâ¥¬ë
áà ¢¥¨ï ¨ ¯® ¨¬ áâà®ïâáï âà¥¡ã¥¬ë¥ ®æ¥ª¨. �â¬¥â¨¬, çâ® ¯®áâà®¥ë¥ §¤¥áì ¬ âà¨çë¥
á¨áâ¥¬ë áà ¢¥¨ï ¨¬¥îâ ¯à®áâë¥ ¯à ¢ë¥ ç áâ¨, ¨ ¯®íâ®¬ã ¢á¥ ¢ëç¨á«¥¨ï á¢®¤ïâáï ª ®¡ëçë¬
¬ âà¨çë¬ ®¯¥à æ¨ï¬.

7. �æ¥ª  ¬®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨   ®á®¢¥ ¬ âà¨çëå á¨áâ¥¬ áà ¢¥¨ï

�«ï áà ¢¥¨ï à áá¬®âà¨¬ «¨¥©ãî á¨áâ¥¬ã ¢¨¤  (6.1)

dx=dt = A(t)x+ b(t)�(t)�; � = cT (t)x; (7.1)

á ®¤¨¬ ¥®¯à¥¤¥«¥ë¬ ¯ à ¬¥âà®¬ �(t) 2 [0; k]. �®áâà®¨¬ ¤«ï ¥¥ ¢¥àåîî ®æ¥ªã ¬®¦¥-
áâ¢  ¤®áâ¨¦¨¬®áâ¨ à¥è¥¨©,  ç¨ îé¨åáï ¨§ § ¤ ®£® í««¨¯á®¨¤  E0, ¤¢ã¬ï á¯®á®¡ ¬¨: á
¯à¨¬¥¥¨¥¬ à §à ¡®â ®£® �¥à®ãáìª® �.�. [6], [18] ¬¥â®¤  í««¨¯á®¨¤®¢ ¨ á ¨á¯®«ì§®¢ ¨¥¬
¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï (6.2).
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�à¨¬¥¨¬ á ç «  à¥§ã«ìâ âë à ¡®âë [18] ¯® ®æ¥¨¢ ¨î ¬®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨ á¨áâ¥¬ á
¥®¯à¥¤¥«¥®áâï¬¨ ¢ ¬ âà¨æ¥ ª®íää¨æ¨¥â®¢ ¨áå®¤®© «¨¥©®© á¨áâ¥¬ë. �à®¢®¤ï á®£« á®
[18] âà¥¡ã¥¬ë¥ ¢ëª« ¤ª¨, ¯®«ãç¨¬ ¤«ï à áá¬ âà¨¢ ¥¬®£®  ¬¨ á«ãç ï ãà ¢¥¨¥ í¢®«îæ¨¨
í««¨¯á®¨¤ , á®¤¥à¦ é¥£® ¬®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨ «¨¥©®© á¨áâ¥¬ë (7.1)

dQ=dt = A(t)Q+QAT (t) + qQ+ q�1R; (7.2)

£¤¥ q = fn�1Tr[Q�1R]g1=2, R = kcT (t)Qc(t)b(t)bT (t). � ®¥ ãà ¢¥¨¥ ®¯à¥¤¥«ï¥â [6], [18] «®ª «ì-
® ®¯â¨¬ «ìë¥ (¥ ã«ãçè ¥¬ë¥ ¢ á¬ëá«¥ áª®à®áâ¨ ¨§¬¥¥¨ï ä §®¢®£® ®¡ê¥¬ )  ¯¯à®ªá¨¬ -
æ¨¨ ¢ ª« áá¥ í««¨¯á®¨¤®¢, ®¡« ¤ îé¨å í¢®«îæ¨®ë¬¨ á¢®©áâ¢ ¬¨, ¬®¦¥áâ¢ ¤®áâ¨¦¨¬®áâ¨
á¨áâ¥¬ë (7.1) ¯à¨ «î¡®¬ �(t) 2 [0; k]. �®á«¥ ¯®¤áâ ®¢ª¨ q ¨ R ¢ (7.2) ®ª®ç â¥«ì® ¯®«ãç ¥¬
¤«ï à áá¬ âà¨¢ ¥¬®£® ç áâ®£® á«ãç ï

dQ=dt = A(t)Q+QAT (t) + k(cTQc)1=2fn�1Tr[Q�1bbT ]g1=2Q+ fn�1 Tr[Q�1bbT ]g�1=2bbT : (7.3)

�®ª ¦¥¬ â¥¯¥àì, çâ® ¯ãâ¥¬ ¢ë¡®à  ¯ à ¬¥âà  q ¤ ®¥ í¢®«îæ¨®®¥ ãà ¢¥¨¥ ¬®¦®
¯®«ãç¨âì ¨§ ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï (6.2). �«ï íâ®£® à áá¬®âà¨¬ ¬ âà¨çãî äãªæ¨î
®â ¯ à ¬¥âà  q

1=qE + qD; (7.4)

£¤¥ E | ¥®âà¨æ â¥«ì® ®¯à¥¤¥«¥ ï,   D | ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ ï ¬ âà¨æë. � à áá¬ -
âà¨¢ ¥¬®¬ á«ãç ¥ á ãç¥â®¬ (6.2) ¨¬¥¥¬

E = bbT ; D = k2cTQcQ: (7.5)

�§¢¥áâ® [16], çâ® áãé¥áâ¢ã¥â ¥®á®¡®¥ ¯à¥®¡à §®¢ ¨¥ S, ®¤®¢à¥¬¥® ¯à¨¢®¤ïé¥¥ ¤¢¥ ª¢ -
¤à â¨çë¥ ä®à¬ë yTEy ¨ yTDy, y 2 Rn , ®¤  ¨§ ª®â®àëå ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ , ª ª ®¨-
ç¥áª®¬ã ¢¨¤ã

yTEy =
nX

i=1

�iy
0

i
2 ¨ yTDy =

nX
i=1

y0i
2:

� âà¨æã S, ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬ SDST = I, SEST = diag(�i), ¬®¦®  ©â¨, à¥è ï
§ ¤ çã   á®¡áâ¢¥ë¥ § ç¥¨ï [16]: Ez = �Dz, £¤¥ � |- á®¡áâ¢¥®¥ ç¨á«®. �â®© § ¤ ç¥
®â¢¥ç ¥â å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ det(E � �D) = 0. �ãáâì �j | ª®à¨ íâ®£® ãà ¢¥¨ï,
zj | á®®â¢¥âáâ¢ãîé¨¥ íâ¨¬ ª®àï¬ á®¡áâ¢¥ë¥ ¢¥ªâ®àë. � ª¨¬ ®¡à §®¬, ¨¬¥¥¬

det(E � �D) = 0; �j � 0;

Ezj = �jDzj ; j = 1; : : : ; n:
(7.6)

�â¬¥â¨¬, çâ® ª®à¨ ãà ¢¥¨ï (7.6) á®¢¯ ¤ îâ á ª®àï¬¨ ãà ¢¥¨ï [16]

det(D�1E � �I) = 0: (7.7)

� ¦¤ë© ª®à¥ì ¡ã¤¥¬ áç¨â âì áâ®«ìª® à §, ª ª®¢  ¥£® ªà â®áâì. �áª®¬ ï ¬ âà¨æ  S ®¯à¥¤¥-
«ï¥âáï à ¢¥áâ¢®¬ ST = fz1; : : : ; zng, â. ¥. á®¡áâ¢¥ë¥ ¢¥ªâ®àë zj á«ã¦ â áâ®«¡æ ¬¨ âà á¯®¨-
à®¢ ®© ¬ âà¨æë.

�à¨¬¥¨¬ â¥¯¥àì  ©¤¥®¥ ¯à¥®¡à §®¢ ¨¥ S ª (7.4)

S

�
1
q
E + qD

�
ST =

1
q
SEST + qSDST =

1
q
diag(�i) + qI:

� «¥¥ ¢ë¡®à ¯ à ¬¥âà  q ¯à®¨§¢¥¤¥¬ ¨§ ãá«®¢¨ï ¬¨¨¬¨§ æ¨¨ áã¬¬ë ¤¨ £® «ìëå í«¥¬¥â®¢

¯à¥®¡à §®¢ ®© ¬ âà¨æë 1
q
diag(�i) + qI, â. ¥. ®¯à¥¤¥«¨¬ min

q

n
1
q

nP
i=1

�i+ qn
o
. �à¨à ¢¨¢ ï ã«î
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¯à®¨§¢®¤ãî ¯® q,  å®¤¨¬

q2 = n�1
nX

i=1

�i; q =
�
n�1

nX
i=1

�i

�1=2

: (7.8)

�à¨ ¤ ®¬ ¢ë¡®à¥ q ¢¥«¨ç¨  1
q

nP
i=1

�i + qn ¤¥©áâ¢¨â¥«ì® ¯à¨¨¬ ¥â ¬¨¨¬ «ì®¥ § ç¥¨¥.

�ç¨âë¢ ï, çâ® áã¬¬  ª®à¥© ãà ¢¥¨ï (7.7) à ¢ , ª ª ¨§¢¥áâ® [17], á«¥¤ã ¬ âà¨æë D�1E,
§ ¯¨è¥¬ (7.8) ¢ ¢¨¤¥ q = [n�1Tr(D�1E)]1=2, ¨ á ãç¥â®¬ (7.5) q = [n�1k�2(cTQc)�1 Tr(Q�1bbT )]1=2.
�®¤áâ ¢«ïï q ¢ á¨áâ¥¬ã áà ¢¥¨ï (6.2), ¯®«ãç ¥¬

dQ=dt = AQ+QAT + [n�1k�2(cTQc)�1 Tr(Q�1bbT )]�1=2bbT +

+[n�1k�2(cTQc)�1 Tr(Q�1bbT )]1=2k2cTQc =

= AQ+QAT + k(cTQc)1=2[n�1Tr(Q�1bbT )]�1=2bbT + k[n�1Tr(Q�1bbT )]1=2(cTQc)1=2cTQcQ =

= AQ+QAT + k(cTQc)1=2f[n�1 Tr(Q�1bbT )]�1=2bbT + [n�1Tr(Q�1bbT )]1=2Qg;

â. ¥. ¯à¨è«¨ ª â®¬ã ¦¥ í¢®«îæ¨®®¬ã ãà ¢¥¨î (7.3), ® ¨ë¬ ç¥¬ ¢ [18] ¯ãâ¥¬,   ¨¬¥®, á
¨á¯®«ì§®¢ ¨¥¬ ¯®«ãç¥®© ¢ëè¥ ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï (6.2).

�â ª, ¡ë«® ¯®ª § ®, çâ® ¬ âà¨çë¥ á¨áâ¥¬ë áà ¢¥¨ï ¬®¦® à áá¬ âà¨¢ âì ª ª ãà ¢-
¥¨ï í¢®«îæ¨¨ í««¨¯á®¨¤®¢,  ¯¯à®ªá¨¬¨àãîé¨å á¢¥àåã ¬®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨ ¤¨ää¥à¥-
æ¨ «ìëå á¨áâ¥¬. �«ï á«ãç ï «¨¥©®© á¨áâ¥¬ë á ¥®¯à¥¤¥«¥ë¬ ¯ à ¬¥âà®¬ ¯®ª § ®, çâ®
¢ë¡®à®¬ ¯¥à¥¬¥®© q ¢ á¨áâ¥¬¥ áà ¢¥¨ï (6.2) ¬®¦® ¯®«ãç¨âì ãà ¢¥¨¥ í¢®«îæ¨¨ ¢¥àå¥£®
 ¯¯à®ªá¨¬¨àãîé¥£® í««¨¯á®¨¤  [18].

�à ¢¨¬ â¥¯¥àì ¢¥àå¨¥ ®æ¥ª¨ ¬®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨ ¯® ¬¥â®¤ã í««¨¯á®¨¤®¢ [18] á ®æ¥-
ª ¬¨, ¯®«ãç ¥¬ë¬¨ á ¯à¨¬¥¥¨¥¬ ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï   ¯à¨¬¥à¥ á¨áâ¥¬ë ¢â®à®£®
¯®àï¤ª 

dx=dt = Ax+ b��(t); � = cTx; x 2 Rn ;

£¤¥ A = ( 0 1
�2 �4 ), b = ( 01 ), c = ( 10 ), �(t) 2 [0; k], k = 1; 1.

�¨á. 6.

�  à¨á. 6 ¯®ª § ë  ¯¯à®ªá¨¬¨àãîé¨¥ í««¨¯á®¨¤ë, ¢ ª®â®àëå  å®¤ïâáï à¥è¥¨ï,  ç¨ -
îé¨¥áï ¨§ í««¨¯á®¨¤  E0 ¨ ®ª §ë¢ îé¨¥áï ç¥à¥§ ª ¦¤ë¥ �t = 1c ¢ ¬®¦¥áâ¢ å, ®£à ¨ç¥ëå
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í««¨¯á®¨¤ ¬¨ 1 ¨ 10, 2 ¨ 20 ¨ â. ¤. �¤¥áì æ¨äà ¬¨ 1, 2, 3 ®¡®§ ç¥ë í««¨¯á®¨¤ë, ¯®«ãç¥ë¥ ¨-
â¥£à¨à®¢ ¨¥¬ í¢®«îæ¨®®£® ãà ¢¥¨ï (7.3) [18],   æ¨äà ¬¨ á® èâà¨å®¬ | í««¨¯á®¨¤ë, ¯®«ã-
ç¥ë¥ ¨â¥£à¨à®¢ ¨¥¬ á¨áâ¥¬ë áà ¢¥¨ï (6.4). �«ï ç¨á«¥®£® ¨â¥£à¨à®¢ ¨ï ¯à¨¬¥ï«áï
¬¥â®¤ �ã£¥-�ãââ  4-£® ¯®àï¤ª  á è £®¬ 0,001. � ª ¢¨¤® ¨§ à¨á. 6, í««¨¯á®¨¤ë, ¯®«ãç¥ë¥
á ¯à¨¬¥¥¨¥¬ ¬ âà¨ç®© á¨áâ¥¬ë áà ¢¥¨ï (6.4), á®¤¥à¦ âáï ¢ á®®â¢¥âáâ¢ãîé¨å í««¨¯á®¨-
¤ å, ¯®«ãç¥ëå ¨§ í¢®«îæ¨®®£® ãà ¢¥¨ï ¢ ®¤¨ ¨ â¥ ¦¥ ¬®¬¥âë ¢à¥¬¥¨, çâ® £®¢®à¨â ®
¡®«¥¥ â®ç®© ¢¥àå¥©  ¯¯à®ªá¨¬ æ¨¨ ¬®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨   ®á®¢¥ á¨áâ¥¬ë áà ¢¥¨ï
(6.4). �à®¬¥ â®£®, ®æ¥ª¨, ¯®«ãç¥ë¥ á ¯®¬®éìî á¨áâ¥¬ë áà ¢¥¨ï, á¦¨¬ îâáï, ¢ â® ¢à¥¬ï
ª ª í««¨¯á®¨¤ë ¨§ í¢®«îæ¨®®£® ãà ¢¥¨ï à áè¨àïîâáï á â¥ç¥¨¥¬ ¢à¥¬¥¨, ¥á¬®âàï  
 á¨¬¯â®â¨ç¥áªãî ãáâ®©ç¨¢®áâì ¨áå®¤®© á¨áâ¥¬ë ¯à¨ «î¡®¬ �(t) 2 [0; k].

�â¬¥â¨¬, çâ® ¯à¨ ¤àã£¨å § ç¥¨ïå ¯ à ¬¥âà®¢ à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë,  ¯à¨¬¥à, ¯à¨
A = ( 0 1

�2 �3 ), í««¨¯á®¨¤ë, ¯®«ãç¥ë¥ ¯® ®¡®¨¬ á¯®á®¡ ¬, ¢¥¤ãâ á¥¡ï ®¤¨ ª®¢® (®æ¥ª¨ á®¯®-
áâ ¢¨¬ë).

� ª«îç¥¨¥

�¥â®¤ ¬ âà¨çëå á¨áâ¥¬ áà ¢¥¨ï à §¢¨â ¤«ï ¯®áâà®¥¨ï í««¨¯á®¨¤ «ìëå ®æ¥®ª à¥è¥-
¨© á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �®ª § ®, çâ® ¬ âà¨çë¥ á¨áâ¥¬ë áà ¢¥¨ï ®¯¨-
áë¢ îâ ¢® ¢à¥¬¥¨ í¢®«îæ¨î í««¨¯á®¨¤ , ª®â®à®¬ã ¯à¨ ¤«¥¦ â à¥è¥¨ï ¨áå®¤®© á¨áâ¥¬ë,
 ç¨ îé¨¥áï ¨§ § ¤ ®£® í««¨¯á®¨¤ . �à¥¤«®¦¥ë á¯®á®¡ë ¯®áâà®¥¨ï ¬ âà¨çëå á¨áâ¥¬
áà ¢¥¨ï ¤«ï «¨¥©ëå ¥ ¢â®®¬ëå á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ¥®¯à¥¤¥«¥-
ë¬¨ ¯ à ¬¥âà ¬¨ ¨ á¨áâ¥¬ á ¯®«¨®¬¨ «ì®© ¯à ¢®© ç áâìî. �  ®á®¢¥ ç¨á«¥®£® ¨â¥£à¨-
à®¢ ¨ï ¬ âà¨çëå á¨áâ¥¬ áà ¢¥¨ï ¤ îâáï á¯®á®¡ë ¯®áâà®¥¨ï ®æ¥®ª ¬®¦¥áâ¢  à¥è¥¨©
¨ ¬®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨.

�áâ ®¢«¥  á¢ï§ì ¬ âà¨çëå á¨áâ¥¬ áà ¢¥¨ï á ª¢ ¤à â¨çë¬¨ äãªæ¨ï¬¨ �ï¯ã®¢ ,
¢ë¤¥«ïîé¨¬¨ ¨¢ à¨ âë¥ ¬®¦¥áâ¢  ¢ ä §®¢®¬ ¯à®áâà áâ¢¥. �à®¢¥¤¥® á®¯®áâ ¢«¥¨¥ ¬ -
âà¨çëå á¨áâ¥¬ áà ¢¥¨ï á í¢®«îç¨®ë¬¨ ãà ¢¥¨ï¬¨ ¬¥â®¤  í««¨¯á®¨¤®¢. �ë¤¥«¥ ª« áá
¤¨ää¥à¥æ¨ «ìëå á¨áâ¥¬ á ¯®«¨®¬¨ «ì®© (¥ç¥â®© áâ¥¯¥¨) ¯à ¢®© ç áâìî, ¤«ï ª®â®à®-
£® ¬ âà¨ç ï á¨áâ¥¬  áà ¢¥¨ï ¤ ¥â, ª ª ¨ ¢ á«ãç ¥ «¨¥©®© ¥ ¢â®®¬®© á¨áâ¥¬ë, â®ç-
ãî í««¨¯á®¨¤ «ìãî ®æ¥ªã ¬®¦¥áâ¢  à¥è¥¨©,  ç¨ îé¨åáï ¨§ § ¤ ®£® í««¨¯á®¨¤ .
�  ¯à¨¬¥à¥ ¯®ª § ®, çâ® ®æ¥ª¨ ¬®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨, ¯®«ãç ¥¬ë¥ ¤«ï «¨¥©®© á¨áâ¥-
¬ë á ¥®¯à¥¤¥«¥ë¬ ¯ à ¬¥âà®¬ á ¯à¨¬¥¥¨¥¬ ¯®áâà®¥ëå ¬ âà¨çëå á¨áâ¥¬ áà ¢¥¨ï,
®ª §ë¢ îâáï ¢ àï¤¥ á«ãç ¥¢ â®ç¥¥ ®æ¥®ª, ¯®«ãç ¥¬ëå ¯® ¬¥â®¤ã í««¨¯á®¨¤®¢.
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