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�¤¤¨â¨¢­ë¥  «£®à¨â¬ë ¬®£ãâ ¡ëâì íää¥ªâ¨¢­® ¨á¯®«ì§®¢ ­ë ¯à¨ à¥è¥­¨¨ ¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ­¥­¨© ¨ á¨áâ¥¬, ¢ ª®â®àëå à §«¨ç­ë¥ ®¯¥à â®àë ­¥áãâ à §«¨ç­ãî á¬ëá«®¢ãî ­ -
£àã§ªã ¨ ®¯¨áë¢ îâ à §«¨ç­ë¥ ä¨§¨ç¥áª¨¥ ¯à®æ¥ááë. �áâ¥áâ¢¥­­® ­  ®á­®¢¥ ¬¥â®¤  à áé¥-
¯«¥­¨ï ¯®áâà®¨âì  «£®à¨â¬ë à áé¥¯«¥­¨ï ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬. �  ®á­®¢¥ ¬¥â®¤  à á-
é¥¯«¥­¨ï ¯®áâà®¥­® ¬­®£® íää¥ªâ¨¢­ëå ¬¥â®¤®¢, ª®â®àë¥ ¯®§¢®«¨«¨ à¥è¨âì àï¤ á«®¦­ëå
¯à¨ª« ¤­ëå § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ [1]{[3].

� ¤ ­­®© à ¡®â¥ ®áâ ­®¢¨¬áï ­  ®¤­®© ¨§ ª« áá¨ç¥áª¨å ¯à®¡«¥¬ à¥è¥­¨ï áâ æ¨®­ à­ëå ¨
­¥áâ æ¨®­ à­ëå § ¤ ç ¤¨­ ¬¨ª¨ ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨. �ã¤¥¬ à áá¬ âà¨¢ âì ªà ¥¢ãî § ¤ çã
¤«ï á¨áâ¥¬ë ãà ¢­¥­¨© � ¢ì¥{�â®ªá  ¢ ¯¥à¥¬¥­­ëå áª®à®áâì-¤ ¢«¥­¨¥. � à ¡®â¥ ¯à¥¤« £ ¥âáï
 ¤¤¨â¨¢­ë© à §­®áâ­ë© ¬¥â®¤ ¯®«­®©  ¯¯à®ªá¨¬ æ¨¨ ¤«ï à áé¥¯«¥­¨ï ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥á-
á ¬ ¨ ¯® à §¬¥à­®áâ¨. �§ãç¥­ë ¡¥§ëâ¥à æ¨®­­ë¥ ¬¥â®¤ë à¥è¥­¨ï ­¥áâ æ¨®­ à­ëå ãà ¢­¥­¨©
¤¨­ ¬¨ª¨ ¢ï§ª®© ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨. �à¥¤«®¦¥­­ë©  «£®à¨â¬ ¤ ¥â ¢®§¬®¦­®áâì ¯®áâà®-
¨âì æ¥¯®çªã ã¯à®é¥­­ëå  «£®à¨â¬®¢ à¥ «¨§ æ¨¨ ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬ ¨ ¯® ¢à¥¬¥­¨. �®ª -
§ ­  ãáâ®©ç¨¢®áâì íâ®£®  «£®à¨â¬  ¯à¨ ¥áâ¥áâ¢¥­­ëå âà¥¡®¢ ­¨ïå ­  ®¯¥à â®àë à áé¥¯«¥­¨ï.
�à¨¢¥¤¥­­ë© ¢ à ¡®â¥ à¥§ã«ìâ â | íâ® «¨èì ­¥¡®«ìè®©, ­® ¤®¢®«ì­® ã¡¥¤¨â¥«ì­ë© ¯à¨¬¥à
à áé¥¯«¥­¨ï ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬.

� áá¬®âà¨¬ ­¥áâ æ¨®­ à­ãî § ¤ çã

@uk
@t

� ��uk +
2X

�=1

u�
@uk
@x�

= �
@P

@xk
+ fk(x); (x; t) 2 
(2) � (0; T ]; � > 0; k = 1; 2; (1)

divu = 0; (x; t) 2 
(2) � (0; T ]; (2)

ukjST = 0; ST = �� (0; T ]; uk(x; 0) = 'k(x); x 2 
(2): (3)

�«ï à¥è¥­¨ï § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ¢ ®¡« áâïå á® á«®¦­®© £¥®¬¥âà¨¥© ¯à¨¬¥­ïîâáï
®¡®¡ée­­ë¥ ªà¨¢®«¨­¥©­ë¥ ª®®à¤¨­ âë, ¯®§¢®«ïîé¨¥ ¤®¡¨¢ âìáï á®¢¯ ¤¥­¨ï £à ­¨æ ä¨§¨ç¥-
áª®© ®¡« áâ¨ á ª®®à¤¨­ â­ë¬¨ «¨­¨ï¬¨ [4]{[7]. �â®â ¯®¤å®¤ ¯®§¢®«ï¥â â ª¦¥ á£ãé âì á¥âªã ¢
ä¨§¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ ¢ ®¡« áâïå ®¦¨¤ ¥¬ëå ¡®«ìè¨å £à ¤¨¥­â®¢ à¥è¥­¨ï [8], [9]. �ä®à¬ã-
«¨àã¥¬ § ¤ çã (1){(3) ¢ ®¡®¡é¥­­ëå ä¨§¨ç¥áª¨å ª®®à¤¨­ â å. �ãáâì G | ­¥ª®â®à ï ®âªàëâ ï
®£à ­¨ç¥­­ ï ®¡« áâì á ªà¨¢®«¨­¥©­®© £à ­¨æ¥© S, G [ S = G. � áá¬®âà¨¬ § ¤ çã (1){(3) ¢
®¡« áâ¨ G. �â­®á¨â¥«ì­® ®¡« áâ¨ G ¯à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â ­¥¢ëà®¦¤¥­­®¥ ¯à¥®¡à §®-
¢ ­¨¥ ª®®à¤¨­ â z1 = z1(x1; x2), z2 = z2(x1; x2), ¢§ ¨¬­® ®¤­®§­ ç­® ®â®¡à ¦ îé¥¥ ®¡« áâì G ¢
®âªàëâë© ¯àï¬®ã£®«ì­¨ª 
 = fz = (z1; z2), 0 < z� < l�, � = 1; 2g á £à ­¨æ¥© �, 
[� = 
, ¨ â ª®¥,

çâ® ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë �ª®¡¨ ¯à¥®¡à §®¢ ­¨ï det
h
@z1=@x1 @z1=@x2
@z2=@x1 @z2=@x2

i
= J ¡®«ìè¥ ­ã«ï. � á¨«ã

á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨© áãé¥áâ¢ã¥â ­¥¢ëà®¦¤¥­­®¥ ®¡à â­®¥ ¯à¥®¡à §®¢ ­¨¥ x1 = x1(z1; z2),
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x2 = x2(z1; z2), ¤«ï ª®â®à®£®

det

"
@x1=@z1 @x1=@z2
@x2=@z1 @x2=@z2

#
= J�1 > 0: (4)

� ¤ ç  (1){(3) ¢ ªà¨¢®«¨­¥©­®© á¨áâ¥¬¥ ª®®à¤¨­ â ¡ã¤¥â ¨¬¥âì á«¥¤ãîé¨© ¢¨¤:

@u

@t
� Lu+ I(w)u+Cgrad p = f(z); z 2 
; (5)

divw = 0; z 2 
; u(z) = 0; z 2 �; (6)

£¤¥ u = (u1; u2)> | ¨áª®¬ ï ¢¥ªâ®à-äã­ªæ¨ï áª®à®áâ¨, p| ¨áª®¬ ï áª «ïà­ ï äã­ªæ¨ï ¤ ¢«¥-
­¨ï,

Lu = ��
2X

�;�=1

@

@z�

�
a��(z);

@u

@z�

�
;

I(w)u =
2X

�=1

I�(w�)u; I�(w�)u = 0;5
�
@(w�u)
@z�

+ w�

@u

@z�

�
;

C = [cij ]2i;j=1; w = (w1; w2)> = C>u;

c11 = @x2=@z2; c12 = �@x2=@z1; c21 = �@x1=@z2; c22 = @x1=@z1;

a11 =
��

@x1
@z2

�2

+
�
@x2
@z2

�2�.
J�1; a22 =

��
@x1
@z1

�2

+
�
@x2
@z1

�2�.
J�1;

a21 = a12 = �

�
@x1
@z1

@x1
@z2

+
@x2
@z1

@x2
@z2

�.
J�1:

�á«®¢¨¥ (4) ®¡¥á¯¥ç¨¢ ¥â ¯®«®¦¨â¥«ì­ãî ®¯à¥¤¥«¥­­®áâì á¨¬¬¥âà¨ç­®© ¬ âà¨æë (aij),   íâ®
¢ á¢®î ®ç¥à¥¤ì ®¡¥á¯¥ç¨¢ ¥â á¨«ì­ãî í««¨¯â¨ç­®áâì ®¯¥à â®à  L. �«ï í«¥¬¥­â®¢ ¬ âà¨æë C
¡ã¤ãâ á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï @c11=@z1 + @c12=@z2 = 0 ¨ @c21=@z1 + @c22=@z2 = 0. � á«ãç ¥
¯à¨¬¥­¥­¨ï ®àâ®£®­ «ì­®£® ¨«¨ ª®­ä®à¬­®£® ¯à¥®¡à §®¢ ­¨ï ª®®à¤¨­ â á¨áâ¥¬  (5), (6) ã¯à®-
é ¥âáï (®âáãâáâ¢ãîâ á¬¥è ­­ë¥ ¯à®¨§¢®¤­ë¥).

�â¬¥â¨¬ ­¥ª®â®àë¥ å à ªâ¥à­ë¥ á¢®©áâ¢  á¨áâ¥¬ë (5), (6). � áá¬®âà¨¬ H0(
) | ¯à®-
áâà ­áâ¢® á®«¥­®¨¤ «ì­ëå ¢¥ªâ®à-äã­ªæ¨©, â. ¥. äã­ªæ¨© v 2 L2(
) � L2(
), ¯à®¤®«¦¨¬ëå
­ã«¥¬ ­  � ¨ â ª¨å, çâ® div(C>v) = 0. � ¯à®áâà ­áâ¢¥ H0(
) § ¤ ­® áª «ïà­®¥ ¯à®¨§¢¥¤¥-

­¨¥ ((u; v)) =
2P

�=1
(u�; v�) =

2P
�=1

R



u�v� dz. �¯¥à â®à L á ¬®á®¯àï¦¥­ ¨ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥-

«¥­: ((Lu; u)) � c1�1�kuk
2, £¤¥ �1 | ¬¨­¨¬ «ì­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ®¯¥à â®à  � ¯« á  �,

c1 = const > 0. �¥«¨­¥©­ë© ®¯¥à â®à I(w) ï¢«ï¥âáï ª®á®á¨¬¬¥âà¨ç­ë¬, â. ¥. ¤«ï ­¥£® ¢ë¯®«-
­ïîâáï à ¢¥­áâ¢  ((I(w)u; v)) = �((u; I�(w)v)), ((I�(w�)u; u)) = 0, � = 1; 2. �¥ªâ®à-äã­ªæ¨ï
Cgrad p ®àâ®£®­ «ì­  «î¡®© äã­ªæ¨¨ ¨§ H0(
), â. ¥. ((C grad p; u)) = 0 8u 2 H0(
). �ãé¥áâ¢®-
¢ ­¨¥ ¥¤¨­áâ¢¥­­®£® ®¡®¡é¥­­®£® à¥è¥­¨ï § ¤ ç¨ (5), (6) ¤®ª § ­® ¢ [6].

� ®¡« áâ¨ 
(2) ¢¢¥¤¥¬ à ¢­®¬¥à­ë¥ ¯® ª ¦¤®¬ã ­ ¯à ¢«¥­¨î ¯à®áâà ­áâ¢¥­­ë¥ á¥âª¨ !h =
fx = (x1i1 ; x2i2), x�i� = h�i�, i� = 0; N�, h� = l�=N�, � = 1; 2g ¨ 
h = fx = (x1i1�0;5; x2i2�0;5),
x�i��0;5 = h�(i�� 0;5), i� = 1; N�, h� = l�=N�, � = 1; 2g. �à¥¤áâ ¢¨¬ á¥â®ç­ãî ®¡« áâì 
h ¢ ¢¨¤¥

h = Sh[Th, £¤¥ Sh = fx = (x1i1�0;5; x2i2�0;5), i� = 2; N� � 1, � = 1; 2g, Th = fx = (x1i1�0;5; x2i2�0;5),
i� = 1, i3�� = 2; N3�� � 1, i� = N�, i3�� = 2; N3�� � 1, � = 1; 2g.

�ãáâì Hh | ¢¥é¥áâ¢¥­­®¥ ¯à®áâà ­áâ¢® á¥â®ç­ëå ¢¥ªâ®à-äã­ªæ¨© y = (y1; y2)> á® áª «ïà-

­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ((y; v)) =
2P

k=1
(yk; vk) ¨ ­®à¬®© kyk = ((y; y))1=2, (y; v) | áª «ïà­®¥ ¯à®¨§¢¥¤¥-

­¨¥ ­  á¥âª¥ !h. �­ «®£¨ç­® § ¤ îâáï ¢¥ªâ®à-äã­ªæ¨¨ ¨ áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï ­  á¥âª¥ 
h.
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�  á¥âª å !h, 
h ¤¨ää¥à¥­æ¨ «ì­ãî § ¤ çã (1){(3)  ¯¯à®ªá¨¬¨àã¥¬ á«¥¤ãîé¥© à §­®áâ­®©
áå¥¬®© (®¡®§­ ç¥­¨ï ¢§ïâë ¨§ [10]{[12]):

byk � yk
�

� ��hbyk +Kk(by; byk) = �q~xk + fk; x 2 !h; k = 1; 2; (7)

y1~x1 + y2~x2 = 0; x 2 
h; yk = 0; x 2 
h; (8)

£¤¥

�hyk = ykx1x1 + ykx2x2 ; q~xk = 0;5h�1k fq(0;5; 0;5) + q(0;5;�0;5) � q(�0;5; 0;5) � q(�0;5;�0;5)g; x 2 !h

( ­ «®£¨ç­®  ¯¯à®ªá¨¬¨àãîâáï ¢ (8) yk~xk ­  á¥âª¥ 
h),

Kk(y; yk) = K1k(y1; yk) +K2k(y2; yk);

K1k(y1; yk) = ey(�0;5);1 (0;5(yk + y
(�1);
k ))x1 ;ey(�0;5);1 = (1=8)(y;(1)1 + y

(�1);(1)
1 + 2y1 + y

;(�1)
1 + 2y(�1);1 + y

(�1);(�1)
1 );

K2k(y2; yk) = ey;(0;5)2 (0;5(yk + y
;(�1)
k ))x2 ;ey;(0;5)2 = (1=8)(y(�1);2 + y

(1);(�1)
2 + 2y2 + 2y;(�1)2 + y

(�1);
2 + y

(�1);(1)
2 );

y = yi1;i2 ; y(�1);(1) = yi1�1;i2+1; y;(1) = yi1;i2+1; y(1); = yi1+1;i2 :

�«ï à¥è¥­¨ï § ¤ ç¨ (7), (8) ¬®¦­® ¨á¯®«ì§®¢ âì ­¥ï¢­ë© ¨â¥à æ¨®­­ë© ¬¥â®¤

(
s+1
yk �

s
yk)=�s � ��h

s+1
yk +Kk(

s
y;

s+1
yk) +

s+1
q ~xk

= fk; k = 1; 2;
s+1
y~x1 +

s+1
y~x2 = 0:

�¤¤¨â¨¢­ë© à §­®áâ­ë©  «£®à¨â¬, ¯®áâà®¥­­ë© ­  ®á­®¢¥ ¯à¥¤áâ ¢«¥­¨ï (7), ¡ã¤¥â ¨¬¥âì ¢¨¤

by(i)k � eyk
�

+ �
� bAikby(i)k �Aiky

(i)
k

�
+

3X
�=1

A�ky
(�)
k + q~xk = fk; (9)

y(3)1~x1 + y(3)2~x2 = 0; k = 1; 2; i = 1; 2; 3;

£¤¥

Aiky
(�)
k = ��y

(i)
kxixi

+Kk(y
(3)
i ; yk) + q~xk � fk; A3ky

(3)
k = qx̂k ;

eyk = 1
3

3X
i=1

y
(i)
k ; y�1 = y1; y�k = 1=2(yk�1 + yk):

�à ¢­¥­¨¥ (9) á á®®â¢¥âáâ¢ãîé¨¬¨ ­ ç «ì­ë¬¨ ¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ à¥è ¥âáï, ­ ç¨­ ï á
i = 3,   § â¥¬ à¥è îâáï ®áâ «ì­ë¥ ãà ¢­¥­¨ï. � ª ï ¯à®æ¥¤ãà  ¤¥« ¥â à¥ «¨§ æ¨î «¨­¥©­®©.
�à¨ç¥¬ ¯®á«¥ ¯®¤áâ ­®¢ª¨ ¢ëà ¦¥­¨© ¤«ï ª®¬¯®­¥­â ¢¥ªâ®à  áª®à®áâ¨ y

(3)
1 , y(3)2 ¨§ ¯¥à¢®£®

ãà ¢­¥­¨ï ¢ ãà ¢­¥­¨¥ ­¥à §àë¢­®áâ¨ ¯®á«¥ ­¥á«®¦­ëå ¯à¥®¡à §®¢ ­¨© ¯®«ãç ¥¬ á«¥¤ãîéãî
§ ¤ çã ¤«ï ®¯à¥¤¥«¥­¨ï ¤ ¢«¥­¨ï bq:

bqx̂1~x1 + bqx̂2~x2 = F1; x 2 Sh; bqn = bf2; x 2 Th; (10)

£¤¥ äã­ªæ¨¨ F1, bf2 ®¯à¥¤¥«ïîâáï ¢ à¥§ã«ìâ â¥ ¢ëè¥ãª § ­­®© ®¯¥à æ¨¨.
� ª¨¬ ®¡à §®¬, ­  á¥âª¥ 
h ¨¬¥¥¬ §­ ç¥­¨ï bq (á â®ç­®áâìî ¤® ¯à®¨§¢®«ì­®£® á« £ ¥¬®£®),

ª®â®àë¥, ®ç¥¢¨¤­®, ®¯à¥¤¥«ïîâ ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ gradh bq ­  !h.
�§ãç¨¬ ¢®¯à®áë à §à¥è¨¬®áâ¨ § ¤ ç¨ ¤«ï ¤ ¢«¥­¨ï. �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: U |

¬­®¦¥áâ¢® ã£«®¢ëå â®ç¥ª 
h; U 0 (U 00) | ¬­®¦¥áâ¢® ã§«®¢ ¨§ ¤ ­­®£® ¬­®¦¥áâ¢ , ¤«ï ª®â®àëå
i + j ç¥â­®¥ (­¥ç¥â­®¥); S0h (S00h) | ¬­®¦¥áâ¢® ç¥â­ëå (­¥ç¥â­ëå) ã§«®¢ Sh; T1h | ¬­®¦¥áâ¢®
ã§«®¢ «¥¢®© ¨ ¯à ¢®© £à ­¨æ Th, T2h | ¬­®¦¥áâ¢® ã§«®¢ ­¨¦­¥© ¨ ¢¥àå­¥© £à ­¨æ Th.
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�¥¬¬ . �«ï § ¤ ç¨ (10) ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ X
Sh

h1h2F +
X
T1hnU

h2f +
X
T2hnU

h1f +
X
U

0;5(h1 + h2)f = 0;

X
S0
h

h1h2F +
X

T 0
1h
nU 0

h2f +
X

T 0
2h
nU 0

h1f +
X
U 0

0;5(h1 + h2)f = 0; (11)

X
S00
h

h1h2F +
X

T 00
1h
nU 00

h2f +
X

T 00
2h
nU 00

h1f +
X
U 00

0;5(h1 + h2)f = 0:

�â¢¥à¦¤¥­¨¥ «¥¬¬ë ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®© ¯®¤áâ ­®¢ª®© ¢ (11) ¢ëà ¦¥­¨© F1, bf2
¨§ (10) ¢¬¥áâ® F , f ¨ ï¢«ï¥âáï ¯àï¬ë¬ á«¥¤áâ¢¨¥¬ á®®â­®è¥­¨©X


h

(u~x
1
+ v~x

2
) = 0;

X

0
h

(u~x
1
+ v~x

2
) = 0;

X

00
h

(u~x
1
+ v~x

2
) = 0; u; v 2 Hh;

u = y1, v = y2.
� «¥¥, § ¯¨è¥¬ § ¤ çã (10) ¢ ®¯¥à â®à­®¬ ¢¨¤¥

Ag = bf; (12)

£¤¥ A | «¨­¥©­ë© ®£à ­¨ç¥­­ë© á ¬®á®¯àï¦¥­­ë© ®¯¥à â®à ¢ £¨«ì¡¥àâ®¢®¬ ª®­¥ç­®¬¥à­®¬
¯à®áâà ­áâ¢¥ H2 (á¬. [3]). �¡à â¨¬áï ª â¥®à¨¨ ®¯¥à â®à­ëå ãà ¢­¥­¨©. �ãáâì KerA | ï¤à®
®¯¥à â®à  A, ImA | ¥£® ®¡à §. �®£¤  ¯à®áâà ­áâ¢® H2 ¥áâì ¯àï¬ ï áã¬¬  ®àâ®£®­ «ì­ëå ¯®¤-
¯à®áâà ­áâ¢: H2 = KerA + ImA�, H2 = KerA� + ImA. �§¢¥áâ­®, çâ® ãà ¢­¥­¨¥ (12) ®¤­®§­ ç-
­® à §à¥è¨¬® ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ bf 2 H2 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  KerA = 0. �á«¨
KerA 6= 0, â® ¤«ï à §à¥è¨¬®áâ¨ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (12) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë
¯à ¢ ï ç áâì bf ¡ë«  ®àâ®£®­ «ì­  ¯®¤¯à®áâà ­áâ¢ã KerA�. � íâ®¬ á«ãç ¥ à¥è¥­¨¥ ­¥¥¤¨­áâ¢¥­-
­® ¨ ®¯à¥¤¥«ï¥âáï á â®ç­®áâìî ¤® ¯à®¨§¢®«ì­®£® í«¥¬¥­â , ¯à¨­ ¤«¥¦ é¥£® KerA: g = g1 + g2,
g1 2 KerA, Ag2 = bf , g2 2 ImA�. �®áâà®¥­­®¥ â ª¨¬ ®¡à §®¬ à¥è¥­¨¥ g § ¤ ç¨ (12) ­ §ë¢ ¥âáï
ª« áá¨ç¥áª¨¬. �á«¨, ªà®¬¥ â®£®, g ¨¬¥¥â ­ ¨¬¥­ìèãî ­®à¬ã (KerA 6= 0, bf ®àâ®£®­ «ì­  KerA�),
â® â ª®¥ à¥è¥­¨¥ ¥¤¨­áâ¢¥­­®, ¯à¨­ ¤«¥¦¨â ImA� ¨ ­ §ë¢ ¥âáï ­®à¬ «ì­ë¬.

�ä®à¬ã«¨àã¥¬ â¥¯¥àì â¥®à¥¬ã áãé¥áâ¢®¢ ­¨ï ¢ ª« áá¨ç¥áª®¬ á¬ëá«¥ à¥è¥­¨ï ®¯¥à â®à­®£®
ãà ¢­¥­¨ï (12),   §­ ç¨â, ¨ à §­®áâ­®© § ¤ ç¨ (10), ¢®§­¨ª îé¥© ¯à¨ à¥ «¨§ æ¨¨  «£®à¨â¬ 
(10).

�¥®à¥¬  1. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (11) áãé¥áâ¢ã¥â ¢ ª« áá¨ç¥áª®¬ á¬ëá«¥ à¥è¥­¨¥ § -

¤ ç¨ (12).

�¥®à¥¬  1 ¤®ª §ë¢ ¥âáï ­¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®© á ¯®¬®éìî «¥¬¬ë, à ¢¥­áâ¢ [f; �11]H2
=0

¨ [f; �N1N2
]H2

= 0, £¤¥ �11, �N1N2
| á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ®¯¥à â®à  A § ¤ ç¨ (12), ®¡à §ãîé¨¥

¡ §¨á ¢ ¯®¤¯à®áâà ­áâ¢¥ KerA (¢á¥ ®áâ «ì­ë¥ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ®¡à §ãîâ ¡ §¨á ¢ ¯®¤¯à®-
áâà ­áâ¢¥ ImA).

�®áª®«ìªã ¡ §¨á ¯®¤¯à®áâà ­áâ¢  KerA á®áâ®¨â ¨§ ¤¢ãå äã­ªæ¨© �11 ¨ �N1N2
,   ¯à®¨§¢®«ì-

­ë© í«¥¬¥­â, á â®ç­®áâìî ¤® ª®â®à®£® ®¯à¥¤¥«ï¥âáï à¥è¥­¨¥ § ¤ ç¨ (12), ¯à¨­ ¤«¥¦¨â ¤ ­­®-
¬ã ¯®¤¯à®áâà ­áâ¢ã, â® íâ®â í«¥¬¥­â ï¢«ï¥âáï ­¥ª®â®à®© «¨­¥©­®© ª®¬¡¨­ æ¨¥© äã­ªæ¨© �11,
�N1N2

. �­ ¬®¦¥â à á¯ ¤ âìáï ­  ¤¢¥ à §«¨ç­ë¥ ª®­áâ ­âë, ®¤­  ¨§ ª®â®àëå ¡ã¤¥â ®¯à¥¤¥«¥­ 
¢ ã§« å á¥âª¨ 
0

h,   ¤àã£ ï | ¢ ã§« å á¥âª¨ 
00
h. �¤­ ª® ¯à¨ íâ®¬ £à ¤¨¥­âë yx̂1 , yx̂2 , ¯®«ãç¥­-

­ë¥ ­  ïç¥©ª å á¥âª¨ 
h, ¡ã¤ãâ ®¯à¥¤¥«ïâìáï ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬. �¤¨­áâ¢¥­­®¥ ­®à¬ «ì­®¥
à¥è¥­¨¥ y 2 ImA ¬®¦­® ­ ©â¨  ­ «®£¨ç­® [6].

� ª¨¬ ®¡à §®¬, à §­®áâ­ ï áå¥¬  (9) ï¢«ï¥âáï ¯à¨¬¥à®¬ ¯à¨¬¥­¥­¨ï ¬­®£®ª®¬¯®­¥­â­®£®
¬¥â®¤  ¯¥à¥¬¥­­ëå ­ ¯à ¢«¥­¨© ¤«ï à áé¥¯«¥­¨ï ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬, ¯à¨ íâ®¬ á®åà -
­ï¥âáï ¯®«­ ï  ¯¯à®ªá¨¬ æ¨ï ¨áå®¤­®© § ¤ ç¨ ¨ ¢ë¯®«­ïîâáï ª« áá¨ç¥áª¨¥ ãá«®¢¨ï à §à¥è¨-
¬®áâ¨.
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�¥®à¥¬  2. �à¨ � = 3 à §­®áâ­ ï áå¥¬  (9) ãáâ®©ç¨¢ , ¨ ¤«ï ¥¥ à¥è¥­¨ï á¯à ¢¥¤«¨¢ 

®æ¥­ª � 2X
k=1

kbeykk2 + �
2X

k=1





 3X
i=1

bAikby(i)k 



2� � � 2X
k=1

keyk(0)k2 + �
2X

k=1





 3X
i=1

Aiky
(i)
k (0)





2 + Tc max
0�t�T

kfk2
�
;

£¤¥ c > 0.

�®ª § â¥«ìáâ¢®. �¬­®¦¨¬ ãà ¢­¥­¨¥ (9) ­  bAikby(i)k ¨ ¯à®áã¬¬¨àã¥¬ ¯® k = 1; 2, i = 1; 2; 3,
¢ à¥§ã«ìâ â¥ ¯®«ãç¨¬

2X
k=1

3X
i=1

( bAikby(i)k ; by(i)k )�
2X

k=1

� 3X
i=1

bAikby(i)k ; ~yk

�
+ 0;5��

2X
k=1

3X
i=1

( bAikby(i)k ; by(i)k ) +

+ 0;5� 2




� 2X

k=1

3X
i=1

( bAikby(i)k )t





2 + 2X
k=1

� 3X
i=1

bAikby(i)k ;

� 3X
i=1

Aiky
(i)
k � f

��
= 0: (13)

� ãç¥â®¬ â®£®, çâ®

f �
3X
i=1

bAikby(i)k = eykt; (14)

¢â®à®¥ á« £ ¥¬®¥ «¥¢®© ç áâ¨ à ¢¥­áâ¢  (13) ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

2X
k=1

� 3X
i=1

bAiky
(i)
k ; eyk� =

2X
k=1

(eyk; f � eykt) = 2X
k=1

(eyk; f)� ��1
� 2X

k=1

(kbeykk2 � kyk2k)
�
� �

2X
k=1

kyktk
2: (15)

� ¯®á«¥¤­¥¬ á« £ ¥¬®¬ (15) eykt § ¬¥­¨¬ ¥£® ¢ëà ¦¥­¨¥¬ ¨§ (14). �®á«¥ ãª § ­­ëå ¯à¥®¡à §®-
¢ ­¨© ­¥âàã¤­® ã¤®áâ®¢¥à¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ â¥®à¥¬ë 2 ¨ ãª § ­­®© ¢ ­¥© ®æ¥­ª¨.

�«¥¤ã¥â ®â¬¥â¨âì, çâ®  «£®à¨â¬ (9) ï¢«ï¥âáï ¯® áãâ¨ «¨­¥©­ë¬, â. ª. à¥ «¨§ æ¨ï ¥£® «¨­¥©­ 
¨ ­¥ âà¥¡ã¥â ¨á¯®«ì§®¢ ­¨ï ¨â¥à æ¨®­­ëå ¬¥â®¤®¢.

�¥¯¥àì ¯®áâà®¨¬ à §­®áâ­ë¥  ¯¯à®ªá¨¬ æ¨¨ ¤«ï ãà ¢­¥­¨© � ¢ì¥{�â®ªá  ¢ ®¡®¡é¥­­ëå
ª®®à¤¨­ â å. �à¨ íâ®¬ ®£à ­¨ç¨¬áï «¨­¥ à¨§®¢ ­­ë¬ á«ãç ¥¬, â. ª. ¯¥à¥å®¤ ª ­¥«¨­¥©­®¬ã
 «£®à¨â¬ã (9) ­¥ ¯à¥¤áâ ¢«ï¥â âàã¤­®áâ¥©. �¨ää¥à¥­æ¨ «ì­®© § ¤ ç¥ (5) ­  ¢¢¥¤¥­­®© ¢ëè¥
á¥âª¥ ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ à §­®áâ­ãî § ¤ çã

by � y

�
� Lhy + Ih(w)y + Ch gradhq = fh; z 2 !h; (16)

divhw = 0; z 2 
h; y = 0; z 2 �h; (17)

£¤¥ Ch = (cij) | 2� 2-¬ âà¨æ , w = C>
h y, Lh : Hh ! Hh,

Lh = L�h > 0; Lhy = �0;5�
2X

�;�=1

[(a��yz�)z� + (a��yz�)z� ]; Ih(w)y =
2X

�=1

I�h(w�)y;

I�h(w�)y = 0;5[ ew(�0;5�)
� (y + y(�1�)=2)z� + 0;5 ew(�0;5�)

� yz� + 0;5 ew(+0;5�)
� yz�];ew(n�) = (w(n+0;5�;+13��)

� +w(n�0;5�;+13��)
� + 2w(n+0;5�)

� + 2w(n�0;5�)
� +

+w(n+0;5�;�13��)
� + w(n�0;5�;�13��)

� )=8;

n� = �0;5�; � = 1; 2; Ih(w) : Hh ! Hh 8y 2 Hh;

((I�h(w�)y; y)) = 0 8y 2 Hh; divhw = w1z1 + w2z2 ;

gradhq = (q~z1 ; q~z2)
>; ((y;Chgradh q)) = �(divhw; q)Gh

8y 2 H0
h; q 2 Gh:
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�¤¥áì H0
h | ¯à®áâà ­áâ¢® ¢¥é¥áâ¢¥­­ëå á¥â®ç­ëå äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå ­  !h ¨ ®¡à é -

îé¨åáï ¢ ­ã«ì ­  £à ­¨æ¥, Gh | ¯à®áâà ­áâ¢® á¥â®ç­ëå äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå ­  
h,
(v; y) =

P
z2!h

vyh1h2, (p; q)Gh
=

P
z2
h

pqh1h2. � §­®áâ­ ï § ¤ ç  (16), (17) á®åà ­ï¥â å à ªâ¥à­ë¥

á¢®©áâ¢  ¤¨ää¥à¥­æ¨ «ì­®© § ¤ ç¨ (5), (6). �á«¨ áâà®¨âáï à §­®áâ­ ï áå¥¬  ­  ®¡®¡é¥­­®©
ªà¨¢®«¨­¥©­®© á¥âª¥,  ¤ ¯â¨à®¢ ­­®© ª á¢®©áâ¢ ¬ à¥è¥­¨ï ¨áå®¤­®© § ¤ ç¨, â® ª®®à¤¨­ â­ ï
á¨áâ¥¬  z ¬®¦¥â ¡ëâì à ááç¨â ­  á ãç¥â®¬ íâ¨å á¢®©áâ¢. �¢¥¤¥¬ ¢ëà ¦¥­¨¥

byi � yi
�

�
4X
i=1

eAiyi + eA5q = f; z 2 !h; (18)

eA1y1 = �0;25�[(a11y1z1)z1 + (a11y1z1)z1 ];eA2y2 = �0;25�f[(a11y2z1)z1 + (a11y2z1)z1 ]� 2[(a12y1z1)z2 + (a12y1z1)z2 ]g;eA3y3 = �0;25�[(a22y3z2)z2 + (a22y3z2)z2 ];eA4y4 = �0;25�f[(a22y4z2)z2 + (a22y4z1)z4 ]� 2[(a12y3z2)z1 + (a12y3z2)z1 ]g;eA5q = (q~x1 ; q~x2):

� á¨«ã (18) ¤«ï à¥è¥­¨ï § ¤ ç¨ (16) áâà®¨âáï  ¤¤¨â¨¢­ ï à §­®áâ­ ï áå¥¬ 

byi � eyi
�

� 5 eAi( byi � yi) +
5X
i=1

Aiyi = f; (19)

by = 1
5

5X
i=1

yi; z 2 !h; y1;5z1 + y2;5z2 = 0:

�å¥¬  (19) à¥ «¨§ã¥âáï, ­ ç¨­ ï á i = 5,   § â¥¬ i = 1, i = 2 ¨ ­¥§ ¢¨á¨¬® i = 3, i = 4. �áâ®©ç¨-
¢®áâì  «£®à¨â¬  (19) ¤®ª §ë¢ ¥âáï â ª ¦¥, ª ª ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© á® á¬¥è ­­ë¬¨
¯à®¨§¢®¤­ë¬¨ (á¬ [13]).
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