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�«ï ¨áá«¥¤®¢ ­¨ï á¬¥è ­­ëå ä®à¬ ¯®â¥à¨ ãáâ®©ç¨¢®áâ¨ ¯à¨ à¥ «¨§ æ¨¨ ¢ ¬­®£®á«®©­ëå
®¡®«®çª å á âà ­á¢¥àá «ì­®-¬ï£ª¨¬¨ § ¯®«­¨â¥«ï¬¨ ¬®¬¥­â­®£® ¤®ªà¨â¨ç¥áª®£® ­ ¯àï¦¥­­®-
¤¥ä®à¬¨à®¢ ­­®£® á®áâ®ï­¨ï (���),   â ª¦¥ ¢ëá®ª®ç áâ®â­ëå ¤¨­ ¬¨ç¥áª¨å å à ªâ¥à¨áâ¨ª
â ª¨å ®¡®«®ç¥ª ¯®á«¥ ¨å ¯à¥¤¢ à¨â¥«ì­®£® áâ â¨ç¥áª®£® ­ £àã¦¥­¨ï ¢ à ¡®â¥ [1] ¯à¥¤«®¦¥­ 
ãâ®ç­¥­­ ï â¥®à¨ï, ¢ ª®â®à®© ¢ ª ç¥áâ¢¥ ¨áª®¬ëå ­¥¨§¢¥áâ­ëå ¯à¨­ïâë ª®¬¯®­¥­âë ¢¥ªâ®à®¢
¯¥à¥¬¥é¥­¨© â®ç¥ª áà¥¤¨­­ëå ¯®¢¥àå­®áâ¥© ­¥áãé¨å á«®¥¢ ¨ ¯®¯¥à¥ç­ë¥ ª á â¥«ì­ë¥ ­ ¯àï¦¥-
­¨ï ¢ § ¯®«­¨â¥«ïå. � ­¥© á®®â¢¥âáâ¢ãîé¨¥ ãà ¢­¥­¨ï à ¢­®¢¥á¨ï ¨ ª¨­¥¬ â¨ç¥áª¨¥ ãá«®¢¨ï
á®¯àï¦¥­¨ï á«®¥¢ ¯® â ­£¥­æ¨ «ì­ë¬ ¯¥à¥¬¥é¥­¨ï¬ ­  £à ­¨æ å ¨å ª®­â ªâ  ¢ë¢®¤ïâáï ¨§
ãá«®¢¨ï áâ æ¨®­ à­®áâ¨ äã­ªæ¨®­ «  [2], ®â­®áïé¥£®áï ª ª« ááã á¬¥è ­­ëå. � ¤ ­­®© áâ âì¥
à áá¬ âà¨¢ îâáï ¢®¯à®áë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ ªà¨â¨ç¥áª®© â®çª¨ íâ®£® äã­ªæ¨®-
­ « . �®­áâàã¨àãîâáï ¨ ¨áá«¥¤ãîâáï ¬¥â®¤ë ¢­ãâà¥­­¥©  ¯¯à®ªá¨¬ æ¨¨ ¤«ï ªà ¥¢ëå § ¤ ç,
ä®à¬ã«¨àã¥¬ëå ­  ®á­®¢¥ [1]. �§ãç îâáï ¢®¯à®áë «¨­¥ à¨§ æ¨¨ ¢ë¢¥¤¥­­ëå ¢ [3] ­¥«¨­¥©-
­ëå ãà ¢­¥­¨© ¤¨­ ¬¨ª¨ ¬­®£®á«®©­ëå ®¡®«®ç¥ª á âà ­á¢¥àá «ì­®-¬ï£ª¨¬¨ § ¯®«­¨â¥«ï¬¨ ¢
®ªà¥áâ­®áâ¨ ­¥ª®â®à®£® áâ â¨ç¥áª®£® ���. �®ª § ­®, çâ® áä®à¬ã«¨à®¢ ­­ ï ¢ [3] «¨­¥ à¨§®-
¢ ­­ ï § ¤ ç  ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¨¬¥¥â ¢¥é¥áâ¢¥­­ë© ç¨áâ® ¤¨áªà¥â­ë© á¯¥ªâà. �áá«¥-
¤ã¥âáï ¢­ãâà¥­­ïï  ¯¯à®ªá¨¬ æ¨ï íâ®© § ¤ ç¨.

1. � ¤ ç  ® áâ æ¨®­ à­®¬ ��� ¬­®£®á«®©­®© ®¡®«®çª¨. � áá¬ âà¨¢ ¥âáï ¬­®£®á«®©­ ï
®¡®«®çª  á ç¥à¥¤ãîé¨¬¨áï ¦¥áâª¨¬¨ (­¥áãé¨¬¨) ¨ ¬ «®¦¥áâª¨¬¨ á«®ï¬¨ § ¯®«­¨â¥«ï. �ã-
¤¥¬ ¯à¥¤¯®« £ âì, çâ® ª®¬¯®­¥­âë ¤¥ä®à¬ æ¨¨ ­¥áãé¨å á«®¥¢ ¢ëç¨á«ïîâáï ­  ®á­®¢¥ £¨¯®â¥§
�¨àå£®ä -�ï¢  ¢ à ¬ª å £¥®¬¥âà¨ç¥áª¨ ­¥«¨­¥©­®© â¥®à¨¨ áà¥¤­¥£® ¨§£¨¡ ; ¤«ï ®¯¨á ­¨ï ���
§ ¯®«­¨â¥«ï ¨á¯®«ì§ã¥âáï ¬®¤¥«ì âà ­á¢¥àá «ì­®-¬ï£ª¨å á«®¥¢. �ã¤¥¬ áç¨â âì â ª¦¥, çâ® â®à-
æ¥¢ë¥ áà¥§ë ­¥áãé¨å á«®¥¢ ¦¥áâª® § é¥¬«¥­ë,   â®àæë § ¯®«­¨â¥«ï á¢®¡®¤­ë ®â ­ ¯àï¦¥­¨©.

�à¨ íâ¨å ¯à¥¤¯®«®¦¥­¨ïå ¢ á®®â¢¥âáâ¢¨¨ á [1] § ¤ ç  ® à ¢­®¢¥á¨¨ ®¡®«®çª¨, ­ å®¤ïé¥©áï
¯®¤ ¤¥©áâ¢¨¥¬ § ¤ ­­ëå ¢­¥è­¨å á¨«, ¯à¨«®¦¥­­ëå ª ­¥áãé¨¬ á«®ï¬, ¬®¦¥â ¡ëâì áä®à¬ã«¨-
à®¢ ­  ª ª § ¤ ç  ®¡ ®âëáª ­¨¨ ªà¨â¨ç¥áª¨å â®ç¥ª äã­ªæ¨®­ « 

L(u; �) = �(u)� f(u) + l(u; �) � F (�): (1)

�¤¥áì

�(u) = �0(u) +
NX
k=1

�k(uk);

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,
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�k(u
k) =

Z


(ak("k; "k) + bk({k;{k))d
; k = 1; : : : ; N;

�0(u) =
Z



N�1X
k=1

c0k(u
k+1
3 � uk3)

2d
;

l(u; �) = �
Z



N�1X
k=1

(uk+1i � uki + ~k#
k
i + ~

1
k#

k+1
i )�ikd
;

F (�) =
Z



N�1X
k=1

(Ck�k � �k + dk(d̂iv �k)
2)d
;

f(u) =
Z



NX
k=1

fk � ukd
:

�à¥¤¯®« £ ¥âáï, çâ® áà¥¤¨­­ ï ¯®¢¥àå­®áâì ®¡®«®çª¨ ®â­¥á¥­  ª ªà¨¢®«¨­¥©­ë¬ ª®®à¤¨­ â ¬
x1; x2, ®¡à §®¢ ­­ë¬ «¨­¨ï¬¨ £« ¢­ëå ªà¨¢¨§­, 
 � R2 | ®£à ­¨ç¥­­ ï ¤¢ã¬¥à­ ï ®¡« áâì
¨§¬¥­¥­¨ï x = (x1; x2); uk = (uk1 ; u

k
2 ; u

k
3); k = 1; : : : ; N; | á¬¥é¥­¨ï â®ç¥ª áà¥¤¨­­®© ¯®¢¥àå-

­®áâ¨ k-£® ­¥áãé¥£® á«®ï; uki | ª á â¥«ì­ë¥, wk � uk3 | ­®à¬ «ì­ë¥ á¬¥é¥­¨ï (¯à®£¨¡ë),
�k = (�1k; �

2
k); k = 1; : : : ; N � 1; | ­ ¯àï¦¥­¨ï á¤¢¨£  ¢ § ¯®«­¨â¥«¥, fk = (fk1 ; f

k
2 ; f

k
3 ) | ­ -

£àã§ª¨, ¯à¨«®¦¥­­ë¥ ª ­¥áãé¨¬ á«®ï¬; ~k = tk + hk; ~
1
k = tk+1 + hk; 2hk | â®«é¨­  k-£® á«®ï

§ ¯®«­¨â¥«ï, 2tk | â®«é¨­  k-£® ­¥áãé¥£® á«®ï. � âà¨æë Ck, ª®­áâ ­âë c0k; dk å à ªâ¥à¨§ã-
îâ ¬ â¥à¨ « § ¯®«­¨â¥«ï; ak; bk | á¨¬¬¥âà¨ç­ë¥ à ¢­®¬¥à­® ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¥ ¨
®£à ­¨ç¥­­ë¥ ¡¨«¨­¥©­ë¥ ä®à¬ë:

ck0"ij"ij � akijkl"ij"kl � ck1"ij"ij ; (2)

ck0{ij{ij � bkijkl{ij{kl � ck1{ij{ij : (3)

�®íää¨æ¨¥­âë akijkl, b
k
ijkl å à ªâ¥à¨§ãîâ ã¯àã£¨¥ á¢®©áâ¢  ¬ â¥à¨ «  ­¥áãé¨å á«®¥¢, ¢ ç áâ­®-

áâ¨, ¤«ï ¨§®âà®¯­®£® ®¤­®à®¤­®£® ¬ â¥à¨ « 

ak("; ") = Bk

�
"211 + 2�k"11"22 + "222 + 2 (1� �k) "212

�
; (4)

bk({;{) = Dk

�
{211 + 2�k{11{22 + {222 + 2 (1� �k){212

�
; (5)

Bk |¦¥áâª®áâì ­  à áâï¦¥­¨¥,Dk | æ¨«¨­¤à¨ç¥áª ï ¦¥áâª®áâì, �k | ª®íää¨æ¨¥­â �ã áá®­ 
k-£® ­¥áãé¥£® á«®ï, "k = ("k11; "

k
12; "

k
22); {

k = ({k11;{
k
12;{

k
22) | ª®¬¯®­¥­âë â ­£¥­æ¨ «ì­®© ¨

¨§£¨¡­®© ¤¥ä®à¬ æ¨¨ áà¥¤¨­­ëå ¯®¢¥àå­®áâ¥© ­¥áãé¨å á«®¥¢, ¢ëç¨á«ï¥¬ë¥ ¯® áâ ­¤ àâ­ë¬
ä®à¬ã« ¬ â¥®à¨¨ áà¥¤­¥£® ¨§£¨¡  (á¬., ­ ¯à., [4]):

"k11 = ek1 +
1
2

�
#k1
�2
; "k22 = ek2 +

1
2

�
#k2 ;

�2
"k12 = !k +

1
2
#k1#

k
2 ;

ek1 =
1
A1

@uk1
@x1

+
1

A1A2

@A1

@x2
uk2 +

1
R1

uk3 ; ek2 =
1
A2

@uk2
@x2

+
1

A1A2

@A2

@x1
uk1 +

1
R2

uk3 ;

#k1 = � 1
A1

@uk3
@x1

+
1
R1

uk1 ; #k2 = � 1
A2

@uk3
@x2

+
1
R2

uk2 ;

{k11 =
1
A1

@#k1
@x1

+
1

A1A2

@A1

@x2
#k2 ; {k22 =

1
A2

@#k2
@x2

+
1

A1A2

@A2

@x1
#k1;

{k12 =
1
2
(�k1 + �k2 +

1
R1

!k
1 +

1
R2

!k
2 );

!k
1 =

1
A1

@uk2
@x1

� 1
A1A2

@A1

@x2
uk1 ; !k

2 =
1
A2

@uk1
@x2

� 1
A1A2

@A2

@x1
uk2 ;
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!k =
1
2

�
!k
1 + !k

2

�
;

�k1 =
1
A1

@#k2
@x1

� 1
A1A2

@A1

@x2
#k1 ; �k2 =

1
A2

@#k1
@x2

� 1
A1A2

@A2

@x1
#k2 :

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ®

A1; A2 2 C1(
); A1; A2 � m > 0; m = const; R�11 ; R�12 2 C1(
); (6)

akijkl; b
k
ijkl 2 C0(
): (7)

� ¬ ¡ã¤¥â ã¤®¡­® § ¯¨áë¢ âì ¢ëà ¦¥­¨ï ¤«ï ª®¬¯®­¥­â ¤¥ä®à¬ æ¨¨ ¢ ¢¨¤¥ "k(uk) = ek(uk) +
dk(uk; uk); £¤¥ ek(uk) | «¨­¥©­ë¥ á®áâ ¢«ïîé¨¥ â ­£¥­æ¨ «ì­ëå ª®¬¯®­¥­â ¤¥ä®à¬ æ¨¨,
dk(uk; uk) = (dij)

2

i;j=1 ; dij =
1
2
#i
�
uk
�
#j
�
uk
�
: �¥âàã¤­® ¢¨¤¥âì, çâ® 1

jdk(uk; vk)j � c(jukj+ jruk3 j)(jvkj+ jrvk3 j): (8)

� á¨«ã ¯à¨­ïâëå ­ ¬¨ £à ­¨ç­ëå ãá«®¢¨© ¨¬¥¥¬

uk = 0;
@wk

@�
= 0; � � � = 0; x 2 �; (9)

£¤¥ � | £à ­¨æ  ®¡« áâ¨ 
; � | ­®à¬ «ì ª �.
1.1. �áá«¥¤®¢ ­¨¥ à §à¥è¨¬®áâ¨. �á«¥¤áâ¢¨¥ ãá«®¢¨© (2), (3), (9) ¨ ®æ¥­ª¨ (8) äã­ªæ¨®­ «

L(u; �) ¥áâ¥áâ¢¥­­® à áá¬ âà¨¢ âì ª ª äã­ªæ¨®­ « ­ ¤ ¯à®áâà ­áâ¢®¬ H = V � H (u 2 V ,
� 2 H), £¤¥

V = (
�

W 1
2 �

�

W 1
2 �

�

W 2
2)

N ; H = (E0)
(N�1)

;

E0 =
�
� 2 (L2)

2; div� 2 L2; � � � = 0; x 2 �
	

| £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬

(�; �)E0
= (�; �)L2�L2

+ (div �;div �)L2
:

(�® ¯®¢®¤ã ®á­®¢­ëå á¢®©áâ¢ ¯à®áâà ­áâ¢  E0 á¬., ­ ¯à., [5].)
�¢¥¤¥¬ § ¤ çã ¯®¨áª  ªà¨â¨ç¥áª¨å â®ç¥ª äã­ªæ¨®­ «  (1) ª ®¯¥à â®à­®¬ã ãà ¢­¥­¨î ¢

¯à®áâà ­áâ¢¥ H. �¥âàã¤­® ¯à®¢¥à¨âì, çâ® l(u; �) | ­¥¯à¥àë¢­ ï ¡¨«¨­¥©­ ï ä®à¬  ­ ¤ H,
á«¥¤®¢ â¥«ì­®, áãé¥áâ¢ãîâ â ª¨¥ ¢§ ¨¬­® á®¯àï¦¥­­ë¥ «¨­¥©­ë¥ ®¯¥à â®àë L12 : V ! H;
L21 : H ! V , çâ®

l(u; �) = (L12�; u)V = (�;L21u)H 8u 2 V; � 2 H: (10)

�ãáâì ¤ «¥¥ L11 : V ! V; L22 : H ! H; f 2 V | £à ¤¨¥­âë äã­ªæ¨®­ «®¢ �; F; f(u)
á®®â¢¥âáâ¢¥­­®, â. ¥.

(L11u; �)V = a11(u; �) � 2
Z



NX
k=1

ak("k(uk); ek(�k) + 2dk(uk; �k))d
 +

+ 2
Z



NX
k=1

bk({k(uk);{k(�k))d
 +

+
Z



N�1X
k=1

c0k(u
k+1
3 � uk3)(�

k+1
3 � �k3 )d
 8u; � 2 V; (11)

(L22�; �)H = a22(�; �) � 2
Z



N�1X
k=1

(Ck�
k � �k + dkd̂iv�kd̂iv �k)d
 8�; � 2 H; (12)

1�¥à¥§ c; c1; : : : ¡ã¤¥¬ ®¡®§­ ç âì ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, ¢®§¬®¦­®, à §«¨ç­ë¥.

68



f(v) � (f; v)V 8v 2 V:

�¥¬¬  1. �â æ¨®­ à­ ï â®çª  äã­ªæ¨®­ «  L(u; �) | à¥è¥­¨¥ ãà ¢­¥­¨ï

Py � Ay � F = 0; (13)

£¤¥

A =
�
L11 L12

L21 �L22

�
; y =

 
u

�

!
; F =

 
f

0

!
2 H:

�«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­® § ¬¥â¨âì, çâ® ãà ¢­¥­¨¥ (13) íª¢¨¢ «¥­â­® á®®â­®è¥­¨î

d

dt
L(u+ tv; q + t�)

����
t=0

= 0 8v 2 V; � 2 H:

�¥®à¥¬  1. �à ¢­¥­¨¥ (13) ¨¬¥¥â å®âï ¡ë ®¤­® à¥è¥­¨¥, ¥á«¨ kfkV ¤®áâ â®ç­® ¬ « .

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ®á­®¢ë¢ ¥âáï ­  â¥®à¥¬¥ � ­â®à®¢¨ç  ® à §à¥è¨¬®áâ¨ ­¥«¨­¥©-
­ëå ®¯¥à â®à­ëå ãà ¢­¥­¨© (á¬., ­ ¯à., [6], á.140) ¨ ¡ã¤¥â ¯à¨¢¥¤¥­® ¯®á«¥ ä®à¬ã«¨à®¢ª¨ àï¤ 
¢á¯®¬®£ â¥«ì­ëå à¥§ã«ìâ â®¢.

� ¬¥â¨¬ ¯à¥¦¤¥ ¢á¥£®, çâ® ®¯¥à â®à P ¤¨ää¥à¥­æ¨àã¥¬ ¯® �à¥è¥, ¨ ¥£® ¯à®¨§¢®¤­ ï ®¯à¥-
¤¥«ï¥âáï á®®â­®è¥­¨¥¬

(P 0(y)z; �)V �H = (A0(y)z; �)V �H = 2
Z



NX
k=1

ak("k(uk); 2dk(vk; �k))d
+

+2
Z



NX
k=1

ak(ek(vk) + 2dk(uk; vk); ek(�k) + 2dk(uk; �k))d
 +

+2
Z



NX
k=1

bk({k(vk);{k(�k))d
 +
Z



N�1X
k=1

c0k(v
k+1
3 � vk3 )(�

k+1
3 � �k3 )d
+

+(L12v; �) + (L21v; �) + (L22�; �) 8y; z; � 2 H; (14)

y =

 
u

�0

!
; z =

 
v

�

!
; � =

 
�

�

!
:

�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ®¯¥à â®à L0
11 : V ! V ,

(L0
11u; �) = a011(u; �) �

� 2
Z



NX
k=1

(ak(ek(uk); ek(�k)) + bk({k(uk);{k(�k)))d
 +

+2
Z



N�1X
k=1

c0k(u
k+1
3 � uk3)(�

k+1 � �k3 )d
 8u; � 2 V:

�¥¬¬  2. �¯¥à â®à L0
11 ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­, â. ¥.

(L0
11u; u)V � 
1(u; u)V 8u 2 V; 
1 = const > 0:

�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨© (2){(3) ¨ ¯®«®¦¨â¥«ì­®áâ¨ c0k ¢ëâ¥ª ¥â, çâ® ¤«ï «î¡®£® u 2 V

(L0
11u; u)V � c

Z



N�1X
k=1

(ek(uk); ek(uk)) + ({k(uk);{k(uk)))d
 � 
1(u; u)V : (15)

�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® | á«¥¤áâ¢¨¥ ®¡®¡é¥­­®£® ­¥à ¢¥­áâ¢  �®à­  ¤«ï ®¯¥à â®à  «¨­¥©­®©
â¥®à¨¨ ®¡®«®ç¥ª [7].

�¥¬¬  3. �¯¥à â®à L22 : H ! H ®£à ­¨ç¥­ ¨ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­:
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2(�; �)H � (L22�; �)H � 
4(�; �)H 8� 2 H; 
2; 
4 = const > 0:

�®ª § â¥«ìáâ¢®. �£à ­¨ç¥­­®áâì ®¯¥à â®à  L22 ®ç¥¢¨¤­ . �®ª ¦¥¬ ¥£® ¯®«®¦¨â¥«ì­ãî
®¯à¥¤¥«¥­­®áâì. �ãáâì 0 < � < 1. �®£¤  ¤«ï «î¡®£® �p 2 E0; 1 � p � N � 1, ¨¬¥¥¬

I �
Z



�
Cp�p � �p + dp

�
d̂iv�p

�2�
d
 � c

�
k�pk2L2�L2

+
Z



�
�
d̂iv�p

�2
d

�
:

�ç¨âë¢ ï, çâ® d̂iv�p = div�p + �1�p1 + �2�p2, £¤¥ �k = �iik, ¯®«ãç¨¬

I � c(1 + �min
k

min



�2k)k�pk2L2�L2
+ �kdiv �p k2L2

�

�2�
�Z




j�1�p1jd
�
Z



j�2�p2jd
�
Z



j�1�2�p1�p2jd

�
:

�à¨¬¥­ïï ¤ «¥¥ ­¥à ¢¥­áâ¢® �®è¨ á " ¤«ï ®æ¥­ª¨ ®âà¨æ â¥«ì­ëå á« £ ¥¬ëå, ¯®«ãç¨¬

I � cm(k�pk2L2�L2
+ (�=2)kdiv �pk2L2

);

m = 1 + �min
k

min



�2k � 9�max
k

max



�2k:

�ë¡¨à ï â¥¯¥àì � â ª, çâ®¡ë m ¡ë«® ¯®«®¦¨â¥«ì­®, ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë.

�¥¬¬  4. �ãé¥áâ¢ã¥â ®¯¥à â®à �0 = [A0(0)]�1, ¯à¨ç¥¬

k�0k � b0; b0 = b0(
1; 
2; 
3):

�®ª § â¥«ìáâ¢®. �¥âàã¤­® ¯à®¢¥à¨âì, çâ®

A0(0) =
�
L0
11 L12

L21 �L22

�
:

�¨áâ¥¬  ãà ¢­¥­¨©

L0
11u+ L12� = f1; L21u� L22� = f2 (16)

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¯à¨ «î¡ëå f1 2 V; f2 2 H, á¯à ¢¥¤«¨¢ë  ¯à¨®à­ë¥ ®æ¥­ª¨

kukV � 1

1
kf1kV +


3

1
2

kf2kH ;

k�kH � 
3

2
kukV +

1

2
kf2kH ; 
3 = kL12k:

�®á«¥¤­¥¥ ¢ëâ¥ª ¥â ¨§ â®£®, çâ® á¨áâ¥¬  (16) ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ íª¢¨¢ «¥­â­®¬ ¢¨¤¥

� = L�122 L21u� L�122 f2;

(L0
11 + L12L

�1
22 L21)u = f1 + L12L

�1
22 f2;

  ®¯¥à â®à L12L
�1
22 L21 ­¥®âà¨æ â¥«¥­.

�¥¬¬  5.

kA0(y1)�A0(y2)k � c(1 + ky1k+ ky2k)ky1 � y2k 8y1; y2 2 V �H: (17)

�®ª § â¥«ìáâ¢®. � á¨«ã ¯à¥¤áâ ¢«¥­¨ï (14) ®æ¥­ª  (17) á®¢¯ ¤ ¥â, ä ªâ¨ç¥áª¨, á á®®â¢¥â-
áâ¢ãîé¥© ®æ¥­ª®© ¤«ï ®¯¥à â®à  £¥®¬¥âà¨ç¥áª¨ ­¥«¨­¥©­®© â¥®à¨¨ ®¡®«®ç¥ª ¨§ [8].
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. � á¨«ã «¥¬¬ 4, 5

k�0k � b0; k�0P (0)k � �0 = kfkV b0; �0 = [P 0(0)]�1;

kP 0(y1)� P 0(y2)k � (1 + 2R)ky1 � y2k
8y1; y2 2 B(R) = fy 2 V �H; kyk � Rg;

¯®íâ®¬ã ãà ¢­¥­¨¥ (13) ¨¬¥¥â à¥è¥­¨¥ ¢ áä¥à¥ B(r0), ¥á«¨

h0 = kfkV (1 + 2R)b20 � 1=2; r0 =
1�p1� 2h0

h0
b0kfkV � R: (18)

�á«®¢¨ï (18) ¢ë¯®«­ïîâáï ¯à¨ ¬ «ëå kfkV . �¥®à¥¬  ¤®ª § ­ .
� ¬¥ç ­¨¥ 1. �á«¨ ¯à¨ ®¯¨á ­¨¨ ¤¥ä®à¬ æ¨¨ ­¥áãé¨å á«®¥¢ ®£à ­¨ç¨âìáï £¥®¬¥âà¨ç¥áª¨

«¨­¥©­ë¬ ¯à¨¡«¨¦¥­¨¥¬, â® à¥è¥­¨¥ ãà ¢­¥­¨ï (13) ®¯à¥¤¥«ï¥âáï ®¤­®§­ ç­® ¨ ï¢«ï¥âáï á¥¤-
«®¢®© â®çª®© äã­ªæ¨®­ «  L [10], [11].

1.2. �­ãâà¥­­ïï  ¯¯à®ªá¨¬ æ¨ï § ¤ ç¨ (13). �ãáâì Vh; Hh; h! 0, | á¥¬¥©áâ¢  ª®­¥ç­®¬¥à-
­ëå ¯®¤¯à®áâà ­áâ¢, ¯®«­ë¥ ¢ V; H á®®â¢¥âáâ¢¥­­®. �à¨ ¨å ¯®áâà®¥­¨¨ ¬®¦­® ¨á¯®«ì§®¢ âì,

­ ¯à¨¬¥à, å®à®è® ¨§¢¥áâ­ë¥ ª®­¥ç­®í«¥¬¥­â­ë¥ ¯à®áâà ­áâ¢ , ¯®«­ë¥ ¢
�

W 1
2;

�

W 2
2 (á¬., ­ ¯à.,

[9]). �®¤ ¯à¨¡«¨¦¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (13) ¡ã¤¥¬ ¯®­¨¬ âì ¯ àã äã­ªæ¨© uh 2 Vh; �h 2 Hh

| áâ æ¨®­ à­ãî â®çªã äã­ªæ¨®­ «  L ­  Hh = Vh �Hh, â. ¥.

d

dt
L(uh + tvh; �h + t�h)

����
t=0

= 0 8vh 2 Vh; �h 2 Hh:

�­ë¬¨ á«®¢ ¬, uh; �h ®¯à¥¤¥«ïîâáï ª ª à¥è¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨©

a11(uh; vh) + l(�h; vh) = f(vh) 8vh 2 Vh; (19)

a22(�h; �h)� l(�h; uh) = 0 8�h 2 Hh: (20)

�¥®à¥¬  2. �á«¨ kfkV ¤®áâ â®ç­® ¬ « , â® ¢ è à¥ B(r0), £¤¥

r0 =
1�p1� 2h0

c0h0
kfkV b0h0 = kfkV (1 + 2R)b20;

áãé¥áâ¢ã¥â å®âï ¡ë ®¤­® à¥è¥­¨¥ § ¤ ç¨ (19) � (20): �à¨ íâ®¬ á¯à ¢¥¤«¨¢ë à ¢­®¬¥à­ë¥ ¯®

h  ¯à¨®à­ë¥ ®æ¥­ª¨

kuhkV � c1; k�hkH � c2: (21)

�®ª § â¥«ìáâ¢®. �ãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï § ¤ ç¨ (19){(20) ¤®ª §ë¢ ¥âáï â®ç­® â ª ¦¥, ª ª
¨ ¤«ï ¨áå®¤­®© § ¤ ç¨. �æ¥­ª¨ (21) á«¥¤ãîâ ¨§ ¯à¨­ ¤«¥¦­®áâ¨ à¥è¥­¨ï uh; �h è àã B(r0),
à ¤¨ãá ª®â®à®£® ­¥ § ¢¨á¨â ®â h. �¥®à¥¬  ¤®ª § ­ .

�¥®à¥¬  3. �ãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì h ! 0, çâ® uh * u (á« ¡®), �h ! �
(á¨«ì­®), £¤¥ (u; �)| áâ æ¨®­ à­ ï â®çª  äã­ªæ¨®­ «  L; (uh; �h)| à¥è¥­¨¥ § ¤ ç¨ (19)�(20):

�®ª § â¥«ìáâ¢®. �§ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ u 2 V ¨ � 2 H â ª¨å, çâ® uh *
u; �h * �. �®ª ¦¥¬, çâ® (u; �) | áâ æ¨®­ à­ ï â®çª  äã­ªæ¨®­ «  L. �«ï íâ®£® ¢ë¡¥à¥¬
¯à®¨§¢®«ì­ë¥ v 2 V; � 2 H ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ vh 2 Vh; �h 2 Hh â ª¨¥, çâ® vh ! v; �h ! � ,
¨ ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¢ ãà ¢­¥­¨ïå (19) { (20) ¯à¨ h ! 0. �â¬¥â¨¬, çâ® ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¢
¢ëà ¦¥­¨ïå ¢¨¤  Z



ak("k(ukh); 2d

k(ukh; v
k
h))d
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®á­®¢ë¢ ¥âáï ­  á¨«ì­®© áå®¤¨¬®áâ¨ uk3h ! uk3 ¢ W
1
4 . �®ª ¦¥¬, çâ® �h ! � á¨«ì­® ¢ H. �¥¯®-

áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨© â®ç­®£® ¨ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨© ¨¬¥¥¬

a22(�h � �; �h � �h) = l(�h � �h; u� uh) 8�h 2 Hh;

®âªã¤ 

a22(�h � �; �h � �) = �a22(�h � �; � � �h) + l(�h � �; uh � u) + l(� � �h; uh � u);

¨, á«¥¤®¢ â¥«ì­®,


2k�h � �k2h � 
4k�h � �kHk� � �hkH + cku� uhkV1 (k�h � �kH + k� � �hkH) :
�¤¥áì ¨ ¤ «¥¥

V1 = (L2 � L2 �W 1
2 )

N :

�á­®, çâ® uh ! u á¨«ì­® ¢ V1. �®íâ®¬ã, ¢ë¡¨à ï �h â ª, çâ®¡ë k�h � �kH ! 0, ¯®«ãç¨¬
k�h � �kH ! 0.

� ¬¥ç ­¨¥ 2. �á«¨ ®£à ­¨ç¨âìáï £¥®¬¥âà¨ç¥áª¨ «¨­¥©­ë¬ ¯à¨¡«¨¦¥­¨¥¬ ¯à¨ ®¯¨á ­¨¨
¤¥ä®à¬ æ¨¨ ­¥áãé¨å á«®¥¢, â® ¬®¦­® ¤®ª § âì á¨«ì­ãî áå®¤¨¬®áâì ¨ ¤«ï uh, ¡®«¥¥ â®£®, á¯à -
¢¥¤«¨¢  ®æ¥­ª  â®ç­®áâ¨ [10], [11]

ku� uhkV + k� � �hkH � c
�
inf

vh2Vh
ku� vhkV + inf

�h2Hh

k� � �hkH
�
:

2. �¨­¥ à¨§®¢ ­­ë¥ ãà ¢­¥­¨ï ¤¨­ ¬¨ª¨ ¬­®£®á«®©­ëå ®¡®«®ç¥ª á âà ­á¢¥àá «ì­®-¬ï£ª¨¬¨

§ ¯®«­¨â¥«ï¬¨. �â¨ ãà ¢­¥­¨ï ¬®£ãâ ¡ëâì § ¯¨á ­ë ¢ ¢¨¤¥ [3]

L011v + L12� +B�v = 0;

L21v � L22� = 0:

�¤¥áì v = v(x; t); � = �(x; t); x 2 
; t � 0; v = (v1; : : : ; vN ); vk | ¢¥ªâ®à á¬¥é¥­¨© áà¥¤¨­­®©
¯®¢¥àå­®áâ¨ k-£® ­¥áãé¥£® á«®ï ®¡®«®çª¨, � = (�1; : : : ; �N�1); �k = (�k1 ; �

k
2 ) | ­ ¯àï¦¥­¨ï

¯®¯¥à¥ç­®£® á¤¢¨£  ¢ k-¬ á«®¥ § ¯®«­¨â¥«ï. �à¥¤¯®« £ ¥âáï, çâ® v 2 V; � 2 H 8t � 0:
�¯¥à â®àë L22; L12; L21 ®¯à¥¤¥«ïîâáï á®®â­®è¥­¨ï¬¨ (12), (10), L011 = L011(~v), £¤¥ ~v = ~v(x) |

¢¥ªâ®à á¬¥é¥­¨©, á®®â¢¥âáâ¢ãîé¨© ¯®«®¦¥­¨î à ¢­®¢¥á¨ï à áá¬ âà¨¢ ¥¬®© ®¡®«®çª¨ ¯®¤ ¤¥©-
áâ¢¨¥¬ ­¥ª®â®à®© áâ æ¨®­ à­®© ¢­¥è­¥© ­ £àã§ª¨ (¢ ®ªà¥áâ­®áâ¨ íâ®£® ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï
¨ ¯à®¨áå®¤¨â «¨­¥ à¨§ æ¨ï ¤¨­ ¬¨ç¥áª®© § ¤ ç¨), B : V ! V , ¯à¨ç¥¬

(Bv; v)V � b(v; v) =
Z



NX
k=1

tk�k(vk21 + vk22 + vk23 )d
 +

+
Z


~�khk

 
N�1X
i=1

�
v1i + v2i

2
+
t2#

2
i � t1#

1
i

2
+
hk
4
(#2i � #1i )

�2
+
�
v13 + v23

2

�2!
d
 8v 2 H; (22)

£¤¥ �k | ¯«®â­®áâì k-£® ­¥áãé¥£® á«®ï, ~�k | ¯«®â­®áâì k-£® á«®ï § ¯®«­¨â¥«ï. �áâ «ì­ë¥
®¡®§­ ç¥­¨ï á®¢¯ ¤ îâ á ¨á¯®«ì§®¢ ­­ë¬¨ ¢ëè¥. �¥è¥­¨¥ § ¤ ç¨ ® á¢®¡®¤­ëå ª®«¥¡ ­¨ïå, ª ª
®¡ëç­®, ¡ã¤¥¬ áâà®¨âì ¢ ¢¨¤¥

v(x; t) = u(x)ei!t; �(x; t) = �(x)ei!t:

�®£¤ 

L011u+ L12� = �Bu; L21u� L22� = 0; � = !2: (23)

2.1. �áá«¥¤®¢ ­¨¥ § ¤ ç¨ (23). � ¤ «ì­¥©è¥¬ áãé¥áâ¢¥­­® ¨á¯®«ì§ãîâáï ¬¥â®¤ë ¨áá«¥¤®-
¢ ­¨ï § ¤ ç ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï á «¨­¥©­ë¬¨ ®£à ­¨ç¥­¨ï¬¨ (á¬. [12], £«. 9, [13] ¨ æ¨-
â¨à®¢ ­­ãî â ¬ «¨â¥à âãàã). �à¨ íâ®¬ ¯®âà¥¡ãîâáï á«¥¤ãîé¨¥ á¢®©áâ¢  ãç áâ¢ãîé¨å ¢ (23)
®¯¥à â®à®¢.
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�¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï ®¯¥à â®à  B ¢ëâ¥ª ¥â

�¥¬¬  6. kBukV � ckukV1 :
�¥¬¬  7. �ãé¥áâ¢ãîâ â ª¨¥ ¯®áâ®ï­­ë¥ c0; c1 > 0 , çâ® ¤«ï «î¡ëå u; v 2 V

(L011(u)v; v) � c0kvk2V
�
1� c1(kukV + kuk2V )

�
: (24)

�®ª § â¥«ìáâ¢®. �¥¯®áà¥¤áâ¢¥­­ë¬¨ ¢ëç¨á«¥­¨ï¬¨ ¯®ª §ë¢ ¥âáï, çâ®

(L011(u)v; v)V � a011(v; v) =

=
NX
k=1

Z



(ak(e(vk); e(vk)) + bk({(vk);{(vk)))d
 +
3X

i=1

Ii 8u; v 2 V; (25)

£¤¥

I1 = 2
NX
k=1

Z



ak(e(vk); d(uk; vk))d
; I2 =
NX
k=1

Z



ak(e(uk); d(vk; vk))d
;

I3 =
NX
k=1

Z



ak(d(uk; uk); d(vk ; vk))d
:

�á¯®«ì§ãï ®¡®¡é¥­­®¥ ­¥à ¢¥­áâ¢® �®è¨-�ã­ïª®¢áª®£® ¨ ®£à ­¨ç¥­­®áâì ®¯¥à â®à  ¢«®¦¥­¨ï
¨§ W 1

2 ¢ L4, ¯®«ãç¨¬

jI1j �
Z



(jvpj+ jrvp1 j+ jrvp2 j)(jvpj+ jrvp3 j)(jupj+ jrup3j)d
 � ckvk2V kukV ;

jI2j �
Z


(jupj+ jrup1jjrup2j)(jvpj+ jrvp3 j)2d
 � ckvk2V kukV ;

jI3j �
Z



(jvpj+ jrvp3 j)2(jupj+ jrup3j)2d
 � ckvk2V kuk2V ;

®âªã¤  ¢á«¥¤áâ¢¨¥ ®¡®¡é¥­­®£® ­¥à ¢¥­áâ¢  �®à­  «¨­¥©­®© â¥®à¨¨ ®¡®«®ç¥ª ¨¬¥¥¬ (24).

� ¬¥ç ­¨¥ 3. �á«¨ ª¢ ¤à â¨ç­ë¥ ä®à¬ë ak; bk ®¯à¥¤¥«ïîâáï á®®â­®è¥­¨ï¬¨ (4), (5), â®

ak(d(uk; uk); d(vk ; vk)) =
1
4
(#21(u

k)#21(v
k) + �k#

2
1(u

k)#22(v
k) +

+�k#22(u
k)#21(v

k) + #22(u
k)#22(v

k) + 2(1� �k)#1(uk)#2(uk)#1(vk)#2(vk)) �
� 1
4
�k(#21(u

k)#21(v
k) + #21(u

k)#22(v
k) + #22(u

k)#21(v
k) + #22(u

k)#22(v
k)) � 0;

¨ ®æ¥­ª  (24) ã«ãçè ¥âáï
(L011(u)v; v) � c0kvk2V (1� c1kukV ):

�¥¬¬  8. �ãáâì u 2 (W 1
1 � W 1

1 � W 2
1)

N . �®£¤  áãé¥áâ¢ãîâ â ª¨¥ ¯®áâ®ï­­ë¥ c0 =
= c0(u) > 0, c1 = c1(u) > 0, çâ®

(L011(u)v; v) � c0kvk2V � c1kvk2L2
: (26)

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® I1 + I2 + I3 ¬®¦­® ¯à¥¤áâ ¢¨âì ª ª áã¬¬ã á« £ ¥¬ëå ¢¨¤ 

J1 =
Z



c(x)vpkv
p
l d
; J2 =

Z



c(x)vpk
@vpl
@xl

d
; k; l = 1; 2; 3;

J3 =
Z



c(x)
@vpk
@xj

@vp3
@xl

d
; j; l = 1; 2; k = 1; 2; 3;

£¤¥ c(x) 2W 1
1. �¬¥¥¬ ¤ «¥¥

jJ1j; jJ2j � ckvk2V ;
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J3 = �
Z


vpk
@c(x)
@xj

@vp3
@xl

d
�
Z


vpkc(x)

@2vp3
@x2l

d
;

jJ3j � ckvkL2
kvkV � c

2"
kvk2L2

+
c"

2
kvk2V ;

" > 0 ¯à®¨§¢®«ì­®. �âáî¤  ¢ á¨«ã (15) ¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ¢ë¡®à¥ " > 0 ¢ëâ¥ª ¥â (26).

�§ «¥¬¬ 3, 4 ¨ ®¯à¥¤¥«¥­¨ï ®¯¥à â®à  B ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â

�¥¬¬  9. �ãáâì ¢ë¯®«­¥­® ®¤­® ¨§ á«¥¤ãîé¨å ¤¢ãå ãá«®¢¨©:

c1
�k~vkV + k~vk2V

�
< 1; (27)

£¤¥ c1 | ¯®áâ®ï­­ ï ¨§ ­¥à ¢¥­áâ¢  (24);

~v 2 (W 1
1 �W 1

1 �W 2
1)

N : (28)

�®£¤  áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï­­ ï c0 = c0(~v) > 0 , çâ®

(L011;cv; v) � c0kvk2V ; c0 > 0; (29)

£¤¥ L011;c = L011 + cB.

� ¬¥ç ­¨¥ 4. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï (27) ¯®áâ®ï­­ãî c, ®ç¥¢¨¤­®, ¬®¦­® áç¨â âì à ¢­®©
­ã«î.

� ¤ «ì­¥©è¥¬ ¤«ï ®¯à¥¤¥«¥­­®áâ¨ ¡ã¤¥¬ áç¨â âì ¢ë¯®«­¥­­ë¬ ãá«®¢¨¥ (28), ¨ ¯®áâ®ï­­ãî
c ¢ë¡à ­­®© â ª, çâ® ãá«®¢¨¥ (29) ¢ë¯®«­ï¥âáï. �á­®, çâ® § ¤ ç  (23) íª¢¨¢ «¥­â­  § ¤ ç¥

L11;cu+ L12� = �0Bu; L21u� L22� = 0; (30)

�0 = � + c. �«ï ã¯à®é¥­¨ï § ¯¨á¥© ¡ã¤¥¬ ¢ ¤ «ì­¥©è¥¬ ¯à¨¤¥à¦¨¢ âìáï ®¡®§­ ç¥­¨© �0 = �;
L011;c = L011 .

�¥¬¬  10. �¯¥à â®à T : H ! H; Tu = v; u = (u; �); v = (v; �); £¤¥ v; � ®¯à¥¤¥«ïîâáï ª ª

à¥è¥­¨¥ á¨áâ¥¬ë

L011v + L12� = Bu; L21v � L22� = 0; (31)

¢¯®«­¥ ­¥¯à¥àë¢¥­.

�¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥­¨ï «¥¬¬ë ­¥¬¥¤«¥­­® ¢ëâ¥ª ¥â ¨§ «¥¬¬ 4, 6 ¨ ¯®«­®© ­¥¯à¥àë¢-
­®áâ¨ ®¯¥à â®à  ¢«®¦¥­¨ï V ¢ V1. �¥©áâ¢¨â¥«ì­®, kvk � ckBukV � c1kukV1 :

�¥¬¬  11. �ãáâì H0 = fu 2 H; L12u = L22�g: �ã¦¥­¨¥ ®¯¥à â®à  T ­  H0 | á ¬®-

á®¯àï¦¥­­ë© ®¯¥à â®à ¢ á¬ëá«¥ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï (u; �)a = (L11u; v)V + (L22�; �)H ,

¯®à®¦¤ îé¥£® ­®à¬ã, íª¢¨¢ «¥­â­ãî ¨áå®¤­®©.

�®ª § â¥«ìáâ¢®. �¨áâ¥¬  (31) ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ íª¢¨¢ «¥­â­®¬ ¢¨¤¥

(L11v; �)V + (L12�; �)V � (L21v; q)H + (L22�; q)H = (Bu; �)V 8(�; q) 2 H:

�á«¨ (�; q) 2 H0 , â® (L12�; �)V = (�;L22q)H = (L21v; q)H ¨

(L011v; �)V + (L22�; q)H = (Bu; �)V ;

®âªã¤  ¢ á¨«ã á ¬®á®¯àï¦¥­­®áâ¨ ®¯¥à â®à®¢ B; L011; L22 ¨ ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë.

�¥¬¬  12. KerT \H0 = 0.

�®ª § â¥«ìáâ¢®. �ãáâì (u; �) 2 KerT \H0. �®£¤  ¢ á¨«ã ®¯à¥¤¥«¥­¨ï ®¯¥à â®à  T ¨¬¥¥¬
(Bu; u)V = 0, â.¥. u = 0; � = L�122 L12u = 0.

�§ ®¯à¥¤¥«¥­¨ï ®¯¥à â®à  T ¢ëâ¥ª ¥â
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�¥¬¬  13. � ¤ ç  (30) íª¢¨¢ «¥­â­  § ¤ ç¥ ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¤«ï ®¯¥à â®à  T ,

Tu =
1
�
u; u 2 H0:

�¥¬¬  14. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (29): �®£¤  § ¤ ç  (30) ¬®¦¥â ¨¬¥âì «¨èì ¯®«®-

¦¨â¥«ì­ë¥ á®¡áâ¢¥­­ë¥ ç¨á« .

�«ï ¤®ª § â¥«ìáâ¢  íâ®© «¥¬¬ë ¤®áâ â®ç­® § ¬¥â¨âì, çâ® ¤«ï «î¡®© á®¡áâ¢¥­­®© ¯ àë
§ ¤ ç¨ (30) ¢ á¨«ã «¥¬¬ë 14 á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥

(L011v; v)V + (L22�; �)H = �(Bv; v):

�§ ãáâ ­®¢«¥­­ëå ¢ëè¥ á¢®©áâ¢ § ¤ ç¨ (30) ¢ëâ¥ª ¥â

�¥®à¥¬  4. �ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ (28): � ¤ ç  (23) ¨¬¥¥â áç¥â­®¥ ¬­®¦¥áâ¢® á®¡-

áâ¢¥­­ëå ç¨á¥«

�1 � �2 � �3 : : : ; lim
n!1

�n = +1:

� ¦¤®¥ á®¡áâ¢¥­­®¥ ç¨á«® ¨¬¥¥â ª®­¥ç­ãî ªà â­®áâì. �®¡áâ¢¥­­ë¥ äã­ªæ¨¨ § ¤ ç¨ (23)
®¡à §ãîâ ®àâ®­®à¬¨à®¢ ­­ãî ¢ á¬ëá«¥ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï (�; �)a ¯®«­ãî ¢ H0 á¨áâ¥¬ã.

� ¬¥ç ­¨¥ 5. �á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (27), â® ¢á¥ á®¡áâ¢¥­­ë¥ ç¨á«  § ¤ ç¨ (23) ¯®«®¦¨-
â¥«ì­ë.

2.2. �­ãâà¥­­ïï  ¯¯à®ªá¨¬ æ¨ï § ¤ ç¨ (23). �ãáâì Vh; Hh | á¥¬¥©áâ¢  ª®­¥ç­®¬¥à­ëå ¯®¤-
¯à®áâà ­áâ¢, ¯®«­ë¥ ¢ V; H á®®â¢¥âáâ¢¥­­®. �®¤ ¯à¨¡«¨¦¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (23) ¡ã¤¥¬
¯®­¨¬ âì à¥è¥­¨¥ vh 2 Vh; �

h 2 E0h ª®­¥ç­®¬¥à­®© § ¤ ç¨

a011(v
h; �h) + a12(�

h; �h) = �hb(vh; �h) 8�h 2 Vh; (32)

a21(�
h; qh)� a22(�

h; qh) = 0 8qh 2 Hh; (33)

£¤¥ ä®à¬ë a011; a12 = a21; a22; b ®¯à¥¤¥«¥­ë à ¢¥­áâ¢ ¬¨ (25), (10), (12), (22) á®®â¢¥âáâ¢¥­­®.
�§ ®¡é¨å à¥§ã«ìâ â®¢ ® ¢­ãâà¥­­¥©  ¯¯à®ªá¨¬ æ¨¨ § ¤ ç ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¯à¨ «¨-

­¥©­ëå ®£à ­¨ç¥­¨ïå (á¬. [13], á. 430 ) á«¥¤ã¥â, çâ® ®æ¥­ª¨ ¯®£à¥è­®áâ¨ ¬¥â®¤  (32){(33) ­¥-
¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª îâ ¨§ à ¢­®¬¥à­®© ¯® h ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ª¢ ¤à â¨ç­ëå
ä®à¬ a011(v

h; vh); a22(qh; qh) ¨ ãáâ ­®¢«¥­­ëå ¢ëè¥ á¢®©áâ¢ § ¤ ç¨ (23). �®ç­¥¥, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  5. �ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ (28); �i; �hi | á®¡áâ¢¥­­ë¥ ç¨á«  § ¤ ç (23); (32) �
(33); § ­ã¬¥à®¢ ­­ë¥ ¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï, Ei; Eih | á®®â¢¥âáâ¢ãîé¨¥ ¨¬ á®¡áâ¢¥­­ë¥

¯®¤¯à®áâà ­áâ¢ . �®£¤ 

j�i � �hi j � c"2h;

�(Ei; Eih) � c"h;

£¤¥

"h = sup
(u;p)2Ei;kukV +kpkH=1

inf
(vh;qh)2Vh�Hh

(ku� vhkV + kp� qhk);

�(Ei; Eih) | à áâ¢®à ¯®¤¯à®áâà ­áâ¢ Ei; Eih (®¯à¥¤¥«¥­¨¥ á¬., ­ ¯à., ¢ [12], á. 215).
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