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1. �¢¥¤¥¨¥. �ãáâì 
 | ¥¢ëà®¦¤¥ ï ª®á®á¨¬¬¥âà¨ç¥áª ï ¢¥é¥áâ¢¥ ï n � n-¬ âà¨æ ,
n ç¥â®¥. � áâ âì¥ ¯®«ãç¥ë Lp ! Lq-®æ¥ª¨ ¤«ï ®¯¥à â®à  áªàãç¥®© á¢¥àâª¨

K�;�;

 '(x) =

Z
Rn

k�;�;(jyj)e
ih
x;yi'(x� y)dy (1.1)

á ï¤à®¬

k�;�;(jyj) =

8>><
>>:
d(jyj)jyj�n; jyj � �;

b(jyj)(1 � jyj2 + i0)��1; 1� � � jyj � 1 + �;

a(jyj)jyj��n; jyj � N;

£¤¥ 0 < Re ;Re� < n, �n�1
2

< � < 1, � 6= 0;�1; : : : ;
�
� n�1

2

�
+ 1, � < 1 � �, 1 + � < N (¢ á«ãç ¥

� < 0 ¨â¥£à « (1.1) ¯®¨¬ ¥âáï ¢ á¬ëá«¥ à¥£ã«ïà¨§ æ¨¨). �à¥¤¯®« £ ¥¬, çâ® äãªæ¨ï a(r)
â ª®¢ , çâ® a(r) 2 Cm(0;1), m � maxfRe� � n=4; 0g, a(r) = 0 ¯à¨ r � N ¨ ¤®¯ãáª ¥â ®æ¥ªã
ja(k)(r)j � Cr�k, k = 0; 1; : : : ;m. �ãªæ¨ï b(r) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î £« ¤ª®áâ¨ b(r) 2 C l(0;1),
l � [(n � 1)=2] + 1, ¨ b(r) = 0 ¯à¨ jr � 1j � �,   äãªæ¨ï d(r) ®£à ¨ç¥  ¨ áâ ¡¨«¨§¨àã¥âáï
¢ ã«¥ ª ª £¥«ì¤¥à®¢áª ï äãªæ¨ï: jd(r) � d(0)j � Cr�, r ! 0, 0 < � � 1. �à¥¤¯®« £ ¥¬, çâ®
a(1) 6= 0, b(1) 6= 0 ¨ d(0) 6= 0. �¥ ãª § ëå ®ªà¥áâ®áâ¥© ï¤à® k�;�;(r) ®£à ¨ç¥®. �à®¬¥
â®£®, à áá¬ âà¨¢ ¥âáï á«ãç ©, ª®£¤   = n «¨¡® � = 1 ¯à¨ ãá«®¢¨¨, çâ® ï¤à® k�;�;(r) ®£à ¨ç¥®
¢ ®ªà¥áâ®áâïå â®ç¥ª r = 0 ¨ r = 1 á®®â¢¥âáâ¢¥®.

� ¬¥â¨¬, çâ® ®¯¥à â®àë ¢¨¤ 

TK;�'(x) =
Z
Rn

K(x� y)ei�(x;y)'(y)dy; (1.2)

ç áâë¬ á«ãç ¥¬ ª®â®àëå ï¢«ïîâáï ®¯¥à â®àë áªàãç¥®© á¢¥àâª¨, ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢®§-
¨ª îâ ¯à¨ ¨§ãç¥¨¨ á¨£ã«ïàëå ¨â¥£à «ìëå ®¯¥à â®à®¢   ¬®£®®¡à §¨ïå ¬¥ìè¥© à §-
¬¥à®áâ¨ ( ¯à., [1]{[3] ¨ ¨¬¥îé¨¥áï â ¬ ááë«ª¨). �¤  ¨§ ®á®¢ëå § ¤ ç, á¢ï§ ëå á ¨á-
á«¥¤®¢ ¨¥¬ íâ¨å ®¯¥à â®à®¢, á®áâ®¨â ¢ ¯®«ãç¥¨¨ ¤«ï ¨å Lp ! Lq-®æ¥®ª. � á«ãç ¥ ï¤¥à
¢¨¤  K(x) = !(x)

jxj�
, 0 < � � n, £« ¤ª¨å ¢ Rn n f0g, ®£à ¨ç¥®áâì ®¯¥à â®à®¢ ¢¨¤  (1.2) ¢ Lp

¤®áâ â®ç® å®à®è® ¨§ãç¥  ¤«ï è¨à®ª®£® ª« áá  ä §®¢ëå äãªæ¨© �(x; y) (á¬. ãª § ë¥ ¢ë-
è¥ ááë«ª¨). �â¬¥â¨¬ â ª¦¥ à ¡®âã [4], ¢ ª®â®à®© ¯®«ãç¥ë Lp ! Lq-®æ¥ª¨ ¤«ï áªàãç¥ëå
á¢¥àâ®ª á ï¤à ¬¨ á¯¥æ¨ «ì®£® ¢¨¤ , ¨¬¥îé¨¬¨ ®á®¡¥®áâ¨   ¥¤¨¨ç®© áä¥à¥.

�áâ¥áâ¢¥®, çâ® ¨§ãç¥¨¥ ®¯¥à â®à®¢ ¢¨¤  (1.2) ¯® áãé¥áâ¢ã ®â«¨ç ¥âáï ®â ¨áá«¥¤®¢ ¨ï
á¢¥àâ®çëå ®¯¥à â®à®¢, ª®£¤  �(x; y) = �(x � y). � ¯¥à¢ãî ®ç¥à¥¤ì, íâ® ®¡ãá«®¢«¥® â¥¬, çâ®
å®à®è® à §¢¨âë¥ ¬¥â®¤ë £ à¬®¨ç¥áª®£®   «¨§  ¥ ¯à¨¬¥¨¬ë ¢ ¤ ®© á¨âã æ¨¨. �à®¬¥ â®£®,

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ ò04-01-00862-A).
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®¯¥à â®àë ¢¨¤  (1.2), ¢®®¡é¥ £®¢®àï, ¥ ®¡« ¤ îâ á¢®©áâ¢®¬ á¨¬¬¥âà¨¨ ®â®á¨â¥«ì® «¨¨¨
¤¢®©áâ¢¥®áâ¨ 1=p+ 1=q = 1 ([5]).

�â¥à¥á ª ®¯¥à â®à ¬ áªàãç¥®© á¢¥àâª¨ ®¡ãá«®¢«¥ â¥¬, çâ® íâ¨ ®¯¥à â®àë ¥áâ¥áâ¢¥®
¢®§¨ª îâ ¢ £ à¬®¨ç¥áª®¬   «¨§¥, ¢ ç áâ®áâ¨, ¯à¨ ¨§ãç¥¨¨ á¢¥àâ®ª   £àã¯¯¥ �¥©§¥¡¥à£ ,
  â ª¦¥ ¢ ¨áç¨á«¥¨¨ �¥©«ï ¯á¥¢¤®¤¨ää¥à¥æ¨ «ìëå ®¯¥à â®à®¢, ®¯à¥¤¥«ïï ä®à¬ã«ã ¤«ï
á¨¬¢®«  ª®¬¯®§¨æ¨¨ ®¯¥à â®à®¢.

�®ª «ì® ®¯¥à â®à ¢¨¤  (1.2) ¨¬¥¥â å à ªâ¥à¨áâ¨ª¨ á¢¥àâ®ç®£® ®¯¥à â®à . �®¤â¢¥à¦¤¥-
¨¥ íâ®¬ã | â¥®à¥¬  �.�®ã«¨£  [6], ¢ ª®â®à®© ¤®ª § ®, çâ® ®¯¥à â®à áªàãç¥®© á¢¥àâª¨ ¨
®¯¥à â®à á¢¥àâª¨ á ®¤¨¬ ¨ â¥¬ ¦¥ ª®¬¯ ªâ® á®áà¥¤®â®ç¥ë¬ ï¤à®¬ ®£à ¨ç¥ë ¨«¨ ¥®£à -
¨ç¥ë ¢ Lp (1 � p � 1) ®¤®¢à¥¬¥®. � ¤àã£®© áâ®à®ë, ¢ £«®¡ «ì®© ç áâ¨ â ª®£® ®¯¥à â®à 
¤®¬¨¨àãîâ ç¥àâë ®áæ¨««ïâ®à®£® ¨â¥£à « , çâ® ¢®á¨â áãé¥áâ¢¥ë¥ ¨§¬¥¥¨ï ¢ ª àâ¨ã
®£à ¨ç¥®áâ¨ (á¬. ¨¦¥). � ª¨¬ ®¡à §®¬, ®¯¥à â®à ¢¨¤  (1.2) ª®¬¡¨¨àã¥â ç¥àâë á¢¥àâ®ç®£®
®¯¥à â®à  ¨ ®áæ¨««ïâ®à®£® ¨â¥£à «ì®£® ®¯¥à â®à .

2. Lp ! Lq-®æ¥ª¨ ¤«ï ®¯¥à â®à  K�;�;

 . �«ï ä®à¬ã«¨à®¢ª¨ ®á®¢®£® à¥§ã«ìâ â  à á-

á¬®âà¨¬ á«¥¤ãîé¨¥ â®çª¨   (1=p; 1=q)-¯«®áª®áâ¨: A =
�
1; 1 � Re�

n

�
, A0 =

�
Re�
n
; 0
�
, B =�

1 � (n�1)(n�Re�)
n(n+1)

, 1 � Re�
n

�
, B0 =

�
Re�
n
; (n�1)(n�Re�)

n(n+1)

�
, N =

�
1 � Re�

2n
; 1 � Re�

2n

�
, N 0 =

�
Re�
2n

; Re�
2n

�
,

E = (1; 0), F =
�
1
2
; 1
2

�
, L =

�
1; 1� Re 

n

�
, L0 =

�
Re 
n
; 0
�
, O = (1; 1), O0 = (0; 0), M =

�
n+�
n+1

; 1��
n+1

�
,

Q =

(�
1 + �

n�1
; 1 + �

n�1

�
; � � 0;

(1; 1� �); � > 0;
Q0 =

(�
� �

n�1
;� �

n�1

�
; � � 0;

(�; 0); � > 0:

�¢¥¤¥¬ â ª¦¥ ¬®¦¥áâ¢  (á¬. à¨á. 1)

L1(�; n) = [A0; N 0; N;A;E] n (fA0g [ fAg);

L2(�; n) =

(
[M;Q0; Q]; �(n� 1)=2 < � < 0;

[M;Q0; O0; O;Q] n (fQ0g [ fQg); 0 < � < 1;

L3(; n) = [O;L;L0; O0] n (fL0g [ fLg):

�¨¬¢®«®¬ L(A) ¡ã¤¥¬ ®¡®§ ç âì L-å à ªâ¥à¨áâ¨ªã ®¯¥à â®à  A, â. ¥. ¬®¦¥áâ¢® ¢á¥å ¯ à
(1=p; 1=q), ¤«ï ª®â®àëå íâ®â ®¯¥à â®à ®£à ¨ç¥ ¨§ Lp ¢ Lq.

�¨á. 1
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�¥®à¥¬  2.1. �ãáâì 1 � p � q � 1, 0 < Re  < n, 0 < Re� < n, �n�1
2

< � < 1,
� 6= 0;�1; : : : ;

�
� n�1

2

�
+ 1. �®£¤ 

L(K�;�;

 ) � L1(�; n) \ L2(�; n) \ L3(; n):

� ç áâ®áâ¨, ¯à¨  = n ¨«¨ � = 1 á¯à ¢¥¤«¨¢ë ¢«®¦¥¨ï

L(K�;�;

 ) � L1(�; n) \ L2(�; n) ¨«¨ L(K�;�;


 ) � L1(�; n) \ L3(; n)

á®®â¢¥âáâ¢¥®.

� «¥¥ ¯à¨¢¥¤¥¬ â¥®à¥¬ã ®¡ ®£à ¨ç¥®áâ¨ ¨§ Lp ¢ Lq ®¯¥à â®à  áªàãç¥®© á¢¥àâª¨ K
�;�;



á ®á®¡¥®áâï¬¨ ï¤à    áä¥à å jyj = rj , 0 < r1 < � � � < rs, j = 1; : : : ; s (á«ãç © á¢¥àâ®ç®£®

®¯¥à â®à  ¨§ãç «áï ¢ [7]). �ãáâì ï¤à® k�;�;(jyj) ®¯¥à â®à  K
�;�;

 ¨¬¥¥â ¢ á«®¥ rj�� � jyj � rj+�

¢¨¤ k�;�;(jyj) = bj(jyj)(r2j � jyj2 + i0)�j�1, £¤¥ äãªæ¨¨ bj(r) ¢ á®®â¢¥âáâ¢ãîé¨å ®ªà¥áâ®áâïå
â®ç¥ª r = rj ã¤®¢«¥â¢®àïîâ â¥¬ ¦¥ ãá«®¢¨ï¬, çâ® ¨ äãªæ¨ï b(r) ¢ ®ªà¥áâ®áâ¨ â®çª¨ r = 1.
�¥ ãª § ëå ®ªà¥áâ®áâ¥© ï¤à® k�;�;(jyj) á®¢¯ ¤ ¥â á k�;�;(jyj).

�¥®à¥¬  2.2. �ãáâì 1 � p � q � 1, 0 < Re  < n, 0 < Re� < n, �n�1
2

< �j < 1,
�j 6= 0;�1; : : : ;

�
� n�1

2

�
+ 1, j = 1; : : : ; s, �0 = minf�1; : : : ; �sg. �®£¤ 

L(K�;�;

 ) � L1(�; n) \ L2(�0; n) \ L3(; n):

3. Cà ¢¥¨¥ L-å à ªâ¥à¨áâ¨ª ®¯¥à â®à  (1:1) ¨ ®¯¥à â®à  á¢¥àâª¨ á íªá¯®¥â®© eijyj ¢
ï¤à¥. �§ãç¨¬ ¢«¨ï¨¥ à §«¨çëå ®áæ¨««¨àãîé¨å íªá¯®¥â   ª àâ¨ã ®£à ¨ç¥®áâ¨ á®-
®â¢¥âáâ¢ãîé¨å ®¯¥à â®à®¢. � àï¤ã á ®¯¥à â®à®¬ (1.1) à áá¬®âà¨¬ ®¯¥à â®à á¢¥àâª¨ K�;�; á
ï¤à®¬ ¢¨¤  k�;�;(jyj)eijyj, ¤«ï ª®â®à®£® Lp ! Lq-®æ¥ª¨ ¯®«ãç¥ë ¢ [7], [8]. � íâ¨å áâ âìïå ¨ ¢
[9] à áá¬ âà¨¢ «¨áì â ª¦¥ ç áâë¥ á«ãç ¨, ª®£¤   = n «¨¡® � = 1, «¨¡®  = n ¨ � = 1, ®å¢ -
âë¢ îé¨¥ å®à®è® ¨§¢¥áâë¥ ®¯¥à â®àë, â ª¨¥, ª ª ®¯¥à â®à �®å¥à {�¨áá  ¨  ªãáâ¨ç¥áª¨©
¯®â¥æ¨ «.

�«¥¤ãï ãª § ë¬ à ¡®â ¬, ¯à¥¤¯®« £ ¥¬, çâ® äãªæ¨ï a(r) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î: äãª-
æ¨ï a�(r) = a(r�1), 0 < r < N�1, a�(0) = lim

r!0
a�(r), ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬  ¤® ¯®àï¤ª 

[Re�] + 2   ¨â¥à¢ «¥ [0; N�1]. �à ¢¨¢ ï â¥®à¥¬ã 2.1 ¨ à¥§ã«ìâ âë, ¯®«ãç¥ë¥ ¢ [8], § ª«î-
ç ¥¬, çâ® L(K�;�;


 ) � L(K�;�;) ¨ mesfL(K�;�;

 ) n L(K�;�;)g > 0. �à¨ íâ®¬ ¬®¦¥áâ¢  L(K�;�;


 )
¨ L(K�;�;) ¬®£ãâ § ç¨â¥«ì® ®â«¨ç âìáï ¤àã£ ®â ¤àã£ . �à®¨««îáâà¨àã¥¬ áª § ®¥   ¯à¨-
¬¥à å (á¬. à¨á. 2).

�¨á. 2
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I) �«ãç ©  = n. �à¥¤¯®«®¦¨¬, çâ® � � n

2
, � 6= n+1

2
; n+3

2
; : : : , � = � � n � 1. �®£¤ , ª ª

¯®ª § ® ¢ [8], L(K�;�;) = fMg (fMg 2 (B;B0)). � â® ¦¥ ¢à¥¬ï

L(K�;�;

 ) � [M;Q;Q0] \ [N;A;E;A0; N 0] n (fA0g [ fAg): (3.1)

�á«¨ � � n � � < � + 1 � n (¢ íâ®¬ á«ãç ¥ â®çª  fMg «¥¦¨â ¢ëè¥ ¯àï¬®© (B0B)), â®
L(K�;�;) = f;g [8], â®£¤  ª ª ¯®-¯à¥¦¥¬ã ¨¬¥¥â ¬¥áâ® ¢«®¦¥¨¥ (3.1).

II) �«ãç © � = 1. �ª §ë¢ ¥âáï, çâ® ®á®¡¥®áâì ï¤à  ¢ â®çª¥ ¬®¦¥â ¯®à®¦¤ âì â -
ª®¥ ¦¥ á¨«ì®¥ à §«¨ç¨¥ ¬¥¦¤ã L-å à ªâ¥à¨áâ¨ª ¬¨ L(K�;�;) ¨ L(K�;�;


 ). �ãáâì � � n

2
,

� 6= n+1
2
; n+3

2
; : : : , Re  = n 1+2��n

n+1
. �®£¤  L(K�;�;) = (B;B0) [8], ¢ â® ¢à¥¬ï ª ª

L(K�;�;

 ) � [O;L;L0; O0] \ [N;A;E;A0; N 0]:
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