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�ãáâì C | «¨­¥©­®¥ ¯à®áâà ­áâ¢® ª®¬¯«¥ªá­ëå ç¨á¥«, L2(a; b) | «¨­¥©­®¥ ¯à®áâà ­áâ¢®
áª «ïà­ëå ª®¬¯«¥ªá­®§­ ç­ëå äã­ªæ¨© ­  (a; b), ¬®¤ã«¨ ª®â®àëå áã¬¬¨àã¥¬ë á ª¢ ¤à â®¬,
(�; �)X | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ X ((�; �)L2(�1;1) = (�; �)), R2 |
2-¬¥à­®¥ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢®, R�(A) | à¥§®«ì¢¥­â  ®¯¥à â®à  A, i | ¬­¨¬ ï ¥¤¨­¨æ .

� áá¬®âà¨¬ ãà ¢­¥­¨¥

(H1;1y)(x) = �y(x); x 2 (�1;1); (1)

£¤¥
(H1;1f)(x) � �f 00(x) + q(x)f(x) + ��(x � x1)f(x) + ��0(x� x2)f(x);

�, �, x1, x2 | ¢¥é¥áâ¢¥­­ë¥ ç¨á«  (0 < x1 < x2), q(x) | áª «ïà­ ï ­¥®âà¨æ â¥«ì­ ï äã­ªæ¨ï

­  (�1;1) â ª ï, çâ®
1R
�1

(1 + x2)q(x)dx <1.

�¯à¥¤¥«¥­¨¥. �¥è¥­¨¥¬ ãà ¢­¥­¨ï (1) ¡ã¤¥¬ ­ §ë¢ âì £« ¤ªãî ¢ ¨­â¥à¢ « å (�1; x1),
(x1; x2), (x2;1) äã­ªæ¨î y(x), ª®â®à ï ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

�y00(x) + q(x)y(x) = �y(x); x 2 (�1;1) (x 6= xj ; j = 1; 2);

y(x1 + 0) = y(x1 � 0) = y(x1); y0(x1 + 0)� y0(x1 � 0) = �y(x1); (2)

y0(x2 + 0) = y0(x2 � 0) � y0(x2); y(x2 + 0)� y(x2 � 0) = �y0(x2): (3)

�¯à¥¤¥«¨¬ ®¯¥à â®à bH(1; 1; q), ¯®à®¦¤¥­­ë© ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ L2(�1;1) ¤¨ä-
ä¥à¥­æ¨ «ì­ë¬ ¢ëà ¦¥­¨¥¬ (H1;1f)(x). �¡« áâìî ®¯à¥¤¥«¥­¨ï ®¯¥à â®à  bH(1; 1; q) ï¢«ï¥â-
áï ¬­®¦¥áâ¢® ¢á¥å äã­ªæ¨©, ¯à¨­ ¤«¥¦ é¨å ¯à®áâà ­áâ¢ã L2(�1;1), £« ¤ª¨å ¢ ¨­â¥à¢ « å
(�1; x1), (x1; x2), (x2;1) ¨ ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (2), (3).

� á¢ï§¨ á ¢ ¦­ë¬¨ ¯à¨«®¦¥­¨ï¬¨ ª § ¤ ç ¬ ª¢ ­â®¢®© ¬¥å ­¨ª¨ [1] ¯à¥¤áâ ¢«ï¥â ¨­â¥à¥á
¨áá«¥¤®¢ ­¨¥ á¯¥ªâà «ì­ëå å à ªâ¥à¨áâ¨ª ®¯¥à â®à  bH(1; 1; q).

� [2] ¯®ª § ­®, çâ® á¯¥ªâà ®¯¥à â®à  bH(1; 1; q) á®áâ®¨â ¨§  ¡á®«îâ­® ­¥¯à¥àë¢­®© ç áâ¨
S = [0;+1) ¨ ­¥ ¡®«¥¥ ¤¢ãå ®âà¨æ â¥«ì­ëå ç¨á¥«.

�ã¤¥¬ áç¨â âì ¤ «¥¥, çâ® b�(x; �) ¨ b'(x; �) | à¥è¥­¨ï ãà ¢­¥­¨ï (1), ã¤®¢«¥â¢®àïîé¨¥ ãá«®-
¢¨ï¬ b�(0; �) = b'0(0; �) = 1; b�0(0; �) = b'(0; �) = 0;

  �(x; �) ¨ '(x; �) | à¥è¥­¨ï ãà ¢­¥­¨ï

�y00(x) + q(x)y(x) = �y(x); x 2 (�1;1);

â ª¨¥, çâ®
�(0; �) = '0(0; �) = 1; �0(0; �) = '(0; �) = 0:
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�¯à¥¤¥«¨¬ äã­ªæ¨¨ ª®¬¯«¥ªá­®© ¯¥à¥¬¥­­®© �

A1(�) = 1; C1(�) = 0; B1(�) = 0; D1(�) = 1;

A2(�) = 1� �'1(�)�1(�); B2(�) = ��1(�)
2;

C2(�) = ��'1(�)2; D2(�) = 1 + �'1(�)�1(�);

A3(�) = A2(�)(1 + �'02(�)�
0

2(�)) + �B2(�)'
0

2(�)
2; (4)

B3(�) = B2(�)(1� �'02(�)�
0

2(�))� �A2(�)'02(�)
2;

C3 = C2(�)(1 � �'02(�)�
0

2(�)) + �D2(�)'
0

2(�)
2;

D3(�) = D2(�)(1 � �'02(�)�
0

2(�)) + �C2(�)'
0

2(�)
2:

�¤¥áì ¨ ¢ ¤ «ì­¥©è¥¬

�0j(�) = �0(xj ; �); 'j(�) = '(xj ; �); �j(�) = �(xj; �); '0j(�) = '0(xj ; �) ¯à¨ j = 1; 2:

�¥¬¬ . �¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

b�(x; �) =
8>><>>:
A1(�)�(x; �) +B1(�)'(x; �); �1 < x � x1;

A2(�)�(x; �) +B2(�)'(x; �); x1 � x < x2;

A3(�)�(x; �) +B3(�)'(x; �); x2 < x <1;

b'(x; �) =
8>><>>:
C1(�)�(x; �) +D1(�)'(x; �); �1 < x � x1;

C2(�)�(x; �) +D2(�)'(x; �); x1 � x < x2;

C3(�)�(x; �) +D3(�)'(x; �); x2 < x <1:

� ¬¥ç ­¨¥. �à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ x 6= x2 äã­ªæ¨¨ b�(x; �), b'(x; �) ï¢«ïîâáï  ­ «¨-
â¨ç¥áª¨¬¨ äã­ªæ¨ï¬¨ ¯ à ¬¥âà  � 2 C.

� ¬¥â¨¬, çâ® ¥á«¨ áãé¥áâ¢ãîâ à¥è¥­¨ï  j(x; �) (j = 1; 2) ãà ¢­¥­¨ï

(H1;1f)(x) = �f(x); x 2 (�1;1);

â ª¨¥, çâ®
 1(�; �) 2 L2(�1; 0);  2(�; �) 2 L2(0;1);

â® à¥§®«ì¢¥­â  ®¯¥à â®à  bH(1; 1; q) ¬®¦¥â ¡ëâì ¯®áâà®¥­  ¯® ¬¥â®¤ã, ¯à¥¤«®¦¥­­®¬ã ¥é¥ � -
£à ­¦¥¬.

�ãáâì Im� 6= 0. � íâ®¬ á«ãç ¥ äã­ªæ¨¨  1(x; �) ¨  2(x; �) «¨­¥©­® ­¥§ ¢¨á¨¬ë (¢ ¯à®â¨¢­®¬
á«ãç ¥ � ¡ë«® ¡ë ª®¬¯«¥ªá­ë¬ á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ á ¬®á®¯àï¦¥­­®£® ®¯¥à â®à  bH(1; 1; q)
[2], çâ® ­¥¢®§¬®¦­®).

�¯à¥¤¥«¨¬ äã­ªæ¨î

G(x; t; �) =

(
 1(t; �) 2(x; �); t � x;

 1(x; �) 2(t; �); t � x;

¨ ®¡®§­ ç¨¬ ç¥à¥§ � ¢ëà ¦¥­¨¥

 1(x; �) 
0

2(x; �)�  01(x; �) 2(x; �) (x 6= x1; x2):

� ª ª ª  1(x; �),  2(x; �) ï¢«ïîâáï «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨ à¥è¥­¨ï¬¨ ãà ¢­¥­¨ï (1), â®
¢ëà ¦¥­¨¥ � ¯® ä®à¬ã«¥ �¨ã¢¨««ï{�áâà®£à ¤áª®£® § ¢¨á¨â â®«ìª® ®â �.

�¥®à¥¬  1. �ãáâì Im� 6= 0, f 2 L2(�1;1). �®£¤  á¯à ¢¥¤«¨¢  ä®à¬ã« 

(R�( bH(1; 1; q))f)(x) = �

Z
1

�1

(1=�(�))G(x; t; �)f(t)dt; x 6= x1; x2:
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�á«¨ ¢®á¯®«ì§®¢ âìáï ¯à¥¤áâ ¢«¥­¨¥¬

 j(x; �) = b�(x; �) +mj(�) b'(x; �) (j = 1; 2)

(äã­ªæ¨¨ mj(�) (j = 1; 2) ¯à¨­ïâ® ­ §ë¢ âì äã­ªæ¨ï¬¨ �¥©«ï), â® ¯®«ãç¨¬

�(�) = m2(�)�m1(�):

�â¬¥â¨¬, çâ® ¨§ â¥®à¥¬ë 1 á«¥¤ã¥â, çâ® ¤«ï ¨áá«¥¤®¢ ­¨ï ¤¨áªà¥â­®£® á¯¥ªâà  ®¯¥à â®à bH(1; 1; q) ¤®áâ â®ç­® ¨áá«¥¤®¢ âì ­ã«¨ äã­ªæ¨¨ m2(�)�m1(�).
�®áâà®¨¬ äã­ªæ¨¨m1(�) ¨m2(�) ¤«ï ®¯¥à â®à  bH(1; 1; 0). � «¥¥ ¡ã¤¥¬ áç¨â âì, çâ® q(x) � 0.

�®£¤ 

�(x; �) = (expfi�1=2xg+ expf�i�1=2xg)=2

¨

'(x; �) = (expfi�1=2xg � expf�i�1=2xg)=(2i�1=2):

�«ï ®¯à¥¤¥«¥­­®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® Im� > 0.

�¥®à¥¬  2. �«ï äã­ªæ¨© m1(�) ¨ m2(�) á¯à ¢¥¤«¨¢ë ä®à¬ã«ë

m1(�) = �i�1=2;

m2(�) =
�B3(�) + i�1=2A3(�)
D3(�)� i�1=2C3(�)

;

£¤¥ A3(�), B3(�), D3(�), C3(�) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (4).

�¥à¥©¤¥¬ ª á¯¥ªâà «ì­®¬ã  ­ «¨§ã ®¯¥à â®à  bH(1; 1; 0) ¢ á«ãç ¥ � � 0, � � 0.
� áá¬®âà¨¬ ãà ¢­¥­¨¥

m1(�)�m2(�) = 0 (Im� � 0):

�­® íª¢¨¢ «¥­â­® ãà ¢­¥­¨î

(2i�1=2 � �)(2 � �i�1=2) + ��i�1=2 expf2i�1=2(x2 � x1)g = 0: (5)

�®áª®«ìªã � � 0, � � 0, â® ãà ¢­¥­¨¥ (5) ­¥ ¨¬¥¥â à¥è¥­¨ï. � ª ª ª ®¯¥à â®à bH(1; 1; 0) á ¬®á®-
¯àï¦¥­ [2], â® ¢á¥ â®çª¨ á¯¥ªâà «ì­®© ®á¨ ï¢«ïîâáï â®çª ¬¨ ­¥¯à¥àë¢­®áâ¨ ¤«ï á¯¥ªâà «ì­®£®
á¥¬¥©áâ¢  E�, ¯®à®¦¤¥­­®£® ®¯¥à â®à®¬ bH(1; 1; 0).

�ãáâì � = � + i� (� > 0). �¯à¥¤¥«¨¬ äã­ªæ¨¨

a1(�) = 2�� � 2�� �1=2�� sin(2�1=2(x2 � x1));

b1(�) = 4 + �� � �� cos(2�1=2(x2 � x1));

a11(�) = �(D3(�)b1(�) + C3(�)a1(�)) ¯à¨ � � 0;

a22(�) = �(�A3(�)b1(�)�B3(�)a1(�)) ¯à¨ � � 0;

a12(�) = a21(�) = �C3(�)b1(�)�D3(�)a1(�) ¯à¨ � � 0:

�¯à¥¤¥«¨¬ ¬ âà¨æã A(�) ¨ ¢¥ªâ®àë  f , b ä®à¬ã« ¬¨

A(�) =

"
a11 a12
a21 a22

#
;  f =

"
�f
'f

#
; b (x; �) = " b�(x; �)b'(x; �)

#
:

�¥®à¥¬  3. �ãáâì � � 0, � � 0 ¨ f 2 L2(�1;1). �¯à ¢¥¤«¨¢  ä®à¬ã«  � àá¥¢ «ï{
�â¥ª«®¢  Z

1

�1

jf(x)j2dx =
1
�

Z
1

0

�1=2

b1(�)2� + a1(�)2
(A f ;  f )R2d�:
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�«¥¤áâ¢¨¥ 1. �¯¥ªâà ®¯¥à â®à  bH(1; 1; 0) (� � 0, � � 0) á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ � � 0,
 ¡á®«îâ­® ­¥¯à¥àë¢¥­ ¨ ¤¢ãªà â¥­ ¯à¨ � > 0.

�«¥¤áâ¢¨¥ 2. �ãáâì � � 0, � � 0 ¨ f 2 L2(�1;1). �®£¤  ¯® ­®à¬¥ L2(�1;1) á ¢¥á®¬
á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

f(x) =
1
�

Z
1

0

�1=2

b1(�)2� + a1(�)2

� Z
1

�1

(A(�) b (y; �); b (x; �))R2f(y)dy
�
d�:

�¥à¥©¤¥¬ ª á¯¥ªâà «ì­®¬ã  ­ «¨§ã ®¯¥à â®à  bH(1; 1; 0) ¯à¨ �� < 0. �à ¢­¥­¨¥ m1(�) �
m2(�) = 0, ª ª ¯®ª § ­® à ­¥¥ ¢ [2], ¨¬¥¥â â®«ìª® ®¤­® ®âà¨æ â¥«ì­®¥ à¥è¥­¨¥ � = �0, ª®â®à®¥
ï¢«ï¥âáï ¯à®áâë¬ ª®à­¥¬ íâ®£® ãà ¢­¥­¨ï, â. ¥. m0

1(�0)�m0

2(�0) 6= 0.

�¥®à¥¬  4. �ãáâì �� < 0, f 2 L2(�1;1). �®£¤  á¯à ¢¥¤«¨¢  ä®à¬ã«  � àá¥¢ «ï{�â¥ª«®¢ Z
1

�1

jf(x)j2dx =
1
�

Z
1

0

(A f ;  f )R2

�1=2

b1(�)2� + a1(�)2
d� + d0j(f;  1(�; �0))j2:

�«¥¤áâ¢¨¥ 1. �¯¥ªâà ®¯¥à â®à  bH(1; 1; 0) (�� < 0) á®áâ®¨â ¨§ ­¥¯à¥àë¢­®© ¨ ¤¨áªà¥â­®©
ª®¬¯®­¥­â. �¥¯à¥àë¢­ ï ª®¬¯®­¥­â  á¯¥ªâà  ¤¢ãªà â­ ,  ¡á®«îâ­® ­¥¯à¥àë¢­  ¨ á®¢¯ ¤ ¥â á
¬­®¦¥áâ¢®¬ � > 0. �¨áªà¥â­ ï ª®¬¯®­¥­â  á¯¥ªâà  á®áâ®¨â ¨§ ®¤­®£® ¯à®áâ®£® á®¡áâ¢¥­­®£®
§­ ç¥­¨ï �0.

�«¥¤áâ¢¨¥ 2. �ãáâì �� < 0, f 2 L2(�1;1). �®£¤  ¯® ­®à¬¥ L2(�1;1) á ¢¥á®¬ á¯à ¢¥¤-
«¨¢® à ¢¥­áâ¢®

f(x) = d0 1(x; �0)(f;  1(�; �0)) +

+
1
�

Z
1

0

�1=2

b1(�)2� + a1(�)2

� Z
1

�1

(A(�) b (y; �); b (x; �))R2f(y)dy
�
d�:

�à®¢¥¤¥¬ á¯¥ªâà «ì­ë©  ­ «¨§ ®¯¥à â®à  bH(1; 1; 0) ¯à¨ � < 0, � < 0. � íâ®¬ á«ãç ¥ ãà ¢-
­¥­¨¥ m1(�) �m2(�) = 0 ¨¬¥¥â à®¢­® ¤¢  à §«¨ç­ëå ®âà¨æ â¥«ì­ëå à¥è¥­¨ï: � = �1, � = �2.
�â® ¯®ª § ­® ¢ [2]. �à®¬¥ â®£®, íâ¨ à¥è¥­¨ï ï¢«ïîâáï ¯à®áâë¬¨ ª®à­ï¬¨ ¤ ­­®£® ãà ¢­¥­¨ï,
â. ¥. m0

1(�j)�m0

2(�j) 6= 0 ¯à¨ j = 1; 2.

�¥®à¥¬  5. �ãáâì � < 0, � < 0, f 2 L2(�1;1). �®£¤  á¯à ¢¥¤«¨¢  ä®à¬ã«  � àá¥¢ «ï{

�â¥ª«®¢  Z
1

�1

jf(x)j2dx =
1
�

Z
1

0
(A f ;  f )R2

�1=2

b1(�)2� + a1(�)2
d� +

2X
j=1

dj j(f;  1(�; �j))j
2:

�«¥¤áâ¢¨¥ 1. �¯¥ªâà ®¯¥à â®à  bH(1; 1; 0) (� > 0, � > 0) á®áâ®¨â ¨§ ­¥¯à¥àë¢­®© ¨ ¤¨áªà¥â-
­®© ª®¬¯®­¥­â. �¥¯à¥àë¢­ ï ª®¬¯®­¥­â  á¯¥ªâà  ¤¢ãªà â­ ,  ¡á®«îâ­® ­¥¯à¥àë¢­  ¨ á®¢¯ ¤ -
¥â á ¬­®¦¥áâ¢®¬ � > 0. �¨áªà¥â­ ï ª®¬¯®­¥­â  á¯¥ªâà  á®áâ®¨â ¨§ ¤¢ãå ¯à®áâëå á®¡áâ¢¥­­ëå
§­ ç¥­¨© �1 ¨ �2.

�«¥¤áâ¢¨¥ 2. �ãáâì � < 0, � < 0, f 2 L2(�1;1). �®£¤  ¯® ­®à¬¥ L2(�1;1) á ¢¥á®¬
á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

f(x) = d1 1(x; �)(f;  1(�; �1)) + d2 2(x; �2)(f;  1(�; �2)) +

+
1
�

Z
1

0

�1=2

b1(�)2� + a1(�)2

� Z
1

�1

(A(�) b (y; �); b (x; �))R2f(y)dy
�
d�:
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