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1. �¢¥¤¥­¨¥

�§ãç¥­¨¥ § ¤ ç¨ ® áãé¥áâ¢®¢ ­¨¨  ââà ªâ®à®¢ | ¢ ¦­¥©è ï ç áâì â¥®à¨¨ ¨ ¯à¨«®¦¥­¨©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ­ ¯à¨¬¥à, ¯à¨ ®¯¨á ­¨¨ ­¥ª®â®àëå ä¨§¨ç¥áª¨å
¯à®æ¥áá®¢. � ç áâ­®áâ¨, ¢ â¥®à¨¨ £à ¢¨â æ¨®­­®£® ¯®«ï ¨¬¥îâáï ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª ,
à¥è¥­¨ï ª®â®àëå ¯à¨ áâà¥¬«¥­¨¨ ¢à¥¬¥­¨ ª ¡¥áª®­¥ç­®áâ¨ áª®«ì ã£®¤­® ¡«¨§ª® ¯à¨¡«¨¦ îâáï
ª ¬­®£®ç«¥­ ¬ ¯¥à¢®© áâ¥¯¥­¨ [1].

� ¤ ­­®© à ¡®â¥ ¨éãâáï ¤®áâ â®ç­ë¥ ãá«®¢¨ï, ¯à¨ ª®â®àëå ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï
®¯à¥¤¥«¥­­®£® ª« áá  ¢ ª ç¥áâ¢¥  ââà ªâ®à®¢ ¨¬¥îâ ¯à®áâà ­áâ¢  ¢á¥å ¬­®£®ç«¥­®¢ ­¥ ¢ëè¥
§ ¤ ­­®© áâ¥¯¥­¨. �àã£¨¬¨ á«®¢ ¬¨, ¨éãâáï ãá«®¢¨ï, ¯à¨ ª®â®àëå à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì-
­ëå ãà ¢­¥­¨© ¯à¨ áâà¥¬«¥­¨¨  à£ã¬¥­â  ª ¡¥áª®­¥ç­®áâ¨  á¨¬¯â®â¨ç¥áª¨ ¯à¨¡«¨¦ îâáï ª
¬­®£®ç«¥­ ¬ ­¥ ¢ëè¥ ­ ¯¥à¥¤ § ¤ ­­®© áâ¥¯¥­¨. � [2] ¤ ­ ªà¨â¥à¨© áãé¥áâ¢®¢ ­¨ï â ª¨å à¥è¥-
­¨©. B [3], [4] à¥è ¥âáï íâ  § ¤ ç , ª®£¤  äã­ªæ¨¨ ¨  ââà ªâ®àë ¯à¨­ ¤«¥¦ â ¡®«¥¥ è¨à®ª®¬ã
ª« ááã. �® áãâ¨ �.�.�ã¤àï¢æ¥¢, ¨á¯®«ì§ãï ªà¨â¥à¨© ¨§ [2], ¢ë¤¥«¨« ª« áá, ¢á¥ à¥è¥­¨ï ãà ¢-
­¥­¨© ¨§ ª®â®à®£® ¨¬¥îâ ¯®«¨­®¬¨ «ì­ãî  á¨¬¯â®â¨ªã. �à¨ íâ®¬ ¨á¯®«ì§ã¥âáï «¨èì ¯à ¢ ï
ç áâì ¨áá«¥¤ã¥¬®£® ãà ¢­¥­¨ï. � ¯à¨¬¥à, ãà ¢­¥­¨¥

dx

dt
= f(t; x); (1)

£¤¥ f 2 C([T;+1) � R
n ;Rn ), á  á¨¬¯â®â¨ç¥áª¨¬ à ¢­®¢¥á¨¥¬ [5] ¨¬¥¥â ¢ ª ç¥áâ¢¥  ââà ªâ®à 

¬­®¦¥áâ¢® ¢á¥å ¢¥ªâ®à-¬­®£®ç«¥­®¢ ­ã«¥¢®© áâ¥¯¥­¨, â. ¥. ¯à®áâà ­áâ¢® Rn . � ¤ ç¥ áãé¥áâ¢®-
¢ ­¨ï  á¨¬¯â®â¨ç¥áª®£® à ¢­®¢¥á¨ï ¯®á¢ïé¥­® ¡®«ìè®¥ ç¨á«® à ¡®â, ­ ¯à¨¬¥à, [6], [7]. �¤­ ª®
¯®çâ¨ ¢á¥ ®­¨ ®á­®¢ ­ë ­  ¬¥â®¤¥ ¢®§¬ãé¥­¨© [5]{[7], ª®£¤  ¯à ¢ ï ç áâì ãà ¢­¥­¨ï (1) ¢®§¬ã-
é ¥âáï â ª, çâ® á¢®©áâ¢®  á¨¬¯â®â¨ç¥áª®£® à ¢­®¢¥á¨ï ¢á¥ ¥é¥ á®åà ­ï¥âáï. � [8] íâ  § ¤ ç 
à¥è ¥âáï ¯àï¬ë¬ ¬¥â®¤®¬. � ¤ ­­®© à ¡®â¥ íâ  ¦¥ § ¤ ç  à¥è ¥âáï á ¨á¯®«ì§®¢ ­¨¥¬ ¢¥ªâ®à-
äã­ªæ¨©�ï¯ã­®¢ . �¬¥­­® ¯®íâ®¬ã ã¤ «®áì ®á« ¡¨âì ®£à ­¨ç¥­¨ï ­  ¯à ¢ãî ç áâì ãà ¢­¥­¨ï,
®¡¥á¯¥ç¨¢ îé¨¥ áãé¥áâ¢®¢ ­¨¥ ¤«ï ­¥¥  ââà ªâ®à  Rn . � «¥¥ à¥è ¥âáï § ¤ ç  ® áãé¥áâ¢®¢ -
­¨¨  ââà ªâ®à  ¢ á«ãç ¥, ª®£¤  ­ ¯¥à¥¤ § ¤ ­­ ï áâ¥¯¥­ì ¬­®£®ç«¥­  ­¥ ¯à¥¢ëè ¥â n� 1, £¤¥
n | ¯®àï¤®ª ãà ¢­¥­¨ï. �¢®¤¨âáï ¯®­ïâ¨¥ ¯®«¨­®¬¨ «ì­®£®  á¨¬¯â®â¨ç¥áª®£® à ¢­®¢¥á¨ï. �
íâ®¬ á«ãç ¥ ¢á¥ à¥è¥­¨ï ¨¬¥îâ ¯®«¨­®¬¨ «ì­ãî  á¨¬¯â®â¨ªã ¨ ¤«ï «î¡®£® ­ ¯¥à¥¤ § ¤ ­­®£®
¬­®£®ç«¥­  áâ¥¯¥­¨ n� 1 áãé¥áâ¢ãîâ à¥è¥­¨ï ãà ¢­¥­¨ï,  á¨¬¯â®â¨ç¥áª¨ ¯à¨¡«¨¦ îé¨¥áï ª
§ ¤ ­­®¬ã ¬­®£®ç«¥­ã ¯à¨ ­¥®£à ­¨ç¥­­®¬ áâà¥¬«¥­¨¨  à£ã¬¥­â  ª ¡¥áª®­¥ç­®áâ¨. � ¬¥â¨¬,
çâ® ¥á«¨ n = 1, â® íâ® ¯®­ïâ¨¥ ¯¥à¥©¤¥â ¢  á¨¬¯â®â¨ç¥áª®¥ à ¢­®¢¥á¨¥ ãà ¢­¥­¨ï (1).

2. �¡á®«îâ­® à ¢­®¬¥à­ ï ®£à ­¨ç¥­­®áâì à¥è¥­¨©
¨  á¨¬¯â®â¨ç¥áª®¥ à ¢­®¢¥á¨¥

�¢ï§ì ¬¥¦¤ã ®£à ­¨ç¥­­ë¬¨ à¥è¥­¨ï¬¨, ãáâ®©ç¨¢®áâìî ¨ áãé¥áâ¢®¢ ­¨¥¬ ¯¥à¨®¤¨ç¥áª¨å
à¥è¥­¨© ¡ë«  ãáâ ­®¢«¥­  ¢® ¬­®£¨å à ¡®â å, ¢ â®¬ ç¨á«¥ ¢ [9]. �¡­ àã¦¨âì á¢ï§ì ¢ áãé¥-
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áâ¢®¢ ­¨¨ ®£à ­¨ç¥­­ëå à¥è¥­¨© ¨ ¯®«¨­®¬¨ «ì­ëå  ââà ªâ®à®¢ á ¯®¬®éìî ª« áá¨ä¨ª æ¨¨
�®á¨¤§ ¢ë ®£à ­¨ç¥­­ëå à¥è¥­¨© [9] ­¥ ã¤ ¥âáï, â. ª. ¢ íâ®© ª« áá¨ä¨ª æ¨¨ ¯à¨áãâáâ¢ãîâ «¨èì
à¥è¥­¨ï, ¨¤ãé¨¥ ¢¯à ¢®.

�¯à¥¤¥«¥­¨¥ 1. �¥è¥­¨ï x(t; t0; x0) ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (1) ­ §ë¢ îâáï  ¡á®-
«îâ­® à ¢­®¬¥à­® ®£à ­¨ç¥­­ë¬¨ ¤«ï kx0k � r, t � T , ¥á«¨ kx(t; t0; x0)k � c0(r) ¤«ï ¢á¥å
T � t; t0 < +1.

�¥®à¥¬  1. �«ï  ¡á®«îâ­® à ¢­®¬¥à­®© ®£à ­¨ç¥­­®áâ¨ à¥è¥­¨© ãà ¢­¥­¨ï (1) ¯à¨

kx0k � r, t � T , ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® áãé¥áâ¢®¢ ­¨ï äã­ªæ¨© V;W : [T;+1) � R
n !

(0;+1) â ª¨å, çâ®

a) V (t; x);W (t; x)! +1 ¯à¨ kxk ! +1 à ¢­®¬¥à­® ¯® t;
b) V (t; x) � �1(r), W (t; x) � �2(r) ¤«ï kxk � r;
c) V (t; x(t));W (t; x(t)) | á®®â¢¥âáâ¢¥­­® ­¥¢®§à áâ îé ï ¨ ­¥ã¡ë¢ îé ï äã­ªæ¨¨, £¤¥

x(t) | à¥è¥­¨¥ ãà ¢­¥­¨ï (1).

�®ª § â¥«ìáâ¢®. Cãé¥áâ¢®¢ ­¨¥ äã­ªæ¨¨ V ¯à¨ t � t0 ¤®ª § ­® ¢ [9]. �®ª § â¥«ìáâ¢®
áãé¥áâ¢®¢ ­¨ï äã­ªæ¨¨ W ¯à¨ t � t0 ¯à®¢®¤¨âáï  ­ «®£¨ç­®.

� [10] ¯à¨¢¥¤¥­ë â¥®à¥¬ë ®¡  ¡á®«îâ­®© à ¢­®¬¥à­®© ®£à ­¨ç¥­­®áâ¨ à¥è¥­¨©, ª®£¤  ­¥¯®-
áà¥¤áâ¢¥­­® ¯® äã­ªæ¨¨ f áâà®ïâáï äã­ªæ¨¨ �ï¯ã­®¢  V ¨ W .

� ¬¥â¨¬, çâ® ¨§ à ¢­®¬¥à­®© ®£à ­¨ç¥­­®áâ¨ ¢¯à ¢® ­¥ ¢ëâ¥ª ¥â  ¡á®«îâ­ ï à ¢­®¬¥à­ ï
®£à ­¨ç¥­­®áâì. � ¯à¨¬¥à, à¥è¥­¨ï áª «ïà­®£® ãà ¢­¥­¨ï dx

dt
= �x à ¢­®¬¥à­® ®£à ­¨ç¥­ë

¢¯à ¢®, ­® ­¥ ï¢«ïîâáï à ¢­®¬¥à­® ®£à ­¨ç¥­­ë¬¨ ¢«¥¢® ¤ ¦¥ ¯à¨ ª®­¥ç­®¬ T .
� áá¬®âà¨¬ £à ­¨ç­ãî § ¤ çã á ¤ ­­ë¬¨ ¢ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥ t = +1. �®  ­ -

«®£¨¨ á § ¤ ç¥© �®è¨ á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ ¢ ª®­¥ç­®© â®çª¥ íâã § ¤ çã ¡ã¤¥¬ ®¡®§­ ç âì
á¨¬¢®«®¬ (+1; x0). � ®¡é¥¬ á«ãç ¥ íâ  § ¤ ç  ­¥ª®àà¥ªâ­ , ¨¡® â¥®à¥¬  �¥ ­® ­¥ £ à ­â¨àã¥â
áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï x(t; +1; x0).

�¥®à¥¬  2. �á«¨ ¬­®¦¥áâ¢® E = fx(t; t0; x0) : T � t; t0 < +1, x0 2 R
ng, £¤¥ x0 | ä¨ªá¨à®-

¢ ­­ë© ¢¥ªâ®à, à ¢­®¬¥à­® ®£à ­¨ç¥­® ¯® t ¨ t0, â. ¥. à¥è¥­¨ï x(t; t0; x0)  ¡á®«îâ­® à ¢­®¬¥à­®
®£à ­¨ç¥­ë, â® § ¤ ç  (+1; x0) ¨¬¥¥â å®âï ¡ë ®¤­® à¥è¥­¨¥.

�®ª § â¥«ìáâ¢®. � ª ª ª

x(tk; t0; x0) = x0 +
Z tk

t0

f(s; x(s; t0; x0))ds; k = 1; 2;

â®

kx(t1; t0; x0)� x(t2; t0; x0)k �
Z t2

t1

kf(s; x(s; t0; x0))kds �
Z t2

t1

 (s;M)ds � Kjt1 � t2j;

£¤¥  (s;M) = sup
kxk�M

kf(s; x)k, M = supE, K = sup (s;M), ­  ª®¬¯ ªâ¥, ®¯à¥¤¥«¥­­®¬ ç¨á« ¬¨

t1 ¨ t2. �âáî¤  ¬­®¦¥áâ¢® E à ¢­®áâ¥¯¥­­® ­¥¯à¥àë¢­® ¨ ¯®íâ®¬ã ª®¬¯ ªâ­®. �®£¤  áãé¥áâ¢ã¥â
¯®á«¥¤®¢ â¥«ì­®áâì ftn0g â ª ï, çâ® t

n
0 ! +1 ¯à¨ n ! +1 ¨ x(t; tn0 ; x0) ! x(t) à ¢­®¬¥à­® ¯®

t ­  ª ¦¤®¬ ª®¬¯ ªâ¥ ¨§ [T;+1). �à®¬¥ â®£®, x(t) | à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¨ T � t < +1.
�«¥¤®¢ â¥«ì­®, x(t) = x(t; +1; x0).

�á«¨ kf(t; x1) � f(t; x2)k � �(t)kx1 � x2k ¨
+1R
T

�(s)ds < +1; â® à¥è¥­¨¥ x(t; +1; x0) ¥¤¨­-

áâ¢¥­­®.

�¥®à¥¬  3. �á«¨ áãé¥áâ¢ãîâ ¨ ª®­¥ç­ë ¯à¥¤¥«ë lim
t!+1

x(t; t0; x0) ¯à¨ «î¡ëå t0 � T , x0 2

R
n , ¨ ¯à¨ «î¡®¬ x0 2 R

n à¥è¥­¨ï x(t; t0; x0)  ¡á®«îâ­® à ¢­®¬¥à­® ®£à ­¨ç¥­ë, â® ãà ¢­¥­¨¥

(1) ¨¬¥¥â  á¨¬¯â®â¨ç¥áª®¥ à ¢­®¢¥á¨¥.
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�®ª § â¥«ìáâ¢®.�§ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â, çâ® ¯à¨ «î¡®¬ x0 áãé¥áâ¢ã¥â à¥è¥­¨¥ x(t; +1; x0).
�âáî¤  lim

t!+1
x(t; +1; x0) áãé¥áâ¢ã¥â ¨ ª®­¥ç¥­. �®íâ®¬ã áãé¥áâ¢ã¥â  á¨¬¯â®â¨ç¥áª®¥ à ¢­®¢¥-

á¨¥ ¨, á«¥¤®¢ â¥«ì­®, Rn |  ââà ªâ®à ¤«ï ãà ¢­¥­¨ï (1).
�ãé¥áâ¢®¢ ­¨¥ ¯à¥¤¥«a lim

t!+1
x(t; t0; x0) ¬®¦­® ®¡¥á¯¥ç¨âì áãé¥áâ¢®¢ ­¨¥¬ ¨­â¥£à « 

+1R
T

 (s;M)ds < +1. �¥©áâ¢¨â¥«ì­®,

k _x(s; t0; x0)k � kf(s; x(s; t0; x0))k � sup
kxk�M

kf(t; x)k =  (s;M):

�®íâ®¬ã 




Z +1

T

_x ds




 �

Z +1

T

k _xkds �
Z +1

T

 (s;M)ds: �

�á¥ ¯®­ïâ¨ï, ®¯à¥¤¥«¥­­ë¥ ¢ëè¥, ­®áïâ £«®¡ «ì­ë© å à ªâ¥à. �®íâ®¬ã ¤®ª § â¥«ìáâ¢® â¥-
®à¥¬ë á¯à ¢¥¤«¨¢® ¯à¨ ¢á¥å x 2 Rn . �¤­ ª® ¢ ¯à¨ª« ¤­ëå § ¤ ç å ãà ¢­¥­¨¥ (1) ç áâ® ®¯à¥¤¥-
«¥­® «¨èì ­  ®£à ­¨ç¥­­®¬ ¬­®¦¥áâ¢¥ ¯à®áâà ­áâ¢  Rn , â. ¥.

dx

dt
= f(t; x); T � t < +1; x 2 S = fx : kxk < lg; f 2 C([T;+1)� S;Rn): (2)

�¯à¥¤¥«¥­¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢­¥­¨¥ (2) ¢ è à¥ S4 = fx : kxk � 4g, 4 <
l, ¨¬¥¥â  á¨¬¯â®â¨ç¥áª®¥ à ¢­®¢¥á¨¥, ¥á«¨ lim

t!+1
x(t; t0; x0) áãé¥áâ¢ã¥â ¨ ª®­¥ç¥­ ¯à¨ «î¡ëå

T � t0 < +1 ¨ kx0k � 4, ¨ ¤«ï «î¡®£® x0 2 S4 áãé¥áâ¢ã¥â â ª®¥ à¥è¥­¨¥ x(t) ãà ¢­¥­¨ï (2),
çâ® lim

t!+1
x(t) = x0.

�  ­ «®£ å â¥®à¥¬ 2 ¨ 3 ¤«ï ãà ¢­¥­¨ï (2) £« ¢­ãî à®«ì ¡ã¤¥â ¨£à âì  ¡á®«îâ­ ï à ¢­®¬¥à-
­ ï ®£à ­¨ç¥­­®áâì à¥è¥­¨©. �¤­ ª® â¥®à¥¬  1 §¤¥áì ­¥ ¯à¨¬¥­¨¬ , â. ª. ®­  ­®á¨â £«®¡ «ì­ë©
å à ªâ¥à. �«¥¤®¢ â¥«ì­®, ­ã¦¥­ ­®¢ë© ªà¨â¥à¨©  ¡á®«îâ­®© à ¢­®¬¥à­®© ®£à ­¨ç¥­­®áâ¨ à¥-
è¥­¨© ãà ¢­¥­¨ï (2).

�¥®à¥¬  4. �«ï â®£® çâ®¡ë à¥è¥­¨ï ãà ¢­¥­¨ï (2), ­ ç¨­ îé¨¥áï ¢ è à¥ S4, ¡ë«¨  ¡á®-

«îâ­® à ¢­®¬¥à­® ®£à ­¨ç¥­­ë¬¨, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë áãé¥áâ¢®¢ «¨ äã­ªæ¨¨

V;W : [T;+1)� S ! (0;+1), ®¡« ¤ îé¨¥ á¢®©áâ¢ ¬¨

a) V (t; x) � �1(4), W (t; x) � �2(4) ¤«ï x0 2 S4, T � t < +1;
b) V (t; x(t)), W (t; x(t)) | á®®â¢¥âáâ¢¥­­® ­¥¢®§à áâ îé ï ¨ ­¥ã¡ë¢ îé ï äã­ªæ¨¨, £¤¥

x(t) | à¥è¥­¨¥ ãà ¢­¥­¨ï (2);
c) ¤«ï äã­ªæ¨© V ¨ W áãé¥áâ¢ã¥â â ª®© x 2 S, kxk > 4, çâ® ¯à¨ «î¡®¬ kxk � kxk ¨

t 2 [T;+1), § ¢¨áïé¥¬ ®â x, á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

V (t; x) � V2(kxk) > V1(4); W (t; x) �W2(kxk) > W1(4):

�â  â¥®à¥¬  ¯à¨ t � t0 ¨ ¡®«¥¥ ®¡é¨å ãá«®¢¨ïå ¤®ª § ­  ¢ [8]. �«ãç © t � t0 à áá¬ âà¨¢ ¥âáï
 ­ «®£¨ç­®.

�¥®à¥¬  5. �á«¨ à¥è¥­¨ï ãà ¢­¥­¨ï (2)  ¡á®«îâ­® à ¢­®¬¥à­® ®£à ­¨ç¥­ë ¢ è à¥ S4,

kx(t; t0; x0)k � M(4), kx0k � 4, 4 < M(4) < l ¨
+1R
T

 (s;M)ds < +1, â® ãà ¢­¥­¨¥ (2) ¢

è à¥ S4 = fx : kxk � 4g ¨¬¥¥â  á¨¬¯â®â¨ç¥áª®¥ à ¢­®¢¥á¨¥.

�®ª § â¥«ìáâ¢®. �¥è¥­¨ï x(t; +1; x0), kx0k � 4, áãé¥áâ¢ãîâ ¯à¨ ¢á¥å T � t < +1 ¨
x0 2 S4. �à®¬¥ â®£®, ¯à¨ «î¡ëå T � t0 < +1 ¨ x0 2 S4 áãé¥áâ¢ã¥â lim

t!+1
x(t; t0; x0) 2 S4. �á¥

íâ® ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã íâ¨å ãâ¢¥à¦¤¥­¨© ¢ â¥®à¥¬¥ 3.
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�¥£ª® ¯®«ãç¨âì â¥®à¥¬ã ®¡  á¨¬¯â®â¨ç¥áª®¬ à ¢­®¢¥á¨¨, ¨á¯®«ì§ãï ¬¥â®¤ áà ¢­¥­¨ï. �ãáâì

kf(t; x)k � �(t; kxk); (3)

£¤¥ t � T , x 2 Rn , � 2 C([T;+1)�R1
+ ;R

1
+), R

1
+ = [0;+1). �à¥¤¯®«®¦¨¬, çâ® à¥è¥­¨ï ãà ¢­¥­¨ï

dz

dt
= �(t; z) (4)

 ¡á®«îâ­® à ¢­®¬¥à­® ®£à ­¨ç¥­ë. �«ï (4) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®����dkxkdt
���� � �(t; kxk); (5)

â. ª.

2kxk
����dkxkdt

���� =
���� ddtkxk2

���� = j( _x; x) + (x; _x)j � 2kxk k _xk � 2kxk k�(t; x)k � 2kxk�(t; kxk):

�§ ­¥à ¢¥­áâ¢  dkxk
dt

� �(t; kxk) á«¥¤ã¥â à ¢­®¬¥à­ ï ®£à ­¨ç¥­­®áâì à¥è¥­¨© ãà ¢­¥­¨ï (2)
¢¯à ¢®,   ¨§ ­¥à ¢¥­áâ¢  dkxk

dt
� ��(t; kxk) | à ¢­®¬¥à­ ï ®£à ­¨ç¥­­®áâì à¥è¥­¨© â®£® ¦¥

ãà ¢­¥­¨ï ¢«¥¢®. �â¨ ãâ¢¥à¦¤¥­¨ï ¢ëâ¥ª îâ ¨§ ­¥à ¢¥­áâ¢  � ¦¥¢áª®£® [11], ¯à¨¬¥­¥­­®£®
ª (4). �«¥¤®¢ â¥«ì­®, à¥è¥­¨ï ãà ¢­¥­¨ï (2)  ¡á®«îâ­® à ¢­®¬¥à­® ®£à ­¨ç¥­ë.

�¥®à¥¬  6. �ãáâì �(t; z1) � �(t; z2) ¯à¨ z1 � z2 ¨ à¥è¥­¨ï ãà ¢­¥­¨ï (4)  ¡á®«îâ­® à ¢-

­®¬¥à­® ®£à ­¨ç¥­ë, lim
t!+1

z(t; t0; z0) áãé¥áâ¢ã¥â ¨ ª®­¥ç¥­ ¯à¨ «î¡ëå t0 � T ¨ z0 2 R
1
+ . �®£¤ 

ãà ¢­¥­¨¥ (2) ¨¬¥¥â  á¨¬¯â®â¨ç¥áª®¥ à ¢­®¢¥á¨¥.

�®ª § â¥«ìáâ¢®. � ª ª ª kxk = kx(t; t0; x0)k � z = z(t; t0; z0), kx0k � z0, t � T , â®


 tR
t0

dx



 � tR

t0

dz ¨
+1R
t

dx áãé¥áâ¢ã¥â ¨ ª®­¥ç¥­. �®íâ®¬ã áãé¥áâ¢ã¥â ¨ ª®­¥ç¥­ lim
t!+1

x(t; t0; x0).

�®£¤  ­  ®á­®¢ ­¨¨ â¥®à¥¬ë 3 ãà ¢­¥­¨¥ (2) ¨¬¥¥â  á¨¬¯â®â¨ç¥áª®¥ à ¢­®¢¥á¨¥.

3. �ã­ªæ¨¨ �ï¯ã­®¢  ¨  á¨¬¯â®â¨ç¥áª®¥ à ¢­®¢¥á¨¥

�®§¬®¦­®áâ¨ ¬¥â®¤  ¢®§¬ãé¥­¨© [5] ®£à ­¨ç¥­ë å à ªâ¥à®¬  á¨¬¯â®â¨ç¥áª®£® à ¢­®¢¥á¨ï
¢®§¬ãé¥­­®£® ãà ¢­¥­¨ï ¨ ¬ «®áâìî ¢®§¬ãé¥­¨ï. �àï¬®© ¬¥â®¤ ¡®«¥¥ ã­¨¢¥àá «¥­, ­® âàã¤­®-
áâ¨ §¤¥áì á®áà¥¤®â®ç¥­ë ¢ ¯®áâà®¥­¨¨ äã­ªæ¨© �ï¯ã­®¢  á ¯à¥¨¬ãé¥áâ¢®¬ ¢ â ªâ¨ª¥ à¥è¥­¨ï
§ ¤ ç¨ ®¡  á¨¬¯â®â¨ç¥áª®¬ à ¢­®¢¥á¨¨.

�¥®à¥¬  7. �ãáâì áãé¥áâ¢ã¥â ­¥¯à¥àë¢­ ï äã­ªæ¨ï V : [T;+1)�[T;+1)�Rn ! (0;+1)
â ª ï, çâ® V (t; t0; x) ! +1 ¯à¨ kxk ! +1 à ¢­®¬¥à­® ¯® t ¨ t0. �«ï ¢áïª®£® à¥è¥-

­¨ï x(t) = x(t; t0; x0) ãà ¢­¥­¨ï (1) V (t; t0; x(t)) � �(r) ¯à¨ kx(t0)k � r, T � t; t0 < +1,

� : [0;+1) ! (0;+1), áãé¥áâ¢ã¥â lim
t!+1

V (t; t0; x(t)). �®£¤  ¥á«¨ áãé¥áâ¢ã¥â ­¥¯à¥àë¢­ ï

äã­ªæ¨ï V0 2 C(Rn+ ; (0;+1)), ª®â®à ï ï¢«ï¥âáï áâà®£® ¬®­®â®­­®© ¯® ¬®¤ã«î ª ¦¤®© ª®¬-

¯®­¥­âë ¢¥ªâ®à  x, ¨

lim
t!+1

V (t; t0; x)
V0(jx1j; : : : ; jxnj)

= k > 0; x = colon(x1; : : : ; xn);

à ¢­®¬¥à­® ¯® x 2 Rn , â® ãà ¢­¥­¨¥ (1) ¨¬¥¥â  á¨¬¯â®â¨ç¥áª®¥ à ¢­®¢¥á¨¥.

�®ª § â¥«ìáâ¢®. � ª ª ª ¤«ï ª ¦¤®£® à¥è¥­¨ï x(t) = x(t; t0; x0) ãà ¢­¥­¨ï (1) á¯à ¢¥¤«¨-
¢® ­¥à ¢¥­áâ¢® V (t; t0; x(t)) � �(r), £¤¥ T � t; t0 < +1, kx0k � r, ¨ V (t; t0; x) ! +1 à ¢­®¬¥à­®
¯® t ¨ t0 ¯à¨ kxk ! +1, â® kx(t; t0; x0)k � M(r) ¯à¨ ¢á¥å T � t; t0 < +1, kx0k � r. �à®¬¥ â®£®,
áãé¥áâ¢ã¥â

lim
t!+1

V (t; t0; x(t))
V0(jx1(t)j; : : : ; jxn(t)j)

= K:
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� ª ª ª à¥è¥­¨¥ x(t) ¯à¨ T � t < +1 ®£à ­¨ç¥­®, â® ¯à¨ ä¨ªá¨à®¢ ­­®¬ 1 � i � n áãé¥áâ¢ã¥â
â ª®© ­ ¡®à ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥« (a1; : : : ; ai�1; ai+1; : : : ; an), çâ® á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®���� V (t; t0; x(t))

V0(a1; : : : ; ai�1; jxi(t)j; ai+1; : : : ; an)
�K

���� �
���� V (t; t0; x(t))
V (jx1(t)j; : : : ; jxn(t)j)

�K

����;
T � t < +1, £¤¥ aj = «¨¡® sup

t

jxj(t)j, «¨¡® inf
t
jxj(t)j. �®£¤ 

lim
t!+1

V (t; t0; x(t))
V0(a1; : : : ; ai�1; jxi(t)j; ai+1; : : : ; an)

= K:

�®íâ®¬ã lim
t!+1

V0(a1; : : : ; ai�1; jxi(t)j; ai+1; : : : ; an) = ci. � ª ª ª V (t; t0; x) ! +1 à ¢­®¬¥à­®

¯® t ¯à¨ kxk ! +1, â® ¨§ ãá«®¢¨ï lim
t!+1

(V (t; t0; x)=V0(jx1j; : : : ; jxnj)) = K > 0 à ¢­®¬¥à-

­® ¯® x 2 R
n ¢ëâ¥ª ¥â V0(jx1j; : : : ; jxnj) ! +1 ¯à¨ kxk ! +1. �®íâ®¬ã ¤«ï äã­ªæ¨¨

yi = V �1
0 (a1; : : : ; ai�1; kxik; ai+1; : : : ; an) áãé¥áâ¢ã¥â ®¡à â­ ï äã­ªæ¨ï kxik = V �1

0 (a1; : : : ; ai�1; yi,
ai+1; : : : ; an). �á«¨ jxij = jxi(t)j, â® yi = yi(t) ¨ yi(t)! ci ¯à¨ t! +1. �âáî¤  á«¥¤ã¥â áãé¥áâ¢®-
¢ ­¨¥ lim

t!+1
xi(t) ¯à¨ «î¡®¬ 1 � i � n. �­ ç¨â, áãé¥áâ¢ã¥â lim

t!+1
x(t; t0; x0). � ª ª ª ¢ë¯®«­ïîâáï

ãá«®¢¨ï â¥®à¥¬ë 3, â® áãé¥áâ¢ã¥â  á¨¬¯â®â¨ç¥áª®¥ à ¢­®¢¥á¨¥.

� ¬¥â¨¬, çâ® ¢ â¥®à¥¬¥ 7 ¬®¦­® ¯à¨­ïâì V0(jx1j; : : : ; jxnj)
def= V1(kxk), £¤¥ V1 2 C([0;+1); (0;+1))

| áâà®£® ¬®­®â®­­ ï äã­ªæ¨ï.
�£à ­¨ç¥­¨ï ­  äã­ªæ¨î �ï¯ã­®¢  ¬®£ãâ ¡ëâì á«¨èª®¬ ®¡à¥¬¥­¨â¥«ì­ë¬¨. � ­¥ª®â®àëå

á«ãç ïå ¯®«¥§­¥¥ à áá¬ âà¨¢ âì ¢¥ªâ®à-äã­ªæ¨¨ �ï¯ã­®¢ . �ãáâì V : [T;+1) � R
n ! R

m
+ |

¤¨ää¥à¥­æ¨àã¥¬ ï ¢¥ªâ®à-äã­ªæ¨ï �ï¯ã­®¢ , Rm+ = fx : x 2 R
m , x � 0g; kV (t; x)k � V0(4),

kxk � 4. �®£¤  ¯à®¨§¢®¤­ ï V ¢ á¨«ã (1) ¨¬¥¥â ¢¨¤

dV

dt
=
@V

@t
+
@V

@x
f(t; x) = '(t; x; V ):

�ãáâì x = x(t; t0; x0); y(t; t0; y0; x0) | à¥è¥­¨¥ ãà ¢­¥­¨ï

dy

dt
= '(t; x; V ) (6)

c ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ (t0; y0).

�¥®à¥¬  8. �á«¨ à¥è¥­¨ï ãà ¢­¥­¨ï (6) ã¤®¢«¥â¢®àïîâ ¯à¨ ky0k � 4 ­¥à ¢¥­áâ¢ã

ky(t; t0; y0; x0)k � M(4) à ¢­®¬¥à­® ¯® x0, T � t; t0 < +1, ¨ ãà ¢­¥­¨¥ (6) ¨¬¥¥â  á¨¬¯â®-

â¨ç¥áª®¥ à ¢­®¢¥á¨¥, â® ¯à¨ lim
t!+1

Vi(t;x)

kxk
= K > 0 à ¢­®¬¥à­® ¯® x, £¤¥ 1 � i � m, ãà ¢­¥­¨¥ (1)

¨¬¥¥â  á¨¬¯â®â¨ç¥áª®¥ à ¢­®¢¥á¨¥.

�®ª § â¥«ìáâ¢®. � ª ª ª V (t; x(t; t0; x0)) | à¥è¥­¨¥ ãà ¢­¥­¨ï (6), â®

kV (t; x(t; t0; x0))k �M(kV (t0; x0)k) �M1(4); kx0k � 4; T � t; t0 < +1:

�à®¬¥ â®£®, áãé¥áâ¢ã¥â ¨ ª®­¥ç¥­ lim
t!+1

V (t; x(t; t0; x0)). �®íâ®¬ã ¨§ ãá«®¢¨ï lim
t!+1

Vi(t;x)

kxk
= K

à ¢­®¬¥à­® ¯® x ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ ª®­¥ç­®£® lim
t!+1

x(t; t0; x0). �âáî¤  ¨ ¨§ ¯à¥¤ë¤ãé¥£®

¢ëâ¥ª ¥â ­¥à ¢¥­áâ¢® kx(t; t0; x0)k � M2(4); kx0k � 4, à ¢­®¬¥à­® ¯® T � t; t0 < +1. �«¥¤®¢ -
â¥«ì­®, ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë 3.

�¥®à¥¬  9. �ãáâì

Wi(t; x) + hq
(2)
i (t;W (t; x)) + o(h) �Wi(t+ h; x+ hf(t; x)) �Wi(t; x) + hq

(1)
i (t;W (t; x)) + o(h)

¯à¨ h ! 0, £¤¥ q
(1)
i ; q

(2)
i 2 C([T;+1) � R

m
+ ;R

1 ), Wi 2 C([T;+1) � R
n ;R1

+), i = 1;m, ¨ «®-

ª «ì­® «¨¯è¨æ¥¢ë ¯® ¢â®à®© ¯¥à¥¬¥­­®©, lim
t!+1

Wj(t;x)

kxk
= Kj > 0 ¯à¨ ­¥ª®â®à®¬ 1 � j � m
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à ¢­®¬¥à­® ¯® x. �®£¤  ¥á«¨ ¢¥ªâ®à-äã­ªæ¨ï q(1)(t; y) = colon(q(1)1 (t; y); : : : ; q(1)m (t; y)) ï¢«ï¥â-

áï ª¢ §¨¬®­®â®­­® ¢®§à áâ îé¥© [12] ¯® ¯¥à¥¬¥­­®© y 2 R
m
+ ,   ¢¥ªâ®à-äã­ªæ¨ï q(2)(t; y) =

colon(q(2)1 (t; y); : : : ; q(2)m (t; y)) ª¢ §¨¬®­®â®­­® ã¡ë¢ îé¥© ¨ ãà ¢­¥­¨¥

du

dt
= q(1)(t; u) (7)

¨¬¥¥â  á¨¬¯â®â¨ç¥áª®¥ à ¢­®¢¥á¨¥,   à¥è¥­¨ï à ¢­®¬¥à­® ®£à ­¨ç¥­ë ¢¯à ¢®, à¥è¥­¨ï ãà ¢-

­¥­¨ï
dz

dt
= q(2)(t; z)

à ¢­®¬¥à­® ®£à ­¨ç¥­ë ¢«¥¢®, â® ãà ¢­¥­¨¥ (1) ¨¬¥¥â  á¨¬¯â®â¨ç¥áª®¥ à ¢­®¢¥á¨¥.

�®ª § â¥«ìáâ¢®. � ª ª ª

q(2)(t;W ) �
dW

dt
� q(1)(t;W );

£¤¥ ¯à®¨§¢®¤­ ï dW

dt
¢ëç¨á«¥­  ¢ á¨«ã ãà ¢­¥­¨ï (2), â®, ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® � ¦¥¢áª®-

£® [11], â ª ¦¥, ª ª ¢ (4), (5), ¯®«ãç¨¬  ¡á®«îâ­® à ¢­®¬¥à­ãî ®£à ­¨ç¥­­®áâì à¥è¥­¨©
ãà ¢­¥­¨ï (1). �§ áãé¥áâ¢®¢ ­¨ï  á¨¬¯â®â¨ç¥áª®£® à ¢­®¢¥á¨ï ã ãà ¢­¥­¨ï (7) ¢ëâ¥ª ¥â áã-
é¥áâ¢®¢ ­¨¥ ª®­¥ç­®£® ¯à¥¤¥«  lim

t!+1
W (t; x(t)), W = colon(W1; : : : ;Wm). �®£¤  ¨§ ãá«®¢¨ï

lim
t!+1

Wj (t;x)

kxk
= Kj > 0 à ¢­®¬¥à­® ¯® x á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ª®­¥ç­®£® ¯à¥¤¥«  lim

t!+1
x(t; t0; x0)

¯à¨ «î¡ëå T � t0 < +1, x0 2 Rn . �¥à¥©¤¥¬ ª ãáâ ­®¢«¥­¨î ãá«®¢¨©, ¯à¨ ¢ë¯®«­¥­¨¨ ª®â®àëå
áãé¥áâ¢ãîâ ¯®«¨­®¬¨ «ì­ë¥  ââà ªâ®àë.

4. �®«¨­®¬¨ «ì­ ï  á¨¬¯â®â¨ª  à¥è¥­¨©

�¥à¢®­ ç «ì­® à áá¬®âà¨¬ ãà ¢­¥­¨¥

x(n) = f(t; x; x0; : : : ; x(n�1)); (8)

£¤¥ f 2 C([T;+1)� R
n ;R).

�¯à¥¤¥«¥­¨¥ 3. �ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢­¥­¨¥ (8) ¨¬¥¥â ¯®«¨­®¬¨ «ì­ãî  á¨¬¯â®â¨ªã
¯®àï¤ª  k, ¥á«¨ ¤«ï ¢áïª®£® à¥è¥­¨ï x(t) íâ®£® ãà ¢­¥­¨ï áãé¥áâ¢ã¥â â ª®© ¯®«¨­®¬ Pk(t) =
a0t

k + � � �+ ak�1t+ ak, çâ®

x(j)(t) = P
(j)
k (t) + o(1); j = 0; : : : ; k; (9)

¯à¨ t ! +1. �à¨ íâ®¬ ¢ á«ãç ¥ k � 0 áãé¥áâ¢ã¥â å®âï ¡ë ®¤­® à¥è¥­¨¥ x(t) â ª®¥, çâ® ¤«ï
­¥£® a0 6= 0. �«ï ­ã«ì-¬­®£®ç«¥­  Pk(t) � 0 ¡ã¤¥¬ áç¨â âì k = �1 ¨ ãá«®¢¨ï (9) ¢ë¯®«­ïîâáï
¯à¨ j = 0, ª ª ¨ ¢ á«ãç ¥ k = 0.

�ã¤¥¬ à¥è âì § ¤ çã ® ¯®«¨­®¬¨ «ì­®©  á¨¬¯â®â¨ª¥ ¯®àï¤ª  (n� 1) ¤«ï ãà ¢­¥­¨ï (8).

�¥®à¥¬  10. �ãáâì

jf(t; x; x0; : : : ; x(n�1))j � �

�
t;
jxj

tn�1
; : : : ; jx(n�1)j

�
; t � T;

£¤¥

a) � 2 C([T;+1) � R
n
+ ;R

1
+), R

1
+ = [0;+1), �(t; �1; : : : ; �n) � �(t; �1; : : : ; �n) ¯à¨ �i � �i,

i = 1; n, ¨ «î¡®¬ t � T ;

b)
+1R
t

+1R
s1

� � �
+1R
sn�1

�(t; �1; : : : ; �n)ds1 : : : dsn = o(1) ¯à¨ t! +1 ¨ 8� 2 Rn+ , � = colon(�1; : : : ; �n).

�®£¤  ãà ¢­¥­¨¥ (8) ¨¬¥¥â à¥è¥­¨ï x(t) â ª¨¥, çâ® ¤«ï ­¨å á¯à ¢¥¤«¨¢ë  á¨¬¯â®â¨ç¥áª¨¥

ä®à¬ã«ë (9) ¯à¨ k = n� 1 ¨ a0 6= 0.
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�®ª § â¥«ìáâ¢®. �à¨ T � t0 � t < +1 ¨¬¥¥¬

x(t) = a0t
n�1 + a1t

n�2 + � � �+ an�2t+ an�1+

+
1

(n� 1)!

Z t

t0

(t� s)n�1f(s; x(s); x0(s); : : : ; x(n�1)(s))ds: (10)

�®£¤  ¨§ (10) ­ ©¤¥¬

jxm�1(t)j � cm + bm

Z t

t0

�

�
s;
jxj

tn�1
; : : : ; jx(n�1)j

�
ds; m = 1; : : : ; n: (11)

�ãáâì t0 � T ¨ v = max
t
f jx(t)j
tn�1

; : : : ; jx(n�1)(t)jg. �¥ â¥àïï ®¡é­®áâ¨, áç¨â ¥¬ t � 1. �®£¤  ¨§

(11) ¯®«ãç¨¬

v(t) � c0 + b0

Z t

t0

�0(s; v(s))ds; (12)

£¤¥ �0(s; v(s)) � �(s; v(s); : : : ; v(s)), ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥ c0 ¨ b0 § ¢¨áïâ ®â ­ ç «ì­ëå
¤ ­­ëå, ®¯à¥¤¥«ïîé¨å à¥è¥­¨¥ x(t).

�á¥¢®§¬®¦­ë¥ à¥è¥­¨ï ­¥à ¢¥­áâ¢ 

 (t) � c0 + b0

Z t

t0

�0(s; '( ) (s))ds; (13)

£¤¥

'( ) =

(
min(1; T1

 
);  6= 0;

1;  = 0;

¨ T1 | ¯à®¨§¢®«ì­®¥ ä¨ªá¨à®¢ ­­®¥ ç¨á«®,  (t) � 0, ®£à ­¨ç¥­ë. �¥©áâ¢¨â¥«ì­®, â. ª.
�0(s; '( ) (s)) = �(s; '( ) (s); : : : ; '( ) (s)) ¨ '( ) (s) � T1, â®Z t

t0

�0(s; '( ) (s))ds �
Z t

t0

�0(s; T1)ds =
Z t

t0

�(s; T1; : : : ; T1)ds < +1:

�ãáâì 0 < c0 < T2. �®£¤  ¯à¨ ¤®áâ â®ç­® ¡®«ìè®¬ t0 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

c0 + b0
+1R
t0

�0(s; '( ) (s))ds < T2. �á«¨ T2 = T1, â® ­¥à ¢¥­áâ¢  (12) ¨ (13) á®¢¯ ¤ îâ. �¥à -

¢¥­áâ¢® (12) ¨¬¥¥â à¥è¥­¨¥ v(t) = max
t
f jx(t)j
tn�1

; : : : ; jx(n�1)(t)jg. �«¥¤®¢ â¥«ì­®, íâ  ¦¥ äã­ªæ¨ï

v(t) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã (13). �á«¨ ¦¥ 0 < c0 < T2, â® v(t) < T2 ¯à¨ t � t0. �âáî¤ 

jx(k)(t)j
tn�k�1

< T2; t � t0; k = 0; n� 1: (14)

�®£¤  ¨§ à ¢¥­áâ¢  (10) á ãç¥â®¬

1
(n� 1)!

Z t

t0

(t� s)n�1f(s; x(s); x0(s); : : : ; x(n�1)(s))ds =

=
Z t

t0

Z t1

t0

� � �

Z tn�1

t0

f(sn; x(sn); x0(sn); : : : ; x(n�1)(sn))ds1 : : : dsn

¯®«ãç¨¬

x(t) = a0t
n�1 + a1t

n�2 + � � �+ an�2t+ an�1+

+
Z +1

t

Z +1

s1

� � �

Z +1

sn�1

f(sn; x(sn); x0(sn); : : : ; x(n�1)(sn))ds1 : : : dsn: (15)
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�å®¤¨¬®áâì ¨­â¥£à «®¢ ¨§ (15) á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢ (14). �¨á«  a0; a1; : : : ; an�2; an�1 § ¢¨áïâ
®â ­ ç «ì­ëå ¤ ­­ëå. �§ (10) ¨ (14) ¢ëâ¥ª ¥â, çâ® ­ ç «ì­ë¥ ¤ ­­ë¥ ¬®¦­® ¯®¤®¡à âì â ª,
çâ® a0 6= 0.

�¯à¥¤¥«¥­¨¥ 4. �ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢­¥­¨¥ (8) ¨¬¥¥â ¯®«¨­®¬¨ «ì­®¥  á¨¬¯â®â¨ç¥-
áª®¥ à ¢­®¢¥á¨¥ ¯®àï¤ª  k, ¥á«¨ ®­® ¨¬¥¥â ¯®«¨­®¬¨ «ì­ãî  á¨¬¯â®â¨ªã ¯®àï¤ª  k ¨ ¤«ï
«î¡®£® ­ ¡®à  ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥« (a0; : : : ; ak) áãé¥áâ¢ã¥â â ª®¥ à¥è¥­¨¥ x(t) ãà ¢­¥­¨ï (8),
çâ® ¤«ï íâ®£® à¥è¥­¨ï ¨ ¯®«¨­®¬  Pk(t) = a0t

k + � � �+ ak�1t+ ak á¯à ¢¥¤«¨¢ë  á¨¬¯â®â¨ç¥áª¨¥
ä®à¬ã«ë (9).

�¥®à¥¬  11. �ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë 10 ¨ à¥è¥­¨ï ãà ¢­¥­¨ï

dz

dt
= �0(t; z) (16)

 ¡á®«îâ­® à ¢­®¬¥à­® ®£à ­¨ç¥­ë. �®£¤  ãà ¢­¥­¨¥ (8) ¨¬¥¥â ¯®«¨­®¬¨ «ì­®¥  á¨¬¯â®â¨ç¥-

áª®¥ à ¢­®¢¥á¨¥ ¯®àï¤ª  (n� 1).

�®ª § â¥«ìáâ¢®. �§  ¡á®«îâ­®© à ¢­®¬¥à­®© ®£à ­¨ç¥­­®áâ¨ à¥è¥­¨© ãà ¢­¥­¨ï (16) ¨
­¥à ¢¥­áâ¢  (12) ¢ëâ¥ª ¥â à ¢­®¬¥à­®áâì ®â­®á¨â¥«ì­® t0 ®æ¥­®ª (14) ¨, á«¥¤®¢ â¥«ì­®, ãà ¢-
­¥­¨¥ (8) ¨¬¥¥â ¯®«¨­®¬¨ «ì­ãî  á¨¬¯â®â¨ªã ¯®àï¤ª  n� 1. �ãáâì fa0; a1; : : : ; an�1g | ¯à®¨§-
¢®«ì­ë© ­ ¡®à ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥«. �®£¤ 

x(t) = a0t
n�1 + a1t

n�2 + : : :+ an�2t+ an�1+X(t); (17)

£¤¥

X(t) =
Z t

t0

Z s1

t0

� � �

Z sn�1

t0

f(sn; x(sn); x0(sn); : : : ; x(n�1)(sn))ds1 : : : dsn;

jX(t)j �
Z t

t0

Z s1

t0

� � �

Z sn�1

t0

�0(sn; T2)ds1 : : : dsn

¯à¨ ¢á¥å t0 � T , t � T . � áá¬®âà¨¬ ¬­®¦¥áâ¢® fv(t)g, v(t) = colon
�
x(t)

tn�1
; x

0(t)

tn�2
; : : : ; x(n�1)(t)

�
,

x(t) | à¥è¥­¨¥ ãà ¢­¥­¨ï (8) á ä¨ªá¨à®¢ ­­ë¬¨ ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ x(t0) = a0; x
0(t0) =

a1; : : : ; x
(n�1)(t0) = an�1 ¯à¨ ¯à®¨§¢®«ì­® ¬¥­ïîé¥¬áï t0 � T . �  ®á­®¢ ­¨¨ à ¢¥­áâ¢  (14)

¬­®¦¥áâ¢® fv(t)g à ¢­®¬¥à­® ®£à ­¨ç¥­® ®â­®á¨â¥«ì­® t0; T � t < +1; kv(t)k � T2. � ª ª ª����� ddt x
(k)(t)
tn�k�1

����� � c; k = 0; n� 1; T � t < +1; (18)

£¤¥ c | ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï, â® ¤«ï ¬­®¦¥áâ¢  fv(t)g á¯à ¢¥¤«¨¢  â¥®à¥¬  �àæ¥«  ®
ª®¬¯ ªâ­®áâ¨. �¥à ¢¥­áâ¢® (18) ¢ëâ¥ª ¥â ¨§ ­¥à ¢¥­áâ¢  (11) ¨  ¡á®«îâ­® à ¢­®¬¥à­®© ®£à ­¨-
ç¥­­®áâ¨ à¥è¥­¨© ãà ¢­¥­¨ï (16). �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì ftm0 g,
çâ® lim

m!+1
tm0 = +1 ¨ x(t; tm0 ; x0; x

0; : : : ; x
(n�1)
0 ) à ¢­®¬¥à­® ­  ª ¦¤®¬ ª®¬¯ ªâ¥ áâà¥¬¨âáï ª

äã­ªæ¨¨ x(t), ª®â®à ï ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (8). H  ®á­®¢ ­¨¨ à ¢¥­áâ¢  (17) ¨¬¥¥¬

x(j)(t) = P
(j)
k (t) + o(1); j = 0; 1; : : : ; k;

¯à¨ t! +1, £¤¥ Pk(t) = a0t
n�1 + a1t

n�2 + � � �+ an�2t+ an�1, k = n� 1.

�¥¯¥àì ¯¥à¥©¤¥¬ ª  ­ «®£¨ç­®© § ¤ ç¥, ­® ®â­®á¨â¥«ì­® ãà ¢­¥­¨ï (1). �¥ªâ®à-äã­ªæ¨î
Pk(t) = colon(P 1

k (t); : : : ; P
n
k (t)) ¡ã¤¥¬ ­ §ë¢ âì ¢¥ªâ®à-¬­®£®ç«¥­®¬ áâ¥¯¥­¨ k, ¥á«¨ ¢á¥ ª®¬¯®-

­¥­âë P i
k(t) ï¢«ïîâáï ¬­®£®ç«¥­ ¬¨ áâ¥¯¥­¨ k � 0.
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�¯à¥¤¥«¥­¨¥ 5. �ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢­¥­¨¥ (1) ¨¬¥¥â ¯®«¨­®¬¨ «ì­ãî  á¨¬¯â®â¨ªã
¯®àï¤ª  k, ¥á«¨ ¤«ï ¢áïª®£® à¥è¥­¨ï x(t) íâ®£® ãà ¢­¥­¨ï áãé¥áâ¢ã¥â â ª®© ¢¥ªâ®à-¬­®£®ç«¥­
Pk(t), çâ®

lim
t!+1

(x(t)� Pk(t))
(j) = 0; j = 0; 1; : : : ; k: (19)

�«ï ­ã«ì-¬­®£®ç«¥­  Pk(t) � 0 ¡ã¤¥¬ áç¨â âì k = �1 ¨ ãá«®¢¨¥ (19) ¢ë¯®«­ï¥âáï ¯à¨ j = 0,
¥á«¨ k � 0, ª ª ¨ ¢ á«ãç ¥ k = 0. �à®¬¥ â®£®, å®âï ¡ë ¯à¨ ®¤­®¬ §­ ç¥­¨¨ i

P i
k(t) = ai0t

k + ai1t
k�1 + � � �+ aik; ai0 6= 0:

�¯à¥¤¥«¥­¨¥ 6. �ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢­¥­¨¥ (1) ¨¬¥¥â ¯®«¨­®¬¨ «ì­®¥  á¨¬¯â®â¨ç¥-
áª®¥ à ¢­®¢¥á¨¥ ¯®àï¤ª  k, ¥á«¨ ®­® ¨¬¥¥â ¯®«¨­®¬¨ «ì­ãî  á¨¬¯â®â¨ªã ¯®àï¤ª  k ¨ ¤«ï
«î¡®£® ¢¥ªâ®à-¬­®£®ç«¥­  Pk(t) áâ¥¯¥­¨ k áãé¥áâ¢ã¥â â ª®¥ à¥è¥­¨¥ x(t) ãà ¢­¥­¨ï (1), çâ®
¤«ï íâ®£® à¥è¥­¨ï ¨ ¯®«¨­®¬  Pk(t) á¯à ¢¥¤«¨¢ë  á¨¬¯â®â¨ç¥áª¨¥ ä®à¬ã«ë (19).

�ãáâì f 2 C(q;q)([T;+1)� R
n ;Rn ), q � r � 1. �®£¤ 

x(r)(t) =
�
@

@t
+ f(t; x(t))rx

�r�1

f(t; x(t)): (20)

Cª «ïà­ë© ¢ à¨ ­â ãà ¢­¥­¨ï (20) ¥áâì ãà ¢­¥­¨¥ (8), ª®â®à®¥ à áá¬®âà¥­® ¢ëè¥. �­ «®£ â¥-
®à¥¬ 10, 11 ¤«ï ãà ¢­¥­¨ï (20) «¥£ª® ¯®«ãç¨âì ¯® íâ®© ¦¥ áå¥¬¥.

� ª ç¥áâ¢¥  ââà ªâ®à®¢ ¬®£ãâ ¡ëâì ¨ ¤àã£¨¥ äã­ªæ¨®­ «ì­ë¥ ¬­®¦¥áâ¢ , ­ ¯à¨¬¥à, à¥è¥-
­¨ï ­¥ª®â®à®£® ¤àã£®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï. � ª¨¥ § ¤ ç¨ à áá¬ âà¨¢ «¨áì ¬­®£¨¬¨
 ¢â®à ¬¨, ¯à ¢¤ , ¢ ­¥áª®«ìª® ¤àã£®© ¯®áâ ­®¢ª¥ [3], [13], [14].
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