
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2005 ���������� ò 5 (516)

��� 514.763

�.�.�������

������������� ���-�����, �����������
������������������� ��������� �������������

�¥®¬¥âà¨î âà¨-âª ¥©  ç «¨ ¨§ãç âì ¢ ª®æ¥ 20-å £. XX-£® áâ®«¥â¨ï �.�«ïèª¥ ¨ ¥£® ãç¥¨-
ª¨ | ãç áâ¨ª¨ � ¬¡ãà£áª®£® £¥®¬¥âà¨ç¥áª®£® á¥¬¨ à . � â¥å ¯®à  ª®¯¨« áì § ç¨â¥«ì ï
«¨â¥à âãà , ¯®á¢ïé¥ ï íâ®© â¥¬ â¨ª¥ (á¬.,  ¯à., ®¡§®à [1]). � ª ¢¨¤®, ¯®¤ ¢«ïîé¥¥ ¡®«ì-
è¨áâ¢® à ¡®â ¯®á«¥¤¥£® ¢à¥¬¥¨ ¯®á¢ïé¥® ¬®£®¬¥àë¬ âà¨-âª ï¬. � ç áâ®áâ¨, ¤®áâ â®ç-
® å®à®è® à §¢¨â  â¥®à¨ï ¬®£®¬¥àëå âà¨-âª ¥©, ¤®¯ãáª îé¨å á¥¬¥©áâ¢   ¢â®¬®àä¨§¬®¢
à §«¨ç®© à §¬¥à®áâ¨ (á¬. [2] ¨ ¡¨¡«. ¢ [1], [2]). �® á¯¥æ¨ «ìë¥ ª« ááë âª ¥© ¬¨¨¬ «ì®©
à §¬¥à®áâ¨ | ªà¨¢®«¨¥©ëå âà¨-âª ¥©   ¯«®áª®áâ¨ | ¨áá«¥¤®¢ ë ¥¤®áâ â®ç®. �áâ -
«¨áì ¥¨áá«¥¤®¢ ë¬¨, ¢ ç áâ®áâ¨, âà¨-âª ¨, ¤®¯ãáª îé¨¥ ®¤®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®
 ¢â®¬®àä¨§¬®¢. (�á«¨ ªà¨¢®«¨¥© ï âà¨-âª ì ¤®¯ãáª ¥â ¤¢ã¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®  ¢-
â®¬®àä¨§¬®¢, â® ®  ï¢«ï¥âáï à¥£ã«ïà®©, â. ¥. íª¢¨¢ «¥â  âª ¨, ®¡à §®¢ ®© âà¥¬ï á¥¬¥©-
áâ¢ ¬¨ ¯ à ««¥«ìëå ¯àï¬ëå.) � íâ®¬  ¯à ¢«¥¨¨ ¨¬¥¥âáï ¢á¥£® ®¤  à ¡®â  [3], ¢ ª®â®à®©
 ¢â®àë  å®¤ïâ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¯¥à¢®£® ¯®àï¤ª , ®¯à¥¤¥«ïîé¥¥ ª« áá â ª¨å âª -
¥©.

� ¤ ®© áâ âì¥ ¬ë ¤®¢®¤¨¬ (¤àã£¨¬ á¯®á®¡®¬) ¨â¥£à¨à®¢ ¨¥ ¤® ª®æ  ¨  å®¤¨¬ ®¡é¨©
¢¨¤ ª®¥çëå ãà ¢¥¨© ªà¨¢®«¨¥©®© âà¨-âª ¨, ¤®¯ãáª îé¥© ®¤®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©-
áâ¢®  ¢â®¬®àä¨§¬®¢.

�«¥¤ãï [2], ãà ¢¥¨ï á«®¥¨ï ªà¨¢®«¨¥©®© âà¨-âª ¨ § ¤ ¤¨¬ ãà ¢¥¨ï¬¨ �ä ää 

!1 = 0; !2 = 0; !1 + !2 = 0: (1)

� §¨áë¥ ä®à¬ë !1 ¨ !2 ã¤®¢«¥â¢®àïîâ áâàãªâãàë¬ ãà ¢¥¨ï¬

d!1 = !1 ^ !; d!2 = !2 ^ ! (2)

¨

d! = b!1 ^ !2: (3)

�¥è¥¥ ¤¨ää¥à¥æ¨à®¢ ¨¥ ¯®á«¥¤¥£® ãà ¢¥¨ï ¯à¨¢®¤¨â ª ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨-
ï¬   ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥ ®â ªà¨¢¨§ë b:

db� 2b! = b1!1 + b2!2;

db1 � 3b1! = b11!1 + b12!2; db2 � 3b2! = b21!1 + b22!2; (4)

db11 � 4b11! = b112!1 + b112!2

¨ â. ¤. �®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥ á¢ï§ ë àï¤®¬ á®®â®è¥¨©,  ¯à¨¬¥à,

b12 � b21 = 2b2:

�®¯ãáâ¨¬, çâ® à áá¬ âà¨¢ ¥¬ ï âà¨-âª ì ¥ ï¢«ï¥âáï ¯ à ««¥«¨§ã¥¬®©. �®£¤  à¥¯¥à ¬®¦-
® ®à¬¨à®¢ âì â ª, çâ®¡ë ¢® ¢á¥© ®¡« áâ¨ ®¯à¥¤¥«¥¨ï âª ¨ ªà¨¢¨§  áâ «  ¯®áâ®ï®©.
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�®«®¦¨¬,  ¯à¨¬¥à, b = �1=2. � íâ®¬ á«ãç ¥ ¨§ ãà ¢¥¨ï (4) ¯®«ãç ¥¬

! = b1!1 + b2!2;

db1 = (b11 + 3b21)!1 + (b12 + 3b1b2)!2; db2 = (b21 + 3b1b2)!1 + (b22 + 3b22)!2

(5)

¨ â. ¤. � «®£¨çë¥ ãà ¢¥¨ï ¯®«ãç âáï ¤«ï ¢¥«¨ç¨ b11; b12; : : :
�ãáâì à áá¬ âà¨¢ ¥¬ ï âà¨-âª ì W ¤®¯ãáª ¥â ®¤®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®  ¢â®¬®à-

ä¨§¬®¢. � ª ¡ë«® ¤®ª § ® ¢ [2], â®£¤  ¢¤®«ì âà ¥ªâ®à¨© íâ®£® á¥¬¥©áâ¢   ¤ ¯â¨à®¢ ë¥
à¥¯¥àë âª ¨ ¬®¦® ¢ë¡à âì â ª, çâ® ¢ íâ¨å à¥¯¥à å ¢á¥ áâàãªâãàë¥ â¥§®àë âª ¨ áâ -
ãâ ¯®áâ®ïë¬¨. �«¥¤®¢ â¥«ì®,   âà ¥ªâ®à¨ïå á¥¬¥©áâ¢  ¯à ¢ë¥ ç áâ¨ ãà ¢¥¨© (2) ¨ ¨¬
  «®£¨çëå ®¡à é îâáï ¢ ã«ì. � § ç¨â,   ¢á¥¬ ¬®£®®¡à §¨¨ âª ¨ ãª § ë¥ ¯à ¢ë¥ ç -
áâ¨ ¯à®¯®àæ¨® «ìë. �®íâ®¬ã, ¯à¨à ¢¨¢ ï ¨å ã«î, ¯®«ãç ¥¬ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥
®¤®¯ à ¬¥âà¨ç¥áª®£® á¥¬¥©áâ¢   ¢â®¬®àä¨§¬®¢ âª ¨.

� «¥¥, ¯à®¯®àæ¨® «ì®áâì ¯à ¢ëå ç áâ¥© ®§ ç ¥â, çâ® ¤¨ää¥à¥æ¨ «ë ¢á¥å äãªæ¨©
b2; b11; b12; : : : ¯à®¯®àæ¨® «ìë,  ¯à¨¬¥à, db1. �«¥¤®¢ â¥«ì®, ¬®¦® áç¨â âì, çâ®   ¬®£®-
®¡à §¨¨ âª ¨ ¢á¥ íâ¨ äãªæ¨¨ § ¢¨áïâ ®â ®¤®© ¯¥à¥¬¥®© b1:

b2 = b2(b1); b11 = b11(b1); b12 = b12(b1)

¨ â. ¤. �® â®£¤  ¢ á¨«ã (5) ¯¥à¢®¥ ¨§ ãà ¢¥¨© (2) ¬®¦® § ¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:

d!1 = b2(b1)!1 ^
db1

b12(b1) + 3b1b2(b1)
= !1 ^ d�1(b1);

£¤¥ �1(b1) | ¥ª®â®à ï äãªæ¨ï. �â¥£à¨àãï ¯®á«¥¤¥¥ ãà ¢¥¨¥,  ©¤¥¬ ä®à¬ã

!1 = e��1(b1)du: (6)

�¤¥áì u | ¥ª®â®à ï ®¢ ï ¯¥à¥¬¥ ï. � «®£¨ç®  å®¤¨¬ ä®à¬ã

!2 = e��2(b1)dv: (7)

�®¤áâ ¢¨¢  ©¤¥ë¥ § ç¥¨ï ¡ §¨áëå ä®à¬ ¢® ¢â®à®¥ ãà ¢¥¨¥ (5),  ©¤¥¬ db1 =
�(b1)!1 + �(b1)!2. �âáî¤  á«¥¤ã¥â, çâ® ç áâë¥ ¯à®¨§¢®¤ë¥ ®â äãªæ¨¨ b1 = '(u; v) (¯® ¯¥-
à¥¬¥ë¬ u ¨ v) â ª¦¥ ï¢«ïîâáï äãªæ¨ï¬¨ ®â b1.

�¡®§ ç¨¬ u = '(b1; v) ¨ v = e'(u; b1) á®®â¢¥âáâ¢¥® «¥¢ãî ¨ ¯à ¢ãî ®¡à âë¥ äãªæ¨¨ ¤«ï
äãªæ¨¨ b1 = '(u; v). �®£¤  ¨§ ®ç¥¢¨¤ëå à ¢¥áâ¢

@'

@u

@'

@b1
= 1;

@'

@v

@ e'

@b1
= 1

¢ëâ¥ª ¥â, çâ® ¯à®¨§¢®¤ë¥ @'

@b1
¨ @e'

@b1
â ª¦¥ § ¢¨áïâ â®«ìª® ®â b1. �âáî¤ , ¢ á¢®î ®ç¥à¥¤ì, á«¥¤ã¥â

u = '(b1; v) = p(b1) + q(v), v = e'(u; b1) = r(u) + s(b1).
�¥è¥¨¥ íâ®© á¨áâ¥¬ë ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ b1 = '(u+av), £¤¥ a | ¥ª®â®à ï ¯®áâ®ï ï.

�®£¤  ¢á¥ äãªæ¨¨ ®â ¯¥à¥¬¥®© b1 áâ ãâ äãªæ¨ï¬¨ ®â ¯¥à¥¬¥®© u + av, ¢ ç áâ®áâ¨,
¡ §¨áë¥ ä®à¬ë (á¬. (6) ¨ (7)) § ¯¨èãâáï ¢ ¢¨¤¥

!1 = e��1(u+av)du; !2 = e��2(u+av)dv;

£¤¥ �1 ¨ �2 | ã¦¥ ¥ª®â®àë¥ ®¢ë¥ äãªæ¨¨.
�¥¯¥àì  ©¤¥¬ ãà ¢¥¨ï á«®¥¨© à áá¬ âà¨¢ ¥¬®© âà¨-âª ¨. � á®®â¢¥âáâ¢¨¨ á ãà ¢¥¨-

ï¬¨ (1), ¯¥à¢®¥ á«®¥¨¥ § ¤ ¥âáï ãà ¢¥¨¥¬ u = x, ¢â®à®¥ | ãà ¢¥¨¥¬ v = y, âà¥âì¥ |
¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨¥¬ e�2��1du+ dv = 0.

�¡®§ ç¨¬ u + av = p, u � av = q. � ª ª ª äãªæ¨¨ �1 ¨ �2 § ¢¨áïâ ®â ¯¥à¥¬¥®© u + av,
â® ¯®á«¥¤¥¥ ãà ¢¥¨¥ ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥ e�(p)(dp + dq) + 1

a
(dp � dq) = 0. � íâ®¬ ãà ¢¥¨¨

¯¥à¥¬¥ë¥ à §¤¥«ïîâáï, ¨ ¯®á«¥ ¨â¥£à¨à®¢ ¨ï ¯®«ãç¨¬ u� av + f(u+ av) = z. �®áâ®ï ï
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¨â¥£à¨à®¢ ¨ï z | ¯ à ¬¥âà âà¥âì¥£® á«®¥¨ï âª ¨. �áª«îç ï ¨§ ãà ¢¥¨© á«®¥¨© «®-
ª «ìë¥ ª®®à¤¨ âë u ¨ v, ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¨¥© ¯à¨¤¥¬ ª ¨áª®¬®¬ã ãà ¢¥¨î âà¨-âª ¨

z = x� ay + f(x+ ay);

ª®â®à®¥ á¢ï§ë¢ ¥â ¯ à ¬¥âàë x, y ¨ z âà¥å á«®¥¢ âª ¨, ¯à®å®¤ïé¨å ç¥à¥§ ®¤ã â®çªã.
�®á«¥ ¨§®â®¯¨ç¥áª®£® ¯à¥®¡à §®¢ ¨ï ay ! y ãà ¢¥¨¥ âª ¨ ¯à¨¬¥â ¡®«¥¥ ¯à®áâ®© ¢¨¤

z = x� y + f(x+ y): (8)

� áá¬ âà¨¢ ¥¬ ï âª ì ¥ ï¢«ï¥âáï, ¢®®¡é¥ £®¢®àï, à¥£ã«ïà®© (¯ à ««¥«¨§ã¥¬®©). � ©¤¥¬
¯®¤ª« áá à¥£ã«ïàëå âª ¥© ¢ ª« áá¥ âª ¥©, ¤®¯ãáª îé¨å ®¤®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®
 ¢â®¬®àä¨§¬®¢.

�«ï íâ®£® á®£« á® â¥®à¨¨ [1] á«¥¤ã¥â ¯à¨à ¢ïâì ã«î ªà¨¢¨§ã âª ¨, ®¯à¥¤¥«ï¥¬®© ãà ¢-
¥¨¥¬ (8). �®«ãç¥®¥ ãà ¢¥¨¥ �¥-�®¡¥à 

@2

@x@y
ln

Fx

Fy

= 0;

£¤¥ F | ¯à ¢ ï ç áâì ãà ¢¥¨ï (8), ¨ ¤ ¥â ¨áª®¬ë© ª« áá. �®á«¥ ¯à¥®¡à §®¢ ¨© ¯à¨¤¥¬ ª
¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î f 000(f 0)2� f 000� 2f 0(f 00)2 = 0. �£® à¥è¥¨¥¬ ¡ã¤¥â äãªæ¨ï ¢¨¤ 
��1 lnCh(�(x + y) + �) + , £¤¥ �, �,  | ¯®áâ®ïë¥ ¨â¥£à¨à®¢ ¨ï. �«¥¤®¢ â¥«ì®, âª ì
¢¨¤  (8) ¡ã¤¥â à¥£ã«ïà®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥¥ ãà ¢¥¨¥ ¨¬¥¥â ¢¨¤

z = x� y +
1
�
lnCh(�(x+ y) + �) + :

� ¬¥â¨¬, çâ® íâ®â ä ªâ «¥£ª® ¯à®¢¥àï¥âáï ¥¯®áà¥¤áâ¢¥®: ¯®á«¥¤¥¥ ãà ¢¥¨¥ ¨§®â®¯¨ç¥-
áª¨¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ ¯à¨¢®¤¨âáï ª ª ®¨ç¥áª®¬ã ¢¨¤ã z = x+ y.
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