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�á«®¢ë¬ ®¦¨¤ ¨¥¬   W �- «£¥¡à¥  §ë¢ ¥âáï «¨¥©®¥ ¯®«®¦¨â¥«ì®¥ ®à¬ «ì®¥ ®â®-
¡à ¦¥¨¥, ï¢«ïîé¥¥áï ¯à®¥ªæ¨¥© (â. ¥. ¨¤¥¬¯®â¥â®¥) ¨ ¨¬¥îé¥¥ ®à¬ã 1. � [1] � ª¥á ª¨ ¤ «
¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï ãá«®¢®£® ®¦¨¤ ¨ï  W �- «£¥¡à¥, á®åà -
ïîé¥£® ®à¬ «ìë© ¯®«ãª®¥çë© ¢¥á. � [2]{[5] ¡ë«¨ ¢¢¥¤¥ë ãá«®¢ë¥ ®¦¨¤ ¨ï   ©®à¤ ®-
¢ëå ®¯¥à â®àëå  «£¥¡à å (JW - «£¥¡à å) ¨ ¨áá«¥¤®¢ « áì ¨å á¢ï§ì á ãá«®¢ë¬¨ ®¦¨¤ ¨ï¬¨
  ¨å ®¡¥àâë¢ îé¨å W �- «£¥¡à å. � [6] ¤«ï JW - «£¥¡à ¡ë« ¤®ª §  ®¤¨ ¢ à¨ â â¥®à¥¬ë
� ª¥á ª¨ ® áãé¥áâ¢®¢ ¨¨ ãá«®¢ëå ®¦¨¤ ¨©, á®åà ïîé¨å â®çë© ®à¬ «ìë© ¯®«ãª®¥ç-
ë© ¢¥á. � â¥¬ ¢ [7] ¤«ï JBW - «£¥¡à ¡ë« ¯®«ãç¥   «®£ â¥®à¥¬ë � ª¥á ª¨ ® áãé¥áâ¢®¢ ¨¨
ãá«®¢ëå ®¦¨¤ ¨©, á®åà ïîé¨å â®çë© ®à¬ «ìë© «¨¥©ë© äãªæ¨® « ¥¤¨¨ç®© ®à-
¬ë (á®áâ®ï¨¥).

�¥«ì ¤ ®© à ¡®âë | ¯®«ãç¥¨¥ ¥®¡å®¤¨¬®£® ¨ ¤®áâ â®ç®£® ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï
ãá«®¢®£® ®¦¨¤ ¨ï   ®¡à â¨¬®© JW - «£¥¡à¥, á®åà ïîé¥£® â®çë© ®à¬ «ìë© ¯®«ãª®¥ç-
ë© ¢¥á.

1. �à¥¤¢ à¨â¥«ìë¥ á¢¥¤¥¨ï. JW - «£¥¡à®©  §ë¢ ¥âáï ¢¥é¥áâ¢¥®¥ «¨¥©®¥ ¯à®áâà -
áâ¢® A á ¬®á®¯àï¦¥ëå ®¯¥à â®à®¢ ¨§ B(H), § ¬ªãâ®¥ ®â®á¨â¥«ì® ©®à¤ ®¢  (á¨¬¬¥âà¨-
§®¢ ®£®) ã¬®¦¥¨ï x�y = 1

2
(xy+yx), x; y 2 A, ¨ § ¬ªãâ®¥ ¢ á« ¡®© ®¯¥à â®à®© â®¯®«®£¨¨.

JW - «£¥¡à  A  §ë¢ ¥âáï ®¡à â¨¬®©, ¥á«¨ x1x2 : : : xn+xnxn�1 : : : x12A ¤«ï ¢á¥å x1; x2; : : : ; xn2A;
â ª¨¥ JW - «£¥¡àë å à ªâ¥à¨§ãîâáï â¥¬, çâ® A = R(A)sa = fx 2 R(A) : x = x�g, £¤¥ R(A) |
 ¨¬¥ìè ï á« ¡® § ¬ªãâ ï ¢¥é¥áâ¢¥ ï ¯®¤ «£¥¡à  B(H), á®¤¥à¦ é ï A. �¡à â¨¬ ï JW -
 «£¥¡à  A à §« £ ¥âáï ¯® æ¥âàã ¢ ¯àï¬ãî áã¬¬ã JW - «£¥¡à Ar ¨ Ac: A = Ar � Ac, £¤¥ Ac
| ¬®¦¥áâ¢® á ¬®á®¯àï¦¥ëå ®¯¥à â®à®¢ W �- «£¥¡àë R(Ac) = U(Ac), ¨ Ar | ¬®¦¥áâ¢®
á ¬®á®¯àï¦¥ëå ®¯¥à â®à®¢ ¢¥é¥áâ¢¥®© W �- «£¥¡àë R(Ar).

� ¯®¬¨¬, çâ® ¢¥é¥áâ¢¥®©W �- «£¥¡à®©  §ë¢ ¥âáï ¢¥é¥áâ¢¥ ï �- «£¥¡à  R ®£à ¨ç¥-
ëå «¨¥©ëå ®¯¥à â®à®¢ ¢ ª®¬¯«¥ªá®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ H, á®¤¥à¦ é ï ¥¤¨¨æã,
§ ¬ªãâ ï ¢ á« ¡®© ®¯¥à â®à®© â®¯®«®£¨¨ ¨ â ª ï, çâ® R \ iR = f0g. �¡¥àâë¢ îé ï W �-
 «£¥¡à  U(R) ¤«ï R (â. ¥.  ¨¬¥ìè ïW �- «£¥¡à , á®¤¥à¦ é ï R) ¨¬¥¥â ¢¨¤: U(R) = R+ iR, ¨
R ®¯à¥¤¥«ï¥â   U(R) ¥ª®â®àë© ¨¢®«îâ¨¢ë© �- â¨ ¢â®¬®àä¨§¬ �R : �R(x+ iy) = x� + iy�,
£¤¥ x; y 2 R. �®®â¢¥âáâ¢¥® R ®¯à¥¤¥«ï¥âáï ¯à¨ ¯®¬®é¨ �R : R = fx 2 U(R) : �R(x) = x�g.

� â¥®à¨¨ JW - «£¥¡à á¬. [8]{[10], ® â¥®à¨¨ ¢¥é¥áâ¢¥ëå W �- «£¥¡à á¬. [11].

2. �á«®¢ë¥ ®¦¨¤ ¨ï   ¢¥é¥áâ¢¥ëå W �- «£¥¡à å. �¯à¥¤¥«¨¬ ãá«®¢®¥ ®¦¨¤ ¨¥  
¢¥é¥áâ¢¥®© W �- «£¥¡à¥ ®â®á¨â¥«ì® ¥¥ ¢¥é¥áâ¢¥®© W �-¯®¤ «£¥¡àë.

�¯à¥¤¥«¥¨¥. �ãáâì R| ¢¥é¥áâ¢¥ ïW �- «£¥¡à , Q| ¥¥ ¢¥é¥áâ¢¥ ïW �-¯®¤ «£¥¡à .
�¨¥©®¥ ®â®¡à ¦¥¨¥ E : R! Q  §ë¢ ¥âáï ãá«®¢ë¬ ®¦¨¤ ¨¥¬, ¥á«¨ E ï¢«ï¥âáï ¯®«®¦¨-
â¥«ì®© ¯à®¥ªæ¨¥© á ®à¬®© 1. E  §ë¢ ¥âáï ®à¬ «ìë¬, ¥á«¨ xi % x ¢«¥ç¥â T (xi) % T (x)
¤«ï fxigi2Z , x ¨§ Rs; E  §ë¢ ¥âáï â®çë¬, ¥á«¨ T (x�x) = 0 ¢«¥ç¥â x = 0.

�ä®à¬ã«¨àã¥¬ â¥®à¥¬ã ® áãé¥áâ¢®¢ ¨¨ ãá«®¢®£® ®¦¨¤ ¨ï   ¢¥é¥áâ¢¥®© W �- «£¥¡à¥.
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�¥®à¥¬  1. �ãáâì R, Q | ¢¥é¥áâ¢¥ë¥ W �- «£¥¡àë, Q � R, ' | â®çë© ®à¬ «ìë©

¯®«ãª®¥çë© ¢¥á   R+. �«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

1) áãé¥áâ¢ã¥â â®ç®¥ ®à¬ «ì®¥ ãá«®¢®¥ ®¦¨¤ ¨¥ E : R! Q â ª®¥, çâ®

'(x) = '(E(x)) 8x 2 R;

2) â®çë© ®à¬ «ìë© ¢¥á 'jQ+ ï¢«ï¥âáï ¯®«ãª®¥çë¬ ¨

�'t (U(Q)) = U(Q) 8t 2 R

¤«ï ¢¥á  ', ï¢«ïîé¥£®áï �Q-¨¢ à¨ âë¬ ¯à®¤®«¦¥¨¥¬ '   U(R+).

�®ª § â¥«ìáâ¢®. (1) ) (2). �ãáâì E : R ! Q | '-¨¢ à¨ â®¥ ãá«®¢®¥ ®¦¨¤ ¨¥, E0

| ¥£® áã¦¥¨¥   JW - «£¥¡àã Rs; â®£¤  ¨§ ¯®«®¦¨â¥«ì®áâ¨ E á«¥¤ã¥â, çâ® E0(Rs) � Qs. �®
®á®¢®© â¥®à¥¬¥ ¨ á«¥¤áâ¢¨î 1 à ¡®âë [3] áãé¥áâ¢ã¥â â®ç®¥ ®à¬ «ì®¥ ãá«®¢®¥ ®¦¨¤ ¨¥
E : U(Rs)! U(Qs) â ª®¥, çâ® E0 = E0 �E. �ãáâì '| ¢¥á  M+, ï¢«ïîé¨©áï �R-¨¢ à¨ âë¬
¯à®¤®«¦¥¨¥¬ ', �r | ¨¢®«îâ¨¢ë© �- â¨ ¢â®¬®àä¨§¬ M , ®¯à¥¤¥«ïîé¨© R. �®£¤  ¯® ¯®-
áâà®¥¨î E ¯¥à¥¢®¤¨â á ¬®á®¯àï¦¥ë¥ í«¥¬¥âë ¢ á ¬®á®¯àï¦¥ë¥,   ª®á®á®¯àï¦¥ë¥
í«¥¬¥âë ¢ ª®á®á®¯àï¦¥ë¥, ¨ â®£¤  ¤«ï E ¢ë¯®«ï¥âáï 'E = '. �¥©áâ¢¨â¥«ì®,

'(E(x+ iy)) = '(E(x) +E(iy)) = '(E(x)) + i'(E(y)) = '(x) = '(x+ iy)

¤«ï ¢á¥å x+ iy 2M+, x 2 R+, y+ = �y, â. ª. ¢ á¨«ã �R-¨¢ à¨ â®áâ¨ ¤«ï ¢¥á  ' ¢ë¯®«ï¥âáï
'(y) = '(E(y)) = 0. �®£¤  ¯® â¥®à¥¬¥ � ª¥á ª¨ �'t (N) = N ¤«ï ¢á¥å t 2 R.

(2) ) (1). � á¨«ã ãá«®¢¨ï 2) ¯® â¥®à¥¬¥ � ª¥á ª¨ áãé¥áâ¢ã¥â â®ç®¥ ®à¬ «ì®¥ ãá«®¢®¥
®¦¨¤ ¨¥ D :M ! N â ª®¥, çâ® 'D = '. �®ª ¦¥¬, çâ® D ª®¬¬ãâ¨àã¥â á �R.

�®áâà®¨¬ ¯à¥¤áâ ¢«¥¨¥ �¥«ìä ¤ {� ©¬ àª {�¨£ «  �'(M) W �- «£¥¡àë M ¯® ¢¥áã ';
â®£¤  £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® H' ï¢«ï¥âáï ¯®¯®«¥¨¥¬ fx 2 M : '(x�x) < +1g ¯® ®à¬¥
'(x�x)1=2, ¨, ªà®¬¥ â®£®, ¨¬¥¥â ¢¨¤H = K+iK, £¤¥K|¢¥é¥áâ¢¥®¥ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®,
ï¢«ïîé¥¥áï ¯®¯®«¥¨¥¬ ¯® â®© ¦¥ ®à¬¥ ¬®¦¥áâ¢  <' = fx 2 R : '(x�x) < +1g. �¥£ª®
¯à®¢¥àï¥âáï, çâ® ¢ á¨«ã �R-¨¢ à¨ â®áâ¨ ' á®®â¢¥âáâ¢ãîé¥¥ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ( ; )'
¯à¨¨¬ ¥â ¢¥é¥áâ¢¥ë¥ § ç¥¨ï   K ¨ ¨§ R \ iR = f0g á«¥¤ã¥â K \ iK = f0g.

�ãáâì H1 | £¨«ì¡¥àâ®¢® ¯®¤¯à®áâà áâ¢® H', ¯®à®¦¤¥®¥ ¬®¦¥áâ¢®¬ <'jN = fx 2 N :
'(x�x) < +1g, p : H' ! H1 | ®àâ®£® «ìë© ¯à®¥ªâ®à, ¯®à®¦¤ îé¨© ãá«®¢®¥ ®¦¨¤ -
¨¥ D [1],

D(x) = ��1' (p�'(x)p); x 2M:

�à®¬¥ â®£®, à áá¬®âà¨¬ ¢¥é¥áâ¢¥®¥ ¯®¤¯à®áâà áâ¢® K1 � K, ¯®à®¦¤¥®¥ ¬®¦¥áâ¢®¬
<'jQ = fx 2 Q : '(x�x) < +1g; ®ç¥¢¨¤®, H1 = K + iK. �ãáâì p1 | ®àâ®£® «ìë© ¯à®¥ªâ®à
¨§ K   K1. � ª ª ª K \ iK = f0g, â® p1 ¬®¦® ¯à®¤®«¦¨âì ¯® «¨¥©®áâ¨ ¤® ®àâ®£® «ì®£®
¯à®¥ªâ®à  p0 ¨§ H'   H1 = K1 + iK1, ¨ ¢ á¨«ã ¥¤¨áâ¢¥®áâ¨ ®àâ®£® «ì®£® ¯à®¥ªâ®à   
¯®¤¯à®áâà áâ¢® H1 ¯à®¥ªâ®à p0 á®¢¯ ¤ ¥â á p.

� ª¨¬ ®¡à §®¬, ãá«®¢®¥ ®¦¨¤ ¨¥ D ª®¬¬ãâ¨àã¥â á �R ¨ áã¦ ¥âáï ¤® ãá«®¢®£® ®¦¨¤ ¨ï
E : R! Q,

E(x) = �'(p1�'(x)p1); x 2 R:

�¤¨áâ¢¥®áâì E á«¥¤ã¥â ¨§ â¥®à¥¬ë � ª¥á ª¨, ¢ë¯®«¥¨¥ ãá«®¢¨ï

'(x) = '(E(x)) 8x 2 R

®ç¥¢¨¤® ¯® ¯®áâà®¥¨î E.

3. �á«®¢ë¥ ®¦¨¤ ¨ï   ®¡à â¨¬ëå JW - «£¥¡à å. �á«®¢ë¬ ®¦¨¤ ¨¥¬   JW - «£¥¡à¥
A ®â®á¨â¥«ì® ¥¥ JW -¯®¤ «£¥¡àë A1  §ë¢ ¥âáï ®à¬ «ì®¥ «¨¥©®¥ ¯®«®¦¨â¥«ì®¥ ¨¤¥¬-
¯®â¥â®¥ ®â®¡à ¦¥¨¥ � : A! A1, ¨¬¥îé¥¥ ®à¬ã 1 [3].
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� ¯®¬¨¬, çâ® ¢ [9] ¡ë«  ¯®áâà®¥  â¥®à¨ï �®¬¨âë{� ª¥á ª¨ ¤«ï á®áâ®ï¨©   JBW -
 «£¥¡à å; à §¢¨¢ ï ¥¥, �.�àã®¢ [12], [13] ¯®áâà®¨«   «®£¨çãî â¥®à¨î ¤«ï ¢¥á®¢   JBW -
 «£¥¡à å. � à ¬ª å íâ®© â¥®à¨¨ ¤«ï ®à¬ «ì®£® á®áâ®ï¨ï ¨«¨ ®à¬ «ì®£® ¯®«ãª®¥ç®£®
¢¥á  '   JBW - «£¥¡à¥A ¡ë« ®¯à¥¤¥«¥   «®£ £àã¯¯ë ¬®¤ã«ïàëå  ¢â®¬®àä¨§¬®¢ | ª®á¨ãá-
£àã¯¯  f�'t gt2R á« ¡® ¥¯à¥àë¢ëå ¯®«®¦¨â¥«ìëå «¨¥©ëå ®â®¡à ¦¥¨©   A, á®åà ïîé¨å
¥¤¨¨çë© ®¯¥à â®à ¨ â ª¨å, çâ® '(�'t (x)�y) = '(x��'t (y)) ¤«ï ¢á¥å x; y 2 A, t 2 R, ¨ ¢ëà ¦¥¨¥

s(x; y) =
Z +1

�1
'(x � �'t (y)) cosh (�t)

�1dt

®¯à¥¤¥«ï¥â á ¬®¯®«ïàãî ä®à¬ã,  áá®æ¨¨à®¢ ãî á '. �«ï ®¡à â¨¬®© JW - «£¥¡àë A â ª¨¬
ª®á¨ãáë¬ á¥¬¥©áâ¢®¬ ï¢«ï¥âáï á¥¬¥©áâ¢®

�'t =
1
2
(�'t + �'�t)

��
A
;

£¤¥ ' | ¢¥á, ï¢«ïîé¨©áï �A-¨¢ à¨ âë¬ ¯à®¤®«¦¥¨¥¬ '   U(A)+, ¨¬¥® â ª®©, çâ®
'(a + ib) = '(a) ¤«ï a + ib 2 U(A)+, a � 0, b� = �b; �A | ¨¢®«îâ¨¢ë© �- â¨ ¢â®¬®àä¨§¬
U(A), ¯®à®¦¤ îé¨© R(A) ¢ U(A).

� £¥àã¯ ¨ �â¥à¬¥à ([7], â¥®à¥¬  4.2) ¤®ª § «¨, çâ® ¤«ï JW - «£¥¡àë A á â®çë¬ ®à¬ «ì-
ë¬ á®áâ®ï¨¥¬ ' ¨ ¥¥ JW -¯®¤ «£¥¡àë A1 á á®áâ®ï¨¥¬  = 'jA1 áãé¥áâ¢ã¥â â®ç®¥ ®à¬ «ì®¥
ãá«®¢®¥ ®¦¨¤ ¨¥ E :M ! N â ª®¥, çâ® ' =  �E â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

� t (x) = �'t (x); x 2 A1; t 2 R:

�«¥¤ãîé¥¥ ¯à¥¤«®¦¥¨¥ ®¡®¡é ¥â á«¥¤áâ¢¨¥ 4.3 ¨§ [7].

�à¥¤«®¦¥¨¥. �ãáâì M | W �- «£¥¡à , A | ®¡à â¨¬ ï JW -¯®¤ «£¥¡à  M â ª ï, çâ®

Z(A) = Z(U(A)sa), ' | â®çë© ®à¬ «ìë© ¯®«ãª®¥çë© �-¨¢ à¨ âë© ¢¥á   M+, ¤«ï

ª®â®à®£®

�'t (x) 2 A 8t 2 R; 8x 2 A:

�®£¤  �'t (U(A)) = U(A), t 2 R.

�®ª § â¥«ìáâ¢®. �«ï á«ãç ï, ª®£¤  '| ®£à ¨ç¥ë© «¨¥©ë© äãªæ¨® «, ãâ¢¥à¦¤¥-
¨¥ ¯à¥¤«®¦¥¨ï ¤®ª § ® ¢ á«¥¤áâ¢¨¨ 4.3 [7]. �¢¥¤¥¬  è¥ ¤®ª § â¥«ìáâ¢® ª íâ®¬ã á«ãç î.

�à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ãîâ e 2 A, t0 2 R â ª¨¥, çâ® �'t0(e) =2 U(A). � ª ª ª ¯® á¯¥ª-
âà «ì®© â¥®à¥¬¥ ¤«ï JW - «£¥¡à (á¬. [9], [10] ¨«¨ [11]) ¢áïª¨© í«¥¬¥â JW - «£¥¡àë ¬®¦®
à §«®¦¨âì ¢ á« ¡® áå®¤ïé¨©áï ¨â¥£à « ¯® á¯¥ªâà «ì®¬ã á¥¬¥©áâ¢ã ¯à®¥ªâ®à®¢, â® ¬®¦¥¬
¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¢§ïâì ¯à®¥ªâ®à e 2 A,   ¢ á¨«ã ¯®«ãª®¥ç®áâ¨ ' ¬®¦¥¬ ¢ë¡à âì
e â ª¨¬, çâ® '(e) < +1. �ãáâì �'t0(e) = p + iq, q 6= 0. �ãáâì g = sU(A)'(e) | ®â®á¨â¥«ìë©
®á¨â¥«ì e ¢ W �- «£¥¡à¥ U(A)', ª®â®à ï ï¢«ï¥âáï æ¥âà «¨§ â®à®¬ ¢¥á  ',

U(A)' = fx 2 U(A) : �'t (x) = x 8t 2 Rg:

� ª ¨ ¢áïª¨© æ¥âà «ìë© ®á¨â¥«ì ¢ W �- «£¥¡à¥, g ¨¬¥¥â ¢¨¤ g = [fe0 2 U(A)' : e0 � eg. � ª
ª ª e 2 A, â® aA(e) = e, ®âªã¤  ¥á«¨ e0 � e, â® �A(e0) � e, ¨ â®£¤  g 2 U(A)' \ A. � ª ª ª ¢¥á
' ï¢«ï¥âáï â®çë¬ ®à¬ «ìë¬ �A-¨¢ à¨ âë¬ ¯®«ãª®¥çë¬ á«¥¤®¬   �-ª®¥ç®© W �-
 «£¥¡à¥ U(A)', â® áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì fgng1n=1 ¯®¯ à® ®àâ®£® «ìëå ¯à®¥ªâ®à®¢

¨§ A \ U(A)' â ª¨å, çâ® g =
1P
n=1

gn, ¨, ªà®¬¥ â®£®, '(gn) <1 ¤«ï ¢á¥å n. � §«®¦¨¬ ¯à®¥ªâ®à g

¯® fgng

e =
1X
n=1

en;m;

£¤¥ en;n = gnegn, en;m = gnegm + gmegn ¯à¨ n 6= m. � ª ª ª ¯à®¥ªâ®àë gn ¢ë¡à ë ¨§ U(A)', â®

gn(p+ iq)gm = gn(�
'
t0(e))gm = �'t0(gnegm):
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� ª ª ª p+iq =2 U(A), â® áãé¥áâ¢ãîâ ç¨á«  n0,m0 â ª¨¥, çâ® gn0(p+iq)gm0
= �'t0(gn0egm0

) =2 U(A).
�ãáâì â¥¯¥àì r = gn0 + gm0

, s = rer; â®£¤  ¤«ï â®ç®£® ®à¬ «ì®£® ®£à ¨ç¥®£® «¨¥©®£®
äãªæ¨® «   = '

��
U(A)'

  W �- «£¥¡à¥ r(U(A))r ¢ë¯®«ï¥âáï

� t (x) + � �t(x) = �'t (rxr) + �'�t(rxr) = r(�'t (x))r + r(�'�t(x))r 2 rAr

¤«ï ¢á¥å t 2 R, x 2 rAr; ®¤®¢à¥¬¥® � t0(rer) = r(�'t0(e))r =2 r(U(A))r. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥
á ãâ¢¥à¦¤¥¨¥¬ á«¥¤áâ¢¨ï 4.3 ¨§ [7].

�¥¯¥àì ¬®¦¥¬ áä®à¬ã«¨à®¢ âì ¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï ãá«®¢®£®
®¦¨¤ ¨ï   ®¡à â¨¬®© JW - «£¥¡à¥ ¢ â¥à¬¨ å ¬®¤ã«ïàëå ª®á¨ãá-£àã¯¯.

�¥®à¥¬  2. �ãáâì A| ®¡à â¨¬aï JW - «£¥¡à , A1 | ¥¥ JW -¯®¤ «£¥¡à . �«¥¤ãîé¨¥ ãá«®-

¢¨ï íª¢¨¢ «¥âë.

1) �  A+ áãé¥áâ¢ã¥â â®çë© ®à¬ «ìë© ¯®«ãª®¥çë© ¢¥á ' â ª®©, çâ® ¥£® áã¦¥¨¥  
  A+

1 ï¢«ï¥âáï â®çë¬ ®à¬ «ìë¬ ¯®«ãª®¥çë¬ ¢¥á®¬ ¨ ¤«ï ª®á¨ãá-£àã¯¯ë f�'t gt2R
¢ë¯®«ï¥âáï �'t (A1) = A1 ¤«ï ¢á¥å t 2 R.

2) �ãé¥áâ¢ã¥â âoç®¥ ®à¬ «ì®¥ ãá«®¢®¥ ®¦¨¤ ¨¥ T : A ! A1 â ª®¥, çâ®  T (x) =
 (x) ¤«ï ¢á¥å x 2 A.

�®ª § â¥«ìáâ¢®. (1) ) (2). �«¥¤ã¥â ¨§ ¯à¥¤«®¦¥¨ï 3 ¨ â¥®à¥¬ë 1.

(2) ) (1). � á¨«ã ®á®¢®© â¥®à¥¬ë ¨ á«¥¤áâ¢¨ï 1 ¨§ [3] áãé¥áâ¢ã¥â â®ç®¥ ®à¬ «ì®¥
®¦¨¤ ¨¥ D : U(A) ! A00

1 = U(A1), ¯à®¤®«¦ îé¥¥ T ¨ â ª®¥, çâ® D�A = �AD. � áá¬®âà¨¬
¢¥á ', ï¢«ïîé¨©áï �A-¨¢ à¨ âë¬ ¯à®¤®«¦¥¨¥¬    U(A)+; â®£¤ 

 =
'+ '�A

2

¨ ¤«ï «î¡®£® x 2 U(A) ¢ë¯®«ï¥âáï

'(D(x)) =  

�
D(x) + �A(D(x))

2

�
=  

�
D(x) +D(�A(x))

2

�
=

=  

�
D

�
x+ �A(x)

2

��
=  

�
T

�
x+ �A(x)

2

��
=  

�
x+ �A(x)

2

�
= '(x):

�â ª, ¢áïª®¥ ãá«®¢®¥ ®¦¨¤ ¨¥ T : A ! A1, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ 2) â¥®à¥¬ë, ¬®¦®
¯à®¤®«¦¨âì ¤® ãá«®¢®£® ®¦¨¤ ¨ï D : U(A) ! U(A1) â ª®£®, çâ® '(D(x)) = '(x) 8x 2 U(A).
�®£¤  ¯® â¥®à¥¬¥ � ª¥á ª¨ ¨¬¥¥¬ �'t (U(A1)) = U(A1) 8t 2 R, ®âªã¤  á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ 1)
â¥®à¥¬ë.
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