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� áâ âì¥ à áá¬ âà¨¢ ¥âáï ¢®¯à®á ® áâàãªâãàëå á¢®©áâ¢ å ª« áá  äãªæ¨© f(x1; x2) á
§ ¤ ë¬ ¯®àï¤ª®¬  ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï ¤¢ã¬¥àë¬ ã£«®¬ ¨ ¯àï¬®ã£®«ì¨ª®¬ ¢ ¬¥-
âà¨ª¥ ¯à®áâà áâ¢  L2;�;�. �ãªæ¨ï f(x1; x2) 2 L2;�;�, ¥á«¨ f(x1; x2) ¨§¬¥à¨¬    [�1; 1]2 ¨

kfk =

 
1R
�1

1R
�1

f 2(x1; x2)�(x1)�(x2)dx1dx2

!1=2

<1:

� áâ âì¥ à áá¬ âà¨¢ îâáï ¢¥á®¢ë¥ äãªæ¨¨ �(x1)�(x2) â¨¯  �ª®¡¨, £¤¥ �(x1) = (1�x1)�1(1+
x1)�1 , �(x2) = (1 � x2)�2(1 + x2)�2 , �i � �i > �1, i = 1; 2. �ãáâì fb Lkl(x1; x2)g1k;l=0 | ®àâ®®à-

¬¨à®¢  ï á¨áâ¥¬  ¯®«¨®¬®¢ b Lkl(x1; x2) = bP (�1; �1)
k (x1) � bP (�2; �2)

l (x2). �¤¥áì f bP (�1; �1)
k (x1)g1k=0 |

á¨áâ¥¬  ¯®«¨®¬®¢ �ª®¡¨ á ¯ à ¬¥âà ¬¨ �1, �1, ®àâ®®à¬¨à®¢ ëå   ®âà¥§ª¥ [�1; 1] á ¢¥á®¬
�(x1). � «®£¨ç® f bP (�2; �2)

l (x2)g1l=0 | á¨áâ¥¬  ¯®«¨®¬®¢ �ª®¡¨, ®àâ®®à¬¨à®¢ ëå   [�1; 1]
á ¢¥á®¬ �(x2). �¡®§ ç¨¬ ç¥à¥§ P

(�;�)
k áâ ¤ àâ¨§®¢ ë¥ ¬®£®ç«¥ë �ª®¡¨ á ¯ à ¬¥âà ¬¨ �,

�, â. ¥. ¬®£®ç«¥ë �ª®¡¨ á ®à¬¨à®¢ª®©

P
(�;�)
k (1) =

 
k + �

k

!
:

� ¯à®áâà áâ¢¥ L2;�;� ®¯à¥¤¥«¨¬ ®¯¥à â®àë ®¡®¡é¥®£® á¤¢¨£ . �ãáâì f(x1; x2) �
1P

k;l=0
ckl(f)b Lkl(x1; x2) | à §«®¦¥¨¥ äãªæ¨¨ f ¢ àï¤ �ãàì¥ ¯® á¨áâ¥¬¥ fb Lkl(x1; x2)g. �ãáâì § ¤  

â ª ï ¯®á«¥¤®¢ â¥«ì®áâì ¥¯à¥àë¢ëå   [0; 1=4] äãªæ¨© f�[�]
k (h1)g1k=0, çâ® àï¤

1P
k=0

�
[�]
k (h1)ckl(f)b Lkl(x1; x2) áå®¤¨âáï ¢ L2;�;�. �¡®§ ç¨¬ áã¬¬ã íâ®£® àï¤  (¢ á¬ëá«¥ L2;�;�) ç¥à¥§

T
[�]
h1
f ¨  §®¢¥¬ íâã äãªæ¨î ®¯¥à â®à®¬ ®¡®¡é¥®£® á¤¢¨£  (¨«¨ ¯à®áâ® á¤¢¨£®¬) äãªæ¨¨

f(x1; x2) ¯® ¯¥à¢®¬ã  à£ã¬¥âã   ¢¥«¨ç¨ã h1 2 [0; 1=4], â. ¥.

T
[�]
h1
f(x1; x2) =

1X
k=0

�
[�]
k (h1)ckl(f)b Lkl(x1; x2) (1)

(à ¢¥áâ¢® ¯®¨¬ ¥âáï ¢ á¬ëá«¥ L2;�;�). �ãªæ¨® «ìë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ f�
[�]
k (h1)g1k=0 ¡ã-

¤¥¬  §ë¢ âì ª®íää¨æ¨¥â ¬¨ ®¯¥à â®à  ®¡®¡é¥®£® á¤¢¨£ .
� ¤ ®© à ¡®â¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì ¯®á«¥¤®¢ â¥«ì®áâ¨ äãªæ¨© �

[�]
k , ®¯à¥¤¥«ï¥¬ë¥ ®¤-

¨¬ ¨§ á«¥¤ãîé¨å á¯®á®¡®¢. �á«¨ �(x1) | ¢¥á �ª®¡¨ á � � �, � � �1=2, � > �1, â® ¯®á«¥¤®¢ -
â¥«ì®áâì ª®íää¨æ¨¥â®¢ ®¡®¡é¥®£® á¤¢¨£  ¬®¦® § ¤ âì â ª:

�
[�]
k (h1) = (P (�;�)

k (1))�1P (�;�)
k (cos h1): (I)

�á«¨ �(x1) | ¢¥á �ª®¡¨ á �; � > �1, â® ¬®¦® ¨á¯®«ì§®¢ âì ä®à¬ã«ë

�
[�]
k (h1) = (P (�;�)

k (2))�1P (�;�)
k (2� h1); (II)

�
[�]
k (h1) = (P (�;�)

v(k) (1=2))�1P (�;�)
v(k) (1=2 + h1); (III)
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£¤¥ v(k) = k + s(k) + t(k), s(0) = t(0) = 0,

t(k) = t(k � 1) +

(
1; ¥á«¨ 1

6
(4(k + s(k � 1) + t(k � 1)) � 1 + 2� � 4�) 2 Z;

0 ¨ ç¥;

s(k) = s(k � 1) +

(
1; ¥á«¨ P

(�;�)
k+s(k�1)+t(k)(

1
2
) = 0;

0 ¨ ç¥:

�á«¨ �; � 2 (�1;�1=2], � = �, â® ¬®¦® ¨á¯®«ì§®¢ âì â ª¦¥ ä®à¬ã«ã

�
[�]
k (h1) = (P (�;�)

2k (0))�1P (�;�)
2k (h1): (IV)

� «®£¨ç® ®¯à¥¤¥«ï¥âáï T
[�]
h2
f | ®¯¥à â®à ®¡®¡é¥®£® á¤¢¨£  ¯® ¢â®à®¬ã  à£ã¬¥âã. � ¬¥â¨¬,

çâ® § ¤ ç  ®¡ ®¡®¡é¥®¬ á¤¢¨£¥, § ¤ ®¬ ¯à¨ ¯®¬®é¨ àï¤  (1), à áá¬ âà¨¢ « áì,  ¯à¨¬¥à,
¢ [1].

�â¢¥à¦¤¥¨¥. �¯¥à â®àë ®¡®¡é¥®£® á¤¢¨£  T
[�]
h1

¨ T
[�]
h2

ï¢«ïîâáï ®£à ¨ç¥ë¬¨ ®¯¥-

à â®à ¬¨ ¢ ¯à®áâà áâ¢¥ L2;�;�. �¥¬¥©áâ¢  ®¯¥à â®à®¢ fTh1gh1�1=4 ¨ fTh2gh2�1=4 à ¢®¬¥à®

®£à ¨ç¥ë ¯® h1 ¨ h2 á®®â¢¥âáâ¢¥®.

�¢¥¤¥¬ ®¡®§ ç¥¨¥ �[�]
h1
f ¤«ï ¯¥à¢®© ®¡®¡é¥®© à §®áâ¨, á®®â¢¥âáâ¢ãîé¥© ®¯¥à â®àã ®¡-

®¡é¥®£® á¤¢¨£  ¯® ¯¥à¢®© ¯¥à¥¬¥®©, â. ¥. �[�]
h1
f = T

[�]
h1
f � f ; (�[�]

h1
)2f = �[�]

h1
(�[�]

h1
f) | ¢â®à ï

à §®áâì. � «®£¨ç® �[�]
h2

| ®¡®¡é¥ ï à §®áâì ¯® ¢â®à®© ¯¥à¥¬¥®©. � ¤ «ì¥©è¥¬ ¡ã¤¥¬
®¯ãáª âì ¨¤¥ªáë [�] ¨ [�] â ¬, £¤¥ íâ® ¥ ¢ë§®¢¥â ¥¤®à §ã¬¥¨©.

� ¬¥â¨¬, çâ® ¢á¥ ®¡®¡é¥ë¥ á¤¢¨£¨, ®¯à¥¤¥«¥ë¥ ¢ëè¥, § ¤ îâáï ¯®á«¥¤®¢ â¥«ì®áâï¬¨
ª®íää¨æ¨¥â®¢, ¨¬¥îé¨å ¢¨¤

�k(h) = (P (�;�)
k (u))�1P (�;�)

k

�
�(h)

�
;

£¤¥ �(h) | £« ¤ª ï ¬®®â® ï ¯à¨ h � 0 äãªæ¨ï, ¯à¨ç¥¬ �(0) = u. �âã â®çªã u  §®¢¥¬ â®ç-

ª®© ®à¬¨à®¢ª¨ ®¡®¡é¥®£® á¤¢¨£ . �®çª  ®à¬¨à®¢ª¨ á¤¢¨£  (I) «¥¦¨â   £à ¨æ¥ á¥£¬¥â 
®àâ®£® «ì®áâ¨, â®çª¨ ®à¬¨à®¢ª¨ á¤¢¨£®¢ (III) ¨ (IV) «¥¦ â ¢ãâà¨,   á¤¢¨£  (II) | ¢¥

á¥£¬¥â  ®àâ®£® «ì®áâ¨ ¯®«¨®¬®¢ �ª®¡¨. �®«ãç¥ë¥  ¢â®à®¬ â¥®à¥¬ë ®¡  ¯¯à®ªá¨¬ æ¨¨
¡ã¤ãâ ¢¥àë ¤«ï ¢á¥å á¤¢¨£®¢, ®¯à¥¤¥«¥ëå ¢ëè¥.

� ¬¥ç ¨¥. �®¡ ¢ª  t(k) ¢ ä®à¬ã«¥ (III) ®â«¨ç  ®â ã«ï â®«ìª® ¢ á«ãç ¥, ª®£¤  ¯ à ¬¥âàë
¢¥á  â ª®¢ë, çâ® 2� � 4� 2 Z. �®¡ ¢ª  s(k) ¢¢¥¤¥  ¤«ï â®£®, çâ®¡ë ¨§¡¥¦ âì ¤¥«¥¨ï   ã«ì.
�®á«¥¤®¢ â¥«ì®áâì s(k) ®£à ¨ç¥  ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå ¯ à ¬¥âà®¢.

�ãáâì Di : �(Di) �! L2;�;�, i = 1; 2, | ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à á ®¡« áâìî ®¯à¥¤¥«¥¨ï
�(D1) = ff 2 L2;�;� : f; @f

@x1
¤«ï ¯®çâ¨ ¢á¥å x2 2 [�1; 1] íª¢¨¢ «¥âë ¥ª®â®àë¬  ¡á®«îâ®

¥¯à¥àë¢ë¬ ¢ãâà¨ (�1; 1) äãªæ¨ï¬, ¯à¨ç¥¬ @f
@x1

2 L2;�;�, (1 � x21)
@2f
@x2

1

2 L2;�;�g, D1 = �(1 �

x21)
@2

@x2
1

+ (� � � + (� + � + 2)x1) @
@x1

. � «®£¨ç® ®¯à¥¤¥«ï¥âáï ®¯¥à â®à D2 ¢ § ¢¨á¨¬®áâ¨ ®â
¯ à ¬¥âà®¢ ¢¥á  �(x2).

� §®¢¥¬ Dif ®¡®¡é¥®© ®¯¥à â®à®© ¯à®¨§¢®¤®© äãªæ¨¨ f ¯® ¯¥à¥¬¥®© xi, i = 1; 2.
Dmi

i f | ®¡®¡é¥ ï ¯à®¨§¢®¤ ï ¯®àï¤ª  mi ¯® ¯¥à¥¬¥®© xi ®¯à¥¤¥«ï¥âáï ¨¤ãªæ¨¥© ¯®
mi: �(Dmi

i ) = ff 2 �(Dmi�1
i ) : Dmi�1

i f 2 �(D1)g, D
mi

i f = Di(D
mi�1
i f), i = 1; 2. �¬¥è ë¥

¯à®¨§¢®¤ë¥ Dmi

i D
mj

j f , mi;mj 2 N, i; j = 1; 2; i + j = 3, ®¯à¥¤¥«ïîâáï â ª: �(Dmi

i D
mj

j ) = ff 2
�(Dmj

j ) : Dmj

j f 2 �(Dmi

i )g, Dmi

i D
mj

j f = Dmi

i (Dmj

j f). �à¨ m1 = mj = 0 ¯®« £ ¥¬ �(D0
iD

0
j ) =

�(D0
i ) = �(D0

j ) = L2;�;�, D0
iD

0
jf = D0

i f = D0
jf = f .

�ãáâì !i = �i + �i + 1, i = 1; 2. � ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ ®¡  ¯¯à®ªá¨¬ æ¨¨ áãé¥áâ¢¥®
¨á¯®«ì§ã¥âáï á«¥¤ãîé ï «¥¬¬ , ª®â®à ï ¨¬¥¥â ¨ á ¬®áâ®ïâ¥«ì®¥ § ç¥¨¥.
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�¥¬¬  (® àï¤¥ �ãàì¥ ®¯¥à â®à®© ¯à®¨§¢®¤®©). �ãáâì f 2 L2;�;�. �«ï â®£® çâ®¡ë

f 2 �(Dm1

1 Dm2

2 ), m1;m2 2 Z+, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë

1X
k;l=0

k2m1(k + !1)2m1 l2m2(l + !2)2m2c2kl <1;

£¤¥ ckl | ª®íää¨æ¨¥âë �ãàì¥ f ¢ L2;�;�. �à¨ íâ®¬ f 2 �(Dm2

2 Dm1

1 ) ¨

Dm1

1 Dm2

2 f = Dm2

2 Dm1

1 f =
1X

k;l=0

km1(k + !1)m1lm2(l + !2)m2cklb Lkl(x1; x2)

(à ¢¥áâ¢® ¯®¨¬ ¥âáï ¢ á¬ëá«¥ L2;�;�).

� ¨«ãçè¨¬ ¯à¨¡«¨¦¥¨¥¬ ¯àï¬®ã£®«ì¨ª®¬ ¢ ¯à®áâà áâ¢¥ L2;�;�  §ë¢ ¥âáï ¢¥«¨ç¨ 
En1n2(f) = minkf � Pn1n2k, £¤¥ ¬¨¨¬ã¬ ¡¥à¥âáï ¯® ¢á¥¬  «£¥¡à ¨ç¥áª¨¬ ¯®«¨®¬ ¬ ¢¨¤ 
Pn1n2(x1; x2) =

P
en1n2

aklb Lkl(x1; x2). �¤¥áì en1n2 = f(k; l) 2 Z2
+ : 0 � k < n1; 0 � l < n2g, n1; n2

| ¥ª®â®àë¥  âãà «ìë¥ ç¨á« .
� ¨«ãçè¨¬ ¯à¨¡«¨¦¥¨¥¬ ã£«®¬ ¢ ¯à®áâà áâ¢¥ L2;�;�  §ë¢ ¥âáï ¢¥«¨ç¨  Yn1n2(f) =

min kf � ePn1n2k, £¤¥ ¬¨¨¬ã¬ ¡¥à¥âáï ¯® ¢á¥¬ ¢ëà ¦¥¨ï¬ ¢¨¤  ePn1n2(x1; x2) =
n1�1P
k=0

ak(x2)xk1 +

n2�1P
l=0

bl(x1)xl2. �¤¥áì ak(x2) ¨ bl(x1) ¨â¥£à¨àã¥¬ë ¢ ª¢ ¤à â¥   [�1; 1] á ¢¥á®¬ �(x2) ¨ �(x1) á®-

®â¢¥âáâ¢¥®. �â¬¥â¨¬, çâ® â¥à¬¨ \¯à¨¡«¨¦¥¨¥ ã£«®¬" ¢¯¥à¢ë¥ ¢¢¥¤¥ �.�. �®â ¯®¢ë¬ ¢
[2].

�âàãªâãàë¥ á¢®©áâ¢  äãªæ¨© ¡ã¤¥¬ ®¯¨áë¢ âì ¢ â¥à¬¨ å ª« áá®¢ �¨ª®«ìáª®£®, ®¯à¥¤¥-
«ï¥¬ëå á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì ri = mi+�i, i = 1; 2, mi 2 Z+, �i 2 (0; 1]. �ãªæ¨ï f 2 H(r1;r2),
¥á«¨ ¢ë¯®«¥ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

1) f 2 �(Dmi

i ), i = 1; 2;
2) k��i

hi
Dmi

i fk � Ch�ii 8hi 2 [0; 1=4], £¤¥ �i = 1 ¯à¨ �i 6= 1, �i = 2 ¯à¨ �i = 1, i = 1; 2,  
ª®áâ â  C ¥ § ¢¨á¨â ®â h1 ¨ h2.

�ãªæ¨ï f 2 SH(r1;r2), ¥á«¨ ¢ë¯®«¥ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

1) f 2 �(Dm1

1 Dm2

2 f);
2) k��1

h1
��2

h2
Dm1

1 Dm2

2 fk � Ch�11 h�22 8h1; h2 2 [0; 1=4]; §¤¥áì �1, �2 â ª¨¥ ¦¥, ª ª ¢ ®¯à¥¤¥«¥¨¨
H(r1;r2),   ª®áâ â  C ¥ § ¢¨á¨â ®â h1 ¨ h2.

� ¬¥ç ¨¥. �ëà ¦¥¨ï ¢¨¤  ��i
hi

��3�i
h3�i

D
mj

j D
m3�j

3�j f ¥ § ¢¨áïâ ®â ¯®àï¤ª  ¯à¨¬¥¥¨ï ®¯¥-
à â®à®¢ ®¡®¡é¥®£® á¤¢¨£  ¨ ¤¨ää¥à¥æ¨à®¢ ¨ï.

�¥®à¥¬  1. �ãªæ¨ï f(x1; x2) 2 H(r1;r2) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â ª®áâ -

â  M , ¥ § ¢¨áïé ï ®â n1 ¨ n2 ¨ â ª ï, çâ®

8n1; n2 En1n2(f) �M(1=nr1+m1

1 + 1=nr2+m2

2 ):

�¥®à¥¬  2. �ãªæ¨ï f(x1; x2) 2 SH(r1;r2) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â ª®-

áâ â  M , ¥ § ¢¨áïé ï ®â n1 ¨ n2 ¨ â ª ï, çâ®

8n1; n2 Yn1n2(f) �M=(nr1+m1

1 nr2+m2

2 ):

�®ª § â¥«ìáâ¢® â¥®à¥¬ 1 ¨ 2 ®¯¨à ¥âáï   â®, çâ® ¢á¥ à áá¬ âà¨¢ ¥¬ë¥ ®¡®¡é¥ë¥ á¤¢¨£¨
§ ¤ îâáï ¯®á«¥¤®¢ â¥«ì®áâï¬¨ ª®íää¨æ¨¥â®¢, ®¡« ¤ îé¨å á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1�. �0(h) � 1;

2�. 8k 2 N ¢ë¯®«¥® �k(0) = 1;

3�. 9A1 | ª®áâ â , ¥ § ¢¨áïé ï ®â k ¨ h, 8k 2 N , 8h 2 (0; 1=4] ¢ë¯®«¥® j�k(h)j � A1;

4�. 8k; h : ¯à¨ kh 2 (0; 1=2] ¢ë¯®«¥® j�k(h)� 1j � A2kh, £¤¥ ª®áâ â  A2 ¥ § ¢¨á¨â ®â k ¨ h;
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5�. 9a ¨ A3 | ª®áâ âë, ¥ § ¢¨áïé¨¥ ®â k ¨ h ¨ â ª¨¥, çâ® a 2 (0; 1=2), A3 > 0, ¨ ¯à¨ kh 2 [a; 2a)
¢ë¯®«¥® j�k(h)� 1j � A3.

�â¨ á¢®©áâ¢  ¯®á«¥¤®¢ â¥«ì®áâ¥© ª®íää¨æ¨¥â®¢ á¤¢¨£  ¤¥« îâ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ ®¡  ¯-
¯à®ªá¨¬ æ¨¨ ®â®á¨â¥«ì® áâ ¤ àâë¬¨. �â¬¥â¨¬, çâ® á¢®©áâ¢  1�{5� ¢¯¥à¢ë¥ ¡ë«¨ ¢ë¯¨á ë
�.�. �¦ ¢¨áª®© ¢ [3].

� á«ãç ¥ �i = �i > �1=2, ri 2 (0; 1), i = 1; 2, â¥®à¥¬  ® ¯à¨¡«¨¦¥¨¨ ã£«®¬ ¯®«ãç¥ 
�.�. � «¨«®¢®© ¢ [4], ¢ á«ãç ¥ �i � �i = �1=2, ri 2 (0; 1), i = 1; 2, | �.�. �¦ ¢¨áª®© ¢ [3],  
¢ á«ãç ¥ �i � �i � �1=2, ri 2 (0; 1), i = 1; 2, | �.�. �ã®¢áª¨¬ ¢ [5], ®¡®¡é¨¢è¨¬ ®¤®¬¥àë©
à¥§ã«ìâ â �.�. �®â ¯®¢  [6]. �á¥ íâ¨ à¥§ã«ìâ âë ®â®áïâáï â®«ìª® ª á¤¢¨£ã (I), ª®â®àë© ¢á¥
¢ëè¥  §¢ ë¥  ¢â®àë § ¤ ¢ «¨ ç¥à¥§ ¨â¥£à «ìë¥ ¯à¥¤áâ ¢«¥¨ï. �â¬¥â¨¬, çâ® à¥§ã«ìâ âë
�.�. �®â ¯®¢  ¨ �.�. �ã®¢áª®£® ¯®«ãç¥ë ¢ ¬¥âà¨ª¥ Lp, 1 � p � 1.

�¨â¥à âãà 
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