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1. �¢¥¤¥­¨¥. � ª ¨§¢¥áâ­®, § ¤ ç  ®æ¥­¨¢ ­¨ï ¯®£à¥è­®áâ¨ áå¥¬ ¬¥â®¤  ª®­¥ç­ëå í«¥¬¥­â®¢,
¯à¨¬¥­ï¥¬ëå ¤«ï ç¨á«¥­­®£® à¥è¥­¨ï ªà ¥¢ëå § ¤ ç ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨, á¢®¤¨âáï ª § ¤ -
ç¥ â¥®à¨¨  ¯¯à®ªá¨¬ æ¨¨ ®¡ ®æ¥­ª¥ à ááâ®ï­¨ï (¢ ­®à¬¥ í­¥à£¥â¨ç¥áª®£® ¯à®áâà ­áâ¢ ) ¬¥¦¤ã
à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ ¨ ¯à®áâà ­áâ¢®¬ ª®­¥ç­ëå í«¥¬¥­â®¢. �âã ®æ¥­ªã ¬®¦­® ¯®«ãç¨âì,
¯®áâà®¨¢ ¯®¤å®¤ïé¨© ¤«ï  ­ «¨§  ¯®£à¥è­®áâ¨ ®¯¥à â®à ¯à®¥ªâ¨à®¢ ­¨ï ¢ ¯à®áâà ­áâ¢® ª®-
­¥ç­ëå í«¥¬¥­â®¢ ¨ ®æ¥­¨¢ ­®à¬ã à §­®áâ¨ ¬¥¦¤ã à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ ¨ ¥£® ¯à®¥ªæ¨¥©.
�¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ à¥ «¨§ æ¨¨ â ª®© áå¥¬ë ï¢«ï¥âáï ª®àà¥ªâ­®¥ ®¯à¥¤¥«¥­¨¥ ¯à®¥ªâ®-
à  ­  ª« áá¥ à¥è¥­¨© á § ¯ á®¬ £« ¤ª®áâ¨, ®¯à¥¤¥«ï¥¬ë¬ £« ¤ª®áâìî ¢å®¤­ëå ¤ ­­ëå. � ª,
¨á¯®«ì§®¢ ­¨¥ ª« áá¨ç¥áª®£® ®¯¥à â®à  ¨­â¥à¯®«¨à®¢ ­¨ï ¢ ¯à®áâà ­áâ¢® ª®­¥ç­ëå í«¥¬¥­â®¢
âà¥¡ã¥â ¢ª«îç¥­¨ï ¨­â¥à¯®«¨àã¥¬®©äã­ªæ¨¨ ¢ ª« áá Cr r à § ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå
äã­ªæ¨©, £¤¥ r | ¬ ªá¨¬ «ì­ë© ¯®àï¤®ª ¯à®¨§¢®¤­ëå, ãç áâ¢ãîé¨å ¢ ®¯à¥¤¥«¥­¨¨ ª®­¥ç­®£®
í«¥¬¥­â  ([1], á. 62). �â® ãá«®¢¨¥ ¤ ¦¥ ¯à¨ ¨á¯®«ì§®¢ ­¨¨ « £à ­¦¥¢ëå ª®­¥ç­ëå í«¥¬¥­â®¢
(r = 0) ¬®¦¥â áâ âì ®£à ­¨ç¨â¥«ì­ë¬ ¯® ¯à¨ç¨­¥ ­¥¤®áâ â®ç­®© à¥£ã«ïà­®áâ¨  ¯¯à®ªá¨¬¨àã¥-
¬®© äã­ªæ¨¨, çâ® ¨¬¥¥â ¬¥áâ® ¢ § ¤ ç å á á¨­£ã«ïà­ë¬¨ ¢å®¤­ë¬¨ ¤ ­­ë¬¨, ­ ¯à¨¬¥à, á ¢ë-
à®¦¤¥­¨¥¬ ª®íää¨æ¨¥­â®¢ ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  ­  £à ­¨æ¥ ¨«¨ ¥¥ ç áâ¨ [2]. �®íâ®¬ã
¯à¥¤áâ ¢«ï¥â ¨­â¥à¥á ¯®áâà®¥­¨¥ ¯à®æ¥¤ãà  ¯¯à®ªá¨¬ æ¨¨ ¢ ãá«®¢¨ïå ¬¥­¥¥ ®£à ­¨ç¨â¥«ì­ëå,
ç¥¬ ¤«ï áâ ­¤ àâ­®£® ¨­â¥à¯®«¨à®¢ ­¨ï, ­® ¯®  ¯¯à®ªá¨¬ â¨¢­ë¬ á¢®©áâ¢ ¬ ­¥ ãáâã¯ îé¨¬
¥¬ã.

� ­­ ï à ¡®â  ¯®á¢ïé¥­  ¯®áâà®¥­¨î á¯¥æ¨ «ì­®£® ®¯¥à â®à  ª®­¥ç­®í«¥¬¥­â­®©  ¯¯à®ª-
á¨¬ æ¨¨, ®¯à¥¤¥«¥­­®£® ­  ¯à®áâà ­áâ¢¥ �¥¡¥£  L1,   â ª¦¥ ¯®«ãç¥­¨î ®æ¥­®ª ¯®£à¥è­®áâ¨
íâ®©  ¯¯à®ªá¨¬ æ¨¨ ¤«ï äã­ªæ¨© ¢¥á®¢ëå ¯à®áâà ­áâ¢ �®¡®«¥¢ . �®ª § ­­ë¥ ¢ à ¡®â¥ ®æ¥­-
ª¨ ­¥ã«ãçè ¥¬ë, ¨ ¢ á«ãç ¥ ¢«®¦¥­¨ï  ¯¯à®ªá¨¬¨àã¥¬®£® ¯à®áâà ­áâ¢  ¢ ¯à®áâà ­áâ¢® ­¥-
¯à¥àë¢­ëå äã­ªæ¨©, á®¢¯ ¤ îâ á ®æ¥­ª ¬¨, ãáâ ­®¢«¥­­ë¬¨ ¢ à ¡®â¥ [3] ¤«ï « £à ­¦¥¢ëå
n-á¨¬¯«¥ªá®¢ á ¨á¯®«ì§®¢ ­¨¥¬ áâ ­¤ àâ­®£® ®¯¥à â®à  ¨­â¥à¯®«¨à®¢ ­¨ï.

�à®æ¥¤ãà   ¯¯à®ªá¨¬ æ¨¨, à áá¬ âà¨¢ ¥¬ ï ¢ áâ âì¥, áâà®¨âáï á ¨á¯®«ì§®¢ ­¨¥¬ áà¥¤­¨å
§­ ç¥­¨© ¢ ®¡é¨å ã§« å á®á¥¤­¨å í«¥¬¥­â®¢ «®ª «ì­ëå ¯à®¥ªæ¨©, â. ¥. ¯à®¥ªæ¨© ­  ª®­¥ç­ëå
í«¥¬¥­â å, ¨ ¯®§¢®«ï¥â á®ç¥â âì à §«¨ç­ë¥ ¬¥â®¤ë «®ª «ì­®£® ¯à®¥ªâ¨à®¢ ­¨ï ­  à §­ëå í«¥-
¬¥­â å, ã¤®¢«¥â¢®àïîé¨¥ ®á­®¢­®© ¢¥á®¢®© ®æ¥­ª¥ ¯®£à¥è­®áâ¨ ­  ª®­¥ç­®¬ í«¥¬¥­â¥ (â¥®à¥-
¬  3). � ç áâ­®áâ¨, ¯à¨ ¨á¯®«ì§®¢ ­¨¨ ®¯¥à â®à  ®àâ®£®­ «ì­®£® ¯à®¥ªâ¨à®¢ ­¨ï ¢ L2 ­  í«¥-
¬¥­â¥ ­ è ¯®¤å®¤ ¡«¨§®ª ª ¯à®æ¥¤ãà¥ �«¥¬ ­  [4] (á¬. â ª¦¥ [1], c. 147), ¢ ª®â®à®© ¨á¯®«ì§ãîâáï
®àâ®£®­ «ì­ë¥ ¯à®¥ªæ¨¨ ­  ­®á¨â¥«ïå äã­ªæ¨© ª ­®­¨ç¥áª®£® ¡ §¨á  ¯à®áâà ­áâ¢  ª®­¥ç­ëå
í«¥¬¥­â®¢.

2. �á­®¢­ë¥ ¯®­ïâ¨ï ¨ ®¡®§­ ç¥­¨ï. �«ï ¯à®áâ®âë ¬ë ®£à ­¨ç¨¬áï ¨§«®¦¥­¨¥¬ à¥§ã«ì-
â â®¢ ¤«ï « £à ­¦¥¢ëå n-á¨¬¯«¥ªá®¢. �ãáâì m | ­ âãà «ì­®¥ ç¨á«®. � £à ­¦¥¢ë¬ ª®­¥ç-
­ë¬ í«¥¬¥­â®¬ â¨¯  (m) ¢ Rn, ¨«¨ « £à ­¦¥¢ë¬ n-á¨¬¯«¥ªá®¬ â¨¯  (m) ­ §ë¢ ¥âáï ¯ -
à  (K;!K), £¤¥ K ¥áâì ­¥¢ëà®¦¤¥­­ë© n-á¨¬¯«¥ªá ¢ Rn á ¢¥àè¨­ ¬¨ ai, i = 1; n+ 1,  

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(ª®¤ ¯à®¥ªâ  98-01-00260).
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!K =
nn+1P
i=1

�iai :
n+1P
i=1

�i = 1; �i = (k � 1)=m; 1 � i; k � n+ 1
o
| ¬­®¦¥áâ¢® ã§«®¢ ª®­¥ç­®£® í«¥-

¬¥­â  [1]. �®£¤  ¬­®¦¥áâ¢® ã§«®¢ !K ¯®¤à §ã¬¥¢ ¥âáï, â® ¡ã¤¥¬ £®¢®à¨âì, çâ® K ¥áâì (« £à ­-
¦¥¢ë©) í«¥¬¥­â â¨¯  (m).

�¥à¥§ Pm(K) ®¡®§­ ç ¥âáï ¬­®¦¥áâ¢® ¢á¥å ¯®«¨­®¬®¢ ­  K áâ¥¯¥­¨ m ¯® á®¢®ªã¯­®áâ¨
¯¥à¥¬¥­­ëå x1; x2; : : : ; xn. �á«¨ K | ª®­¥ç­ë© í«¥¬¥­â â¨¯  (m), â® ¢áïª¨© ¯®«¨­®¬ ' 2 Pm(K)
®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï á¢®¨¬¨ §­ ç¥­¨ï¬¨ ¢ ã§« å !K . � ç áâ­®áâ¨, á®®â­®è¥­¨ï¬¨

'z(x) = �z;x 8z; x 2 !K

(�s;t | á¨¬¢®« �à®­¥ª¥à   ¡áâà ªâ­ëå ¨­¤¥ªá®¢ s; t) ®¯à¥¤¥«ï¥âáï ¡ §¨á � £à ­¦  f'z 2
Pm(K) : z 2 !Kg. �¯¥à â®à®¬ ¨­â¥à¯®«ïæ¨¨ ­  í«¥¬¥­â¥ K ­ §ë¢ ¥âáï «¨­¥©­ë© ®¯¥à â®à
�K : C(K)! Pm(K), ¤¥©áâ¢ãîé¨© ¯® ä®à¬ã«¥

�Ku(x) =
X
z2!K

u(z)'z(x):

�§ ®¯à¥¤¥«¥­¨ï ¡ §¨á  f'zg á«¥¤ã¥â, çâ® �K' = ' ¤«ï ' 2 Pm(K).
�ãáâì (cK; b!) | ä¨ªá¨à®¢ ­­ë© í«¥¬¥­â â¨¯  (m) (¨áå®¤­ë© ª®­¥ç­ë© í«¥¬¥­â). �î¡®©

ª®­¥ç­ë© í«¥¬¥­â K â¨¯  (m) ¬®¦¥â ¡ëâì ¯®«ãç¥­ ¨§ ¨áå®¤­®£® ­¥¢ëà®¦¤¥­­ë¬  ää¨­­ë¬
¯à¥®¡à §®¢ ­¨¥¬ ª®®à¤¨­ â F : t 2 cK ! x = Bt + b 2 K (b 2 Rn, B 2 Rn�n, detB 6= 0)
¢ â®¬ á¬ëá«¥, çâ® K = F (cK), F (b!) = !K . �à¥®¡à §®¢ ­¨¥ ª®®à¤¨­ â F ¡ã¤¥¬ âà ªâ®¢ âì
­¥ â®«ìª® ª ª äã­ªæ¨î â®çª¨, ­® ¨ ª ª «¨­¥©­ë© ®¯¥à â®à (®¯¥à â®à § ¬¥­ë ¯¥à¥¬¥­­ëå), ¯®
á®£« è¥­¨î ®¡®§­ ç ¥¬ë© â¥¬ ¦¥ á¨¬¢®«®¬, ¯¥à¥¢®¤ïé¨© äã­ªæ¨¨ ­  ¬­®¦¥áâ¢¥K ¢ äã­ªæ¨¨,
®¯à¥¤¥«¥­­ë¥ ­  cK, ¯® ¯à ¢¨«ã (Fu)(t) = u(Ft), t 2 cK, ¨«¨ Fu � u � F . � ¬¥â¨¬, çâ® ®¯¥à â®à
§ ¬¥­ë ¯¥à¥¬¥­­ëå F ¡ã¤¥â «¨­¥©­ë¬ ®¯¥à â®à®¬. � íâ¨å ®¡®§­ ç¥­¨ïå ¡ §¨á­ë¥ äã­ªæ¨¨
� £à ­¦  ­  í«¥¬¥­â å K ¨ cK ¯¥à¥å®¤ïâ ¤àã£ ¢ ¤àã£  ¯à¨ ®â®¡à ¦¥­¨¨ F : b's = F'z, £¤¥
z = Fs, s 2 b!. �âî¤  ¢ëâ¥ª ¥â á¢ï§ì ¬¥¦¤ã ®¯¥à â®à ¬¨ «®ª «ì­®£® ¨­â¥à¯®«¨à®¢ ­¨ï �K ¨b� ­  í«¥¬¥­â å K ¨ cK á®®â¢¥âáâ¢¥­­®: �K = F�1 b�F .

�áî¤ã ¤ «¥¥ ç¥à¥§ 
 ®¡®§­ ç ¥âáï ¯®«¨£®­ «ì­ ï ®¡« áâì ¢ Rn. �ãáâì Th | âà¨ ­£ã«ïæ¨ï
®¡« áâ¨ 
 ­  « £à ­¦¥¢ë¥ ª®­¥ç­ë¥ í«¥¬¥­âë â¨¯  (m), â. ¥. à §¡¨¥­¨¥ ®¡« áâ¨ ­  í«¥¬¥­âë
â¨¯  (m), ¯à¨ ª®â®à®¬ ¢áïª ï £à ­ì ª®­¥ç­®£® í«¥¬¥­â  ï¢«ï¥âáï «¨¡® ç áâìî £à ­¨æë @
, «¨-
¡® £à ­ìî ¤àã£®£® í«¥¬¥­â . �­®¦¥áâ¢® ã§«®¢ âà¨ ­£ã«ïæ¨¨ ®¡®§­ ç¨¬ ç¥à¥§ !h, !h =

S
K2Th

!K.

�¥à¥§ Xh ®¡®§­ ç¨¬ ¯à®áâà ­áâ¢® ª®­¥ç­ëå í«¥¬¥­â®¢,  áá®æ¨¨à®¢ ­­®¥ á âà¨ ­£ã«ïæ¨¥© Th
¨ ®¯à¥¤¥«ï¥¬®¥ ª ª ¯®¤¬­®¦¥áâ¢® ­¥¯à¥àë¢­ëå ¢ 
 äã­ªæ¨© â ª¨å, çâ® áã¦¥­¨¥ ª ¦¤®© ¨§
­¨å ­  «î¡®© í«¥¬¥­â K 2 Th ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã ¯®«¨­®¬®¢ Pm(K). �ã­ªæ¨¨ ¨§ Xh

®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï á¢®¨¬¨ §­ ç¥­¨ï¬¨ ¢ ã§« å !h [1]. � ¯à®áâà ­áâ¢¥ Xh ¨¬¥¥âáï ª -
­®­¨ç¥áª¨© ¡ §¨á f'z 2 Xh : z 2 !hg, á®áâ®ïé¨© ¨§ äã­ªæ¨© á «®ª «ì­ë¬¨ ­®á¨â¥«ï¬¨ ¨
®¯à¥¤¥«ï¥¬ë© á®®â­®è¥­¨ï¬¨ 'z(x) = �z;x 8z; x 2 !h: � ¦¤ ï ¨§ äã­ªæ¨© 'z á®¢¯ ¤ ¥â á á®®â-
¢¥âáâ¢ãîé¥© «®ª «ì­®© ¡ §¨á­®© äã­ªæ¨¥© ­  í«¥¬¥­â¥ K 2 Th, z 2 K, ¯®íâ®¬ã ¬ë ®áâ ¢«ï¥¬
â¥ ¦¥ ®¡®§­ ç¥­¨ï ¤«ï «®ª «ì­ëå (­  í«¥¬¥­â¥) ¨ £«®¡ «ì­ëå ¡ §¨á­ëå äã­ªæ¨©. �¯¥à â®à
Xh-¨­â¥à¯®«ïæ¨¨ �h : C(
)! Xh,

�hu(x) =
X
z2!h

u(z)'z(x);

ï¢«ï¥âáï ®¯¥à â®à®¬ ¯à®¥ªâ¨à®¢ ­¨ï ­  ¯à®áâà ­áâ¢® Xh, â. ¥. �h' = ' ¤«ï ' 2 Xh, ¯®áª®«ìªã
¯® ®¯à¥¤¥«¥­¨î (�hu)jK = �K(ujK).

�«ï K 2 Th ®¡®§­ ç¨¬ ç¥à¥§ hK = diamK ¤¨ ¬¥âà í«¥¬¥­â  ¨ ç¥à¥§ dK | ¤¨ ¬¥âà ¢¯¨-
á ­­®£® ¢ K è à , â ª çâ® dK < hK . � áá¬ âà¨¢ ï á¥¬¥©áâ¢® âà¨ ­£ã«ïæ¨© (Th) á ¯ à ¬¥âà®¬
h = max

K2Th
hK ! 0, ¡ã¤¥¬ ¯à¥¤¯®« £ âì ¢ë¯®«­¥­­ë¬ ãá«®¢¨¥ à¥£ã«ïà­®áâ¨

hK � �dK (1)
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á ¯®áâ®ï­­®© � > 1, ­¥ § ¢¨áïé¥© ®â è £  ª®­¥ç­®í«¥¬¥­â­®© á¥âª¨ h. �®£¤  ¢ ¯à¥®¡à §®¢ ­¨¨
Ft = Bt+ b í«¥¬¥­â  cK ¢ K ¤«ï ­®à¬ë ¬ âà¨æë B ª ª ®¯¥à â®à  ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥
Rn ¨¬¥îâ ¬¥áâ® ®æ¥­ª¨ ([1], c. 124)

jBj �
hKbd ; jB�1j �

�bh
hK

(2)

( bd = dbK , bh = diamcK), ®âªã¤  ¢ëâ¥ª îâ ®æ¥­ª¨ ¤«ï ç áâ­ëå ¯à®¨§¢®¤­ëå äã­ªæ¨© u(x) ¨bu(t) = Fu(t) ­  í«¥¬¥­â å K ¨ cK ¢ â®çª å x = Ft

jDi
xu(x)j � ch

�jij
K max

jjj=jij
jDj

t bu(t)j; jDi
tbu(t)j � ch

jij
K max
jjj=jij

jDj
xu(x)j; (3)

£¤¥ ¯®áâ®ï­­ ï c § ¢¨á¨â â®«ìª® ®â ¨áå®¤­®£® í«¥¬¥­â  ¨ ¯®àï¤ª  ¤¨ää¥à¥­æ¨à®¢ ­¨ï.

3. �¥®à¥¬ë ¢«®¦¥­¨ï ¢¥á®¢ëå ¯à®áâà ­áâ¢ äã­ªæ¨©. �«ï ä¨ªá¨à®¢ ­­®£® § ¬ª­ãâ®£® ¬­®-
¦¥áâ¢  �0 � Rn n 
 ®¡®§­ ç¨¬ �(x) = dist(�0; x) = minfjx � yj : y 2 �0g. �â ­¤ àâ­ãî ­®à¬ã
¯à®áâà ­áâ¢  �¥¡¥£  Lp(
) (1 � p � 1) äã­ªæ¨¨ u(x) ­  
 ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ jujp;
. �«ï
¢¥é¥áâ¢¥­­®£® � ¢¥á®¢®¥ ¯à®áâà ­áâ¢® �¥¡¥£  Lp;�(
) | íâ® ¯à®áâà ­áâ¢® äã­ªæ¨© á ª®­¥ç-
­®© ­®à¬®© j���ujp;
. � ª¨¬ ®¡à §®¬, ¥á«¨ � � �, â® Lp;�(
) ­¥¯à¥àë¢­® ¢«®¦¥­® ¢ Lp;�(
).
�«ï æ¥«®£® k � 0 ç¥à¥§ W k

p;�(
) ®¡®§­ ç¨¬ ¢¥á®¢®¥ ¯à®áâà ­áâ¢® �®¡®«¥¢  äã­ªæ¨© á ª®­¥ç­®©
¯®«ã­®à¬®©

j���rkujp;
 =
� X
jij=k

Z



j�(x)��Diu(x)j
p
�1=p

:

� ª ç¥áâ¢¥ ­®à¬ë íâ®£® ¯à®áâà ­áâ¢  ¬®¦­® ¢§ïâì ­®à¬ã u ! j���rkujp;
 + jujq;C , £¤¥ C � 

| «î¡ ï ¯®¤®¡« áâì, ®â¤¥«¥­­ ï ®â �0,   q 2 [1; p] «î¡®¥. �«ï p 2 (1;1) ¯à®áâà ­áâ¢® W k

p;�(
)
à¥ä«¥ªá¨¢­®.

�à¨¢¥¤¥¬ ­¥ª®â®àë¥ â¥®à¥¬ë ¢«®¦¥­¨ï ¢¥á®¢ëå ¯à®áâà ­áâ¢ (­ ¯à., [5]{[10]), ª®â®àë¥
¯®­ ¤®¡ïâáï ¯à¨ ¨áá«¥¤®¢ ­¨¨ ª®­¥ç­®í«¥¬¥­â­ëå  ¯¯à®ªá¨¬ æ¨© (­¨¦¥ ®¡®§­ ç¥­® �
 =
maxf�(x) : x 2 
g, � = max(0; � � �),   ¯®áâ®ï­­ ï c ­¥ § ¢¨á¨â ®â �0),

1) ¥á«¨ 1 < p � q <1, k < m, 
 =m�n=p�k+n=q > 0, â® ¯à®áâà ­áâ¢® Wm
p;�(
) ª®¬¯ ªâ­®

¢«®¦¥­® ¢ W k
q;�(
) ¨

j���rkujq;
 � c(��
j�
��rmujp;
 + j�

��jq;
juj1;C); (4)

£¤¥ � < � + 
, 1 2 Lq;�(
) (, ��� 2 Lq(
));
2) ¥á«¨ S � 
 | n� 1-¬¥à­®¥ ¬­®£®®¡à §¨¥, mesn�1(S

T
�0) = 0 ¨ 
 = m� 1=p > 0, â®

j���ujp;S � c(��
j�
��rmujp;
 + j�

��jp;Sjuj1;C); (5)

£¤¥ � � � + 
 ¨ 1 2 Lp;�(S);
3) (¢¥á®¢®©  ­ «®£ «¥¬¬ë �àí¬¡« -�¨«ì¡¥àâ ) ¥á«¨ Z | ­®à¬¨à®¢ ­­®¥ ¯à®áâà ­áâ¢®, A :

W k
p;�(
)! Z | «¨­¥©­ë© ­¥¯à¥àë¢­ë© ®¯¥à â®à â ª®©, çâ® Pk�1(
) � kerA, â®

jAujZ � cjAj j���rkujp;
: (6)

� ¬¥ç ­¨¥. �á«¨ �0 | ¬­®£®®¡à §¨¥ à §¬¥à­®áâ¨ d < n, ï¢«ïîé¥¥áï ç áâìî £à ­¨æë
®¡« áâ¨ 
, â® ãá«®¢¨¥ 1 2 Lq;�(
) ¢ (4) à ¢­®á¨«ì­® ­¥à ¢¥­áâ¢ã �q < n� d.

4. �á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï.

�¥¬¬  1. �ãé¥áâ¢ã¥â â ª ï ¯®áâ®ï­­ ï N0 = N0(�), çâ® ¤«ï «î¡®© â®çª¨ a 2 Rn

cardfK 2 Th : a 2 Kg � N0:
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�¥¬¬  2. �î¡®¥ à¥£ã«ïà­®¥ á¥¬¥©áâ¢® âà¨ ­£ã«ïæ¨© «®ª «ì­® à ¢­®¬¥à­®, â. ¥. áãé¥-

áâ¢ã¥â â ª ï ¯®áâ®ï­­ ï c0 = c0(�), çâ® ¤«ï «î¡ëå ¤¢ãå í«¥¬¥­â®¢ K;L 2 Th á ­¥¯ãáâë¬
¯¥à¥á¥ç¥­¨¥¬ á¯à ¢¥¤«¨¢  ®æ¥­ª  hK � c0hL.

�®ª § â¥«ìáâ¢  íâ¨å ãâ¢¥à¦¤¥­¨© ¬®¦­® ­ ©â¨, ­ ¯à¨¬¥à, ¢ [3].
�¡®§­ ç¨¬ �K = max

x2K
�(x) ¨ rK = min

x2K
�(x).

�¥¬¬  3. 1) �«ï ¢á¥å x; y 2 Rn j�(x)� �(y)j � jx� yj; 2) �K � rK + hK ; 3) hK � 2��K .

�®ª § â¥«ìáâ¢®. 1) �«ï ¢á¥å x; y 2 Rn ¨ ¯à®¨§¢®«ì­®£® z 2 �0

�(x) � jx� zj � jy � zj+ jx� yj;

®âªã¤  ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ z 2 �0 ¢ëâ¥ª ¥â ­¥à ¢¥­áâ¢® �(x) � �(y) + jx � yj. �¥­ïï ¢
à ááã¦¤¥­¨ïå x ¨ y ¬¥áâ ¬¨, ¯®«ãç¨¬ j�(x)� �(y)j � jx� yj.

2) �® ¯à¥¤ë¤ãé¥¬ã, ¤«ï ¢á¥å x; y 2 K �(x) � �(y) + jx � yj � �(y) + hK , ®âªã¤  ¯®«ãç ¥¬
�K � rK + hK .

3) �ãáâì x0 | æ¥­âà ¢¯¨á ­­®£® ¢ K è à  ¤¨ ¬¥âà  dK . �®£¤  hK � �dK = 2� dist(@K; x0) �
2��(x0) � 2��K .

�ãáâì K 2 Th, Ft = Bt + b |  ää¨­­®¥ ¯à¥®¡à §®¢ ­¨¥ cK ¢ K. �®«®¦¨¬ b�0 = F�1(�0),b�(t) = dist(b�0; t) (â. ª. �0 � Rn n 
, â® b�0 � Rn n int(cK)). �ã¤¥¬ à áá¬ âà¨¢ âì ¯à®áâà ­áâ¢ 
äã­ªæ¨© ­  cK á ¢¥á®¢®© äã­ªæ¨¥© b�(t). �®¤ç¥àª­¥¬, çâ® ¬­®¦¥áâ¢® b�0 ¨ äã­ªæ¨ï b�(t) § ¢¨áïâ
®â K, â®ç­¥¥, ®â ¯à¥®¡à §®¢ ­¨ï F . �«ï ¤¢ãå ¢¥«¨ç¨­ �, �, § ¢¨áïé¨å ®â è £  h ¡ã¤¥¬ ¯¨á âì
� � �, ¥á«¨ ®¤­  ¢¥«¨ç¨­  ¢ íâ®¬ á®®â­®è¥­¨¨ ¬®¦¥â ¡ëâì ®æ¥­¥­  ç¥à¥§ ¤àã£ãî á ¬­®¦¨â¥«¥¬,
­¥ § ¢¨áïé¥¬ ®â h.

�¥¬¬  4. �¯à ¢¥¤«¨¢  ®æ¥­ª  hK b�(t) � F�(t).

�®ª § â¥«ìáâ¢®. �¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ãî â®çªã t 2 cK. �ãáâì y 2 �0 | â®çª , ­  ª®â®à®©
à¥ «¨§ã¥âáï F�(t). �®£¤  ¢ á¨«ã (2)

b�(t) � jt� F�1(y)j � jB�1j jFt� yj �
c

hK
F�(t):

�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï ®¡à â­ ï ®æ¥­ª .

�¥¬¬  5. �«ï u 2Wm
p;�(K) (m � 0)

h
K j�
��rmujp;K � jb���rmFuj

p;bK ;
£¤¥ 
 = m+ � � n=p.

�®ª § â¥«ìáâ¢®. �à¨ § ¬¥­¥ ¯¥à¥¬¥­­ëå x = Ft = Bt + b í«¥¬¥­â à­ë¥ ®¡ê¥¬ë dx ¨ dt
á¢ï§ ­ë á®®â­®è¥­¨¥¬ dx = jdetBjdt = mesK=mescKdt � hnKdt. �®ª § â¥«ìáâ¢® á«¥¤ã¥â â¥¯¥àì
¨§ ®æ¥­®ª (3) ¨ ¯à¥¤ë¤ãé¥© «¥¬¬ë.

5. �¯¥à â®à ¯à®¥ªâ¨à®¢ ­¨ï ­  í«¥¬¥­â¥. �áî¤ã ¢ íâ®¬ ¯ã­ªâ¥K 2 Th. �«ï ª ¦¤®£® z 2 !K
áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï äã­ªæ¨ï  z;K 2 Pm(K), ã¤®¢«¥â¢®àïîé ï â®¦¤¥áâ¢ã ( z;K ; ')K =
'(z) 8' 2 Pm(K), £¤¥ (u; v)K =

R
K

u(x)v(x)dx| áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ L2(K). �«¥¤®¢ â¥«ì­®,

( z;K ; '�)K = �z;� 8z; � 2 !K . �¯à¥¤¥«¨¬ ®¯¥à â®à ¯à®¥ªâ¨à®¢ ­¨ï IK ¢ ¯à®áâà ­áâ¢® Pm(K)
ä®à¬ã«®© IKu(x) =

P
z2!K

( z;K ; u)K'z(x). �ã­ªæ¨î � = IKu 2 Pm(K) ¬®¦­® ®¯à¥¤¥«¨âì ª ª

à¥è¥­¨¥ ¢ à¨ æ¨®­­®© § ¤ ç¨: (u� �; ')K = 0 8' 2 Pm(K). �® ®¯à¥¤¥«¥­¨î �K' = IK' = '
8' 2 Pm(K). �â®£® â®¦¤¥áâ¢ , ª ª ¡ã¤¥â ¢¨¤­® ¨§ ¤ «ì­¥©è¥£®, ¤®áâ â®ç­®, çâ®¡ë ®¯¥à â®àë
�K ¨ IK ®¡« ¤ «¨ ®¤¨­ ª®¢ë¬¨  ¯¯à®ªá¨¬ â¨¢­ë¬¨ á¢®©áâ¢ ¬¨ ­  £« ¤ª¨å äã­ªæ¨ïå. �¤­ ª®
¢ ®â«¨ç¨¥ ®â ®¯¥à â®à  ¨­â¥à¯®«ïæ¨¨ �K , ¯à®¥ªâ®à IK ª®àà¥ªâ­® ®¯à¥¤¥«¥­ ­  ¡®«¥¥ è¨à®ª®¬
ª« áá¥ L1(K).
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�­ «®£¨ç­® ­  ¨áå®¤­®¬ í«¥¬¥­â¥ cK ®¯à¥¤¥«¨¬ ¤«ï ã§«®¢ s 2 b! äã­ªæ¨¨ b s 2 Pm(cK):
( b s; ')bK = '(s) 8' 2 Pm(cK) ¨ ®¯¥à â®à ¯à®¥ªâ¨à®¢ ­¨ï

bIu(t) =X
s2b! (

b s; u)bK b's(t):
� ¬¥â¨¬, çâ® ®¯¥à â®à bI ­¥¯à¥àë¢¥­ ª ª ®¯¥à â®à ¨§ L1(cK) ¢ L1(cK).

�¥®à¥¬  1. �«ï ã§«®¢ s 2 b! ¨ z = Fs äã­ªæ¨¨ b s ¨  z;K á¢ï§ ­ë á®®â­®è¥­¨¥¬ b s =
�(K)F z;K, £¤¥ �(K) = mesK=mescK.

�®ª § â¥«ìáâ¢®. �«ï ¯à®¨§¢®«ì­ëå ¨§¬¥à¨¬ëå äã­ªæ¨© u(x), v(x) ­  K â ª¨å, çâ® uv 2
L1(K); ¨¬¥¥¬ (u; v)K = �(K)(Fu; Fv)bK . �®£¤  ¤«ï «î¡®© b' = F' 2 Pm(cK)

(�(K)F z;K ; b')bK = �(K)(F z;K ; F')bK = ( z;K ; ')K = '(z) = b'(s);
á«¥¤®¢ â¥«ì­®, b s = �(K)F z;K .

�§ â¥®à¥¬ë ¨ ¯¥à¢®© ¨§ ®æ¥­®ª (3), ¯à¨¬¥­¥­­®© ª äã­ªæ¨ï¬ 'z(x) ¨  z;K(x); ¯®«ãç ¥¬

�«¥¤áâ¢¨¥. �«ï äã­ªæ¨© 'z(x) ¨  z;K(x) á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ ¯à®¨§¢®¤­ëå

jDi'z(x)j � ch
�jij
K ; jDi z;K(x)j � ch

�jij�n
K ;

£¤¥ ¯®áâ®ï­­ ï c § ¢¨á¨â â®«ìª® ®â ¨áå®¤­®£® í«¥¬¥­â  ¨ ¯®àï¤ª  ¤¨ää¥à¥­æ¨à®¢ ­¨ï.

�¥®à¥¬  2. �¬¥¥â ¬¥áâ® â®¦¤¥áâ¢® IK = F�1 bIF .
�®ª § â¥«ìáâ¢®. �® â¥®à¥¬¥ 1 ¤«ï äã­ªæ¨¨ bu = Fu 2 L1(cK) ¯®«ãç¨¬

bIFu =X
s2b! (

b s; Fu)bK b's =X
z2!

�(K)(F z; Fu)bKF'z =X
z2!

( z;K ; u)KF'z = FIKu;

¨«¨ IK = F�1 bIF:
�«¥¤áâ¢¨¥. �¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

jIK jLp(K)!Lp(K) = jbI j
Lp(bK)!Lp(bK)

;

á«¥¤®¢ â¥«ì­®, ­®à¬  ®¯¥à â®à  IK : Lp(K)! Lp(K) ­¥ § ¢¨á¨â ®â K.

�®ª § â¥«ìáâ¢®. �® â¥®à¥¬¥ 2 ®æ¥­¨¬

jIKujp;K = jF�1 bIF jp;K � �(K)1=pjbIFuj
Lp(bK)

� jbI j
Lp(bK)!Lp(bK)

jujp;K ;

®âªã¤  jIK jLp(K)!Lp(K) � jbIj
Lp(bK)!Lp(bK)

. �¥¬¨ ¦¥ à ááã¦¤¥­¨ï¬¨ ¤«ï bI = FIKF
�1 ãáâ ­ ¢«¨¢ -

¥âáï ­¥à ¢¥­áâ¢® jbI j
Lp(bK)!Lp(bK)

� jIK jLp(K)!Lp(K).

6. �®ª «ì­ ï ®æ¥­ª  ¯®£à¥è­®áâ¨  ¯¯à®ªá¨¬ æ¨¨. � íâ®¬ ¯ã­ªâ¥ ¯®«ãç¨¬ ®æ¥­ª¨ à §­®áâ¨
u� IKu ¢ à §«¨ç­ëå ¢¥á®¢ëå ­®à¬ å. �ãáâì 1 < p � q <1, 
 � m+ 1� n=p� k + n=q > 0 (çâ®
®¡¥á¯¥ç¨¢ ¥â ª®¬¯ ªâ­®¥ ¢«®¦¥­¨¥ Wm+1

p (
) ¢ W k
q (
)), � < � + 
 ¨ 1 2 Lq;�(
). �ë¯®«­¨¬®áâì

¤ ­­ëå ãá«®¢¨© ¢«¥ç¥â ª®¬¯ ªâ­®áâì ¢«®¦¥­¨ï Wm+1
p;� (
) ¢ W k

q;�(
). � ª®­¥æ, ¤«ï ª®àà¥ªâ­®£®
®¯à¥¤¥«¥­¨ï ®¯¥à â®à  IK ­  ª« áá¥ Wm+1

p;� (
) ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® Wm+1
p;� (
) � L1(
).

�¥®à¥¬  3. �ãé¥áâ¢ã¥â â ª ï ¯®áâ®ï­­ ï c > 0, ­¥ § ¢¨áïé ï ®â K 2 Th, çâ® ¤«ï ¢á¥å
u 2Wm+1

p;� (
) á¯à ¢¥¤«¨¢  ®æ¥­ª 

j���rk(u� IKu)jq;K � ch
K�
���
K j���rm+1ujp;K ;

£¤¥ �K = maxf�(x) : x 2 Kg:
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�®ª § â¥«ìáâ¢®. �«ï rK = minf�(x) : x 2 Kg ¢®§¬®¦­ë ¤¢  á«ãç ï: rK > hK ¨ rK � hK .
1) �«ãç © rK > hK . �® â¥®à¥¬¥ 2 IK = F�1 bIF . � ª ª ª bI' = ' ¤«ï ' 2 Pm(cK), â® ¨¬¥¥â

¬¥áâ® ­¥¢¥á®¢ ï ®æ¥­ª  ([1], c. 125)

jrk(u� IKu)jq;K � ch
K jr
m+1ujp;K :

�® «¥¬¬¥ 3 �K � rK + hK . �®íâ®¬ã rK � �K < 2rK , â. ¥. �K � rK � �(x); x 2 K. �âáî¤ 
¯®«ãç ¥¬

j���rk(u� IKu)jq;K � c1�
��
K jrk(u� IKu)jq;K � c2h



K�

��
K jrm+1ujp;K � c3h



K�

���
K j���rm+1ujp;K :

2) �«ãç © rK � hK . �® «¥¬¬¥ 3 hK � 2��K � 2�(rK + hK) � 4�hK , â. ¥. ¢ íâ®¬ á«ãç ¥
hK � �K . �® «¥¬¬¥ 5

j���rk(u� IKu)jq;K � c1h
��
K jb���rk(bu� bIbu)j

q;bK = c1h
��
K jb���rkEbuj

q;bK ; (7)

£¤¥ ®¡®§­ ç¥­® bu = Fu, Ebu = bu� bIbu, � = k + �� n=q. � ª ª ª kerE � Pm(cK), â® ¨§ (6) á«¥¤ã¥â

jb���rkEbuj
q;bK � c2jEjjb���rm+1buj

p;bK � c3jEjh
�
K j�

��rm+1ujp;K ; (8)

£¤¥ � = m+1+��n=p ¨ jEj ®¡®§­ ç ¥â ­®à¬ã ®¯¥à â®à  E : Wm+1
p;� (cK)!W k

q;�(cK). �§ ®æ¥­®ª (7)
¨ (8),   â ª¦¥ ¨§ íª¢¨¢ «¥­â­®áâ¨ hK � �K á«¥¤ã¥â â¥¯¥àì á ãç¥â®¬ â®¦¤¥áâ¢  �� � = 
+���
®æ¥­ª 

j���rk(u� IKu)jq;K � c4jEjh


K�

���
K j���rm+1ujp;K :

�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ®áâ «®áì ãáâ ­®¢¨âì, çâ® jEj � c. �®áª®«ìªã Wm+1
p;� (
) �

L1(
), â® ¢ ª ç¥áâ¢¥ ­®à¬¨à®¢ª¨ ¯à®áâà ­áâ¢ W
m+1
p;� (cK) ¬®¦­® ¢§ïâì ­®à¬ã � ! jb���rm+1�j

p;bK+
j�j

1;bK . � «¥¥ ¯® «¥¬¬¥ 4 maxfb�(t) : t 2 cKg � �K=hK � 1, á«¥¤®¢ â¥«ì­®, ¯® â¥®à¥¬¥ ¢«®¦¥­¨ï
(4)

jb���rk�j
q;bK � c5(jb���rm+1�j

p;bK + j�j
1;bK):

�ç¥¢¨¤­®,

jb���rk bI�j
q;bK + jbI�j

1;bK �
X
s2b! j(

b s; �)bK j(jb���rk b'sjq;bK + j b'sj1;bK) � c6(jb���jq;bK + 1)j�j
1;bK � c7j�j1;bK

¢ ¯à¥¤¯®«®¦¥­¨¨ ®£à ­¨ç¥­­®áâ¨ ¨­â¥£à «®¢ jb���j
q;bK . �§ ¯®á«¥¤­¨å ¤¢ãå ®æ¥­®ª ®ª®­ç â¥«ì­®

¯®«ãç¨¬

jE�j = jb���rk(� � bI�)j
q;bK + j� � bI�j

1;bK � jb���rk�j
q;bK +

+ jb���rk bI�j
q;bK + j�j

1;bK + jbI�j
1;bK � c8(jb���rm+1�j

p;bK + j�j
1;bK);

â. ¥. jEj � c8.

� ¬¥ç ­¨¥. �à¨ ¡®«¥¥ á¨«ì­®¬ ®£à ­¨ç¥­¨¨ Wm+1
p;� (
) � C(
) ¢ [3] ¡ë«  ¤®ª § ­   ­ «®-

£¨ç­ ï ®æ¥­ª  ¯®£à¥è­®áâ¨ ¨­â¥à¯®«ïæ¨¨

j���rk(u��Ku)jq;K � ch
K�
���
K j���rm+1ujp;K :

�¥®à¥¬  4. �ãáâì S | ®¤­  ¨§ £à ­¥© í«¥¬¥­â  K. �ãé¥áâ¢ã¥â â ª ï ¯®áâ®ï­­ ï c > 0,
­¥ § ¢¨áïé ï ®â K 2 Th, çâ® ¤«ï ¢á¥å u 2Wm+1

p;� (
) á¯à ¢¥¤«¨¢  ®æ¥­ª 

j�j�j(u� IKu)jp;S � ch
0K �
�+j�j
K j���rm+1ujp;K ;

£¤¥ 
0 = m+ 1� 1=p:

�®ª § â¥«ìáâ¢® íâ®© ®æ¥­ª¨ ¯à®¢®¤¨âáï á ¨á¯®«ì§®¢ ­¨¥¬ ¢«®¦¥­¨ï (5) ¯® â®© ¦¥ áå¥¬¥,
çâ® ¤®ª § â¥«ìáâ¢® ¯à¥¤ë¤ãé¥© â¥®à¥¬ë.
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�¥®à¥¬  5. �ãáâì S | ®¡é ï £à ­ì (n � 1-¬¥à­ ï) á¬¥¦­ëå í«¥¬¥­â®¢ K ¨ L. �ãé¥-
áâ¢ã¥â â ª ï ¯®áâ®ï­­ ï c > 0, çâ® ¤«ï ¢á¥å u 2Wm+1

p;� (
) á¯à ¢¥¤«¨¢  ®æ¥­ª 

jIKu� ILuj1;S � ch
1K �
�
K j�

��rm+1ujp;K[L;

£¤¥ 
1 = m+ 1� n=p:

�®ª § â¥«ìáâ¢®. �® «¥¬¬¥ 2 hK � hL. � ª ª ª S ï¢«ï¥âáï ®¡é¥© £à ­ìî ¤¢ãå í«¥¬¥­â®¢,
â® ¯® «¥¬¬¥ 3 �S � �K � �L. � áá¬®âà¨¬ ¤¢  á«ãç ï: 1) rS = minf�(x) : x 2 Sg � min(hK ; hL) ¨
2) rS > min(hK ; hL).

1) rS � min(hK ; hL). �®£¤  �S � hK . �®áª®«ìªã � = IKu� ILu 2 Pm(S) (¢ «®ª «ì­ëå ª®®à¤¨-
­ â å £à ­¨ S), â® ¢ á¨«ã ª®­¥ç­®¬¥à­®áâ¨ Pm(S)

j�j1;S = jF�j
1;bS � jb�j�jF�j

p;bS � h1=p�n=pK h�j�jK j�j�j�jp;S � h1=p�n=pK ��j�jK j�j�j�jp;S:

2) rS > hK . �®£¤  rS � �K ¨ ¤«ï � 2 Pm(S) ¨¬¥¥¬ ®æ¥­ª¨

j�j1;S � h
1=p�n=p
K j�jp;S � h

1=p�n=p
K r

�j�j
S j�j�j�jp;S � h

1=p�n=p
K �

�j�j
K j�j�j�jp;S:

� ª¨¬ ®¡à §®¬, ¤«ï � = IKu� ILu ¯®«ãç¨¬ á ¨á¯®«ì§®¢ ­¨¥¬ â¥®à¥¬ë 4

j�j1;S � c1h
1=p�n=p
K �

�j�j
K j�j�j�jp;S � c1h

1=p�n=p
K �

�j�j
K (j�j�j(u� IKu)jp;S +

+ j�j�j(u� ILu)jp;S) � c2h

1
K �

�
K j�

��rm+1ujp;K[L;

£¤¥ 
1 = m+ 1� n=p:

�ãáâì { � 1 | ­¥ª®â®à®¥ ç¨á«®. �ã¤¥¬ £®¢®à¨âì, çâ® á¥¬¥©áâ¢® âà¨ ­£ã«ïæ¨© (Th)h á£ã-
é ¥âáï ¢¡«¨§¨ �0 á® áâ¥¯¥­ìî á£ãé¥­¨ï {, ¥á«¨ hK � h�

1�1={
K , £¤¥ h = maxfhK : K 2 Thg. �â 

®æ¥­ª  ®§­ ç ¥â, çâ® ¢¡«¨§¨ ¬­®¦¥áâ¢  ®á®¡ëå â®ç¥ª �0 «¨­¥©­ë¥ à §¬¥àë ª®­¥ç­ëå í«¥¬¥­â®¢
¤®«¦­ë ¡ëâì áãé¥áâ¢¥­­® ¬¥­ìè¥ è £  á¥âª¨ h. �¬¥­­®, ¤«ï í«¥¬¥­â®¢ hK � �K ¡ã¤¥¬ ¨¬¥âì
hK � h{. � á«ãç ¥ { = 1 ¡ã¤¥¬ ¨¬¥âì ª¢ §¨à ¢­®¬¥à­®¥ á¥¬¥©áâ¢® âà¨ ­£ã«ïæ¨©.

�¥®à¥¬  6. �á«¨ á¥¬¥©áâ¢® âà¨ ­£ã«ïæ¨© (Th) á£ãé ¥âáï ¢¡«¨§¨ �0 á® áâ¥¯¥­ìî á£ãé¥­¨ï

{ � 1, â® áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï­­ ï c > 0, ­¥ § ¢¨áïé ï ®â K 2 Th, çâ® ¤«ï ¢á¥å

u 2Wm+1
p;� (
) á¯à ¢¥¤«¨¢  ®æ¥­ª 

j���rk(u� IKu)jq;K � ch�j���rm+1ujp;K ;

£¤¥ � = min(
;{(
 + � � �)):

�®ª § â¥«ìáâ¢®. �á«¨ rK � hK , â® ®æ¥­ª  ­¥¬¥¤«¥­­® á«¥¤ã¥â ¨§ â¥®à¥¬ë 3 ¨ íª¢¨¢ «¥­â-
­®áâ¨ hK � �K . �ãáâì rK > hK . �®£¤  h
K�

���
K � c1h


��K , £¤¥ � = 
(1 � 1={) + � � �. �á«¨
� � 0, â® h
��K � h
��
 ¨ ãáâ ­ ¢«¨¢ ¥¬ ï ®æ¥­ª  ¨¬¥¥â ¬¥áâ®. �á«¨ � < 0, â® ¯® «¥¬¬¥ 3
h
��K � c3h


h{� = c3h
{(
+���): �â ª, ¢® ¢áïª®¬ á«ãç ¥ h
K�

���
K � ch�.

7. �¯¯à®ªá¨¬ æ¨ï ª®­¥ç­ë¬¨ í«¥¬¥­â ¬¨. �«ï ã§«  ª®­¥ç­®í«¥¬¥­â­®© á¥âª¨ z 2 !h ®¡®-
§­ ç¨¬ Th(z) = fK 2 Th : z 2 Kg, nh(z) = cardTh(z) ¨ «¨­¥©­ë© äã­ªæ¨®­ « ­  L1(
)

lh;z(u) =
1

nh(z)

X
K2Th(z)

IKu(z):

�¯à¥¤¥«¨¬ ®¯¥à â®à ¯à®¥ªâ¨à®¢ ­¨ï Ih ¨§ L1(
) ¢ Xh ä®à¬ã«®©

Ihu(x) =
X
z2!h

lh;z(u)'z(x):

� ª¨¬ ®¡à §®¬, §­ ç¥­¨¥ äã­ªæ¨¨ ' = Ihu ¢ ª ¦¤®¬ ã§«¥ á¥âª¨ z 2 !h ¥áâì áà¥¤­¥¥  à¨ä-
¬¥â¨ç¥áª®¥ §­ ç¥­¨© IKu(z) «®ª «ì­ëå ¯à®¥ªæ¨© ­  í«¥¬¥­â å K, á®¤¥à¦ é¨å ã§¥« z. �á«¨
' 2 Xh, â® ¯® á¢®©áâ¢ã «®ª «ì­ëå ®¯¥à â®à®¢ ¯à®¥ªâ¨à®¢ ­¨ï IK' = ' ­  K; ¯®íâ®¬ã ¤«ï
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K 2 Th(z) IK'(z) = '(z). �«¥¤®¢ â¥«ì­®, Ih' = �h' = ', ¨ ®¯¥à â®à Ih ï¢«ï¥âáï ¯à®¥ªâ®à®¬
­  ¯à®áâà ­áâ¢® Xh.

�¥¬¬  6. �«ï K 2 Th(z) á¯à ¢¥¤«¨¢  ®æ¥­ª 

jlh;z(u)� IKu(z)j � ch
1K �
�
K j�

��rm+1ujp;R(z);

£¤¥ 
1 = m+ 1� n=p, R(z) =
S
fL 2 Th(z)g.

�®ª § â¥«ìáâ¢®. �«ï á¬¥¦­ëå í«¥¬¥­â®¢ K;L 2 Th(z) ¯® â¥®à¥¬¥ 5

jIKu(z) � ILu(z)j � jIKu� ILuj1;K\L � c1h

1
K �

�
K j�

��rm+1ujp;K[L:

�«ï ¯à®¨§¢®«ì­ëå K;L 2 Th(z) áãé¥áâ¢ã¥â â ª ï æ¥¯®çª  ª®­¥ç­ëå í«¥¬¥­â®¢ K = K0;K1; : : :
Kr = L ¨§ Th(z), çâ® Ki ¨ Ki�1 á¬¥¦­ë. � ª çâ®

jIKu(z)� ILu(z)j �
rX

i=1

jIKi�1
u(z)� IKi

u(z)j � c2h

1
K �

�
K j�

��rm+1ujp;R(z);

¯®áª®«ìªã nh(z) � c.

� «¥¥ ®â­®á¨â¥«ì­® áâ¥¯¥­¨ � ¢¥á®¢®© äã­ªæ¨¨ ¯à¥¤¯®« £ ¥âáï, çâ® � < � + 
 ¤«ï 
 =
m + 1 � k, 1 2 Lp;�(
) ¨ j���jp;K � h

n=p
K ���K . �®á«¥¤­ïï ®æ¥­ª   ¢â®¬ â¨ç¥áª¨ ¢ë¯®«­ï¥âáï

¢ ª ¦¤®¬ ¨§ á«¥¤ãîé¨å á«ãç ïå: 1) � � 0; 2) ¤«ï K á rK � �K ; 3) ¥á«¨ �0 ¬­®£®®¡à §¨¥
à §¬¥à­®áâ¨ d ¨ �p < n� d.

�¥®à¥¬  7. �¬¥¥â ¬¥áâ® ®æ¥­ª 

j���rk(u� Ihu)jp;K � ch
K�
���
K j���rm+1ujp;R(K);

£¤¥ R(K) =
S
fL 2 Th : K

T
L 6= ;g.

�®ª § â¥«ìáâ¢®. �® â¥®à¥¬¥ 3

j���rk(u� Ihu)jp;K � j���rk(u� IKu)jp;K + j���rk(Ihu� IKu)jp;K �

� c1h


K�

���
K j���rm+1ujp;K + j���rk(Ihu� IKu)jp;K :

�«ï ®æ¥­ª¨ ¯®á«¥¤­¥£® á« £ ¥¬®£® § ¯¨è¥¬ ¢ â®çª å x 2 K

Ihu(x)� IKu(x) =
X
z2!K

(lh;z(u)� IKu(z))'z(x);

®âªã¤  ¨§ ¯à¥¤ë¤ãé¥© «¥¬¬ë,   â ª¦¥ ¨§ á«¥¤áâ¢¨ï â¥®à¥¬ë 1 ¯®«ãç¨¬

j���rk(Ihu� IKu)jp;K � c2h

1
K �

�
K j�

��rm+1ujp;R(K)h
�k
K j���jp;K � c3h



K�

���
K j���rm+1ujp;R(K): �

�á­®¢­®© à¥§ã«ìâ â áâ âì¨ á®¤¥à¦¨âáï ¢ á«¥¤ãîé¥© ®æ¥­ª¥.

�¥®à¥¬  8. �«ï á£ãé îé¥£®áï ª �0 á® áâ¥¯¥­ìî { � 1 á¥¬¥©áâ¢  âà¨ ­£ã«ïæ¨© (Th) á¯à -
¢¥¤«¨¢  ®æ¥­ª  ¯®£à¥è­®áâ¨  ¯¯à®ªá¨¬ æ¨¨

j���rk(u� Ihu)jp;
 � ch�j���rm+1ujp;
;

£¤¥ � = min(m+ 1� k;{(m+ 1� k + � � �)).

�®ª § â¥«ìáâ¢®. �§ ¯à¥¤ë¤ãé¥© â¥®à¥¬ë â¥¬¨ ¦¥ à ááã¦¤¥­¨ï¬¨, çâ® ¨ ¯à¨ ¢ë¢®¤¥ ®æ¥-
­®ª â¥®à¥¬ë 6, ¯®«ãç¨¬

j���rk(u� Ihu)jp;K � ch�j���rm+1ujp;R(K): (9)

�®ª §ë¢ ¥¬ ï ®æ¥­ª  â¥¯¥àì ¢ëâ¥ª ¥â áã¬¬¨à®¢ ­¨¥¬ ¯® K 2 Th ®æ¥­®ª (9) á ãç¥â®¬ â®£®, çâ®
(«¥¬¬  1) cardfL 2 Th : L

T
K 6= ;g � c.
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8. � ª«îç¨â¥«ì­ë¥ § ¬¥ç ­¨ï.

1. �¯¯à®ªá¨¬ æ¨®­­ë© ®¯¥à â®à Ih áâà®¨âáï ¯® «®ª «ì­ë¬ ¯à®¥ªæ¨ï¬ IK ­  í«¥¬¥­â å.
�§ ¯à®¢¥¤¥­­®£®  ­ «¨§  ¯®£à¥è­®áâ¨ u � Ihu á«¥¤ã¥â, çâ® ¢ ª ç¥áâ¢¥ «®ª «ì­ëå ¯à®¥ªâ®à®¢
¬®£ãâ ¡ëâì ¢§ïâë «î¡ë¥ ¯à®¥ªâ®àë ¢ ¯à®áâà ­áâ¢® ¯®«¨­®¬®¢ ­  í«¥¬¥­â¥, ã¤®¢«¥â¢®àïîé¨¥
®á­®¢­®© «®ª «ì­®© ®æ¥­ª¥ ¢ â¥®à¥¬¥ 3.

2. �­ «®£¨ç­ë¥ ¯®áâà®¥­¨ï ¨  ­ «¨§ ¬®£ãâ ¡ëâì ¯à®¢¥¤¥­ë ¤«ï ª®­¥ç­ëå í«¥¬¥­â®¢ á®
áâ¥¯¥­ï¬¨ á¢®¡®¤ë ­¥ â®«ìª® « £à ­¦¥¢®£® â¨¯ , ­® ¨ ¨á¯®«ì§ãîé¨å, ­ ¯à¨¬¥à, ¯à®¨§¢®¤­ë¥
¯® ­ ¯à ¢«¥­¨ï¬.

3. �¥§ã«ìâ âë à ¡®âë áâ ­¤ àâ­®© â¥å­¨ª®© à á¯à®áâà ­ïîâáï ­  á«ãç © ª®­¥ç­ëå í«¥¬¥­-
â®¢, ¯®«ãç ¥¬ëå ¨§ ¨áå®¤­®£® ¯à¥®¡à §®¢ ­¨ï¬¨ ª®®à¤¨­ â ¡®«¥¥ ®¡é¥£® ¢¨¤ , ç¥¬  ää¨­­ë¥,
á ¥áâ¥áâ¢¥­­ë¬¨ âà¥¡®¢ ­¨ï¬¨ ®¡à â¨¬®áâ¨ ¨ £« ¤ª®áâ¨ ¯àï¬®£® ¨ ®¡à â­®£® ¯à¥®¡à §®¢ ­¨©.

�¢â®à ¡« £®¤ à¨â ¯à®ä¥áá®à  �.�. �ïèª® §  ¢­¨¬ ­¨¥ ª à ¡®â¥.
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