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�¢¥¤¥¨¥. � [1], [2] ¡ë«®  ç â® á¨áâ¥¬ â¨ç¥áª®¥ ¨§ãç¥¨¥ á¯¥æ¨ «ìëå ª« áá®¢ ªà¨¢®«¨-
¥©ëå âà¨-âª ¥©, ®¯à¥¤¥«ï¥¬ëå ¯à®áâ¥©è¨¬¨ á®®â®è¥¨ï¬¨   ®â®á¨â¥«ìë¥ ¨¢ à¨ âë
âª ¨. �ë«® ¤®ª § ®, çâ® ®¡à é¥¨¥ ¢ ã«ì ®¤®© ¨§ ª®¢ à¨ âëå ¯à®¨§¢®¤ëå ªà¨¢¨§ë å -
à ªâ¥à¨§ã¥â âà¨-âª ¨, ¤¢  á¥¬¥©áâ¢  ª®â®àëå ®¯à¥¤¥«ïîâáï ®¡®¡é¥ë¬¨ ãà ¢¥¨ï¬¨ �¡¥«ï
¢¨¤ 

dy

dx
= �ayn + b(x)yn�2 + � � �+ c(x):

� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ¢ ¥ª®â®à®¬ á¬ëá«¥ ®¡à â ï § ¤ ç ,   ¨¬¥®, áâ ¢¨âáï
¯à®¡«¥¬  ¨§ãç¥¨ï âà¨-âª ¥©, ®¯à¥¤¥«ï¥¬ëå ¤¨ää¥à¥æ¨ «ìë¬¨ ãà ¢¥¨ï¬¨ á¯¥æ¨ «ì®-
£® ¢¨¤ ,  å®¤¨âáï   «¨â¨ç¥áª ï å à ªâ¥à¨áâ¨ª  âª ¥©, ®¯à¥¤¥«ï¥¬ëå ¯à®¨§¢®«ìë¬ «¨¥©-
ë¬ ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨¥¬ ¯¥à¢®£® ¯®àï¤ª . �®ª § ®, çâ® ª« áá â ª¨å âª ¥© â ª¦¥
å à ªâ¥à¨§ã¥âáï ®¡à é¥¨¥¬ ¢ ã«ì ¥ª®â®àëå ®â®á¨â¥«ìëå ¨¢ à¨ â®¢.

� ¦¤®¥ «¨¥©®¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¢¨¤ 

y0 = f(x; y) (1)

®¯à¥¤¥«ï¥â âà¨-âª ì W , á®áâ®ïéãî ¨§ âà¥å á¥¬¥©áâ¢ «¨¨© ��:

�1 : x = const; �2 : y = const; �3 : F (x; y) = const;

¯à¨ç¥¬ ¯®á«¥¤¥¥ á¥¬¥©áâ¢® á®áâ®¨â ¨§ ¨â¥£à «ìëå ªà¨¢ëå ãà ¢¥¨ï (1). �¡à â®, ª ¦¤ ï
ªà¨¢®«¨¥© ï âà¨-âª ìW íª¢¨¢ «¥â  ¥ª®â®à®© âà¨-âª ¨ fW , á®áâ®ïé¥© ¨§ âà¥å ¢ëè¥ãª -
§ ëå á¥¬¥©áâ¢ ��, ¯à¨ç¥¬ á«®¨ âà¥âì¥£® á«®¥¨ï âª ¨ fW ï¢«ïîâáï ¨â¥£à «ìë¬¨ ªà¨¢ë¬¨
®¡ëª®¢¥®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï Fxdx + Fydy = 0. �â® ãà ¢¥¨¥ ®¯à¥¤¥«¥® ¥
®¤®§ ç®,   á â®ç®áâìî ¤® § ¬¥ ¢¨¤ 

x = �(ex); y = �(ey); (2)

¯¥à¥¢®¤ïé¨å ¤¥ª àâ®¢ã á¥âì x = const, y = const ¢ â ªãî ¦¥. �¡ëç® âà¨-âª ì, § ¤  ï
ãà ¢¥¨¥¬ z = F (x; y), à áá¬ âà¨¢ ¥âáï á â®ç®áâìî ¤® ¨§®â®¯¨ç¥áª¨å ¯à¥®¡à §®¢ ¨©, â. ¥.
«®ª «ìëå ¤¨ää¥®¬®àä¨§¬®¢ ¢¨¤  x = �(ex), y = �(ey), z = �(ez). �¢¨¤ã ãª § ®£® á®®â¢¥â-
áâ¢¨ï ¬¥¦¤ã âà¨-âª ï¬¨ ¨ ¤¨ää¥à¥æ¨ «ìë¬¨ ãà ¢¥¨ï¬¨ ¢¨¤  (1) ¬®¦® à áá¬ âà¨¢ âì
íâ¨ ãà ¢¥¨ï â ª¦¥ á â®ç®áâìî ¤® ¨§®â®¯¨¨ ¢¨¤  (2). �®ç¥¥ £®¢®àï, â¥®à¨ï âª ¥©, ¢ à ¬ª å
ª®â®à®© ¯à®¢®¤ïâáï à ááã¦¤¥¨ï, ã« ¢«¨¢ ¥â â¥ á¢®©áâ¢  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ª®â®-
àë¥ á®åà ïîâáï ¯à¨ ¨§®â®¯¨ç¥áª¨å ¯à¥®¡à §®¢ ¨ïå ¢¨¤  (2). � ª®© ¯®¤å®¤ ¤ ¥â ¢®§¬®¦®áâì
ª« áá¨ä¨æ¨à®¢ âì ®¡ëª®¢¥ë¥ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï á â®ç®áâìî ¤® ãª § ®© ¨§®-
â®¯¨¨ ¯à¨ ¯®¬®é¨ ¤¨ää¥à¥æ¨ «ì®-£¥®¬¥âà¨ç¥áª¨å ¨¢ à¨ â®¢ á®®â¢¥âáâ¢ãîé¥© âà¨-âª ¨.
� ¤àã£®© áâ®à®ë, ¯®ï¢«ï¥âáï ¢®§¬®¦®áâì ¯¥à¥¥áâ¨ á¢®©áâ¢  à¥è¥¨© ¤¨ää¥à¥æ¨ «ì®£®
ãà ¢¥¨ï   á®®â¢¥âáâ¢ãîé¨¥ âà¨-âª ¨.

� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï  ¨¡®«¥¥ ¯à®áâ®© á«ãç © | ãà ¢¥¨¥ ¢¨¤ 

y0 + yf(x) = g(x); (3)
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¨  å®¤¨âáï ¨¢ à¨ â ï å à ªâ¥à¨áâ¨ª  á®®â¢¥âáâ¢ãîé¥£® ª« áá  âª ¥©.

1. �®£« á® [1] § ¤ ¤¨¬ á«®¥¨ï �� âª ¨ W ãà ¢¥¨ï¬¨ �ä ää 

!1 = 0; !2 = 0; !1 + !2 = 0: (4)

� §¨áë¥ ä®à¬ë !1 = 0 ¨ !2 = 0 ã¤®¢«¥â¢®àïîâ áâàãªâãàë¬ ãà ¢¥¨ï¬

d!1 = !1 ^ !; d!2 = !2 ^ !; (5)

¨

d! = b!1 ^ !2; (6)

£¤¥ b ¥áâì â ª  §ë¢ ¥¬ ï ªà¨¢¨§  âà¨-âª ¨ W .
�¨ää¥à¥æ¨àãï ¢¥è¨¬ ®¡à §®¬ ãà ¢¥¨¥ (6) ¨ ¯à¨¬¥ïï «¥¬¬ã � àâ  , ¯à¨¤¥¬ ª ãà ¢-

¥¨î

db� 2b! = b1!1 + b2!2: (7)

�à¨ ¤¨ää¥à¥æ¨à®¢ ¨¨ ¯®á«¥¤¥£®   «®£¨çë¬ ®¡à §®¬ ¯®«ãç¨¬

db1 � 3b1! = b11!1 + b12!2; db2 � 3b2! = b21!1 + b22!2; (8)

¯à¨ç¥¬ ¢å®¤ïé¨¥ áî¤  äãªæ¨¨ á¢ï§ ë á®®â®è¥¨¥¬

b12 � b21 � 2b2: (9)

�ãªæ¨¨ b; b1; b2; b11; : : : ; b22 áãâì ®â®á¨â¥«ìë¥ ¨¢ à¨ âë âà¨-âª ¨W . �â® ®§ ç ¥â á«¥¤ãî-
é¥¥: ¥á«¨ âà¨-âª ì W íª¢¨¢ «¥â  (¨§®â®¯a) ¥ª®â®à®© ¤àã£®© âà¨-âª ¨ fW ¨ áâàãªâãàë¥
ãà ¢¥¨ï ®¡¥¨å âª ¥© § ¯¨á ë ¢ ¢¨¤¥ (4){(5), â® á®®â¢¥âáâ¢ãîé¨¥ ¡ §¨áë¥ ä®à¬ë á¢ï§ ë
á®®â®è¥¨ï¬¨ e!1 = A!1, e!2 = A!2,   ªà¨¢¨§  b ¨ ¥¥ ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥ | á®®â®è¥-
¨ï¬¨ eb = A�2b, eb1 = A�3b1, eb11 = A�4b11; : : :

2. � áá¬®âà¨¬ ãà ¢¥¨¥ (3). � ¯®¬®éìî ¨§®â®¯¨ç¥áª®£® ¯à¥®¡à §®¢ ¨ï f(x)dx = dex ¯à¨-
¢¥¤¥¬ ¥£® ª ¢¨¤ã

dy + (y + eg(x))dex = 0: (10)

�¯ãáâ¨¢ â¨«ì¤ã, ®¡®§ ç¨¬

!1 = (y + g(x))dx; !2 = dy: (11)

�®£¤  ãà ¢¥¨¥ (10), ®¯à¥¤¥«ïîé¥¥ âà¥âì¥ á«®¥¨¥ âª ¨, ¯à¨¬¥â ¢¨¤ !1+!2 = 0,   íâ® ®§ ç ¥â
[1], çâ® áâàãªâãàë¥ ãà ¢¥¨ï à áá¬ âà¨¢ ¥¬®© âà¨-âª ¨ W ¤®«¦ë ¨¬¥âì ¢¨¤ (5){(8).

� ª ª ª d!2 = 0, â® ¨§ (5) á«¥¤ã¥â

! = �!2 = � dy: (12)

�¬¥¥¬

d!1 = dy ^ dx = !1 ^
�!2

y + g(x)
; d!2 = !2 ^

�!2

y + g(x)
:

�à ¢¨¢ ï á (5),  å®¤¨¬

! =
�!2

y + g(x)
=

�dy

y + g(x)
: (13)

� «¥¥,

d! = �d
1

y + g(x)
^ dy =

g0dx

(y + g)2
^ dy =

g0

(y + g)3
!1 ^ !2:
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�à ¢¨¢ ï á (6),  å®¤¨¬

b =
g0

(y + g)3
: (14)

�á¯®«ì§ãï ä®à¬ã«ë (11){(14),  å®¤¨¬

db� 2b! =
�

g00

(y + g)3
�

3(g0)2

(y + g)4

�
dx�

3g0dy
(y + g)4

�
2g0

(y + g)3
�!2

y + g
=

=
�

g00

(y + g)4
�

3(g0)2

(y + g)5

�
!1 �

g0

(y + g)4
!2:

�à ¢¨¢ ï á (7),  å®¤¨¬

b1 =
g00

(y + g)4
�

3(g0)2

(y + g)5
; b2 = �

g0

(y + g)4
: (15)

� «¥¥

db2 � 3b2! =
�
�

g00

(y + g)4
+

4(g0)2

(y + g)5

�
dx+

4g0dy
(y + g)5

+
3g0

(y + g)4
�dy

y + g
=

=
�

�g00

(y + g)5
+

4g02

(y + g)6

�
!1 +

g0

(y + g)5
!2:

�à ¢¨¢ ï á ãà ¢¥¨ï¬¨ (8), ¯®«ãç ¥¬

b21 =
�g00

(y + g)5
+

4g02

(y + g)6
; b22 =

g0

(y + g)5
: (16)

�áª«îç ï ¨§ ãà ¢¥¨© (14){(16) ¯¥à¥¬¥ë¥ g0, g00 ¨ â. ¤., ¯®«ãç¨¬ á®®â®è¥¨ï, á¢ï§ë¢ îé¨¥
®â®á¨â¥«ìë¥ ¨¢ à¨ âë âª ¨

bb22 � (b2)
2 = 0; bb21 � b1b2 � b3 = 0: (17)

� ª¨¬ ®¡à §®¬, ¤®ª § ® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥: ¨¢ à¨ âë âà¨-âª ¨ W , á®®â¢¥â-

áâ¢ãîé¥© «¨¥©®¬ã ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î, ã¤®¢«¥â¢®àïîâ á®®â®è¥¨ï¬ (17).

3. �¡à â®, à áá¬®âà¨¬ âà¨-âª ì W , ¤«ï ª®â®à®© ¢ë¯®«ïîâáï á®®â®è¥¨ï (17), ¨ ¤®ª -
¦¥¬, çâ® ¥© ®â¢¥ç ¥â «¨¥©®¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¯¥à¢®£® ¯®àï¤ª .

� ¬¥â¨¬ á ç « , çâ®   «î¡®© âà¨-âª ¨ ¬®¦® ¢ë¡à âì ª®¡ §¨á â ª, çâ®¡ë ä®à¬  !2,
 ¯à¨¬¥à, ¡ë«  ¯®«ë¬ ¤¨ää¥à¥æ¨ «®¬:

!2 = dy: (18)

�®£¤  d!2 = 0, ¨ ¢ á¨«ã (5) ¯®«ãç ¥¬

! = �!2 = � dy: (19)

�®®â®è¥¨ï (17) ¬®¦® à §à¥è¨âì, ¢¢e¤ï ¯ à ¬¥âà k,

b2 = kb; b22 = k2b; b21 = kb1 + b2; b12 = kb1 + 3b2 (20)

(¯®á«¥¤¥¥ ¢ëâ¥ª ¥â ¨§ (9)).
� à¥§ã«ìâ â¥ ãà ¢¥¨ï (7){(9) ¯à¨¬ãâ ¢¨¤

db� 2b! = b1!1 + kb!2;

db1 � 3b1! = b11!1 + (kb1 + 3b2)!2;

db2 � 3b2! = (kb1 + b2)!1 + k2b!2:
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�¨ää¥à¥æ¨àãï á ¯®¬®éìî (20), (7) à ¢¥áâ¢® b2 = kb, ¯à¨¤¥¬ ª ãà ¢¥¨î

dk � k! = b!1: (21)

�§ (21) ¨ (5) ¨¬¥¥¬ dk ^ !1 = k! ^ !1 = �k!1 ^ ! = �kd!1, ¨«¨ d!1 = �
dk

k
^ !1. �âáî¤  á«¥¤ã¥â

!1 = �
1
k
dx; (22)

£¤¥ x | ¥ª®â®à ï ®¢ ï ¯¥à¥¬¥ ï. �¨ää¥à¥æ¨àãï ¢¥è¨¬ ®¡à §®¬ ãà ¢¥¨ï (19) á ãç¥-
â®¬ à ¢¥áâ¢  (22), ¯®«ãç¨¬ d! = d� ^ dy = �xdx ^ dy = ��xk!1 ^ !2. �à ¢¨¢ ï ¤ «¥¥ á (6),
 å®¤¨¬

b = �k�x: (23)

� à¥§ã«ìâ â¥ ãà ¢¥¨¥ (21) ¯à¨¬¥â ¢¨¤ dk = k� dy+�xdx. �âáî¤  kx = �x, ky = k� ¨ � = k+'(y).
�áª«îç ï �,  å®¤¨¬

ky = k2 + k'; (24)

  à ¢¥áâ¢® (23) § ¯¨è¥âáï ¢ ä®à¬¥ b = �kkx. �®«®¦¨¬

� = k�1: (25)

� ¯®¬®éìî (24)  å®¤¨¬, çâ® � ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

�y = �1� �'(y): (26)

�®«®¦¨¬ '(y) = ��y(y)=�(y). �®£¤  ®¤®à®¤®¥ ãà ¢¥¨¥ �y = ��' ¨¬¥¥â à¥è¥¨¥ � =
c(x)�(y),   ®¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï (26) |

� =
�
�

Z
dy

�
� g(x)

�
�:

� à¥§ã«ìâ â¥ ãà ¢¥¨¥ âà¥âì¥£® á«®¥¨ï ¨¬¥¥â ¢¨¤ !1 + !2 = 0, â®£¤  ¢ á¨«ã (18), (22), (25)

��dx+ dy = 0, § ç¨â, dy +
�R

dy

�(y)
+ g(x)

�
�(y)dx = 0,  ª®¥æ, ¯®«ãç ¥¬

dy

�
+
�Z

dy

�
+ g(x)

�
dx = 0: (27)

�¥¯¥àì ¯à®¨§¢¥¤¥¬ ¨§®â®¯¨ç¥áª®¥ ¯à¥®¡à §®¢ ¨¥
R

dy

�(y)
= ey. � à¥§ã«ìâ â¥ ãà ¢¥¨¥ (27) ¯à¨¬¥â

¢¨¤ dey + (ey + g(x))dx = 0, â. ¥. á®¢¯ ¤¥â á ãà ¢¥¨¥¬ (10). �

�¨â¥à âãà 
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