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(��D + qj)u(x) � ��u(x) + qj(x)u(x) = �u(x) (8x 2 
); u(x) = 0 (8x 2 S);

¤«ï ª®â®àëå 
 | âà¥å¬¥à ï ®£à ¨ç¥ ï ®¡« áâì á £à ¨æ¥© S ª« áá  C2 §  ¨áª«îç¥¨¥¬
ª®¥ç®£® ç¨á«  ã£«®¢ëå â®ç¥ª; qj (j = 1; 2) | ¤¥©áâ¢¨â¥«ìë¥ ¥¯à¥àë¢ë¥ ¢ 
 äãªæ¨¨; �
| ª®¬¯«¥ªáë© ¯ à ¬¥âà.

�ãáâì �j(qj) | á®¡áâ¢¥ë¥ ç¨á«  ®¯¥à â®à  ��D + qj, ¯¥à¥ç¨á«¥ë¥ ¢ ¯®àï¤ª¥ ¢®§à -
áâ ¨ï ¨å ¢¥«¨ç¨ á ãç¥â®¬ ªà â®áâ¨; ui(qj) (ui(qj) 2 L2(
)) | ®â¢¥ç îé¨¥ ¨¬ á®¡áâ¢¥ë¥
®àâ®®à¬¨à®¢ ë¥ äãªæ¨¨.

�¥«ìî ¤ ®© à ¡®âë ï¢«ï¥âáï ¤®ª § â¥«ìáâ¢® á«¥¤ãîé¥£® ãâ¢¥à¦¤¥¨ï.

�¥®à¥¬ . �ãáâì ¯®â¥æ¨ «ë qj ¢ 
 â ª®¢ë, çâ®

�i(q1); �i(q2) � C1i
2=3 + C2i

1=3 + o(i1=3); (1)

p0 = lim
t!1

i"j�i(q2)� �i(q1)j <1 ¯à¨ " >
5
9
; (2)@ui(q1)@�

(x)

L2(S)

;

@ui(q2)@�
(x)


L2(S)

� C3i
1=3; (3)

q0 = lim
i!1

i�
@ui(q1)@�

(x)
@ui(q1)
@�

(y)� @ui(q2)
@�

(x)
@ui(q2)
@�

(y)

L2(S�S)

<1 ¯à¨ � >
1
3
: (4)

�®£¤  q1 = q2.

�¢¥¤¥¬ ¤¥©áâ¢ãîé¨¥ ¢ L2(S) ®¯¥à â®àë N(�; qj),

N(�; qj)f =
@uj

@�

����
S

;

£¤¥ � | ¢ãâà¥ïï ®à¬ «ì ª S,   uj | à¥è¥¨¥ § ¤ ç¨

(��D + qj)u(x) = �u(x) (8x 2 
); u(x) = f(x) (8x 2 S; � 6= �i(qj); i = 1;1):

� [1] ¯®ª § ®, çâ® ®¯¥à â®à N(�; qj) ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥

N(�; qj)f =
Z
S

� 1X
i=1

@ui(qj)
@�

(x)
@ui(qj)
@�

(y)(�i(qj)� �)�1
�
f(x)dx:

�á¯®«ì§ãï ï¤à®

kN(�; qj) =
1X
i=1

@ui(qj)
@�

(x)
@ui(qj)
@�

(y)(�i(qj)� �)�1

� ¡®â  ¯¥à¢®£®  ¢â®à  ¯®¤¤¥à¦   £à â®¬ �®à®á .
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íâ®£® ¨â¥£à «ì®£® ®¯¥à â®à ,  å®¤¨¬

kN(�; q1)� kN(�; q2) =
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i=1

@ui(q1)
@�

(x)
@ui(q1)
@�

(y)(�i(q1)� �)�1 �
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�
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=
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�
@ui(q1)
@�
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@�

(x)
@ui(q2)
@�

(y)(�i(q1)� �)
�
(�i(q1)� �)�1(�i(q2)� �)�1 � �0 +�00;

£¤¥

�0 =
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i=1

(�i(q2)� �i(q1))(�i(q1)� �)�1(�i(q2)� �)�1
@ui(q1)
@�

(x)
@ui(q1)
@�
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�00 =
1X
i=1

�
@ui(q1)
@�

(x)
@ui(q1)
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(y)� @ui(q2)
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@ui(q2)
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�
(�i(q2)� �)�1:

�¥¯¥àì ¤«ï ®¯¥à â®à®© ®à¬ë ¨¬¥¥¬

kN(�; q1)�N(�; q2)k � kN(�; q1)�N(�; q2)k2 =

=
�Z

S

jk[N(�; q1)� kN(�; q2)]j2dx dy
�1=2

=

=
�Z

S

jkN(�; q1)� kN(�; q2)j2dx dy
�1=2

=
�Z

S

j�0 +�00j2dx dy
�1=2

�

�
�Z

S

j�0j2dx dy
�1=2

+
�Z

S

j�00j2dx dy
�1=2

= k�0kL2(S) + k�00kL2(S) �

�
1X
i=1

j�i(q1)� �i(q2)k�i(q1)� �j�1j�i(q2)� �j�1
@ui(q1)@�

(x)

2

L2(S)

+

+
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@ui(q1)@�
(x)

@ui(q1)
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L2(S�S)

j�i(q2)� �j�1 � S1 + S2:

� [2] ¤®ª § ®, çâ® ¯à¨ jn� tkj > c1t
�
k > 0, £¤¥ 1

3
� � � 1, á¯à ¢¥¤«¨¢ë ®æ¥ª¨

j�n(qj)� �tk(qj)j � c2maxftk; ng� > 0;

j�n(q2)� �tk(q1)j � c3maxftk; ng� > 0:
(5)

�®« £ ï � = N 2 � 1 + 2Ni � �i0(q1) + 2Ni,

maxf 5
6
� "

2
; 1
3
g < � < minf1; "g; maxf1� �; 1

3
g < e� < minf1; 1

3
+ �g;
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¨¬¥¥¬ ¢ á¨«ã (3)

S1 � c4

1X
i=1

j�i(q1)� �i(q2)ji2=3j�i(q1)� �i0(q1)� 2Nij�1j�i(q2)� �i0(q1)� 2Nij�1 �
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X
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�

0
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:

� á¨«ã (2) ¨ (5) (¯à¨¬¥¨â¥«ì® ª® ¢â®à®¬ã á« £ ¥¬®¬ã)
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! 0

¯à¨ i0 !1. � «®£¨ç®

S2 =
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;

¨ ¢ á¨«ã (4), (5) (¯à¨¬¥¨â¥«ì® ª® ¢â®à®¬ã á« £ ¥¬®¬ã)
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¯à¨ i0 !1. �®¤ëâ®¦¨¢, ¯à¨å®¤¨¬ ª à ¢¥áâ¢ã

lim
i0!1

kN(�; q1)�N(�; q2)k = 0: (6)

�¢¥¤¥¬ äãªæ¨î à áá¥ï¨ï

S(�; �; !; qj) =
Z
S

(N(�; qj)'�;!)(x)'�;��dSx;

£¤¥ Sx | í«¥¬¥â ¯«®é ¤¨ ¯®¢¥àå®áâ¨, '�;!(x) = exp(i
p
�!x), k!k = p

!2
1 + !2

2 + !2
3. �¬¥¥¬

jS(�; �; !; q1)� S(�; �; !; q2)j =
����
Z
S

(N(�; q1)'�;!)(x)'�;��)(x)dSx �
Z
S

(N(�; q2)'�;!)(x)'�;��(x)dSx

���� =
=
����
Z
S

[(N(�; q1)'�;!)(x)� (N(�; q2)'�;!)(x)]'�;��(x)dSx

���� =
=
����
Z
S

([N(�; q1)�N(�; q2)]'�;!(x)]'�;��(x)dSx

���� =
= h[N(�; q1)�N(�; q2)]'�;!; '�;��i � k[N(�; q1)�N(�; q2)]'�;!kL2(S)k'�;��kL2(S) �

� kN(�; q1)�N(�; q2)k k'�;!kL2(S)k'�;��kL2(S):
�âáî¤  ¢ á¨«ã (6) ¨ à ¢®¬¥à®© ®£à ¨ç¥®áâ¨ '�;! ¯®«ãç ¥¬

lim
i0!1

jS(�; �; !; q1)� S(�; �; !; q2)j = 0: (7)
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�®ª § ® [1], çâ®

S(�; �; !; qj) = ��

2
(� � !)2

Z


exp(�i

p
�(� � !)x)dx+

+
Z



exp(�i
p
�(� � !)x)qj(x)dx�

Z
S

(R(�)qj'�;!)(x)qj'�;��(x)dSx;

£¤¥ R(�) = (��D + qj � �)�1;

lim
N!1

(StN ; �N ; !N ; qj) = �j�j
2

2

Z



exp(�ix�)dx+
Z



exp(�ix�)qj(x)dx;

£¤¥ ¯à¨ (�; �) = 0, � 6= 0 ¯®«®¦¥®

cN =
�
1� �2

4N 2

�1=2

; �N = cN� +
�

2N
; !N = cN� � �

2N
;
p
tN = N + i:

�á«¨ N ! 1, â® �i0(q1) ! 1, ¯®áª®«ìªã �i0(q1) = N 2 � 1, ¨ ¨§ (1) á«¥¤ã¥â, çâ® i0 ! 1.
� ª¨¬ ®¡à §®¬, ¢ á¨«ã (7)

lim
N!1

jS(tN ; �N ; !N ; q1)� S(tN ; �N ; !N ; q2)j = 0: (8)

�à®¬¥ â®£®, ¢¢¨¤ã áãé¥áâ¢®¢ ¨ï ¯à¥¤¥«®¢ lim
N!1

S(tN ; �N ; !N ; q1) ¨ lim
N!1

S(tN ; �N ; !N ; q2) ¨¬¥¥¬

lim
N!1

jS(tN ; �N ; !N ; q1)� S(tN ; �N ; !N ; q2)j = j lim
N!1

S(tN ; �N ; !N ; q1)� lim
N!1

S(tN ; �N ; !N ; q2)j:
�¥¯¥àì (8) ¤ ¥â lim

N!1
S(tN ; �N ; !N ; q1) = lim

N!1
S(tN ; �N ; !N ; q2), â .¥.

R



exp(�ix�)q1(x)dx =R



exp(�ix�)q2(x)dx.
� ª¨¬ ®¡à §®¬, ¯®ª § ®, çâ® ¯à¥®¡à §®¢ ¨ï �ãàì¥ ¤«ï äãªæ¨© q1 ¨ q2 á®¢¯ ¤ îâ, ®âªã¤ 

á«¥¤ã¥â, çâ® q1 = q2: �

�¨â¥à âãà 
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