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1. �¢¥¤¥¨¥ ¨ ®á®¢ë¥ à¥§ã«ìâ âë

�  ï à ¡®â  ¯®á¢ïé¥  ¯à®¡«¥¬¥ à §à¥è¨¬®áâ¨ ¥ª®â®àëå ªà ¥¢ëå § ¤ ç (  «®£®¢ § -
¤ ç¨ �¨à¨å«¥) ¤«ï í««¨¯â¨ç¥áª¨å ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢¨¤ 

�u = u�(juj) � g(u); (1)

£¤¥ �(�) � 0 | ¬®®â®® ¢®§à áâ îé ï, ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï ¯à¨ 0��<1,
  ¥ª®¬¯ ªâ®¬ à¨¬ ®¢®¬ ¬®£®®¡à §¨¨ M ¡¥§ ªà ï.

�®¯à®áë áãé¥áâ¢®¢ ¨ï ®£à ¨ç¥ëå à¥è¥¨© ¨ ®¤®§ ç®© à §à¥è¨¬®áâ¨ § ¤ ç¨ �¨-
à¨å«¥ ¤«ï ãà ¢¥¨ï (1) ¢ ®£à ¨ç¥ëå ®¡« áâïå Rn ¤®áâ â®ç® ¯®«® ¨§ãç¥ë ¢ [1]{[3]. �
[4]{[8] ¨áá«¥¤ã¥âáï ¯à®¡«¥¬  áãé¥áâ¢®¢ ¨ï æ¥«ëå à¥è¥¨© ¤«ï ¯®«ã«¨¥©ëå í««¨¯â¨ç¥áª¨å
ãà ¢¥¨© ¢ Rn ¨   ª®¬¯ ªâëå à¨¬ ®¢ëå ¬®£®®¡à §¨ïå ¡¥§ ªà ï.

�¤ ª® ¥ ¬¥ìè¨© ¨â¥à¥á ¤«ï ¨§ãç¥¨ï ¯à¥¤áâ ¢«ïîâ ¢®¯à®áë, á¢ï§ ë¥ á ¯à®¡«¥¬®©
à §à¥è¨¬®áâ¨ § ¤ ç¨ �¨à¨å«¥ ¤«ï ãà ¢¥¨ï (1)   ¯à®¨§¢®«ìëå ¥ª®¬¯ ªâëå ¨ ®á®¡¥®
¯®«ëå à¨¬ ®¢ëå ¬®£®®¡à §¨ïå á £à ¨çë¬¨ ¤ ë¬¨   \¡¥áª®¥ç®áâ¨".

� ¤ ®© à ¡®â¥ ¨á¯®«ì§ã¥âáï ¯®¤å®¤ ª ¯®áâ ®¢ª¥ ªà ¥¢ëå § ¤ ç, ¯à¥¤«®¦¥ë© ¢ [9], ãáâ -
 ¢«¨¢ ¥âáï § ¢¨á¨¬®áâì ¬¥¦¤ã à §à¥è¨¬®áâìî ªà ¥¢ëå ¨ ¢¥è¨å ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢¥-
¨ï (1),   â ª¦¥ ¨§ãç ¥âáï á¢ï§ì ¬¥¦¤ã á¯à ¢¥¤«¨¢®áâìî «¨ã¢¨««¥¢ëå â¥®à¥¬ ¤«ï ãà ¢¥¨ï
(1) ¨ ®¤®§ ç®© à §à¥è¨¬®áâìî ¥ª®â®àëå ¢¥è¨å ªà ¥¢ëå § ¤ ç. �à¨ ¤®ª § â¥«ìáâ¢¥ ¥-
ª®â®àëå ãâ¢¥à¦¤¥¨© áãé¥áâ¢¥®¥ ¯à¨¬¥¥¨¥  å®¤ïâ ¨¤¥¨ ¨ ¬¥â®¤ë, ¨§«®¦¥ë¥ ¢ [4] ¨
[10].

�ãáâì M | ¯à®¨§¢®«ì®¥ £« ¤ª®¥ á¢ï§®¥ ¥ª®¬¯ ªâ®¥ à¨¬ ®¢® ¬®£®®¡à §¨¥ ¡¥§ ªà ï,
fBkg

1
k=1 | ¨áç¥à¯ ¨¥ ¬®£®®¡à §¨ï M , â. ¥. ¯®á«¥¤®¢ â¥«ì®áâì ¯àe¤ª®¬¯ ªâëå ®âªàëâëå

¯®¤¬®¦¥áâ¢ à¨¬ ®¢  ¬®£®®¡à §¨ï M â ª¨å, çâ® Bk � Bk+1, M =
1
[
k=1

Bk.

�ãáâì f1(x) ¨ f2(x) | ¥¯à¥àë¢ë¥ ®£à ¨ç¥ë¥  M äãªæ¨¨. �ã¤¥¬ £®¢®à¨âì, çâ® äãª-
æ¨¨ f1(x) ¨ f2(x) íª¢¨¢ «¥âë   M ¨ ®¡®§ ç âì f1(x) � f2(x), ¥á«¨ ¤«ï ¥ª®â®à®£® ¨áç¥à¯ -
¨ï fBkg

1
k=1 ¬®£®®¡à §¨ï M ¢ë¯®«¥®

lim
k!1

kf1(x)� f2(x)kC0(MnBk) = 0;

£¤¥ kf(x)kC0(G) = sup
G

jf(x)j.

�¡®§ ç¨¬ ª« áá íª¢¨¢ «¥âëå f äãªæ¨© ç¥à¥§ [f ]. �á®, çâ® ¢¢¥¤¥®¥ ®â®è¥¨¥ ¥
§ ¢¨á¨â ®â ¢ë¡®à  ¨áç¥à¯ ¨ï ¬®£®®¡à §¨ï M ¨ å à ªâ¥à¨§ã¥â ¯®¢¥¤¥¨¥ äãªæ¨© ¢¥ ¯à®¨§-
¢®«ì®£® ª®¬¯ ªâ®£® ¯®¤¬®¦¥áâ¢  B �M .

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ ò03-01-00304a).
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� íâ®© á¢ï§¨ ¡ã¤¥¬  §ë¢ âì äãªæ¨î f  á¨¬¯â®â¨ç¥áª¨ ¥®âà¨æ â¥«ì®© ( á¨¬¯â®â¨-
ç¥áª¨ ¥¯®«®¦¨â¥«ì®©), ¥á«¨   M áãé¥áâ¢ã¥â â ª ï ¥¯à¥àë¢ ï ®£à ¨ç¥ ï äãªæ¨ï
w � 0 (w � 0), çâ® w � f .

�ã¤¥¬ £®¢®à¨âì, çâ®   M à §à¥è¨¬  ªà ¥¢ ï § ¤ ç  ¤«ï ãà ¢¥¨ï (1) á £à ¨çë¬¨ ãá«®-

¢¨ï¬¨ ¨§ ª« áá  [f ], ¥á«¨   M áãé¥áâ¢ã¥â â ª®¥ à¥è¥¨¥ u(x) ãà ¢¥¨ï (1), çâ® u 2 [f ].
�ãáâì B �M | ¯à®¨§¢®«ì®¥ á¢ï§®¥ ª®¬¯ ªâ®¥ ¯®¤¬®¦¥áâ¢® á ¥¯ãáâ®© ¢ãâà¥®áâìî

¨ £« ¤ª®© £à ¨æ¥©, B � Bk ¤«ï ¢á¥å k, �(x) | ¯à®¨§¢®«ì ï ¥¯à¥àë¢ ï   @B äãªæ¨ï.
�ã¤¥¬ £®¢®à¨âì, çâ® ¤«ï ¥¯à¥àë¢®©   @B äãªæ¨¨ �(x)   M n B à §à¥è¨¬  ¢¥èïï

ªà ¥¢ ï § ¤ ç  ¤«ï ãà ¢¥¨ï (1) á £à ¨çë¬¨ ãá«®¢¨ï¬¨ ¨§ ª« áá  [f ], ¥á«¨  MnB áãé¥áâ¢ã¥â
â ª®¥ à¥è¥¨¥ u(x) ãà ¢¥¨ï (1), çâ® u 2 [f ] ¨ uj@B = �j@B.

� «®£¨çë¬ ®¡à §®¬ ¬®¦® ®áãé¥áâ¢¨âì ¯®áâ ®¢ªã ªà ¥¢ëå § ¤ ç   ¯à®¨§¢®«ìëå ¥-
ª®¬¯ ªâëå à¨¬ ®¢ëå ¬®£®®¡à §¨ïå ¤«ï ãà ¢¥¨ï � ¯« á , ãà ¢¥¨ï �à�¥¤¨£¥à  ¨ ¤«ï
àï¤  ¤àã£¨å í««¨¯â¨ç¥áª¨å ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢â®à®£® ¯®àï¤ª  (á¬. [9]).

� ¬¥â¨¬, çâ® ¥á«¨ ¬®£®®¡à §¨¥ M ¨¬¥¥â ª®¬¯ ªâë© ªà © ¨«¨ áãé¥áâ¢ã¥â ¥áâ¥áâ¢¥ ï
£¥®¬¥âà¨ç¥áª ï ª®¬¯ ªâ¨ä¨ª æ¨ï ¬®£®®¡à §¨ï M ( ¯à.,   ¬®£®®¡à §¨ïå ®âà¨æ â¥«ì®©
á¥ªæ¨®®© ªà¨¢¨§ë,   áä¥à¨ç¥áª¨-á¨¬¬¥âà¨çëå ¬®£®®¡à §¨ïå), ¤®¡ ¢«ïîé ï £à ¨æã  
¡¥áª®¥ç®áâ¨, â® ¤ ë© ¯®¤å®¤ ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¯à¨¢®¤¨â ª ª« áá¨ç¥áª®© ¯®áâ ®¢ª¥
§ ¤ ç¨ �¨à¨å«¥ ([1], [4], [11]{[14]).

�ã¤¥¬ £®¢®à¨âì, çâ®   ¬®£®®¡à §¨¨ M ¢ë¯®«¥  «¨ã¢¨««¥¢  â¥®à¥¬ , ¥á«¨ «î¡®¥ ®£à -
¨ç¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (1) â®¦¤¥áâ¢¥® à ¢® ã«î.

�ä®à¬ã«¨àã¥¬ ®á®¢ë¥ à¥§ã«ìâ âë.
�ãáâì G1, G2 | ¥ª®â®àë¥ ¯à¥¤ª®¬¯ ªâë¥ ®¡« áâ¨ ¬®£®®¡à §¨ï M â ª¨¥, çâ® B � G1 ¨

G1 � G2. �¡®§ ç¨¬

Mi(v) = sup
@Gi

v; mi(v) = inf
@Gi

v; a+ = maxf0; ag; a� = minf0; ag:

�¥®à¥¬  1.1. �  M áãé¥áâ¢ã¥â ¥ã«¥¢®¥ ®£à ¨ç¥®¥ à¥è¥¨¥ u(x) ãà ¢¥¨ï (1) â®-
£¤  ¨ â®«ìª® â®£¤ , ª®£¤    M n B áãé¥áâ¢ã¥â ¥ã«¥¢®¥ ®£à ¨ç¥®¥ à¥è¥¨¥ v(x) íâ®£®
ãà ¢¥¨ï, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

M1(v) < M2(v
+); m1(v) > m2(v

�): (2)

�  ï â¥®à¥¬  ¤«ï «¨¥©ëå í««¨¯â¨ç¥áª¨å ãà ¢¥¨© ¡ë«  ¤®ª §   ¢ [10].

�¥®à¥¬  1.2. �ãáâì   M n B ¤«ï ãà ¢¥¨ï (1) ¤«ï «î¡®© ¯®áâ®ï®©   @B äãªæ¨¨

�(x) à §à¥è¨¬  ¢¥èïï ªà ¥¢ ï § ¤ ç  á £à ¨çë¬¨ ãá«®¢¨ï¬¨ ¨§ ª« áá  [f ]. �®£¤    M

¤«ï ãà ¢¥¨ï (1) à §à¥è¨¬  ªà ¥¢ ï § ¤ ç  á £à ¨çë¬¨ ãá«®¢¨ï¬¨ ¨§ â®£® ¦¥ ª« áá .

�®ª § â¥«ìáâ¢® ®á®¢ëå à¥§ã«ìâ â®¢ ®¯¨à ¥âáï   ¥ª®â®àë¥   «®£¨ ¯à¨æ¨¯  ¬ ªá¨-
¬ã¬ , â¥®à¥¬ë áà ¢¥¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï ªà ¥¢ëå ¨ ¢¥è¨å ªà ¥¢ëå § ¤ ç ¤«ï
ãà ¢¥¨ï (1) (ä®à¬ã«¨à®¢ª¨ ¨ ¤®ª § â¥«ìáâ¢  íâ¨å ãâ¢¥à¦¤¥¨© á¬. ¢ à §¤¥«¥ 2).

� à §¤¥«¥ 3 ¨§ãç îâáï ¢®¯à®áë à §à¥è¨¬®áâ¨ ªà ¥¢ëå § ¤ ç ¨ á¯à ¢¥¤«¨¢®áâ¨ «¨ã¢¨««¥¢ëå
â¥®à¥¬ ¯à¨ ¥ª®â®àëå ¢ à¨ æ¨ïå ¯à ¢®© ç áâ¨ ãà ¢¥¨ï (1).

2. �®ª § â¥«ìáâ¢a ®á®¢ëå â¥®à¥¬

�à¥¤«®¦¥¨¥ 2.1 (¯à¨æ¨¯ ¬ ªá¨¬ã¬ ). �ãáâì 
 � M | ª®¬¯ ªâ®¥ ¯®¤¬®¦¥câ¢®,

u 2 C2(
)\C0(
) ã¤®¢«¥â¢®àï¥â ¢ 
 ¥à ¢¥áâ¢ ¬ �u � g(u) (�u � g(u)). �®£¤  sup


u � sup

@

u+

(inf


u � inf

@

u�). �á«¨ ¦¥ �u = g(u) ¢ 
, â® sup



juj = sup

@

juj.
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�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨ï ¢ëâ¥ª ¥â, çâ® u(x) ï¢«ï¥âáï á®®â¢¥âáâ¢¥® áã¡à¥è¥¨¥¬ (áã-
¯¥àà¥è¥¨¥¬) ¨«¨ à¥è¥¨¥¬ ãà ¢¥¨ï �à�¥¤¨£¥à  Lu � �u� c(x)u, £¤¥ c(x) = �(ju(x)j) � 0.
� «ì¥©è¥¥ ¤®ª § â¥«ìáâ¢® ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â ¨§ á¯à ¢¥¤«¨¢®áâ¨ ¯à¨æ¨¯  ¬ ªá¨¬ã¬ 
¤«ï «¨¥©®£® í««¨¯â¨ç¥áª®£® ®¯¥à â®à  L ( ¯à., [3], á. 40).

�à¥¤«®¦¥¨¥ 2.2 (â¥®à¥¬  áà ¢¥¨ï). �ãáâì �w � g(w), �u � g(u)   M n B, wj@B �
uj@B, w � u, â®£¤  w � u   M nB.

�ãáâì �w � g(w), �u � g(u)   M , w � u, â®£¤  w � u   M .

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ äãªæ¨î z = w � u. �®£¤  �z = �w � �u � g(w) � g(u),

â. ¥. z ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã �z � c(x)z � 0, £¤¥ c(x) =

(
g(w)�g(u)

w�u
¯à¨ z 6= 0;

0 ¯à¨ z = 0;
¨ ãá«®¢¨ï¬

zj@B � 0, z � 0. �à¨ç¥¬ ¢ á¨«ã ¬®®â®®£® ¢®§à áâ ¨ï äãªæ¨¨ g(�) ¨ ãá«®¢¨ï g(0) = 0
á¯à ¢¥¤«¨¢® c(x) � 0   M n B. �á¯®«ì§ãï ¯à¨æ¨¯ áà ¢¥¨ï ¤«ï «¨¥©ëå í««¨¯â¨ç¥áª¨å
®¯¥à â®à®¢   ¬®£®®¡à §¨¨ ( ¯à., [9]), ¯®«ãç ¥¬ z � 0   M n B ¨, á«¥¤®¢ â¥«ì®, w � u.
�¥à¢®¥ ãâ¢¥à¦¤¥¨¥ ¤®ª § ®.

�®ª § â¥«ìáâ¢® ¢â®à®£® ãâ¢¥à¦¤¥¨ï ¯à®¢®¤¨âáï   «®£¨ç®.

�§ â¥®à¥¬ë áà ¢¥¨ï ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â â¥®à¥¬  ¥¤¨áâ¢¥®áâ¨ à¥è¥¨© ªà ¥¢ëå ¨
¢¥è¨å ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢¥¨ï (1).

�à¥¤«®¦¥¨¥ 2.3 (â¥®à¥¬  ¥¤¨áâ¢¥®áâ¨). �ãáâì �w = g(w) ¨ �u = g(u)   M n B ¨

wj@B = uj@B, w � u, â®£¤  w = u   M nB.

�ãáâì �w = g(w), �u = g(u)   M ¨ w � u, â®£¤  w = u   M .

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.1. �¥®¡å®¤¨¬®áâì. �ãáâì u(x) | ¥ã«¥¢®¥ ®£à ¨ç¥®¥
à¥è¥¨¥ ãà ¢¥¨ï (1)   M . �®«®¦¨¬ v(x) � u(x)   M n B. �®£¤  äãªæ¨ï v(x) ï¢«ï¥âáï
¥ã«¥¢ë¬ ®£à ¨ç¥ë¬ à¥è¥¨¥¬ ãà ¢¥¨ï (1)   M n B. �á«®¢¨ï (2) ¢ë¯®«ïîâáï ¢ á¨«ã
¯à¨æ¨¯  ¬ ªá¨¬ã¬ .

�®áâ â®ç®áâì. �ãáâì v(x) | ®£à ¨ç¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (1)  M nB, ¤«ï ª®â®à®£®
¢ë¯®«ïîâáï ãá«®¢¨ï (2). �¡®§ ç¨¬ K = supMnB jvj. �ãáâì fBkg

1
k=1 | ¨áç¥à¯ ¨¥ ¬®£®®¡à -

§¨ï M á £« ¤ª¨¬¨ £à ¨æ ¬¨ @Bk. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦¥¬ áç¨â âì, çâ® G2 � Bk ¤«ï
¢á¥å k. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨© uk, ª®â®àë¥ ï¢«ïîâáï à¥è¥¨ï¬¨ á®®â¢¥âáâ¢ã-
îé¨å § ¤ ç

�uk = uk�(jukj) ¢ Bk;

ukj@Bk
= vj@Bk

:
(3)

�¥è¥¨ï uk áãé¥áâ¢ãîâ ¢ á¨«ã ãá«®¢¨©,  «®¦¥ëå   ª®íää¨æ¨¥âë ãà ¢¥¨ï (1) (á¬. [3],
á. 347{351). �®£¤  ¤«ï ª ¦¤®£® k äãªæ¨ï uk ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï �à�¥¤¨£¥à  �uk�
ck(x)uk = 0, £¤¥ 0 � ck(x) = �(jukj) ( ¯à., [4]).

� á¨«ã ¯à¨æ¨¯  ¬ ªá¨¬ã¬  ¤«ï ¢á¥å k ¨¬¥¥¬

jukj � sup
Bk

jukj = sup
@Bk

jukj � K:

�á¯®«ì§ãï ¢ãâà¥¨¥ ®æ¥ª¨ £à ¤¨¥â®¢ ¢ ª®¬¡¨ æ¨¨ á ¢ãâà¥¨¬¨ ®æ¥ª ¬¨ ¯à®¨§¢®¤ëå
¢ ¯à®áâà áâ¢¥ ��¥«ì¤¥à  C�(
), 0 < � � 1 ([3], áá. 294, 346), ¤«ï ¯à®¨§¢®«ì®£® ª®¬¯ ªâ®£®
¯®¤¬®¦¥áâ¢  
 � M ¯®«ãç ¥¬, çâ® á¥¬¥©áâ¢® äãªæ¨© ck(x) = �(juk(x)j) ¨¬¥¥â à ¢®¬¥à®
®£à ¨ç¥ë¥ ®à¬ë ¢ C�(
). �®£¤  á ãç¥â®¬ ¢ãâà¥¨å ®æ¥®ª � ã¤¥à  ( ¯à., [3], áá. 91,
94{95) ¯®«ãç ¥¬ ª®¬¯ ªâ®áâì á¥¬¥©áâ¢  äãªæ¨© fukg ¢ ª« áá¥ C2;�(
). �®á«¥¤¥¥ ãá«®¢¨¥
¢«¥ç¥â áãé¥áâ¢®¢ ¨¥ äãªæ¨¨ u = lim

k!1
uk, ª®â®à ï ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (1)   M .
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�®ª ¦¥¬, çâ® u 6� 0. �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥, u � 0. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì äãª-
æ¨© wk = v � uk, ª ¦¤ ï ¨§ ª®â®àëå ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï �wk � ck(x)wk = 0, £¤¥

ck(x) =

(
g(v)�g(uk)

v�uk
¯à¨ wk 6= 0;

0 ¯à¨ wk = 0:

�á®, çâ® ck(x) � 0.
�à®¬¥ â®£®, ¢ë¯®«¥ë ãá«®¢¨ï

wkj@Bk
= 0; wkj@B = vj@B � ukj@B

¨ wk ! v ¯à¨ k !1.
� á¨«ã ãá«®¢¨© (2) â¥®à¥¬ë 1.1 ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å k ¨¬¥¥¬

M1(wk) < M2(w
+
k ); m1(wk) > m2(w

�
k ): (4)

�à¨¬¥¨¬ ¯à¨æ¨¯ ¬ ªá¨¬ã¬  ¤«ï à¥è¥¨© ãà ¢¥¨ï �à�¥¤¨£¥à  ª äãªæ¨¨ wk ¢ Bk nG1:

M1(w
+
k ) �M2(wk) ¨ m1(w

�
k ) � m2(wk): (5)

�¡ê¥¤¨ïï ãá«®¢¨ï (4) ¨ (5), «¥£ª® ¯®«ãç¨¬

M2(wk) � 0; M1(wk) < 0: (6)

�¥©áâ¢¨â¥«ì®, à áá¬®âà¨¬ ¤¢  á«ãç ï: M2(w
+
k ) > 0 ¨ M2(w

+
k ) = 0. �á«¨ M2(w

+
k ) > 0, â®

M2(wk) = M2(w
+
k ) > 0, ¨ ¨§ (4) ¨¬¥¥¬ M1(wk) < M2(w

+
k ) = M2(wk) � M1(w

+
k ). �®á«¥¤¥¥

¥à ¢¥áâ¢® ¢®§¬®¦® «¨èì ¢ á«ãç ¥, ¥á«¨ M1(wk) < 0 ¨ M1(w
+
k ) = 0. �®£¤  ¨§ (5) M2(wk) � 0.

�à¨è«¨ ª ¯à®â¨¢®à¥ç¨î.
� ç¨â, M2(w

+
k ) = 0. �®£¤  ¨§ (4) ¨¬¥¥¬ M1(wk) < 0, á«¥¤®¢ â¥«ì®, M1(w

+
k ) = 0 ¨ ¨§ (5)

¢ëâ¥ª ¥â M2(wk) � 0. � «®£¨ç® ¯®«ãç ¥¬

m2(wk) � 0 ¨ m1(wk) > 0;

çâ® ¥¢®§¬®¦® ®¤®¢à¥¬¥® á (6). � ç¨â, u 6� 0.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.2. �¡®§ ç¨¬ ç¥à¥§ v 2 [f ] à¥è¥¨¥ ¢¥è¥© ªà ¥¢®© § ¤ ç¨
¤«ï ãà ¢¥¨ï (1)   M n B, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î vj@B = 0.

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨© uk, ï¢«ïîé¨åáï à¥è¥¨¥¬ § ¤ ç (3) á ®¢®© äãª-
æ¨¥© v.

� ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1.1, ¯®«ãç ¥¬ ª®¬¯ ªâ®áâì á¥¬¥©áâ¢  äãªæ¨© fukg ¢
ª« áá¥ C2;�(
)   «î¡®¬ ª®¬¯ ªâ®¬ ¯®¤¬®¦¥áâ¢¥ 
 � M . �®á«¥¤¥¥ ãá«®¢¨¥ ¢«¥ç¥â áãé¥-
áâ¢®¢ ¨¥ äãªæ¨¨ u = lim

k!1
uk, ª®â®à ï ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (1)   M .

�®ª ¦¥¬ ¤ «¥¥, çâ® u 2 [f ]. �¥©áâ¢¨â¥«ì®, ¢ á¨«ã ¥¯à¥àë¢®áâ¨ äãªæ¨¨ u(x) cãé¥áâ¢ãîâ
U1 = min

@B
u(x), U2 = max

@B
u(x). �®£¤  U1 � uj@B � U2 ¨, á«¥¤®¢ â¥«ì®, ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å k

¢ë¯®«¥® U1�1 � ukj@B � U2+1. �ãáâì A1 = minf0; U1�1g, A2 = maxf0; U2+1g. �ç¨âë¢ ï, çâ®
vj@B = 0, ¨¬¥¥¬ A1 � vj@B � A2, ¨ A1 � ukj@B � A2 ¤«ï ¤®áâ â®ç® ¡®«ìè¨å k. C®£« á® ãá«®¢¨î
â¥®à¥¬ë   M n B cãé¥áâ¢ãîâ à¥è¥¨ï v1 2 [f ] ¨ v2 2 [f ] ãà ¢¥¨ï (1), ã¤®¢«¥â¢®àïîé¨¥
ãá«®¢¨ï¬ v1j@B = A1, v2j@B = A2. � ª ª ª v1 � v2 � v ¨ v1j@B � vj@B � v2j@B , â® á®£« á® â¥®à¥¬¥
áà ¢¥¨ï   M n B ¯®«ãç ¥¬ v1 � v � v2. �®£¤  ¤«ï ¤®áâ â®ç® ¡®«ìè¨å k ¢ë¯®«¥o

v1j@Bk
� ukj@Bk

= vj@Bk
� v2j@Bk

;

v1j@B � ukj@B � v2j@B:

�à¨¬¥ïï â¥®à¥¬ã áà ¢¥¨ï ª äãªæ¨ï¬ uk,   ¬®¦¥áâ¢¥ BknB ¨¬¥¥¬ v1 � uk � v2. �¥à¥©¤¥¬
ª ¯à¥¤¥«ã ¯à¨ k ! 1,   M n B ¯®«ãç¨¬ v1 � u � v2. �ç¨âë¢ ï, çâ® v1 � v2 � v, ¯®«ãç ¥¬
u � v ¨, á«¥¤®¢ â¥«ì®, u 2 [f ].
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� ¬¥â¨¬, çâ® ¥á«¨ f |  á¨¬¯â®â¨ç¥áª¨ ¥®âà¨æ â¥«ì ï (¥¯®«®¦¨â¥«ì ï) äãªæ¨ï, â®
ãá«®¢¨¥ â¥®à¥¬ë ¬®¦® ®á« ¡¨âì, ¯®âà¥¡®¢ ¢ à §à¥è¨¬®áâì ¢¥è¨å ªà ¥¢ëå § ¤ ç ¢ ª« áá¥
[f ] â®«ìª® ¤«ï ¥®âà¨æ â¥«ìëå (¥¯®«®¦¨â¥«ìëå) ¯®áâ®ïëå   @B äãªæ¨© �(x).

�ãâ¥¬ ¯à¨¬¥¥¨ï â¥®à¥¬ë 1.1 ¯®«ãç ¥âáï

�«¥¤áâ¢¨¥ 2.1. �  M ¤«ï ãà ¢¥¨ï (1) á¯à ¢¥¤«¨¢  «¨ã¢¨««¥¢  â¥®à¥¬  â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤    M n B «î¡®¥ ®£à ¨ç¥®¥ à¥è¥¨¥ v(x) ãà ¢¥¨ï (1) â ª®¥, çâ® @v

@�

��
@B

= 0,
â®¦¤¥áâ¢¥® à ¢® ã«î, £¤¥ � | ®à¬ «ì ª @B.

� ¬¥â¨¬, çâ® ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë 1.1 ¨ á«¥¤áâ¢¨ï 2.1 ï¢«ïîâáï ®¡®é¥¨¥¬   «®£¨çëå
à¥§ã«ìâ â®¢, ¯®«ãç¥ëå ¤«ï à¥è¥¨© «¨¥©ëå í««¨¯â¨ç¥áª¨å ãà ¢¥¨© ¢ [10].

3. �à ¥¢ë¥ § ¤ ç¨ ¨ «¨ã¢¨««¥¢ë â¥®à¥¬ë ¯à¨ ¢ à¨ æ¨ïå äãªæ¨¨ �(�)

� íâ®¬ à §¤¥«¥  àï¤ã á ãà ¢¥¨¥¬ (1) ¡ã¤¥¬ à áá¬ âà¨¢ âì ãà ¢¥¨ï

�u = u�i(juj) � gi(u); (7)

£¤¥ i = 1; 2 ¨ �i(�) � 0 | ¬®®â®® ¢®§à áâ îé¨¥, ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë¥ äãªæ¨¨
¯à¨ 0 � � <1.

�¥®à¥¬  3.1. �ãáâì �1(�) � �(�) � �2(�). �®£¤  ¥á«¨   M n B ¤«ï «î¡®© ¯®áâ®ï®©

A � 0 (A � 0) à §à¥è¨¬  ¢¥èïï ªà ¥¢ ï § ¤ ç  ¤«ï ãà ¢¥¨© (7) ¯à¨ i = 1; 2 á £à ¨çë¬¨

ãá«®¢¨ï¬¨ ¨§ ª« áá  [f ], £¤¥ f |  á¨¬¯â®â¨ç¥áª¨ ¥®âà¨æ â¥«ì ï (¥¯®«®¦¨â¥«ì ï)   M
äãªæ¨ï, â®

1)   M n B ¤«ï «î¡®© ¥¯à¥àë¢®©   @B äãªæ¨¨ �(x) � 0 (�(x) � 0) ¤«ï ãà ¢¥¨ï (1)
à §à¥è¨¬  ¢¥èïï ªà ¥¢ ï § ¤ ç  á £à ¨çë¬¨ ãá«®¢¨ï¬¨ ¨§ ª« áá  [f ];

2)   M ¤«ï ãà ¢¥¨ï (1) à §à¥è¨¬  ªà ¥¢ ï § ¤ ç  á £à ¨çë¬¨ ãá«®¢¨ï¬¨ ¨§ ª« áá 

[f ].

�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¤«ï á«ãç ï  á¨¬¯â®â¨ç¥áª¨ ¥®âà¨æ â¥«ì®© äãªæ¨¨ f . �«ï
 á¨¬¯â®â¨ç¥áª¨ ¥¯®«®¦¨â¥«ì®© äãªæ¨¨ ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï   «®£¨ç®.

�ãáâì �(x) | ¯à®¨§¢®«ì ï ¥¯à¥àë¢ ï ¥®âà¨æ â¥«ì ï   @B äãªæ¨ï. �¡®§ ç¨¬ A1 =
sup
@B

�(x) � 0. �® ãá«®¢¨î áãé¥áâ¢ã¥â â ª ï äãªæ¨ï u0 | ®£à ¨ç¥®¥ à¥è¥¨¥ ¢¥è¥©

ªà ¥¢®© § ¤ ç¨ ¤«ï ãà ¢¥¨ï (7) ¯à¨ i = 1   M n B, çâ® u0 2 [f ] ¨ u0j@B = A1j@B , ¯à¨ç¥¬
0 � u0 � K   M n B, £¤¥ K = sup

MnB

u0.

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨© fukg1k=1, ï¢«ïîé¨åáï à¥è¥¨¥¬ § ¤ ç¨

�uk = g(uk) ¢ Bk n B;

ukj@Bk
= u0j@Bk

;

ukj@B = �j@B :

�ç¨âë¢ ï ¯à¨æ¨¯ ¬ ªá¨¬ã¬ , ¤«ï ¢á¥å k ¨¬¥¥¬ 0 � uk � sup
@Bk[@B

uk � K, ®âªã¤  á«¥¤ã¥â

à ¢®¬¥à ï ®£à ¨ç¥®áâì á¥¬¥©áâ¢  äãªæ¨© fukg1k=1   M n B. � ª ¨ ¢ â¥®à¥¬¥ 1.2, ¨§
à ¢®¬¥à®© ®£à ¨ç¥®áâ¨ á¥¬¥©áâ¢  ¯®«ãç ¥¬ ª®¬¯ ªâ®áâì á¥¬¥©áâ¢  äãªæ¨© fukg1k=1 ¢
ª« áá¥ C2;�(
)   «î¡®¬ ª®¬¯ ªâ®¬ ¯®¤¬®¦¥áâ¢¥ 
 �M nB ¨, á«¥¤®¢ â¥«ì®, áãé¥áâ¢®¢ ¨¥
¯à¥¤¥«ì®© äãªæ¨¨ u = lim

k!1
uk, ª®â®à ï ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (1)   M n B ¨ uj@B =

�j@B.
�à®¬¥ â®£®, �u0 = g1(u0) � g(u0), �uk = g(uk) ¢ Bk, ukj@Bk

= u0j@Bk
, ukj@B � u0j@B . �®£¤  c

ãç¥â®¬ ¯à¨æ¨¯  áà ¢¥¨ï ¢ Bk n B ¯®«ãç ¥¬ uk � u0. C«¥¤®¢ â¥«ì®, 0 � u � u0   M nB.
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�®ª ¦¥¬, çâ® u � u0. �®£« á® ãá«®¢¨î   M nB áãé¥áâ¢ã¥â à¥è¥¨¥ v0 ãà ¢¥¨ï (7) ¯à¨
i = 2 â ª®¥, çâ® v0j@B = 0 ¨ v0 2 [f ]. �á¯®«ì§ãï ¯à¨æ¨¯ áà ¢¥¨ï ¤«ï à¥è¥¨© ãà ¢¥¨ï (1)
 M nB, ¯®«ãç ¥¬ u0 � v0 � 0. �®«¥¥ â®£®, ¤«ï ª ¦¤®£® k ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ¥à ¢¥áâ¢ :

�uk = g(uk) � g2(uk) ¢ Bk n B;

v0j@B � ukj@B; v0j@Bk
� ukj@Bk

:

�®£¤  ¯® ¯à¨æ¨¯ã áà ¢¥¨ï ¢ Bk n B ¨¬¥¥¬ uk � v0, ¨, á«¥¤®¢ â¥«ì®, u0 � uk � v0 � 0.
�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ k !1,   M n B ¯®«ãç ¥¬ u0 � u � v0. � ª ª ª u0 � v0 � f , â® u � f .
�â¢¥à¦¤¥¨¥ 1) ¤®ª § ®.

�®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥¨ï 2) á«¥¤ã¥â ¨§ â¥®à¥¬ë 1.2 ¨ § ¬¥ç ¨ï ¢ ª®æ¥ ¢â®à®£®
à §¤¥« . �

�¡®§ ç¨¢ K1 = sup
M

jf j, � = �(K1) � 0, ¯®«ãç¨¬

�«¥¤áâ¢¨¥ 3.1. �ãáâì   M n B ¤«ï «î¡®© ¯®áâ®ï®© A � 0 (A � 0) à §à¥è¨¬ë ¢¥è¨¥
ªà ¥¢ë¥ § ¤ ç¨ ¤«ï ãà ¢¥¨© �u = 0 ¨ �u � �u = 0 á £à ¨çë¬¨ ãá«®¢¨ï¬¨ ¨§ ª« áá  [f ],
£¤¥ f 6� |  á¨¬¯â®â¨ç¥áª¨ ¥®âà¨æ â¥«ì ï (¥¯®«®¦¨â¥«ì ï)   M äãªæ¨ï. �®£¤ 

1)  M nB ¤«ï «î¡®© ¥¯à¥àë¢®©   @B äãªæ¨¨ �(x) � 0 (�(x) � 0) à §à¥è¨¬  ¢¥èïï
ªà ¥¢ ï § ¤ ç  ¤«ï ãà ¢¥¨ï (1) á £à ¨çë¬¨ ãá«®¢¨ï¬¨ ¨§ ª« áá  [f ];

2)   M ¤«ï ãà ¢¥¨ï (1) à §à¥è¨¬  ªà ¥¢ ï § ¤ ç  á £à ¨çë¬¨ ãá«®¢¨ï¬¨ ¨§ ª« áá 
[f ].

�¥®à¥¬  3.2. �ãáâì 0 � �1(�) � A�(�), £¤¥ A = const > 0, �1(�) 6� 0 ¯à¨ � � 0. Eá«¨   M

¢ë¯®«¥  «¨ã¢¨««¥¢  â¥®à¥¬  ¤«ï ãà ¢¥¨ï (7) ¯à¨ i = 1, â® ®  ¢ë¯®«¥  ¨ ¤«ï ãà ¢¥¨ï

(1).

�®ª § â¥«ìáâ¢®. �ãáâì áãé¥áâ¢ã¥â äãªæ¨ï u0 6� 0 | ®£à ¨ç¥®¥ à¥è¥¨¥ ãà ¢¥¨ï
�u0 = g(u0)   M .

� áá¬®âà¨¬ á ç «  á«ãç ©, ª®£¤  �1(�) � �(�) ¤«ï � � 0. �®ª ¦¥¬, çâ®   M áãé¥áâ¢ã¥â
¯®«®¦¨â¥«ì®¥ ®£à ¨ç¥®¥ à¥è¥¨¥ ãà ¢¥¨ï �u = g1(u).

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨© fukg1k=1, ï¢«ïîé¨åáï à¥è¥¨¥¬ § ¤ ç¨

�uk = g1(uk) ¢ Bk;

ukj@Bk
= u+0 j@Bk

:

�®¦¥¬ áç¨â âì, çâ® u+0 6� 0. �®£¤ , ãç¨âë¢ ï ¯à¨æ¨¯ ¬ ªá¨¬ã¬ , ¤«ï ¢á¥å k ¨¬¥¥¬
0 � uk � sup

M

u0. � ª ª ª

�uk = g1(uk) � g(uk); �u0 = g(u0); ukj@Bk
� u0j@Bk

;

â® ¯® ¯à¨æ¨¯ã áà ¢¥¨ï uk � u0 ¨, á«¥¤®¢ â¥«ì®, uk � u+0 ¢ Bk.
� ª ¨ ¢ â¥®à¥¬¥ 1.2, ¤®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ¨¥ ¯à¥¤¥«ì®© äãªæ¨¨ ¤«ï ¯®á«¥¤®¢ â¥«ì-

®áâ¨ fukg1k=1, ª®â®à ï ï¢«ï¥âáï ®£à ¨ç¥ë¬ ¯®«®¦¨â¥«ìë¬ à¥è¥¨¥¬ ãà ¢¥¨ï (7)  M .
�ãáâì â¥¯¥àì �1(�) � A�(�) ¤«ï � � 0, A � 1. �®¦¥¬ áç¨â âì, çâ® u0 | ¯®«®¦¨â¥«ì®¥ ®£à ¨-
ç¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (1), ¢ ¯à®â¨¢®¬ á«ãç ¥ ¢¬¥áâ® u0 ¢®§ì¬¥¬ u+0 . �®ª ¦¥¬, çâ®   M
áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì®¥ ®£à ¨ç¥®¥ à¥è¥¨¥ ãà ¢¥¨ï �u = Ag(u).

� áá¬®âà¨¬ à¥è¥¨ï á«¥¤ãîé¨å ªà ¥¢ëå § ¤ ç:

�uk = Ag(uk) ¢ Bk;

ukj@Bk
= u0j@Bk

:
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� ª ª ª 0 � uk � sup
M

u0, â® áãé¥áâ¢ã¥â äãªæ¨ï u = lim
k!1

uk, ¯à¨ç¥¬ 0 � u � sup
M

u0. �à®¬¥

â®£®, á ãç¥â®¬ ¯à¨æ¨¯  áà ¢¥¨ï ¢ Bk ¢ë¯®«¥® uk � u0. �®ª ¦¥¬, çâ® u 6� 0.
� áá¬®âà¨¬ äãªæ¨¨ wk, vk, uk, ª®â®àë¥ ï¢«ïîâáï á®®â¢¥âáâ¢¥® à¥è¥¨ï¬¨ á«¥¤ãîé¨å

ªà ¥¢ëå § ¤ ç ¢ ®¡« áâ¨ Bk:

�wk = 0; �vk = �g(u0); �uk = �Ag(uk);

wkj@Bk
= u0j@Bk

; vkj@Bk
= 0; ukj@Bk

= 0:

�á®, çâ® wk � uk = uk, wk � vk = u0 ¨ u0 � wk � sup
M

u0, uk � 0, vk � 0. �®ª ¦¥¬, çâ®

uk � Avk. �¥©áâ¢¨â¥«ì®, �(Avk) = �Ag(u0) � �Ag(uk) = �uk, â®£¤  ¨§ ¯à¨æ¨¯  áà ¢¥¨ï
¯®«ãç ¥¬ Avk � uk. � «¥¥, ¢ë¡¥à¥¬ â®çªã x0, ¢ ª®â®à®© u0(x0) > sup

M

u0 � ". �®£¤ 

wk(x0) > sup
M

u0 � ";

vk(x0) = wk(x0)� u0(x0) � sup
M

u0 � u0(x0) < ";

uk(x0) < A"; uk(x0) = wk(x0)� uk(x0) > sup
M

u0 � (A+ 1)":

�âáî¤  ¯à¨ k ! 1 ¯®«ãç ¥¬ u(x0) � sup
M

u0 � (A + 1)" > 0 ¯à¨ ¤®áâ â®ç® ¬ «®¬ ". �ãªæ¨ï

u ï¢«ï¥âáï ¯®«®¦¨â¥«ìë¬ ®£à ¨ç¥ë¬ à¥è¥¨¥¬ ãà ¢¥¨ï �u = Ag(u). �®§¢à é ïáì ª
á«ãç î, à §®¡à ®¬ã ¢  ç «¥ ¤®ª § â¥«ìáâ¢ , ®ª®ç â¥«ì® § ª«îç ¥¬ á¯à ¢¥¤«¨¢®áâì â¥®-
à¥¬ë.

� ¬¥â¨¬, çâ® ¤ ë© à¥§ã«ìâ â ¤«ï «¨¥©ëå í««¨¯â¨ç¥áª¨å ãà ¢¥¨© ¡ë« ¯®«ãç¥ ¢ [10].
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