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1. �¢¥¤¥­¨¥

� [1] ¡ë«¨ ¢ëï¢«¥­ë ®¡à §ãîé¨¥ í«¥¬¥­âë ¨ ®¯à¥¤¥«ïîé¨¥ á®®â­®è¥­¨ï ª« áá¨ç¥áª®© ®à-
â®£®­ «ì­®© £àã¯¯ë O(n;R) = fa 2 GL(n;R) : a�1 = a>g (> | âà ­á¯®­¨à®¢ ­¨¥) ­ ¤ ¯à®¨§-
¢®«ì­ë¬ ª®¬¬ãâ â¨¢­ë¬ «®ª «ì­ë¬ ª®«ìæ®¬ R á 1, ¤«ï ª®â®à®£® ¢ë¯®«­¥­® ãá«®¢¨¥

(R�)2 +R2 � (R�)2; (�)

£¤¥ � | ¢§ïâ¨¥ ¬ã«ìâ¨¯«¨ª â¨¢­®© £àã¯¯ë. � ¤ ­­®© à ¡®â¥ ¬ë à á¯à®áâà ­ï¥¬ ®á­®¢­ë¥ à¥-
§ã«ìâ âë [1] ­  (¢®®¡é¥ £®¢®àï) ¡¥§ê¥¤¨­¨ç­ë¥ «®ª «ì­ë¥ ª®«ìæ  R. � ¦­¥©è¨¬¨ ¯à¨¬¥à ¬¨
ª®¬¬ãâ â¨¢­®£® «®ª «ì­®£® ª®«ìæ  á 1, ®¡« ¤ îé¥£® á¢®©áâ¢®¬ (�), ¬®£ãâ á«ã¦¨âì ¯®«¥ ¢¥é¥-
áâ¢¥­­ëå ç¨á¥« R ¨ ª®«ìæ® ¤ã «ì­ëå ç¨á¥« D = R�R (á ¯®ç«¥­­ë¬ á«®¦¥­¨¥¬ ¨ ã¬­®¦¥­¨¥¬,
§ ¤ ­­ë¬ ª ª h�; �ih
; �i = h�
; �� + �
i (­ ¯à., [2])). � áâ­ë© á«ãç © à¥§ã«ìâ â  [1], ª®£¤ 
R = R, ¡ë« à áá¬®âà¥­ ¢ [3].

�â®¡ë â®ç­¥¥ áä®à¬ã«¨à®¢ âì ¯®áâ ­®¢ªã § ¤ ç¨, ¯à¨¢¥¤¥¬ ­¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï ¨§ [4].
�ãáâì � | ¯à®¨§¢®«ì­®¥ (­¥ ®¡ï§ â¥«ì­® á 1)  áá®æ¨ â¨¢­®¥ ª®«ìæ® ¨ � | ¥£® ¯à¨á®¥¤¨­¥­­®¥
ã¬­®¦¥­¨¥, â. ¥. � � � = �+�� + �. �«¥¬¥­â � ¨§ � ­ §ë¢ ¥âáï ª¢ §¨®¡à â¨¬ë¬, ¥á«¨ ¤«ï ­¥£®
� � �0 = �0 � � = 0 ¯à¨ ­¥ª®â®à®¬ �0 2 �. �®¢®ªã¯­®áâì ¢á¥å ª¢ §¨®¡à â¨¬ëå í«¥¬¥­â®¢ �� ¨§
� ®¡à §ã¥â £àã¯¯ã ®â­®á¨â¥«ì­® ®¯¥à æ¨¨ � (£¤¥ ¥¤¨­¨æ¥© ¡ã¤¥â 0). � á«ãç ¥, ª®£¤  � ¨¬¥¥â
1, ®â®¡à ¦¥­¨¥ �� ! ��, 1 + � ! � § ¤ ¥â ¨§®¬®àä¨§¬ £àã¯¯, ¯®íâ®¬ã £àã¯¯  �� ï¢«ï¥âáï
®¡®¡é¥­¨¥¬ ¯®­ïâ¨ï ¬ã«ìâ¨¯«¨ª â¨¢­®© £àã¯¯ë �� ­  á ¬ë¥ ®¡é¨¥ á«ãç ¨  áá®æ¨ â¨¢­ëå
ª®«¥æ. �àã¯¯ã ª¢ §¨®¡à â¨¬ëå ¬ âà¨æ ¨§ ¯®«­®£® ¬ âà¨ç­®£® ª®«ìæ  � = M(n;R) ®¡®§­ ç¨¬
ç¥à¥§ GL�(n;R) ¨ ­ §®¢¥¬ ¥¥ ®¡®¡é¥­­®© ¯®«­®© «¨­¥©­®© £àã¯¯®© áâ¥¯¥­¨ n ­ ¤ ª®«ìæ®¬ R.
� ­¥ª®â®àëå (¢ ¦­¥©è¨å) á«ãç ïå ª ª £àã¯¯ã GL�(n;R), â ª ¨ ¥¥ ª« áá¨ç¥áª¨¥ ¯®¤£àã¯¯ë,
ã¤ ¥âáï ®¯¨á âì ­  ï§ëª¥ ®¡à §ãîé¨å ¨ ®¯à¥¤¥«ïîé¨å á®®â­®è¥­¨©.

�ãáâì J(R) | à ¤¨ª « �¦¥ª®¡á®­  ª®«ìæ  R (â. ¥. ¥£® ­ ¨¡®«ìè¨© ª¢ §¨à¥£ã«ïà­ë© ¨¤¥ «).
�áá®æ¨ â¨¢­®¥ (­¥ ®¡ï§ â¥«ì­® á 1) ª®«ìæ® R ¡ã¤¥¬ ­ §ë¢ âì «®ª «ì­ë¬, ¥á«¨ ¥£® ä ªâ®à-
ª®«ìæ® R = R=J(R) ¯® à ¤¨ª «ã �¦¥ª®¡á®­  ®¡à §ã¥â â¥«®. �ãáâì e ®§­ ç ¥â ¤«ï «®ª «ì­®£®
ª®«ìæ  R ¥¤¨­¨ç­ë© ª« áá â¥«  ¢ëç¥â®¢ R. �«ï íâ®£® ª®«ìæ  ¯à¨­¨¬ ¥¬ â ª¦¥ á«¥¤ãîé¨¥
®¡®§­ ç¥­¨ï: R2 = fx2 : x 2 Rg, R(2) = fx�x : x 2 R�g. � ¤ ­­®© à ¡®â¥ ¬ë ­ å®¤¨¬ ®¡à §ãîé¨¥
í«¥¬¥­âë ¨ ®¯à¥¤¥«ïîé¨¥ á®®â­®è¥­¨ï (ª« áá¨ç¥áª®©) ®àâ®£®­ «ì­®© £àã¯¯ë O�(n;R) = fa 2
GL�(n;R) : a0 = a>g áâ¥¯¥­¨ n � 2 ­ ¤ ¯à®¨§¢®«ì­ë¬ ª®¬¬ãâ â¨¢­ë¬ «®ª «ì­ë¬ ª®«ìæ®¬ R,
­¥ ®¡ï§ â¥«ì­® ®¡« ¤ îé¨¬ 1, ¤«ï ª®â®à®£® ¢ë¯®«­¥­ë ãá«®¢¨ï

R(2) +R2 � R(2) (�)

¨

(�e) � (�e) + �2 = 0 (=)
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¯à¨ ­¥ª®â®àëå e 2 e, � 2 R (e | ¢ëç¥â ¥¤¨­¨ç­®£® ª« áá ). � ©¤¥¬ â ª¦¥ ®¡à §ãîé¨¥ ¨
á®®â­®è¥­¨ï á¯¥æ¨ «ì­®© ®àâ®£®­ «ì­®© £àã¯¯ë SO�(n;R), n � 2.

�ç¥¢¨¤­ë¬ ¯à¨¬¥à®¬ «®ª «ì­®£® ª®«ìæ  R á ãá«®¢¨ï¬¨ (�), (=) ï¢«ï¥âáï ¢áïª®¥ ª®¬¬ãâ -
â¨¢­®¥ «®ª «ì­®¥ ª®«ìæ® á 1, ¤«ï ª®â®à®£® ¢ë¯®«­¥­® ãá«®¢¨¥ (�), ¯®áª®«ìªã §¤¥áì ãá«®¢¨ï (�),
(=) ¬®£ãâ ¡ëâì § ¬¥­¥­ë ­  (�) ¨ (�1) � (�1) + 12 = 0 á®®â¢¥âáâ¢¥­­®. �®¦­® ¯à¨¢¥áâ¨ ¯à¨¬¥à
¨ «®ª «ì­®£® ª®«ìæ  ¡¥§ 1, â ª¦¥ ®¡« ¤ îé¥£® á¢®©áâ¢ ¬¨ (�) ¨ (=). �ãáâì � | ¯à®¨§¢®«ì­®¥
«®ª «ì­®¥ ª®«ìæ® (á ¥¤¨­¨æ¥© ¨«¨ ­¥â), ¤«ï ª®â®à®£® ¢ë¯®«­¥­ë ãá«®¢¨ï (�), (=), ¨ f0g 6= K
| â ª¦¥ ¯à®¨§¢®«ì­®¥ ª®«ìæ® á ­ã«¥¢ë¬ ã¬­®¦¥­¨¥¬. � áá¬®âà¨¬ ¯àï¬ãî áã¬¬ã R = �uK.
�®áª®«ìªã §¤¥áì J(K) = K () J(R) = J(�)uK), â®, ¯à®ä ªâ®à¨§®¢ ¢ ¯® à ¤¨ª «ã J(R), ¨¬¥¥¬
R=J(R) ' �=J(�) + f0g ' �=J(�), â. ¥. ª®«ìæ® R «®ª «ì­®. �®áª®«ìªã á« £ ¥¬®¥ K ­¥ ¨¬¥¥â 1,
ª®«ìæ® R â ª¦¥ ­¥ ®¡« ¤ ¥â 1. �®áâà®¥­­®¥ ª®«ìæ® R ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (�) ¨ (=).

(�): ¤¥©áâ¢¨â¥«ì­®, ¯à®¨§¢®«ì­® ¢§ï¢ í«¥¬¥­âë � + � 2 R� (, � 2 ��), 
 + � 2 R, ¯à¨
­¥ª®â®à®¬ " 2 �� ¨¬¥¥¬ (�+ �) � (�+ �) + (
 + �)2 = (� � �+ 
2) + (� � � + �2) = " � "+ � � � =
("+ �) � ("+ �) 2 R(2);

(=): ¥á«¨ �e, � | í«¥¬¥­âë ¨§ �, ã¤®¢«¥â¢®àïîé¨¥ à ¢¥­áâ¢ã (=), â® ¯à¨ «î¡®¬ � 2 K
¨¬¥¥¬ (�e+ 0) � (�e+ 0) + (�+ �)2 = (�e) � (�e) + �2 = 0.

� ¤ «ì­¥©è¥¬ R áç¨â ¥âáï ¯à®¨§¢®«ì­ë¬ ª®¬¬ãâ â¨¢­ë¬ «®ª «ì­ë¬ ª®«ìæ®¬, ¤«ï ª®â®-
à®£® ¢ë¯®«­¥­ë ãá«®¢¨ï (�) ¨ (=). �à¨ ¯à¥¤áâ ¢«¥­¨¨ £àã¯¯ O�(n;R), SO�(n;R) ¨á¯®«ì§ã¥¬
¬¥â®¤ âà ­áä®à¬ æ¨¨, ¢ ¯à®áâ¥©è¨å ä®à¬ å ¯à¨¬¥­ï¢è¨©áï ¥é¥ ¯à¨ ¯®«ãç¥­¨¨ à¥§ã«ìâ â®¢
[1], [3] ¨ [5]. � àã h�; �i ¨§ R�R ­ §®¢¥¬ á®£« á®¢ ­­®©, ¥á«¨ ¤«ï ­¥¥ � � �+ �2 = 0.

� à ¡®â¥ ¯à¨­¨¬ îâáï á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: h�e; �i | ä¨ªá¨à®¢ ­­ ï á®£« á®¢ ­­ ï
¯ à  (e| ¢ëç¥â ¥¤¨­¨ç­®£® ª« áá  e); E(R�R) | á®¢®ªã¯­®áâì ¢á¥å á®£« á®¢ ­­ëå ¯ à h�; �i ¨§
R�R; ¤«ï á®£« á®¢ ­­®© ¯ àë h�; �i 2 E(R�R) ¨ ¨­¤¥ªá®¢ i < j Tij(�; �) ®§­ ç ¥â ¬ âà¨æã ¨§
M(n;R), ã ª®â®à®© ­  ¯®§¨æ¨ïå (i; i), (i; j), (j; i), (j; j) áâ®ïâ í«¥¬¥­âë �, �, ��, � á®®â¢¥âáâ¢¥­­®,
  ­  ¯à®ç¨å ¯®§¨æ¨ïå | ­ã«¨; ¤«ï ¨­¤¥ªá®¢ i � j �ij ®§­ ç ¥â á¨¬¢®«, à ¢­ë© Tij(�e; �) ¯à¨
i < j ¨ 0 ¯à¨ i = j; ªà®¬¥ â®£®, O(R) = f" 2 R� : "0 = "g ¨ dk(") = diag(0; : : : ; 0; "; 0; : : : ; 0), £¤¥
í«¥¬¥­â " áâ®¨â ­  k-¬ ¬¥áâ¥; � | áà ¢­¥­¨¥ ¢ R ¯® ¬®¤ã«î J(R); 0 | ª ª ¨ ¢ëè¥, ¢§ïâ¨¥
ª¢ §¨®¡à â­®£® í«¥¬¥­â .

�à¨ ¯à¥¤áâ ¢«¥­¨¨ £àã¯¯ë O�(n;R) ¨á¯®«ì§ã¥¬ ¬ âà¨æë ¯à®áâ¥©è¥£® ¢¨¤ 

Tij(�; �); h�; �i 2 E(R �R) (i < j);

dk("); " 2 O(R) (1 � i; k; j � n):
(1)

2. �â ­¤ àâ­ë¥ ä®à¬ë ¢ £àã¯¯¥ O�(n;R)

� ¤ «ì­¥©è¥¬ ¯®­ ¤®¡¨âáï

�à¥¤«®¦¥­¨¥. �«ï ª®«ìæ  R ¨¬¥¥â ¬¥áâ® ¤¨§êî­ªâ­®¥ à §«®¦¥­¨¥

R = �e [R�: ([)

�®ª § â¥«ìáâ¢®. �ª«îç¥­¨¥� ¢ ([) ®ç¥¢¨¤­®. �®ª ¦¥¬�. �ãáâì �e 6� �| ¯à®¨§¢®«ì­ë©
í«¥¬¥­â ¨§ R. �®áª®«ìªã ª« áá e+ � ®¡à â¨¬ ¢ R, â® ­ ©¤¥âáï í«¥¬¥­â x 2 R, ¤«ï ª®â®à®£®
x(e+ �) � ��. �âáî¤  ¨¬¥¥¬ x � � = x+ x�+ � � xe+ x�+ � � 0, â. ¥. � 2 R�.

�ãáâì â¥¯¥àì x 2 �e\R�. �®£¤  ¨§ x � �e ¨ x�x0 = 0 á«¥¤ã¥â e = e+x0�x0 � �(x+xx0+x0) = 0
| ¯à®â¨¢®à¥ç¨¥.

� è ¬¥â®¤ ¨á¯®«ì§ã¥â áâ ­¤ àâ­ë¥ ä®à¬ë í«¥¬¥­â®¢ £àã¯¯ë O�(n;R). �«ï ¨­¤¥ªá  i,
1 � i < n, ä®à¬ ¬¨ áâã¯¥­¨ i ­ §®¢¥¬ á«®¢   «ä ¢¨â  (1) ¢¨¤  fi = Ti;i+1(�i+1; �i+1) � � � � �
Tin(�n; �n) � �is =

Q
i<k

Tik(�k; �k) � �is, ¤«ï ª®â®àëå �i+1; : : : ; �n 2 R
� ¨ ¯à¨ s > i áç¨â ¥âáï ¢ë¯®«-

­¥­­ë¬ ãá«®¢¨¥ �s � 0. �â ­¤ àâ­ë¬¨ ä®à¬ ¬¨ ¢ £àã¯¯¥ O�(n;R) ®¡êï¢«ïîâáï ¢á¥¢®§¬®¦­ë¥
ª®¬¡¨­ æ¨¨ d1("1)�� � ��dn("n)�fn�1�� � ��f1. �â ­¤ àâ­®¥ à §«®¦¥­¨¥ d1("1)�� � ��dn("n)�fn�1�� � ��f1
¡ã¤¥¬ ­ §ë¢ âì ¤¨ £®­ «ì­ë¬, ¥á«¨ ¤¨ £®­ «ì­ë¬¨ ï¢«ïîâáï ¢á¥ ¡ãª¢ë, ¢å®¤ïé¨¥ ¢ íâ® á«®¢®.
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�â ­¤ àâ­®¥ áâà®¥­¨¥ ¢ £àã¯¯¥ O�(n;R) ®¯¨áë¢ ¥â

�¥®à¥¬  1. �«¥¬¥­âë a ¨§ O�(n;R) ¯à¥¤áâ ¢«ïîâáï ¢ áâ ­¤ àâ­®¬ ¢¨¤¥

a = d1("1) � � � � � dn("n) � fn�1 � � � � � f1;

¯à¨ç¥¬ «î¡®¥ â ª®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï a = 0 ï¢«ï¥âáï ¤¨ £®­ «ì­ë¬.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë á®£« á­® à §«®¦¥­¨î ([) à §«¨ç ¥â á«ãç ¨ a11 � �e ¨ a11 2 R� (a11
| í«¥¬¥­â ¬ âà¨æë a, áâ®ïé¨© ­  ¯¥à¥á¥ç¥­¨¨ ¯¥à¢®© áâà®ª¨ ¨ ¯¥à¢®£® áâ®«¡æ ). �­® ¨á¯®«ì-
§ã¥â ãá«®¢¨¥ (�) ¨ ¯à®¢®¤¨âáï  ­ «®£¨ç­® â¥®à¥¬¥ 1 ¨§ [1]. �â¨ ¯®¢â®àïîé¨¥áï ¯®¤à®¡­®áâ¨
¬ë ®¯ãáª ¥¬.

3. �®®â­®è¥­¨ï £àã¯¯ë O�(n;R)

�à¨ � = 0 ¯à¨­¨¬ ¥¬ á¯¥æ¨ «ì­®¥ ®¡®§­ ç¥­¨¥ Tij(�; �) = hij(�). �«ï ¬ âà¨æë a =
�
� �

 �

�
2

O(2; R) à ¢¥­áâ¢  a � a> = a> � a = 0 ¢«¥ªãâ §  á®¡®© æ¥¯®çªã � � �e , � � e _ � � �e, 
 �
e _ 
 � �e , � � �e. �âáî¤ , ¯®«ì§ãïáì á¢®©áâ¢®¬ ª¢ §¨¬ã«ìâ¨¯«¨ª â¨¢­®áâ¨ (det�) (á¬. x 6),
¬®¦¥¬ § ¯¨á âì ¢  «ä ¢¨â¥ (1) ­¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï¥¬ë¥ 15 á®®â­®è¥­¨©, á®áâ ¢«ïîé¨å 6
á®¢®ªã¯­®áâ¥©. �à¨¢¥¤¥¬ íâ¨ á®®â­®è¥­¨ï ¢ ®¯¨á â¥«ì­®¬ ¢¨¤¥

1. a) di(") � di(�) = di(" � �),
b) di(") � dk(�) = dk(�) � di("), i 6= k;

2. ¤«ï ¨­¤¥ªá®¢ i < j ¨  à£ã¬¥­â®¢ � 6= 0, " 2 O(R)

a) Tij(�; �) � dk(") = dk(") � Tij(�; �), k 6= i; j,
b) Tij(�; �) � dk(") = dk(") � Tij(�; � + �"), k 2 fi; jg,
c) hij(") = di(") � dj("),
d) �ij � dk(") = dk(") � Tij("�2; �"� �"e) � �ij , k 2 fi; jg;

3. ¤«ï ¨­¤¥ªá®¢ i < p ¨  à£ã¬¥­â®¢ � 6= 0, � 6= 0

a) Tip(�; �) � Tip(
; �) =

(
Tip(�; a); ¥á«¨ � = � � 
 � �� 6� �e;

Tip(b; c) � �ip ¢ ¯à®â¨¢­®¬ á«ãç ¥;
£¤¥ a = � + � + �� + �
, b = � � (�e) + a�, c = a� ae� �� ��,

b) �ip � Tip(�; �) = Tip(�; �) � �ip;

4. ¤«ï ¨­¤¥ªá®¢ fp; qg \ fs; kg = ? ¨  à£ã¬¥­â®¢ � 6= 0, � 6= 0

Tpq(�; �) � Tsk(
; �) = Tsk(
; �) � Tpq(�; �);

5. ¤«ï ¨­¤¥ªá®¢ i < p < q ¨  à£ã¬¥­â  � 6= 0

a) �iq � Tip(�; �) = Tpq(x; y) � Tip(b; � � e�) � Tiq(z; t) � �iq , £¤¥ x = � � b + c(e� � �), y =
�� + (� � �e)t + ��z, b = a � z + (e� � �)�t, c = �e � � + (�e � �)z + ��t, z = a � 
0,
t = (e���)�
0+(e���)�, a = �+(e2� 2e)� ¨ 
 ®¯à¥¤¥«¥­ ¨§ a � a+ (e�����)2 = 
 � 
;

b) �ip � Tiq(�; �) = Tpq(x; y) � Tip(b; e� � �) � Tiq(z; t) � �ip, £¤¥ x = (��)2 � b + c(� � e�),
y = ���+(���e)�t���z, b = a� z+(�� e�)t, c = ��e���+(�e��)�z���t, z = a�
0,
t = (� � e�)
0 + � � e�, a = �+ (e2 � 2e)� ¨ 
 ®¯à¥¤¥«¥­ ¨§ a � a+ (� � e�)2 = 
 � 
;

c) �ip�Tpq(�; �) = Tpq(x; y)�Tip(b; �����e)�Tiq(z; t)��ip, £¤¥ x = a�b+c(�e��)�, y = ��e�+
(e���)�t+(��e�)z, a = �+(e2�2e)�, b = (��2)�z+��t, c = (��e�)�+(��e�)�z+(��e�)z,
z = (��2) � 
0, t = ��
0 + �� ¨ 
 ®¯à¥¤¥«¥­ ¨§ (��2) � (��2) + (��)2 = 
 � 
;

d) �iq � Tpq(�; �) = Tpq(x; y) � Tip(b;���) � Tiq(z; t) � �iq , £¤¥ x = � � b + c��, y = � � �e �
��t + (� � �e)z, b = (��2) � z + (� � �e)�t, c = �� + ��z + (� � �e)t, z = (��2) � 
0,
t = (�� �e)�
0 + (�� �e)� ¨ 
 ®¯à¥¤¥«¥­ ¨§ (��2) � (��2) + (��� ��e)2 = 
 � 
;

6. ¤«ï ¨­¤¥ªá®¢ i < p < q ¨  à£ã¬¥­â®¢ �; 
 2 R�,  6= 0
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a) Tip(�; �) � Tiq(
; �) � Tpq('; ) = Tpq(k; g) � Tip(f; a) � Tiq(z; t), £¤¥ z = � � 
 ��0, t = b�0 + b,
� | í«¥¬¥­â, ®¯à¥¤¥«¥­­ë© ¨§ � � 
 � � � 
 + b2 = � � �, b = � + �� + � + �' + ��',
a = �+�'�� ��� , f = ��
�z+bt, k = c�f�ha, c = ��'+�� , h = ����
��z��
z+dt,
d =  � �� + � � ��', g = d+ �t+ �
t+ dz;

b) Tiq(�; �) � Tip(
; �) = Tpq(d; �t) � Tip(a; � + ��) � Tiq(z; t), £¤¥ d = 
 � a + (� + �z)(� + ��),
a = � � 
 � z + �t, z = � � 
 ��0, t = ��0 + � ¨ � ®¯à¥¤¥«¥­ ¨§ � � 
 � � � 
 + �2 = � ��.

4. �à ­áä®à¬ æ¨®­­®¥ ¯à¥®¡à §®¢ ­¨¥

� íâ®¬ ¯ã­ªâ¥ ¤®ª ¦¥¬ â ª ­ §ë¢ ¥¬ãî â¥®à¥¬ã ® âà ­áä®à¬ æ¨¨, ª®â®à ï ¯à¨ ¤®ª § â¥«ì-
áâ¢¥ ®á­®¢­®£® ãâ¢¥à¦¤¥­¨ï à ¡®âë ¨£à ¥â äã­¤ ¬¥­â «ì­ãî à®«ì. �­ ç «  ­  ¬­®¦¥áâ¢¥ ¢á¥å

á«®¢  «ä ¢¨â  (1) ¢¢¥¤¥¬ ®â­®è¥­¨ï
i
�
! , 1 � i < n, ¯®«®¦¨¢ w

i
�
! v ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥,

ª®£¤  íâ¨ á«®¢  á¢ï§ ­ë á®®â­®è¥­¨¥¬ w = X �v, £¤¥ á«®¢® X ­¥ á®¤¥à¦¨â ¡ãª¢ë ¢¨¤  Tkj(�; �),

� 6= 0, k � i. �â­®è¥­¨ï
i
�
! ®ç¥¢¨¤­ë¬ ®¡à §®¬ ï¢«ïîâáï à¥ä«¥ªá¨¢­ë¬¨ ¨ âà ­§¨â¨¢­ë¬¨.

�¥à¥§ I(v) ®¡®§­ ç¨¬ á®¢®ªã¯­®áâì ¨­¤¥ªá®¢ ¢á¥å ¡ãª¢ á«®¢  v. �áî¤ã ­¨¦¥ á¨¬¢®« ¬¨ h�; �i
(á ¨­¤¥ªá ¬¨ ¨ ¡¥§ ­¨å) ¡ã¤ãâ ®¡®§­ ç âìáï, ¢®®¡é¥ £®¢®àï, à §«¨ç­ë¥ ­  à §­ëå ¬¥áâ å ¯ àë
¨§ E(R�R). � ¤ «ì­¥©è¥¬ ¯®­ ¤®¡¨âáï

�¥¬¬ .�«ï «î¡ëå ¯¥à¥áâ ­®¢®ª m; : : : ; r ¨ s; : : : ; k, á®áâ ¢«¥­­ëå ¨§ ®¤­¨å ¨ â¥å ¦¥ ç¨á¥«,

¡�®«ìè¨å i, á«®¢® v = Tim(�m; �m) � � � � � Tir(�r; �r), �t 2 R
�, �t 6= 0, t = m; : : : ; r, á®®â­®è¥­¨ï¬¨

6b), 3a) ¨ 4 ¬®¦­® ¯à¨¢¥áâ¨ ª ¢¨¤ã v
i
�
! Tis(�; �s) � � � � �Tik(�; �k), £¤¥ �t 6= 0 ¨ �t � 0, �t � 0 ¯à¨

¢á¥å t = s; : : : ; k.

�®ª § â¥«ìáâ¢®. �ãáâì ¢ v ¡ãª¢  Tis(�s; �s) ­ å®¤¨âáï ­¥ ­  ¯¥à¢®¬ ¬¥áâ¥ ¨ Tip(�p; �p) |
¡ãª¢ , ¯à¥¤è¥áâ¢ãîé ï ¥©. �à¨¬¥­ïï ª á«®¢ã v = X � [Tip(�p; �p) � Tis(�s; �s)] � Y á®®â­®è¥­¨ï

6b) (¢®§¬®¦­® ¢ ®¡à â­®¬ ¯®àï¤ª¥), Tip(x; y) � Tip(x;�y) = 0 (( 3a)) ¨ 4, ¡ã¤¥¬ ¨¬¥âì v
i
�
! X �

Tis(�; �) � Tip(�; �) � Y , â. ¥. ¡ãª¢  Tis(�; �) ¯¥à¥ª¨­ãâ  ­ «¥¢®. �à®¤®«¦ ï íâ® ¯¥à¥¬¥é¥­¨¥ ¨

¤ «¥¥, ¡ã¤¥¬ ¨¬¥âì v
i
�
! Tis(�; �) � eY , £¤¥ á«®¢® eY ­¥ á®¤¥à¦¨â ¨­¤¥ªá s. �­ «®£¨ç­ë¬ ®¡à §®¬

¢ëâï£¨¢ ¥¬ ¨§ eY ¡ãª¢ã á ­ ¤«¥¦ é¨¬¨ ¨­¤¥ªá ¬¨ ¨ â. ¤. � à¥§ã«ìâ â¥ ¤¥©áâ¢¨â¥«ì­® ¯à¨å®¤¨¬

ª âà¥¡ã¥¬®© § ¯¨á¨ v
i
�
! Tis(�; �s)�� � � �Tik(�; �k). �¤¥áì ãâ¢¥à¦¤¥­¨¥, çâ® �t 6= 0 ¨ �t � 0, �t � 0,

¯à®áâ® á«¥¤ã¥â ¨§ á®®â­®è¥­¨© 6b).

�ä®à¬ã«¨àã¥¬ â¥¯¥àì ã¯®¬ï­ãâãî ¢ëè¥ â¥®à¥¬ã.

�¥®à¥¬  2 (® âà ­áä®à¬ æ¨¨ ¡ãª¢). �ãáâì fi | ¯à®¨§¢®«ì­ ï ­¥­ã«¥¢ ï ä®à¬  áâã¯¥­¨

i ¨ x | â ª¦¥ ¯à®¨§¢®«ì­ ï ­¥­ã«¥¢ ï ¡ãª¢   «ä ¢¨â  (1), ¨­¤¥ªáë ª®â®à®© ­¥ ¬¥­ìè¥ i.

�®£¤  ¯à¨ ¯®¬®é¨ á®®â­®è¥­¨© 1{6 ¬®¦­® ¢ë¯®«­¨âì ¯à¥®¡à §®¢ ­¨¥ v = fi �x
i
�
! efi, £¤¥ efi |

­¥ª®â®à ï ä®à¬  áâã¯¥­¨ i.

�®ª § â¥«ìáâ¢®. �á«¨ I(fi) \ I(x) = ?, â®, ¯à¨¬¥­ïï á®®â­®è¥­¨ï 2a), 2b) ¨ 4, ¤«ï à á-

á¬ âà¨¢ ¥¬®£® á«®¢  áà §ã ¡ã¤¥¬ ¨¬¥âì v
i
�
! fi. �®íâ®¬ã ¢¯à¥¤ì íâ® ¯¥à¥á¥ç¥­¨¥ ¡ã¤¥¬ áç¨â âì

­¥¯ãáâë¬. �¨¦¥ Fi ¡ã¤¥â ®§­ ç âì ­¥ª®â®à®¥ á«®¢® ¢¨¤  Fi = Tir(�r; �) � � � � � Tim(�m; �), £¤¥
i < r < � � � < m ¨ �r; : : : ; �m 2 R� (áî¤  ¢ª«îç ¥âáï ¨ á«ãç © Fi = ?). �áî¤ã ç¥à¥§ Tij(�; �)
®¡®§­ ç ¥âáï ¡ãª¢  á® ¢â®àë¬  à£ã¬¥­â®¬ � � �. �á«¨ p =2 I(Fi), â® íâ®â ä ªâ § ¯¨áë¢ ¥¬ ª ª
Fi(6= p). �­ «®£¨ç­ë© á¬ëá« ¯à¨¤ ¥âáï ¨ § ¯¨á¨ Fi(6= p; q). � «¥¥ ¤«ï ¯à®áâ®âë ­  ¯à®âï¦¥­¨¨

¢á¥£® ¯ à £à ä  �
! ¡ã¤¥â ®§­ ç âì ®â­®è¥­¨¥

i
�
! . �ãáâì fi = Fi � �is. �®ª § â¥«ìáâ¢® ï¢«ï¥âáï

ª®¬¡¨­ â®à­ë¬ ¨ à §«¨ç ¥â á«¥¤ãîé¨¥ á«ãç ¨.

x = Tpq(�; �); � 6= 0 (p � i):
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I. s = i, â. ¥. v = Fi � Tpq(�; �) =
Q
i<k

Tik(�; �) � Tpq(�; �).

A. �ãáâì á­ ç «  p = i. �à¨¬¥­ïï «¥¬¬ã, à áá¬ âà¨¢ ¥¬®¥ á«®¢® ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ v �
! Fi(6=

q)�[Tiq(�; �)�Tiq(�; �)], ª®â®à®¥ ¤ «ì­¥©è¨¬ ¯à¨¬¥­¥­¨¥¬ (ª ¢ë¤¥«¥­­®¬ã ®âà¥§ªã) á®®â­®è¥­¨©
3a) ¯à¨¢®¤¨âáï ª ®¤­®¬ã ¨§ ¢¨¤®¢

v
�
! Fi( 6= q) � Tiq(�; �); v

�
! Fi(6= q) � Tiq(�; �) � �iq:

�â¨ á«®¢  á ¯®¬®éìî «¥¬¬ë ¯à¥®¡à §ãîâáï ª âà¥¡ã¥¬ë¬ ä®à¬ ¬ v
�
! Fi ¨ v

�
! Fi � �iq á®®â-

¢¥âáâ¢¥­­®.
B. �ãáâì p > i. �á¯®«ì§ãï ¢ íâ®¬ á«ãç ¥ «¥¬¬ã, ¡ã¤¥¬ ¨¬¥âì v �

! Fi(6= p; q) � [Tip(�; �) �
Tiq(�; �) � Tpq(�; �)]. �®«ãç¥­­®¥ á«®¢® ¯à¨¬¥­¥­¨¥¬ á®®â­®è¥­¨© 6a), 4, 2a), 2b), 2c) ¯à¨­¨¬ ¥â
ä®à¬ã v �

! Fi(6= p; q) � Tip(�; �) � Tiq(�; �), â. ¥. ¯à¨¢®¤¨¬®áâì v
�
! efi ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥

á¢®¤¨âáï ª ¯®¢â®à­®¬ã ¯à¨¬¥­¥­¨î à §®¡à ­­®£® ¯.A.
II. s > i, â. ¥. v = Fi � �is � Tpq(�; �).
C. � áá¬®âà¨¬ á«ãç © p = i. �ãáâì á­ ç «  q < s. �á¯®«ì§ãï «¥¬¬ã ¨ á®®â­®è¥­¨ï 5a), 6a),

3a), 4, 2a), 2b), 2c), ¨¬¥¥¬

v
�
! Fi(6= q; s) � [Tiq(�; �) � Tis(�; �) � Tqs(�; �)] � Tiq(�; �) � Tis(�; �) � �is

�
!

�
! Fi(6= q; s) � Tis(�; �) � [Tiq(�; �) � Tiq(�; �)] � Tis(�; �) � �is

�
!

�
! Fi(6= q; s) � Tiq(�; �) � [Tis(�; �) � Tis(�; �)] � �is

�
! Fi(6= s) � Tis(�; �s) � �is:

�®áª®«ìªã §¤¥áì �s � 0, ¯®á«¥¤­¥¥ ¯à¨¬¥­¥­¨¥¬ «¥¬¬ë ¤ áâ v �
! Fi � �is = efi.

�ãáâì â¥¯¥àì q = s. �à¨¬¥­ïï «¥¬¬ã ¨ á®®â­®è¥­¨ï 3b), ¨¬¥¥¬ v
�
! Fi(6= q) � [Tiq(�; �q) �

Tiq(�; �)]��iq , ª®â®à®¥ ¤ «ì­¥©è¨¬ ¯à¨¬¥­¥­¨¥¬ 3a) (¯à¨ �q 6= 0) ¤ áâ «¨¡® v �
! Fi(6= q)�Tiq(�; �)�

�iq, «¨¡® v
�
! Fi � [�iq ��iq ]. �¥à¢ë© á«ãç © ã¦¥ §­ ª®¬ë¬¨ à ááã¦¤¥­¨ï¬¨ ¤ áâ v

�
! Fi ��iq = efi.

�® ¢â®à®¬ á«ãç ¥, ¯à¨¬¥­ïï 3a), ¯à¨å®¤¨¬ ª ¢¨¤ã v �
! Fi � Tiq(�; �), à áá¬®âà¥­­®¬ã ¢ ¯.A.

�à¨¢®¤¨¬®áâì v �
! efi ¯à¨ q > s ¯®ª §ë¢ ¥âáï  ­ «®£¨ç­® á«ãç î q < s ¯à¨ ¯®¬®é¨ á®®â­®-

è¥­¨© 5b).
D. �ãáâì â¥¯¥àì p > i. � §¡¥à¥¬ á­ ç «  á«ãç © q = s. �á¯®«ì§ãï «¥¬¬ã ¨ á®®â­®è¥­¨ï 5d),

6a), 4, 3a), 2a), 2b), 2c), ¨¬¥¥¬

v
�
! Fi(6= p; s) � [Tip(�; �) � Tis(�; �) � Tps(�; �)] � Tip(�; �) � Tis(�; �) � �is

�
!

�
! Fi(6= p; s) � Tis(�; �) � [Tip(�; �) � Tip(�; �)] � Tis(�; �) � �is

�
!

�
! Fi(6= p; s) � Tis(�; �) �

�
Tip(�; �)_
Tip(�; �) � �ip

�
� Tis(�; �) � �is:

� ¯¥à¢®¬ á«ãç ¥, ¯à®¤®«¦ ï ¯à¥®¡à §®¢ ­¨ï, ¯à¨å®¤¨¬ ª á«®¢ã §­ ª®¬®£® ¢¨¤  v �
! Fi(6= s) �

Tis(�; �) � �is. �® ¢â®à®¬ á«ãç ¥, ¯à¨¬¥­ïï «¥¬¬ã ¨ á®®â­®è¥­¨ï 5b), 6a), 3a), 4, ¯®«ãç¨¬

v
�
! Fi(6= p; s) � Tis(�; �) � Tip(�; �) � [�ip � Tis(�; �)] � �is

�
!

�
! Fi(6= p; s) � [Tis(�; �) � Tip(�; �) � Tps(�; �)] � Tip(�; �) � Tis(�; �) � �ip � �is

�
!

�
! Fi(6= p; s) � Tis(�; �) � [Tip(�; �) � Tip(�; �)] � Tis(�; �) � �ip � �is

�
!

�
! Fi(6= p; s) � Tip(�; �) � [Tis(�; �) � Tis(�; �)] � �ip � �is

�
! Fi � �ip � �is:
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�à¨¬¥­ïï ª ¯®«ãç¥­­®¬ã ¢ëà ¦¥­¨î «¥¬¬ã ¨ á®®â­®è¥­¨ï 5a), 4, 6a), ¡ã¤¥¬ ¨¬¥âì

v
�
! Fi(6= p; s) � [Tip(�; �) � Tis(�; �) � Tps(�; �)] � Tps(�; �) � Tip(�; �) � Tis(�; �) � �ip

�
!

�
! Fi(6= p; s) � [Tip(�; �) � Tis(�; �) � Tps(�; �)] � Tip(�; �) � Tis(�; �) � �ip

�
!

�
! Fi(6= p; s) � Tis(�; �) � [Tip(�; �) � Tip(�; �)] � Tis(�; �) � �ip

�
!

�
! Fi(6= p; s) � Tip(�; �) � [Tis(�; �) � Tis(�; �)] � �ip

�
!

�
! Fi(6= p) � Tip(�; �) � �ip;

â. ¥. ¯®«ãç ¥¬ á«®¢® ¨§ ¯.C.
�à¨¢®¤¨¬®áâì v �

! efi ¯à¨ p = s ¯à¨ ¯®¬®é¨ á®®â­®è¥­¨© 5c)  ­ «®£¨ç­ë¬ ®¡à §®¬ á¢®¤¨âáï
ª ¯à¨¢®¤¨¬®áâ¨ á«®¢  v �

! Fi � �iq � �is (q > s), ª®â®à®¥ á ¯®¬®éìî á®®â­®è¥­¨© 5a) (ª ª ¨ ¯à¨
q < s) ¯à¥®¡à §ã¥âáï ª §­ ª®¬®¬ã ¨§ ¯.C ¢¨¤ã v �

! Fi � �iq.
� á«ãç ïå, ª®£¤  s 6= p; q, ¨á¯®«ì§ãï á®®â­®è¥­¨ï 4, 6a) ¨ «¥¬¬ã, ¨¬¥¥¬

v
�
! Fi(6= p; q) � [Tip(�; �) � Tiq(�; �) � Tpq(�; �)] � �is

�
!

�
! Fi(6= p; q) � Tip(�; �) � Tiq(�; �) � �is

�
! Fi � �is = efi:

x = dk("):

�á«¨ §¤¥áì i = s ¨«¨ s > i, k =2 fi; sg, â® á ¯®¬®éìî á®®â­®è¥­¨© 2a), 2b) áà §ã ¡ã¤¥¬ ¨¬¥âì
âà¥¡ã¥¬ë© ¢¨¤ v �

! efi. �á«¨ s > i ¨ k 2 fi; sg, â®, ¯à¨¬¥­ïï «¥¬¬ã ¨ á®®â­®è¥­¨ï 2d), 3a), 2a),
2b), ­ã¦­ãî ä®à¬ã ¯®«ãç ¥¬ â ª:

v = Fi � [�is � dk(")]
�
! Fi(6= s) � [Tis(�; �) � Tis(�; �)] � �is

�
! Fi � �is = efi:

�â® ª á ¥âáï ¯à¨¢®¤¨¬®áâ¨ v �
! efi ¤«ï á«®¢  v = fi � Tpq(�; 0), â® ®­  ¢¢¨¤ã á®®â­®è¥­¨© 2c)

®ç¥¢¨¤­ë¬ ®¡à §®¬ á¢®¤¨âáï ª â®«ìª® çâ® à §®¡à ­­®¬ã ¯ã­ªâã x = dk(").
�â ª, á«®¢® v = fi � x ¢® ¢á¥å ¨¬¥îé¨åáï á«ãç ïå á®®â­®è¥­¨ï¬¨ 1{6 ¯à¨¢®¤¨âáï ª ¢¨¤ã

v
i
�
! efi.

5. � ¤ ­¨¥ £àã¯¯ë O�(n;R)

�¥«ìî íâ®£® ¯ã­ªâ  ï¢«ï¥âáï ¤®ª § â¥«ìáâ¢® ¯®«­®âë á¨áâ¥¬ë á®®â­®è¥­¨© 1{6 ¤«ï £àã¯¯ë
O�(n;R), n � 2, ¢ ®¡à §ãîé¨å (1). �®«­®â  ¡ã¤¥â ¤®ª § ­ , ¥á«¨ «î¡®¥ á«®¢® w  «ä ¢¨â  (1)
¡ã¤¥â ¯à¨¢®¤¨¬® ª ª ª®¬ã-«¨¡® («î¡®¬ã!) ¨§ áâ ­¤ àâ­ëå ¯à¥¤áâ ¢«¥­¨© s(w) íâ®£® á«®¢  ¯à¨
¯®¬®é¨ á®®â­®è¥­¨© 1{6. �¥©áâ¢¨â¥«ì­®, ¯ãáâì á®®â­®è¥­¨¥ w = s(w) ¢ë¢®¤¨¬® ¨§ 1{6 ¤«ï
«î¡®£® á«®¢  w. �ãáâì ¤ «¥¥ v = 0 | ¯à®¨§¢®«ì­®¥ á®®â­®è¥­¨¥ £àã¯¯ë O�(n;R) ¢ ®¡à §ãîé¨å
(1). �®£« á­® ¢â®à®© ¯®«®¢¨­¥ â¥®à¥¬ë 1 ®­® ¯à¥®¡à §ã¥âáï ª ¢¨¤ã s(v) = d1("1)�� � � �dn("n) = 0.
�âáî¤  ¨¬¥¥¬ "1 = � � � = "n = 0, â. ¥. á®®â­®è¥­¨¥ v = 0 ¤¥©áâ¢¨â¥«ì­® ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ¨§
1{6.

�á­®¢­ë¬ à¥§ã«ìâ â®¬ ®â­®á¨â¥«ì­® £àã¯¯ë O�(n;R) ï¢«ï¥âáï

�¥®à¥¬  3. �¡®¡é¥­­ ï ®àâ®£®­ «ì­ ï £àã¯¯  O�(n;R), n � 2, ­ ¤ ª®¬¬ãâ â¨¢­ë¬ «®-

ª «ì­ë¬ ª®«ìæ®¬ R á ãá«®¢¨ï¬¨ (�) ¨ (=) ¢ ®¡à §ãîé¨å (1) § ¤ ¥âáï á®®â­®è¥­¨ï¬¨ 1{6.

�®ª § â¥«ìáâ¢®. �ãáâì w | ¯à®¨§¢®«ì­®¥ á«®¢®  «ä ¢¨â  (1). �®£« á­® á¤¥« ­­®¬ã ¢ë-
è¥ § ¬¥ç ­¨î â¥®à¥¬  ¡ã¤¥â ¤®ª § ­ , ¥á«¨ ¯®ª ¦¥¬ ¢ë¢®¤¨¬®áâì á®®â­®è¥­¨ï w = s(w) ¨§
á¨áâ¥¬ë 1{6, £¤¥ s(w) ®§­ ç ¥â ®¤­ã ¨§ áâ ­¤ àâ­ëå ä®à¬ á«®¢  w. �¥ â¥àïï ®¡é­®áâ¨, á«®¢®
w ¬®¦­® áç¨â âì ¯à¥¤áâ ¢«¥­­ë¬ ¢ ¢¨¤¥

w
1
�
! f1 � Y; (2)
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£¤¥ f1 | ­¥ª®â®à ï ä®à¬  áâã¯¥­¨ 1 ¨ Y { á®®â¢¥âáâ¢ãîé¥¥ ¥© ¤®¯®«­¥­¨¥. �¢¨¤ã á®®â­®è¥­¨©
di(") � di("0) = 0 (( 1a)), T 0ij(�; �) = Tij(�;��) (( 3a)) ¤®¯®«­¥­¨¥ Y ¬®¦­® áç¨â âì á®áâ ¢«¥­-
­ë¬ â®«ìª® ¨§ ­ âãà «ì­ëå áâ¥¯¥­¥© á¢®¨å ¡ãª¢. �ãáâì Y = x � eY , â. ¥. x| ¯¥à¢ ï ¡ãª¢  á«®¢ 
Y . �à¨¬¥­ïï ª áâëªã v = f1 � x â¥®à¥¬ã 2 ® âà ­áä®à¬ æ¨¨, ¤«ï w ¯®«ãç ¥¬ â® ¦¥ á ¬®¥
¯à¥¤áâ ¢«¥­¨¥ ¢¨¤  (2), ­® ã¦¥ á ãª®à®ç¥­­®© ¤«¨­®© á«®¢  Y . �ë¯®«­ïï íâ® á®ªà é¥­¨¥ ­¥-

áª®«ìª® à §, ¯à¨å®¤¨¬ ª § ¯¨á¨ ¢¨¤  w
1
�
! f1, â. ¥. w = X(1) � f1, £¤¥ á«®¢® X(1) ­¥ á®¤¥à¦¨â

(¯® ®¯à¥¤¥«¥­¨î
1
�
! ) ¡ãª¢ë ¢¨¤  T1j(�; �), � 6= 0. �­ «®£¨ç­ë¬ ®¡à §®¬, ¢ëâï£¨¢ ï â¥¯¥àì ¨§

X(1) ä®à¬ã f2 áâã¯¥­¨ 2, ¡ã¤¥¬ ¨¬¥âì w = X(2) � f2 � f1. �à®¤®«¦ ï íâ®â ¯à®æ¥áá ®âé¥¯«¥­¨ï
ä®à¬, ­  (n � 1)-¬ è £¥ ¯à¨å®¤¨¬ ª à §«®¦¥­¨î w = X(n�1) � fn�1 � � � � � f1. �®áª®«ìªã §¤¥áì
X(n�1) á®¤¥à¦¨â â®«ìª® ¤¨ £®­ «ì­ë¥ ¬ âà¨æë, ®­® á®®â­®è¥­¨ï¬¨ 1a), 1b) «¥£ª® ¯à¨¢®¤¨âáï ª
¢¨¤ã X(n�1) = d1("1) � � � � � dn("n). � ª¨¬ ®¡à §®¬, á«®¢® w ¯à¥®¡à §®¢ ­® ª áâ ­¤ àâ­®¬ã ¢¨¤ã
s(w).

6. �¯à¥¤¥«ïîé¨¥ á®®â­®è¥­¨ï á¯¥æ¨ «ì­®© ®àâ®£®­ «ì­®© £àã¯¯ë

�«ï  ­ «®£¨ç­®£® ®¯¨á ­¨ï ­ ¤ ª®«ìæ®¬ R á¯¥æ¨ «ì­®© ®¡®¡é¥­­®© ®àâ®£®­ «ì­®© £àã¯-
¯ë SO�(n;R), n � 2, ¢¢¥¤¥¬ ­ ¤ ¯à®¨§¢®«ì­ë¬ ( áá®æ¨ â¨¢­®-)ª®¬¬ãâ â¨¢­ë¬ ª®«ìæ®¬ �
(£¤¥ áãé¥áâ¢®¢ ­¨¥ 1 ­¥ ¯à¥¤¯®« £ ¥âáï) ¯®­ïâ¨¥ á®®â¢¥âáâ¢ãîé¥£® ®¯à¥¤¥«¨â¥«ï. �ãáâì In =
f1; 2; : : : ; ng | á®¢®ªã¯­®áâì ¨­¤¥ªá®¢. �«ï ¯®¤áâ ­®¢ª¨ � ¨§ á¨¬¬¥âà¨ç¥áª®© £àã¯¯ë Sn ç¥à¥§
I(�) = fi 2 In : �(i) = ig ®¡®§­ ç¨¬ ¥¥ ­¥¯®¤¢¨¦­®¥ ¯®¤¬­®¦¥áâ¢®. � «¥¥ \§­ ª" ¯®¤áâ ­®¢ª¨ �
®¯à¥¤¥«¨¬ ª ª

sgn� =

(
+; ¥á«¨ � ç¥â­ ï;

� ¢ ¯à®â¨¢­®¬ á«ãç ¥:

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥ x1�x2�� � ��xm =
�Q

k=1;:::;m
xk. �ãáâì ��k(x1; : : : ; xn) =

P
1�i1<���<ik�n

�Q
t=i1;:::;ik

xt ®§­ -

ç ¥â ®á­®¢­®© ª¢ §¨á¨¬¬¥âà¨ç¥áª¨© ¬­®£®ç«¥­ áâ¥¯¥­¨ k ®â ¯¥à¥¬¥­­ëå x1; : : : ; xn. �«ï ¬ âà¨-
æë a = (aij) ¨§ M(n;�) ¨ ¯®¤áâ ­®¢ª¨ � 2 Sn ¯à¨­¨¬ ¥¬ ®¡®§­ ç¥­¨¥ (a1�(1)a2�(2) � � � an�(n))� =� �Q
�(k)=k

akk
�
�

Q
�(k)6=k

ak�(k), £¤¥ ¯à¨ I(�) = ? ¯¥à¢ë©,   ¯à¨ I(�) = In ¢â®à®© á®¬­®¦¨â¥«¨ áç¨-

â îâáï à ¢­ë¬¨ ­ã«î. �¢ §¨®¯à¥¤¥«¨â¥«¥¬ ­ ¤ ª®«ìæ®¬ � ¯®àï¤ª  n ­ §®¢¥¬ ®â®¡à ¦¥­¨¥
det� :M(n;�)! �, § ¤ ­­®¥ ¯à ¢¨«®¬

det� a =
X
�2Sn

sgn�(a1�(1)a2�(2) � � � an�(n))
� +

X
1�k�n�2

(�1)n�k(n� k � 1)��k(a11; a22; : : : ; ann);

£¤¥ ¯à¨ n � 2 ¢â®à ï (¢ëç¨â îé ïáï) áã¬¬  áç¨â ¥âáï à ¢­®© ­ã«î. �®£« á­® íâ®¬ã ®¯à¥¤¥«¥-
­¨î

det�(�) = �; det�
�
� �

 �

�
= � � � � �
;

det�
0@a b c
� � 

x y z

1A = a � � � z + b
x+ c�y � � � (cx) � (�b) � z � a � (
y) + a+ � + z:

�¢¥¤¥­­ë© ®¯à¥¤¥«¨â¥«ì ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯®«­®© ¬ã«ìâ¨¯«¨ª â¨¢­®áâ¨, â. ¥.

det�(a � b) = det� a � det� b (det�)

¤«ï «î¡ëå ¬ âà¨æ a; b 2M(n;�). �áâ ­®¢¨âì íâ® à ¢¥­áâ¢®, ­¥¯®áà¥¤áâ¢¥­­® ááë« ïáì ­  ®¯à¥-
¤¥«¥­¨¥ det�, â¥å­¨ç¥áª¨ ®ç¥­ì á«®¦­®. �®ª ¦¥¬ ¥£®, ¯à¨¡¥£ ï ª «®ª «ì­®¬ã ¯à¨¥¬ã (â. ¥. ¯à¥¤-
¢ à¨â¥«ì­® ¢ª« ¤ë¢ ï � ¢ ­¥ª®â®à®¥ ª®¬¬ãâ â¨¢­®¥ à áè¨à¥­¨¥ K á 1). � ª¨¬ à áè¨à¥­¨¥¬
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K=� ¡ã¤¥â, ­ ¯à¨¬¥à, ª®«ìæ® K = Z� � á ¯®ª®®à¤¨­ â­ë¬ á«®¦¥­¨¥¬ ¨ ã¬­®¦¥­¨¥¬, § ¤ ­-
­ë¬ ª ª h�; xih�; yi = h��; �y+�x+xyi (£¤¥ ¥¤¨­¨æ¥© ¡ã¤¥â ¯ à  h1; 0i). � ¢¥­áâ¢® (det�) «¥£ª®
á«¥¤ã¥â ¨§ á®®â­®è¥­¨ï

det(E + a) = 1 + det� a; (3)

¨¬¥îé¥£® ¬¥áâ® ¢ à áè¨à¥­¨¨ K ¤«ï «î¡®© ¬ âà¨æë a 2M(n;�), £¤¥ E | ¥¤¨­¨ç­ ï ¬ âà¨æ 
¯®àï¤ª  n. �¥©áâ¢¨â¥«ì­®, ¤«ï «î¡ëå ¬ âà¨æ a, b ¨§ ª®«ìæ  M(n;�) ¨¬¥¥¬

1 + det�(a � b) = det(E + a � b) = det[(E + a)(E + b)] =

= det(E + a) det(E + b) = (1 + det� a)(1 + det� b) = 1 + det� a � det� b;

çâ® áà §ã ¦¥ ¤ ¥â à ¢¥­áâ¢® (det�).
�®ª ¦¥¬ â¥¯¥àì á®®â­®è¥­¨¥ (3). �¢¥¤¥¬ á­ ç «  ¤«ï k � 2 äã­ªæ¨î �(k) =

P
�2Sk; I(�)=?

sgn�

(â. ¥. �(k) | áã¬¬  §­ ª®¢ ¢á¥å ¯®«­ëå ¯®¤áâ ­®¢®ª ¨§ Sk). �â  äã­ªæ¨ï ¤®¯ãáª ¥â ï¢­ãî
ä®à¬ã«ã

�(k) =

��������
0 1 : : : 1
1 0 : : : 1
: : : : : : : : : : :
1 1 : : : 0

�������� = (�1)k�1(k � 1) (�)

(§¤¥áì ®¯à¥¤¥«¨â¥«ì ¨¬¥¥â ¯®àï¤®ª k). �«ï ¬ âà¨æë a ¨§ (3), ¢¢¥¤ï ®¡®§­ ç¥­¨¥ E + a = (eaij) ¨
¯®«ì§ãïáì ä®à¬ã«®© ¤«ï ®¡ëç­®£® ®¯à¥¤¥«¨â¥«ï ([6], á. 371), ¨¬¥¥¬

det(E + a) =
X
�2Sn

sgn�ea1�(1) � � � ean�(n) =
= (1 + a11) � � � (1 + ann) +

X
id6=�2Sn

sgn�
Y

�(k)=k

(1 + akk)
Y

�(k)6=k

ak�(k) =

= 1 + a11 � � � � � ann +
X

id6=�2Sn

sgn�
�
1 +

�Y
�(k)=k

akk

� Y
�(k) 6=k

ak�(k) =

= 1 +
�
a11 � � � � � ann +

X
id6=�2Sn

sgn�
� �Y

�(k)=k

akk �
Y

�(k)6=k

ak�(k)

��
�

X
id6=�2Sn

sgn�
�Y

�(k)=k

akk =

= 1 +
X
�2Sn

sgn�(a1�(1) � � � an�(n))� �
X

id6=�2Sn

sgn�
�Y

�(k)=k

akk;

£¤¥ id | â®¦¤¥áâ¢¥­­ ï ¯®¤áâ ­®¢ª .
�ãáâì â¥¯¥àì I(k) ®§­ ç ¥â k-í«¥¬¥­â­®¥ ¯®¤¬­®¦¥áâ¢® ¬­®¦¥áâ¢  In. �¥à¥£àã¯¯¨à®¢ë¢ ï

ç«¥­ë ¢ëç¨â îé¥©áï áã¬¬ë ¢ ¯®á«¥¤­¥¬ ¢ëà ¦¥­¨¨ ¨ ãç¨âë¢ ï (�), ¯®«ãç¨¬

X
1�k�n�2

X
I(k)�In

� X
I(�)=I(k)

sgn�
� �Y

r2I(k)

arr =
X

1�k�n�2

�(n� k)
X

I(k)�In

�Y
r2I(k)

arr =

=
X

1�k�n�2

�(n� k)��k(a11; a22; : : : ; ann) = �
X

1�k�n�2

(�1)n�k(n� k � 1)��k(a11; a22; : : : ; ann):

� ª¨¬ ®¡à §®¬, à ¢¥­áâ¢® (3) á¯à ¢¥¤«¨¢®.
�¡®§­ ç¨¬ ç¥à¥§ SO�(n;�) ï¤à® £®¬®¬®àä¨§¬  det� : O�(n;�) ! �� ¨ ­ §®¢¥¬ ¥£® ®¡®¡-

é¥­­®© á¯¥æ¨ «ì­®© ®àâ®£®­ «ì­®© £àã¯¯®© áâ¥¯¥­¨ n ­ ¤ ª®«ìæ®¬ �. �¥à¥å®¤¨¬ ª ®¯¨á ­¨î
£àã¯¯ë SO�(n;R), n � 2, ¢ â¥à¬¨­ å ®¡à §ãîé¨å ¨ á®®â­®è¥­¨©. �«ï íâ®© æ¥«¨ ¨á¯®«ì§ã¥¬
¯®à®¦¤ îéãî á¨áâ¥¬ã

Tij(x; y); hx; yi 2 E(R �R) (1 � i < j � n): (4)
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� íâ®¬  «ä ¢¨â¥ ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ á®®â­®è¥­¨ï £àã¯¯ë SO�(n;R):

1. a) hik(") � hkn(") = hin("), i < k < n,
b) hin(") � hin(�) = hin(" � �),
c) hin(") � hkn(�) = hkn(�) � hin("), i < k < n;

2. a) Tij(x; y) � hkn(") = hkn(") � Tij(x; y), fi; jg \ fk; ng = ?,
b) Tij(x; y) � hkn(") = hkn(") � Tij(x; y + "y), jfi; jg [ fk; ngj = 3,
c) Tin(x; y) � hin(") = hin(") � Tin(x; y),
d) �ij � hkn(") = hkn(") � Tij("�2; �"� e�") � �ij , jfi; jg [ fk; ngj = 3.

�á«¨ áâ ­¤ àâ­ë¥ äoà¬ë ¬ âà¨æ ¨§ SO�(n;R) ®¯à¥¤¥«¨âì ª ª h1n("1)�� � ��hn�1;n("n�1)�fn�1�
� � ��f1 (ä®à¬ë fi â ª¨¥ ¦¥, ª ª ¢ x 2), â® ¯®çâ¨ ¤®á«®¢­®¥ ¯®¢â®à¥­¨¥ à ááã¦¤¥­¨©, ¯à®¢¥¤¥­­ëå
¤«ï £àã¯¯ë O�(n;R), ¤ ¥â á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  4. �¡®¡é¥­­ ï á¯¥æ¨ «ì­ ï ®àâ®£®­ «ì­ ï £àã¯¯  SO�(n;R), n � 2, ­ ¤ ª®¬¬ã-
â â¨¢­ë¬ «®ª «ì­ë¬ ª®«ìæ®¬ R á ãá«®¢¨ï¬¨ (�), (=) ¢ ®¡à §ãîé¨å (4) § ¤ ¥âáï á®®â­®è¥-
­¨ï¬¨ 1, 2 ¨ 3{6.

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ¯à¨ n = 3 á®®â­®è¥­¨ï 4,   ¯à¨ n = 2 á®®â­®è¥­¨ï 4{6 â¥àïîâ
á¬ëá« (â. ¥. ®­¨ ­¥ ¤¥ª¢ â­ë). �®íâ®¬ã ¢ ä®à¬ã«¨à®¢ª å â¥®à¥¬ 3 ¨ 4 ¤«ï áâ¥¯¥­¥© n � 3
­ §¢ ­­ë¥ á®®â­®è¥­¨ï ¨§ á¯¨áª  1{6 á«¥¤ã¥â áç¨â âì ®¯ãé¥­­ë¬¨.
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