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�®­¥ç­ ï ¬®¤ã«ïà­ ï à¥è¥âª  L ­ §ë¢ ¥âáï ¯à¨¬ à­®© [1], ¥á«¨
1) ª ¦¤ë© í«¥¬¥­â ¨§ L á®¢¯ ¤ ¥â á áã¬¬®© æ¨ª«®¢, ¢ ­¥¬ á®¤¥à¦ é¨åáï, ¨ á ¯à®¨§¢¥¤¥­¨¥¬

ª®æ¨ª«®¢, ¥£® á®¤¥à¦ é¨å;
2) «î¡®© ¨­â¥à¢ « ¨§ L, ­¥ ï¢«ïîé¨©áï æ¨ª«®¬, á®¤¥à¦¨â ­¥ ¬¥­¥¥ âà¥å  â®¬®¢.

�î¡®© í«¥¬¥­â ¯à¨¬ à­®© à¥è¥âª¨ L ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë ­¥§ ¢¨á¨¬ëå æ¨-
ª«®¢. �á«¨ L = A1 + A2 + � � � + An | ¯à¥¤áâ ¢«¥­¨¥ ¥¥ ¥¤¨­¨æë ¢ â ª®¬ ¢¨¤¥, â® ç¨á«®
n ­ §ë¢ îâ à §¬¥à­®áâìî à¥è¥âª¨ L. �á«¨ ¯à¨ íâ®¬ d | ­ ¨¡®«ìè¥¥ ç¨á«® á® á¢®©áâ¢®¬
l(A1) = l(A2) = � � � = l(Ad), â® d ­ §ë¢ îâ £¥®¬¥âà¨ç¥áª®© à §¬¥à­®áâìî ¯à¨¬ à­®© à¥è¥â-
ª¨ L. �á«¨ X | í«¥¬¥­â ¨§ L,   X� | áã¬¬  ¢á¥å í«¥¬¥­â®¢, ¯®ªàë¢ îé¨å X, â® ¨­â¥à¢ «
[X;X�] ï¢«ï¥âcï à¥è¥âª®© á ¤®¯®«­¥­¨ï¬¨. � ª®© ¨­â¥à¢ « ¡ã¤¥¬ ­ §ë¢ âì á«®¥¬ à¥è¥âª¨ L.
�«®©­® ¯à®¥ªâ¨¢­®© à¥è¥âª®© ­ §®¢¥¬ ¯à¨¬ à­ãî à¥è¥âªã, ã ª®â®à®© ª ¦¤ë© á«®© ï¢«ï¥âáï
¤¥§ à£®¢®© ¯à®¥ªâ¨¢­®© £¥®¬¥âà¨¥© ­ ¤ ®¤­¨¬ ¨ â¥¬ ¦¥ ¯®«¥¬ GF (pk).

� [2] ¢ ®¯à¥¤¥«¥­¨¨ á«®©­® ¯à®¥ªâ¨¢­®© à¥è¥âª¨ âà¥¡®¢ «®áì áãé¥áâ¢®¢ ­¨¥ ¨­¢®«îâ¨¢­®£®
 ­â¨ ¢â®¬®àä¨§¬  íâ®© à¥è¥âª¨. �  á ¬®¬ ¤¥«¥ ¢á¥ ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë ­¥ ­ã¦¤ îâáï ¢
â ª®¬ á¨«ì­®¬ ®£à ­¨ç¥­¨¨. �®íâ®¬ã ¢ ¤ ­­®© à ¡®â¥ ®¯à¥¤¥«¥­¨¥ á«®©­® ¯à®¥ªâ¨¢­®© à¥è¥âª¨
­¥áª®«ìª® ®á« ¡«¥­®.

� ª ª ª ¯à®¥ªâ¨¢­ ï £¥®¬¥âà¨ï à §¬¥à­®áâ¨ ­¥ ¬¥­¥¥ âà¥å ¤¥§ à£®¢ , â® «î¡ ï ¯à¨¬ à­ ï
à¥è¥âª  à §¬¥à­®áâ¨ ­¥ ¬¥­¥¥ ç¥âëà¥å ï¢«ï¥âáï á«®©­® ¯à®¥ªâ¨¢­®©.

�ãáâì L| á«®©­® ¯à®¥ªâ¨¢­ ï à¥è¥âª , L = A1+A2+� � �+An | ¯à¥¤áâ ¢«¥­¨¥ ¥¥ ¥¤¨­¨æë ¢
¢¨¤¥ áã¬¬ë ­¥§ ¢¨á¨¬ëå æ¨ª«®¢, l(Ai) = mi ¨ m1 � m2 � � � � � mn. �à¥¤¯®«®¦¨¬, çâ® ª ¦¤ë©
á«®© à¥è¥âª¨ L ï¢«ï¥âáï ¤¥§ à£®¢®© ¯à®¥ªâ¨¢­®© £¥®¬¥âà¨¥© ­ ¤ ¯®«¥¬ GF (pk). �®£¤  ­ ¡®à
(m1;m2; : : : ;mn; p

k) ­ §®¢¥¬ â¨¯®¬ à¥è¥âª¨ L.
� ¤ ­­®© à ¡®â¥ ¯à®¤®«¦ ¥âáï ­ ç â®¥ ¢ [2] ¨áá«¥¤®¢ ­¨¥ ¯à®¡«¥¬ë ¨§®¬®àä¨§¬  á«®©­®

¯à®¥ªâ¨¢­ëå à¥è¥â®ª ®¤¨­ ª®¢®£® â¨¯ . �ãáâì L1 ¨ L2 | ¤¢¥ á«®©­® ¯à®¥ªâ¨¢­ë¥ à¥è¥âª¨
®¤¨­ ª®¢®£® â¨¯ , d | £¥®¬¥âà¨ç¥áª ï à §¬¥à­®áâì íâ¨å à¥è¥â®ª. �§¢¥áâ­ë á«¥¤ãîé¨¥ à¥-
§ã«ìâ âë.

1) �á«¨ d � 3 ¨ à¥è¥âª¨ L1 ¨ L2  à£®¢ë, â® L1
�= L2.

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ ®á­®¢­®£® à¥§ã«ìâ â  à ¡®âë [1].
2) �á«¨ d � 4, â® à¥è¥âª¨ L1 ¨ L2  à£®¢ë ([3]) ¨, á«¥¤®¢ â¥«ì­®, L1

�= L2.
� ª¨¬ ®¡à §®¬, ¤«ï à¥è¥­¨ï ¯à®¡«¥¬ë ¨§®¬®àä¨§¬  á«®©­® ¯à®¥ªâ¨¢­ëå à¥è¥â®ª ®¤¨­ ª®-

¢®£® â¨¯  ¤®áâ â®ç­® ®£à ­¨ç¨âìáï á«ãç ¥¬ à¥è¥â®ª ¬ «®© £¥®¬¥âà¨ç¥áª®© à §¬¥à­®áâ¨. �«ï
â ª¨å à¥è¥â®ª ¨§¢¥áâ­®, çâ®

3) ¥á«¨ n = 2, â® L1
�= L2 (¤®ª § ­® ¢ [4] ¤«ï á«ãç ï k = 1, ­® ¤®ª § â¥«ìáâ¢® ®áâ ¥âáï

¢¥à­ë¬ ¨ ¤«ï k > 1);
4) ¥á«¨ m2 = m3 = � � � = mn = 1, â® L1

�= L2 ([2]).
� ®¡é¥¬ á«ãç ¥ ¯à®¡«¥¬  ¨§®¬®àä¨§¬  á«®©­® ¯à®¥ªâ¨¢­ëå à¥è¥â®ª ®¤¨­ ª®¢®£® â¨¯  ­¥

¨¬¥¥â ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï. � ª, ¢ à ¡®â¥ [3] ¯®áâà®¥­ ¯à¨¬¥à, ¯®ª §ë¢ îé¨©, çâ® áãé¥-
áâ¢ãîâ ­¥¨§®¬®àä­ë¥ á«®©­® ¯à®¥ªâ¨¢­ë¥ à¥è¥âª¨ ®¤¨­ ª®¢®£® â¨¯  (2; 2; 1; pk).
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�¥«ìî ¤ ­­®© áâ âì¨ ï¢«ï¥âáï ¢ëïá­¥­¨¥ ãá«®¢¨© ¨§®¬®àä­®áâ¨ à¥è¥â®ª â¨¯  (2; 2; 1; : : : ; 1,
pk). �ãáâì L | á«®©­® ¯à®¥ªâ¨¢­ ï à¥è¥âª  â¨¯  (m1;m2; : : : ;mn; p

k). �«¥¤ãï [5], ­ §®¢¥¬ áª¥-
«¥â®¬ à¥è¥âª¨ L ¬­®¦¥áâ¢® S(L) â ª¨å í«¥¬¥­â®¢ X 2 L, ¤«ï ª®â®àëå ¨­â¥à¢ « [X;X�] ¨¬¥¥â
à §¬¥à­®áâì n, â. ¥. ï¢«ï¥âáï ¬ ªá¨¬ «ì­ë¬  â®¬¨ç­ë¬ ¨­â¥à¢ «®¬. � [5] ¯®ª § ­®, çâ® L ï¢«ï-
¥âáï S(L)-áª«¥¥­­®© áã¬¬®© ¢á¥å á¢®¨å ¬ ªá¨¬ «ì­ëå  â®¬¨ç­ëå ¨­â¥à¢ «®¢.

�¥¬¬  1. �¨ª« X 2 L â®£¤  ¨ â®«ìª® â®£¤  ï¢«ï¥âáï ¬ ªá¨¬ «ì­ë¬ æ¨ª«®¬, ª®£¤ �
X +

P
j 6=i

Aj

�
Ai = Ai ¤«ï ­¥ª®â®à®£® i 2 f1; 2; : : : ; ng.

�®ª § â¥«ìáâ¢®. �à®¢¥¤¥¬ ¨­¤ãªæ¨î ¯® l(L). �«ï n = 1 ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­®. �®íâ®¬ã
áç¨â ¥¬ n > 1. �ãáâì A | â ª®©  â®¬ ¨§ L, çâ® AX = 0. � á¨«ã ¯à¥¤¯®«®¦¥­¨ï ¨­¤ãªæ¨¨�

X +A+
X
j 6=i

(Aj +A)
�
(A+Ai) = A+Ai

¤«ï ­¥ª®â®à®£® ­®¬¥à  i. � áªàë¢ ï áª®¡ª¨, ¯®«ãç¨¬�
X +A+

X
j 6=i

Aj

�
(A+Ai) = A+Ai:

� á¨«ã ¬®¤ã«ïà­®áâ¨ �
A+ (X +

X
j 6=i

Aj)
�
(A+Ai) = A+Ai:

�á«¨ A �
�
X +

P
j 6=i

Aj

�
, â®, á­®¢  ¨á¯®«ì§ãï ¬®¤ã«ïà­®áâì, ¯®«ãç ¥¬ A +

�
X +

P
j 6=i

Aj

�
Ai =

A + Ai, â. ¥.
�
X +

P
j 6=i

Aj

�
Ai = Ai. �á«¨ ¦¥ A +

�
X +

P
j 6=i

Aj

�
= 0, â® X +

P
j 6=i

Aj =
P
j 6=i

Aj . � á¨«ã

¯à¥¤¯®«®¦¥­¨ï ¨­¤ãªæ¨¨ X +
P

j 6=i;ª
Ak = Ak ¤«ï ­¥ª®â®à®£® k 6= i. �® â®£¤ 

�
X +

P
j 6=ª

Aj

�
Ak =

Ak.

�«¥¤áâ¢¨¥. S(L) = [0; A2
1 +A2

2 + � � �+A2
n], £¤¥ A

2
i | í«¥¬¥­â, ¯®ªàë¢ ¥¬ë© æ¨ª«®¬ Ai.

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® æ¨ª« X â®£¤  ¨ â®«ìª® â®£¤  «¥¦¨â ¢ S(L), ª®£¤  X ­¥
ï¢«ï¥âáï ¬ ªá¨¬ «ì­ë¬ æ¨ª«®¬. �® «¥¬¬¥ 1 íâ® à ¢­®á¨«ì­® â®¬ã, çâ® X � A2

1 + � � � + A2
n.

�áâ ¥âáï § ¬¥â¨âì, çâ® S(L) § ¬ª­ãâ ®â­®á¨â¥«ì­® á«®¦¥­¨ï ([5], â¥®à¥¬  6.2(d)),   ª ¦¤ë©
í«¥¬¥­â ¨§ L ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë æ¨ª«®¢.

�á«¨ A1; A2; : : : ; An | ­¥§ ¢¨á¨¬ë¥ æ¨ª«ë, â® áà¥¤­¨¬ ¤«ï A1; A2; : : : ; An ­ §®¢¥¬ â ª®© æ¨ª«

C, çâ® C +
P
j 6=i

Aj =
nP

j=1
Aj ¤«ï ¢á¥å i = 1; 2; : : : ; n. �ãáâì L1 ¨ L2 | ¤¥§ à£®¢ë ¯à®¥ªâ¨¢­ë¥

£¥®¬¥âà¨¨ à §¬¥à­®áâ¨ n� 1 ­ ¤ ¯®«¥¬ GF (pk), n � 3, A1; A2; : : : ; An ¨ B1; B2; : : : ; Bn | ­¥§ ¢¨-
á¨¬ë¥ â®çª¨ ¢ L1 ¨ L2 á®®â¢¥âáâ¢¥­­®, í«¥¬¥­â C áà¥¤­¨© ¤«ï A1; A2; : : : ; An,   D áà¥¤­¨© ¤«ï
B1; B2; : : : ; Bn. �®£¤ , ª ª ¨§¢¥áâ­®, áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨­áâ¢¥­­ë© á â®ç­®áâìî ¤®  ¢â®-
¬®àä¨§¬  ¯®«ï ¨§®¬®àä¨§¬ ' : L1 ! L2 â ª®©, çâ® '(Ai) = Bi ¤«ï i = 1; 2; : : : ; n, ¨ '(C) = D.

�¥¬¬  2. �á«¨ ¢ ®¡®§­ ç¥­¨ïå ¯à¥¤ë¤ãé¥£®  ¡§ æ  n > 3,  

'l :
h
0;
X
j 6=l

Aj

i
!

h
0;
X
j 6=l

Bj

i
;

l = 1; 2, | â ª¨¥ ¨§®¬®àä¨§¬ë, çâ® 'l(Ai) = Bi ¤«ï ¢á¥å j 6= l ¨ '1(X) = '2(X) ¤«ï «î¡®£®

X �
P
i>3

Ai, â® áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬ ' : L1 ! L2, ¯à®¤®«¦ îé¨© ª ª '1, â ª ¨ '2.
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�®ª § â¥«ìáâ¢®. �ãáâì C | ¯à®¨§¢®«ì­ë© áà¥¤­¨© í«¥¬¥­â ¤«ï A1; A2; : : : ; An. �®«®¦¨¬
C1 = (C +A1)

P
j 6=1

Aj ¨ C2 = (C +A2)
P
j 6=2

Aj . �®£¤  C1 ¨ C2 | áà¥¤­¨¥ í«¥¬¥­âë ¤«ï A2; : : : ; An ¨

A1; A3; : : : ; An á®®â¢¥âáâ¢¥­­®. �à®¬¥ â®£®,

(C1 +A1)(C2 +A2) = C:

�®«®¦¨¬
D = ('1(C1) +B1) ('2(C2) +B2) :

� ¯ãáâì ' | ¨§®¬®àä¨§¬ L1 ­  L2 â ª®©, çâ® '(Ai) = Bi ¤«ï ¢á¥å i = 1; : : : ; n; ¨ '(C) = D:

�â¬¥â¨¬, çâ®

'(C1) = '
�
(C +A1)

X
j 6=1

Aj

�
= (D +B1)

X
j 6=1

Bj = ('1(C1) +B1)
X
j 6=1

Bj = '1(C1):

�­ «®£¨ç­® '(C2) = '2(C2). �â® ®§­ ç ¥â, çâ® 'j[0;
P
j 6=l

Aj ]
= 'l�l, £¤¥ �l |  ¢â®¬®àä¨§¬ ¯®«ï

GF (pk). � ª ª ª n > 3, â® ¨§ ãá«®¢¨ï '1(x) = '2(x) ¤«ï «î¡®£® x 2
P
i>3

Ai á«¥¤ã¥â, çâ® �1 = �2 =

", â. ¥. ' ¯à®¤®«¦ ¥â ª ª '1, â ª ¨ '2. �â¬¥â¨¬, çâ® ¢ á«ãç ¥ k = 1 ãá«®¢¨¥ n > 3 ¨§«¨è­¥.

�ãáâì L | á«®©­® ¯à®¥ªâ¨¢­ ï à¥è¥âª  â¨¯  (2; 2; 1; : : : ; 1; pk), ¨ L = A1 + A2 + � � � + An

¥áâì á®®â¢¥âáâ¢ãîé¥¥ ¯à¥¤áâ ¢«¥­¨¥ ¥¤¨­¨æë à¥è¥âª¨ L ¢ ¢¨¤¥ áã¬¬ë ­¥§ ¢¨á¨¬ëå æ¨ª«®¢.
� áá¬®âà¨¬ á«¥¤ãîé¥¥

�á«®¢¨¥ (�): áãé¥áâ¢ã¥â â ª®© ¨§®¬®àä¨§¬

' : [0; A2
1 +A2

2 +A3 + � � �+An]! [A2
1 +A2

2; L];

çâ® '(X) = A2
1 + A2

2 +X ¤«ï ¢á¥å  â®¬®¢ X � A3 + � � � + An,   ¤«ï «î¡®£®  â®¬  X � A2
1 + A2

2

¢ë¯®«­ï¥âáï à ¢¥­áâ¢® '(X) = Y+(A2
1+A

2
2), £¤¥ Y |æ¨ª« ¢ëá®âë 2 ¨§A1+A2, ¯®ªàë¢ îé¨©X.

�¥®à¥¬  1. �ãáâì L1 ¨ L2 | á«®©­® ¯à®¥ªâ¨¢­ë¥ à¥è¥âª¨ ®¤¨­ ª®¢®£® â¨¯  (2; 2; 1; : : : ; 1,
pk): �á«¨ à §¬¥à­®áâì Li ¡®«ìè¥ âà¥å,   à¥è¥âª¨ L1 ¨ L2 ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (�), â®
L1

�= L2.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® à¥è¥âª¨ L1 ¨ L2 ã¤®¢«¥â¢®àïîâ ãá«®¢¨î â¥®à¥¬ë,
L1 = A1+A2+ � � �+An ¨ L2 = B1+B2+ � � �+Bn áãâì ¯à¥¤áâ ¢«¥­¨ï ¥¤¨­¨æ íâ¨å à¥è¥â®ª ¢ ¢¨¤¥
áã¬¬ë ­¥§ ¢¨á¨¬ëå æ¨ª«®¢. � á¨«ã á«¥¤áâ¢¨ï ¨§ «¥¬¬ë 1 ¨¬¥¥¬ à ¢¥­áâ¢® S(L1) = [0; A2

1+A
2
2].

�«ï ª ¦¤®£® í«¥¬¥­â  X 2 S(L1) ¯®áâà®¨¬ ¨§®¬®àä¨§¬ 'x ¨­â¥à¢ «  [X;X�] ­  ¨­â¥à¢ «
[0; A2

1 + A2
2 + A3 + � � � + An] á«¥¤ãîé¨¬ ®¡à §®¬. �á«¨ X = 0, â® '0 = " | â®¦¤¥áâ¢¥­­ë©

 ¢â®¬®àä¨§¬ ¨­â¥à¢ «  [0; A2
1 + A2

2 + A3 + � � � + An]. �á«¨ ¦¥ X = A2
1 + A2

2, â® 's = '�1, £¤¥ '
| ¨§®¬®àä¨§¬, ®¯à¥¤¥«¥­­ë© ãá«®¢¨¥¬ (�). �ãáâì â¥¯¥àì X |  â®¬ ¨§ A2

1 + A2
2. �®£¤  X

� =
Y + A2

l + A3 + � � � + An, £¤¥ Y | æ¨ª« ¨§ A1 + A2, ¯®ªàë¢ îé¨© X; Al = A1, ¥á«¨ X = A2
2 ¨

Al = A2 ¢ ®áâ «ì­ëå á«ãç ïå. �§®¬®àä¨§¬ 's ¨­¤ãæ¨àã¥â ¨§®¬®àä¨§¬ '1 ¨­â¥à¢ «  [X;Y +
+A3+� � �+An] ­  ¨­â¥à¢ « [0; X+A3+� � �+An]. �¥à¥§ '2 ®¡®§­ ç¨¬ â ª®© ¨§®¬®àä¨§¬ ¨­â¥à¢ « 
[X;X +A2

l +A3 + � � �+An] ­  ¨­â¥à¢ « [0; A2
l +A3 + � � �+An], çâ® '2(X + T ) = T ¤«ï «î¡®£®

T � A2
l +A3 + � � �+An:

�® «¥¬¬¥ 2 áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬ 'x : [X;X�] ! [0; A2
1 + A2

2 + � � � + An], ¯à®¤®«¦ îé¨© '1 ¨
'2.

�§ ¯®áâà®¥­¨ï ¨§®¬®àä¨§¬®¢ 'x á«¥¤ã¥â, çâ® ¥á«¨ X ¨ Y | ¤¢  í«¥¬¥­â  ¨§ S(L) ¨ Y

¯®ªàë¢ ¥â X, â® 'xj[Y;X�] = 'yj[Y;X�]:

�­ «®£¨ç­® ¢ à¥è¥âª¥ L2 áâà®¨¬ á¨áâ¥¬ã ¨§®¬®àä¨§¬®¢ '0x ¤«ï ¢á¥å X 2 S(L2). �ãáâì � |
¨§®¬®àä¨§¬ S(L1) ­  S(L2). �®«®¦¨¬ ¤«ï X 2 S(L1)

 x = 'x�('
0
�(X))

�1:
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�®£¤   x ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ¨­â¥à¢ «  [X;X�] ­  ¨­â¥à¢ «

[�(X); (�(X))� ];

¨ ¥á«¨ Y ¯®ªàë¢ ¥â X, â® 'xj[Y;X�] = 'yj[Y;X�]: �® â¥®à¥¬¥ 5.1 ¨§ [5] ®â®¡à ¦¥­¨¥
S

X2S(L1)

 x

ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ L1 ­  L2.

� ¬¥ç ­¨¥. �¥®à¥¬  1 ®áâ ¥âáï á¯à ¢¥¤«¨¢®© ¨ ¢ á«ãç ¥ n = 3, ¥á«¨ ¢ ãá«®¢¨¨ (�) ¯®âà¥¡®-
¢ âì, çâ®¡ë ¨§®¬®àä¨§¬ ' ¡ë« «¨­¥©­ë¬, â. ¥. ¨­¤ãæ¨à®¢ «áï ¨§®¬®àä¨§¬®¬ á®®â¢¥âáâ¢ãîé¨å
«¨­¥©­ëå ¯à®áâà ­áâ¢.

B à ¡®â¥ [6] ¡ë«® ¢¢¥¤¥­® ¯®­ïâ¨¥ C-à¥è¥âª¨. �¥ ¢¤ ¢ ïáì ¢ áâà®£®¥ ®¯à¥¤¥«¥­¨¥ �-à¥è¥â®ª,
®â¬¥â¨¬, çâ® á«®©­® ¯à®¥ªâ¨¢­ ï à¥è¥âª  L ï¢«ï¥âáï C-à¥è¥âª®© ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥,
ª®£¤  ®­  ®¡« ¤ ¥â â ª¨¬ ¨­¢®«îâ¨¢­ë¬  ­â¨ ¢â®¬®àä¨§¬®¬ ', çâ® A � '(A) ¤«ï «î¡®£®
æ¨ª« A 2 L ([2], â¥®à¥¬  1). �à¨ íâ®¬ ¥¥ ¥¤¨­¨æã ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë ­¥§ ¢¨á¨¬ëå
æ¨ª«®¢ â ª, çâ® L = A1+B1+A2+B2+ � � �+An+Bn, £¤¥ Ai ¨ Bi | æ¨ª«ë ®¤¨­ ª®¢®© ¢ëá®âë
¨

'(Ai +Bi) =
X
j 6=i

(Aj +Bj)

¤«ï ¢á¥å i = 1; : : : ; n ([6], â¥®à¥¬  4).

�¥®à¥¬  2. �«®©­® ¯à®¥ªâ¨¢­ ï �-à¥è¥âª  â¨¯  (2; 2; 1; 1; : : : ; 1; 1; pk) ã¤®¢«¥â¢®àï¥â ãá«®-

¢¨î (�).

�®ª § â¥«ìáâ¢®. �ãáâì L = A1 +B1 +A2 +B2 + � � �+An +Bn ¨

'(Ai +Bi) =
X
j 6=i

(Aj +Bj):

� ¤ ¤¨¬ ­  ¯à®¥ªâ¨¢­®© £¥®¬¥âà¨¨ [0; A2
1+B

2
1+A2+B2+ � � �+An+Bn] ®¤­®à®¤­ë¥ ª®®à¤¨­ âë

á«¥¤ãîé¨¬ ®¡à §®¬. �®«®¦¨¬ A2
1 = (1; 0; 0; : : : ; 0), B2

1 = (0; 1; 0; : : : ; 0); : : : ; Bn = (0; 0; 0; : : : ; 1).
�«¥¬¥­âë Ci = ( 1; 1; : : : ; 1| {z }

i

; 0; : : : ; 0) ¤«ï i > 1 ¯®áâà®¨¬ ¨­¤ãªæ¨¥©.

�¥à¥§ C2 ®¡®§­ ç¨¬ ¯à®¨§¢®«ì­ë© áà¥¤­¨© ¤«ï í«¥¬¥­â®¢ A2
1 ¨ B2

1 , C3 áà¥¤­¨© ¤«ï C2 ¨
A2, C4 áà¥¤­¨© ¤«ï C3 ¨ B2. �«ï k > 1 ¯®« £ ¥¬ C2k+1 | áà¥¤­¨© ¤«ï C2k ¨ Ak+1,   C2k+2 =
(C2k+1+Bk+1)'(Uk+1), £¤¥ Uk+1 | â®çª  ¨§ [0; A2

1+B
2
1 +A2+B2+ � � �+Ak+1], ¨¬¥îé ï ¢ ¡ §¨á¥

A2
1; B

2
1 ; : : : ; Ak+1; C2k+1 ®¤­®à®¤­ë¥ ª®®à¤¨­ âë (0; 0; 1; 0; : : : ; 0;�1).

�«¥¬¥­âë A2
1; B

2
1 ; : : : ; An; Bn; C2n ®¡à §ãîâ ¡ §¨á ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  [0; A2

1+B
2
1+� � �+

An +Bn]. �§ ¯®áâà®¥­¨ï í«¥¬¥­â®¢ Ci ¨ ãá«®¢¨ï '(Ai +Bi) =
P
j 6=i
(Aj +Bj) á«¥¤ã¥â

'(C2n) =
n�1X
i=2

Ui+1 + T +
nX
i=1

C2n +A2
1;

£¤¥ T | æ¨ª« ¨§ A1 +B1, ¯®ªàë¢ îé¨©  â®¬ C2.
�¢¥¤¥¬ ­  ¨­â¥à¢ «¥ [0; A2

1 + B2
1 + � � � + An + Bn] ®â­®è¥­¨¥ ? á«¥¤ãîé¨¬ ®¡à §®¬. �á«¨

X ¨ Y | â®çª¨, ¨¬¥îé¨¥ ¢ ¯®áâà®¥­­®¬ ¡ §¨á¥ ®¤­®à®¤­ë¥ ª®®à¤¨­ âë (�1; �1; : : : ; �n; �n) ¨
(
1; �1; : : : ; 
n; �n), â®

X ? Y ,
nX
i=1

(�i�i � �i
i) = 0:

�«ï ¯à®¨§¢®«ì­ëå A;B � A2
1 +B2

1 + � � �+ An + Bn ¯®« £ ¥¬ A ? B , X ? Y ¤«ï «î¡ëå â®ç¥ª
X ¨ Y ¨§ [0; A] ¨ [0; B] á®®â¢¥âáâ¢¥­­®. �â­®è¥­¨¥ ? ¨­¤ãæ¨àã¥â ­  ¨­â¥à¢ «¥ [0; A2

1 + B2
1 +

� � �+An +Bn] ¨­¢®«îâ¨¢­ë©  ­â¨ ¢â®¬®àä¨§¬ �. �à¨ íâ®¬ ¤«ï «î¡®£®  â®¬  X ¢ë¯®«­ï¥âáï
­¥à ¢¥­áâ¢® X � �(X).
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�®«®¦¨¬  (X) = '�(X) ¤«ï «î¡®£® X � A2
1 + � � � + Bn ¨ ¯®ª ¦¥¬, çâ®  | ¨§®¬®àä¨§¬,

ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î (�). �¥©áâ¢¨â¥«ì­®,  ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ª ª ¯à®¨§¢¥¤¥­¨¥
¤¢ãå  ­â¨¨§®¬®àä¨§¬®¢. �á«¨ X | â®çª  ¨§ A2

1 +B2
1 , â® �(X) = X +

P
i6=1
(Ai +Bi) ¨ '(�(X)) =

'(X)(A1 + B1) = Y + A2
1 + B2

1 , £¤¥ Y | æ¨ª« ¢ëá®âë 2, ¯®ªàë¢ îé¨© X. �®«®¦¨¬ C 0
2i =

(C2i+A1+B1)
P
j 6=1

(Aj+Bj): � ¬¥â¨¬, çâ® '�(X) = X+A2
1+B

2
1 ¤«ï X 2 fA2; B2; : : : ; An; Bn; C

0
2ng.

�â® ®ç¥¢¨¤­® ¤«ï í«¥¬¥­â®¢ Ai ¨ Bi. �«ï C 0
2n ¨¬¥¥¬ �(C 0

2n) = A2
1 + B2

1 +
nP
i=2

C 0
2i +

n�1P
i=2

Ui+1. � ª

ª ª '(C 0
2n) � �(C 0

2n); â® C
0
2n � '�(C 0

2n). �à®¬¥ â®£®, '�(C
0
2n) � A2

1 + B2
1 . �§ l(�(C

0
2n)) = 2n � 1

á«¥¤ã¥â, çâ® l('�(C 0
2n)) = (2n + 2) � (2n � 1) = 3, â. ¥. '�(C 0

2n) = A2
1 + B2

1 + C 0
2n. �â® ®§­ ç ¥â,

çâ® '� ¨­¤ãæ¨àã¥â ¯®«¥¢®©  ¢â®¬®àä¨§¬ ¨­â¥à¢ «  [A2
1 + B2

1 ; A
2
1 + B2

1 + A2 + � � � + Bn]. �ãáâì
a | ¯à®¨§¢®«ì­ë© í«¥¬¥­â ¯®«ï GF (pk) ¨ X |  â®¬, ¨¬¥îé¨© ¢ ¯®áâà®¥­­®¬ ¢ëè¥ ¡ §¨á¥
®¤­®à®¤­ë¥ ª®®à¤¨­ âë (0; 0; a; 1; 0; : : : ; 0). �®£¤ 

'(X) = X +A1 +B1 +
X
i>2

(Ai +Bi)

¨
�(X) = X +A2

1 +B2
1 +

X
i>2

(Ai +Bi):

�®íâ®¬ã '�(X) = '(X)
�
A2

1+B
2
1+

P
i>2

(Ai+Bi)
�
(A1+B1+A2+B2) = X+A2

1+B
2
1 ¨, á«¥¤®¢ â¥«ì­®,

'� ¨­¤ãæ¨àã¥â â®¦¤¥áâ¢¥­­ë©  ¢â®¬®àä¨§¬ ¨­â¥à¢ «  [A2
1 +B2

1 ; A
2
1 +B2

1 +A2 + � � �+Bn].

�«¥¤áâ¢¨¥. �«®©­® ¯à®¥ªâ¨¢­ë¥ C-à¥è¥âª¨ ®¤¨­ ª®¢®£® â¨¯  (2; 2; 1; : : : ; 1; pk) ¨§®¬®àä­ë.

�®á«¥¤­¥¥ ãâ¢¥à¦¤¥­¨¥ ¢ [2] ¡ë«® ¤®ª § ­® ¤àã£¨¬ á¯®á®¡®¬.
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