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� à ¡®â¥ ¯®«ãç¥   ¯¯à®ªá¨¬ æ¨ï ç áâëå áã¬¬ (¯® ¯àï¬®ã£®«ì¨ª ¬ á \á®¨§¬¥à¨¬ë¬¨"
áâ®à® ¬¨) ªà â®£® àï¤  �ãàì¥{�ª®¡¨ ¯®á«¥¤®¢ â¥«ì®áâìî ®¯¥à â®à®¢ â¨¯  á¢¥àâª¨ á âà¨-
£®®¬¥âà¨ç¥áª¨¬ ï¤à®¬ (â¥®à¥¬  1). �áâ ®¢«¥® ®¤ ª® (â¥®à¥¬  2), çâ® ª« áá¨ç¥áª ï à ¢®-
áå®¤¨¬®áâì ®âáãâáâ¢ã¥â ã¦¥ ¢ ¤¢ã¬¥à®¬ á«ãç ¥.

1�. �¡®§ ç¥¨ï. �ãáâì Gn = [�1; 1]n; G�
n = [� � 1; 1 � �]n, £¤¥  âãà «ì®¥ n ¨ � 2 (0; 1)

¯à®¨§¢®«ìë ¨ ä¨ªá¨à®¢ ë; " = arccos(1 � �), Qn = [0; �]n, Q"
n = ["; � � "]n. �à¥¤¯®«®¦¨¬,

çâ® x, t (x 2 Gn, t 2 Gn), �, �; : : : | n-¬¥àë¥ ¢¥ªâ®àë á ª®¬¯®¥â ¬¨ xj , tj , �j , �j ; : : :
á®®â¢¥âáâ¢¥®; �j � � 1

2
, �j � � 1

2
, 'j = arccos xj , �j = arccos tj , j = 1; : : : ; n. �¡®§ ç¨¬

�(x) =
nY
j=1

��j�j (xj); #(x) =
nY
j=1

#�j�j (xj); H(x) = h(') =
nY
j=1

h�j�j ('j);

§¤¥áì

h��(') = (sin '
2
)���1=2(cos '

2
)���1=2; ���(x) = (1�x)�(1+x)� ; #��(x) = (1�x)�=2�1=4(1+x)�=2�1=4;

¨¤¥ªá j ã á¨¬¢®«®¢ �, �, x, ' ¢ ¯®á«¥¤¨å ä®à¬ã« å ®¯ãé¥.
� áá¬®âà¨¬ ¯à®¨§¢®«ìãî áã¬¬¨àã¥¬ãî   Gn á ¢¥á®¬ �(x) äãªæ¨î f(x), ¯ãáâì f_(�) =

f(cos �1 : : : cos �n). �ç¥¢¨¤®, ¯à¨ ä¨ªá¨à®¢ ëå � ¨ �Z
Gn

f(x)#(x)dx = const
Z
Qn

f_(�)

h(�)
d�

¨ Z
Gn

f(x)#(x)
� nX

j=1

(1� x2j )
�1=2

�
dx = const

Z
Qn

f_(�)

h(�)

� nX
j=1

sin�1 �j

�
d�:

�ãáâì fp(��)k (x)g, k = 0; 1; : : : ; | á¨áâ¥¬  ®àâ®®à¬¨à®¢ ëå   ®âà¥§ª¥ [�1; 1] á ¢¥á®¬ ���(x)
¬®£®ç«¥®¢ �ª®¡¨ á ¯®«®¦¨â¥«ìë¬ áâ àè¨¬ ª®íää¨æ¨¥â®¬. �®¯®áâ ¢¨¬ äãªæ¨¨ f ¥¥ ªà â-
ë© àï¤ �ãàì¥{�ª®¡¨

f(x) �
1X
k1=0

� � �
1X

kn=0

ck1:::kn(f)
nY
j=1

p
(�j�j)
kj

(xj); (1)

£¤¥

ck1:::kn(f) =
Z
Gn

f(t)
� nY

j=1

p
(�j�j)
kj

(tj)
�
�(t)dt: (2)

�ç¨âë¢ ï ä®à¬ã«ë (2) ¤«ï ª®íää¨æ¨¥â®¢ �ãàì¥, ¯àï¬®ã£®«ìë¥ ç áâë¥ áã¬¬ë àï¤  (1)
§ ¯¨è¥¬ ¢ ¢¨¤¥

Sm(f ;x) = Sm1:::mn
(f ;x1 : : : xn) =

Z 1

�1
dt1 � � �

Z 1

�1
f(t1 : : : tn)

� nY
j=1

Dmj
(xjtj)�

�j�j (tj)
�
dtn; (3)
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£¤¥ (¨¤¥ªá j ¢à¥¬¥® ®¯ãáª ¥¬)

Dm(x; t) = D(�;�)
m (x; t) =

mX
k=0

p
(��)
k (x) � p(��)k (t) (4)

| ï¤à® �¨à¨å«¥, ª®â®à®¥ á®£« á® ä®à¬ã«¥ �à¨áâ®ää¥«ï{� à¡ã ([1], á. 275) ¨¬¥¥â ¢¨¤

Dm(x; t) = �m
p
(��)
m+1(x) � p

(��)
m (t)� p(��)m (x) � P (��)

m+1(t)
x� t

; (5)

§¤¥áì �m = 1=2 +O(1=m).
�ãáâì M = m+ �+�+1

2
, � = �(�+ 1

2
)�
2
,

dm('; �) = d(��)m ('; �) =
1
�

�
sin[(M + 1

2
)(' + �) + 2�]

2 sin '+�
2

+
sin(M + 1

2
)(' � �)

2 sin '��
2

�
; (6)

� 2 [0; �], ' 2 ["; � � "], ¯à¨ç¥¬ ¤«ï ' = � ¯®á«¥¤¥¥ á« £ ¥¬®¥ ¥áâì ¯® ®¯à¥¤¥«¥¨î M + 1
2
¨

Um(f ;x) = Um1:::mn
(f ;x1 : : : xn) =

Z
Qn

f_(�)

h(�)

� nY
j=1

dmj
('j ; �j)

�
d� (7)

| ¯®á«¥¤®¢ â¥«ì®áâì ®¯¥à â®à®¢ â¨¯  á¢¥àâª¨ f_=h á ï¤à®¬ âà¨£®®¬¥âà¨ç¥áª®£® â¨¯ . �¤¥áì
¨ ¤ «¥¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì: áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï ï ! � 1, çâ®

!�1 �
mi

mj

� ! (8)

¤«ï ¢á¥å mi, mj = 1; 2; : : : (i; j = 1; : : : ; n, i 6= j); ¯ãáâì � = max
j2f1;:::;ng

mj; �� | å à ªâ¥à¨áâ¨-

ç¥áª ï äãªæ¨ï ®âà¥§ª  [1=�; � � 1=�], e��(�) = 1 � ��(�). �¥à¥§ C ®¡®§ ç¨¬ ¯®«®¦¨â¥«ìë¥
(à §«¨çë¥, ¢®®¡é¥ £®¢®àï, ¢ à §«¨çëå ä®à¬ã« å) ¯®áâ®ïë¥, § ¢¨áïé¨¥, ¬®¦¥â ¡ëâì, «¨èì
®â ¯ à ¬¥âà®¢ n, �, �j , �j ,   â ª¦¥ ¢¢®¤¨¬ëå ¨¦¥ ¯ à ¬¥âà®¢ , l, q, r (¤«ï  á ¢ ¦® â®«ìª®,
çâ® íâ¨ ¯®áâ®ïë¥ ¥ § ¢¨áïâ ®â äãªæ¨¨ f ,  à£ã¬¥â®¢ �j , 'j ¨ mj , £¤¥ j = 1; 2; : : : ; n).

� áá¬®âà¨¬,  ª®¥æ, ¬ ªá¨¬ «ìãî äãªæ¨î � à¤¨{�¨ââ«¢ã¤ {� àæ¨ª¥¢¨ç {�¨£¬ã¤ 
([2], á. 467{468),

��
(x) = sup

i1:::in

2�(i1+���+in) sup
�>0

1
mesE('; i; �)

Z
E(';i;�)

����f_(�)h(�)

� nX
j=1

sin�1 �j

�����d�;
¯ãáâì f� (x) | äãªæ¨ï â®£® ¦¥ ¢¨¤ , ® á ¯®¤¨â¥£à «ìë¬ ¢ëà ¦¥¨¥¬

��� f_(�)
h(�)

���d�; §¤¥áì  2
(0; 1) ¯à®¨§¢®«ì® ¨ ¢á¥ ¯ à ««¥«¥¯¨¯¥¤ë

E('; i; �) = ['1 � 2i1�; '1 + 2i1�]� � � � � ['n � 2in�; 'n + 2in�]; i 2 Zn+;

¨¬¥îâ áâ®«ì ¬ «ë¥ à §¬¥àë, çâ® á®¤¥à¦ âáï ¢ ¥ª®â®à®¬ ªã¡¥ ['1 � ��; '1 + ��] � � � � � ['n �
��; 'n + ��], � |  âãà «ì®¥ ä¨ªá¨à®¢ ®¥ ç¨á«®. �¡®§ ç¨¬

F�
 (x) = f� (x) +

X
y2�x

f� (y); (9)

§¤¥áì �x | ¬®¦¥áâ¢® ¢á¥å ¢¥àè¨ ªã¡  Gn ¨ ¢á¥å ¯à®¥ªæ¨© ¢ë¡à ®£® x (x 2 G�
n)   ¥£®

£à ¨, â. ¥. á®¢®ªã¯®áâì ¢á¥¢®§¬®¦ëå â®ç¥ª y = (y1 : : : yn), ®â«¨ç îé¨åáï ®â ¤ ®£® x â¥¬,
çâ® ¯à®¨§¢®«ìë©  ¡®à ª®¬¯®¥â xj § ¬¥¥   á®®â¢¥âáâ¢ãîé¨©  ¡®à ç¨á¥« ¢¨¤  �1; â ª,
 ¯à¨¬¥à, á« £ ¥¬®¥ f� (1 : : : 1) á®®â¢¥âáâ¢ã¥â ¨â¥£à¨à®¢ ¨î ¯® [�2i1�; 2i1�]� � � �� [�2in�; 2in�]
¨ â. ¤.
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2�. �æ¥ª  ãª«®¥¨ï.

�¥®à¥¬  1. �ãáâì ¢ë¯®«¥® ãá«®¢¨¥ (8). �®£¤  ¯à¨ ¢á¥å x 2 G�
n,  2 (0; 1) ¨¬¥îâ ¬¥áâ®

®æ¥ª¨

jSm(f; x)�H(x)Um(f; x)j �

(
C�n(n+1)�1F�

 (x);

C�n(n+1)�1��
(x):

(10)

�®ª § â¥«ìáâ¢® à §®¡ì¥¬   ¥áª®«ìª® íâ ¯®¢: à áá¬®âà¨¬ âà¨£®®¬¥âà¨ç¥áª®¥ ¯à¥¤áâ ¢«¥-
¨¥ ï¤à  �¨à¨å«¥, ¬ ¦®à âë¥ (¤«ï «¥¢®© ç áâ¨ (10)) ¨â¥£à «ë, ®æ¥ª¨ à §®áâ¨ ï¤¥à ¨,
 ª®¥æ, ®æ¥ª¨ ¬ ¦®à âëå ¨â¥£à «®¢ ¢ â¥à¬¨ å F�

 (x), �
�
(x).

3�. �à¨£®®¬¥âà¨ç¥áª®¥ ¯à¥¤áâ ¢«¥¨¥ ï¤à  �¨à¨å«¥. �ãáâì x 2 [� � 1; 1� �], â®£¤  (á¬. 1�)
' 2 ["; � � "]. �®¦® áç¨â âì §¤¥áì ¨ ¢ ¤ «ì¥©è¥¬ � ¤®áâ â®ç® ¡®«ìè¨¬, ¨¬¥® � > 2=";
á«ãç © 1 � � � 2=" á¬. ¢ ª®æ¥ ¯. 8�. � á«¥¤ãîé¥¬ ãâ¢¥à¦¤¥¨¨ ¨¤¥ªá j (j 2 f1; : : : ; ng
¯à®¨§¢®«¥) ã ¯ à ¬¥âà®¢ m, �, ', �, � ®¯ãé¥.

�¥¬¬  1. �«ï ¢á¥å � 2 (0; �), ' 2 ["; � � "], � 6= ' ï¤à® (5) ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥

D(�;�)
m (cos'; cos �)���(cos �) sin � =

h��(')
h��(�)

�
d(��)m ('; �)��(�) +

O(1)��(�)

� sin � sin '��
2

+O(1)e��(�)�; (11)
¯à¨ç¥¬ ¯®áâ®ïë¥ ¢ ®æ¥ª å á¢¥àåã ¤«ï jO(1)j ¥ § ¢¨áïâ ®â �, ', m.

� ¬¥ç ¨¥. �®à¬ã«  (11) ¤®¯®«ï¥â à¥§ã«ìâ â ( á¨¬¯â®â¨ªã), ¯à¨¢¥¤¥ë© ¢ ([3], á. 262).
�á«¨ ä¨ªá¨à®¢ âì ' 2 ["; ��"], â® á®®â®è¥¨¥ (11)   «î¡®¬ § ¬ªãâ®¬ ¨â¥à¢ «¥, ¢ãâà¥¥¬
ª (0; ') ¨«¨ ('; �) ¨¬¥¥â ¬¥áâ® à ¢®¬¥à® ¯® �.

�áâ ®¢¨¬ (11). �®á¯®«ì§ã¥¬áï ¢¥á®¢ë¬¨ ®æ¥ª ¬¨ ([1], á. 299)

jp(��)k (cos �)j � Ch��(�); 0 < � < �; k = 1; 2; : : : ; �; � � �1=2 (12)

¤«ï ®àâ®®à¬¨à®¢ ëå ¬®£®ç«¥®¢ �ª®¡¨ ¨  á¨¬¯â®â¨ç¥áª®© ä®à¬ã«®© ([3], á. 205; [1], á. 297)

p
(��)
k (cos �) = (�2�+�)�1=2h��(�)

�
cos

�
2k + �+ � + 1

2
� + �

�
+

O(1)
k sin �

�
; (13)

(� 2 [c0=k; � � c0=k] «î¡®¥; ¯®áâ®ï ï c0 2 (0; �) ¯à®¨§¢®«ì  ¨ ä¨ªá¨à®¢  ; ¯®áâ®ï ï ¦¥ ¢
®æ¥ª¥ á¢¥àåã ¤«ï jO(1)j ¢ ®áâ â®ç®¬ ç«¥¥ (13) ¥ § ¢¨á¨â ®â � ¨ k). �¢¨¤ã \á®¨§¬¥à¨¬®áâ¨"
� á® ¢á¥¬¨ mj á®£« á® (12) ¨ (13) ¨¬¥¥¬

p(��)m (cos �) = (�2�+�)�1=2h��(�)
�
��(�) cos

�
2m+ �+ � + 1

2
� + �

�
+

�(1)
� sin �

��(�)
�
+

+O(h��(�))e��(�): (14)

� á«ãç ¥ ¦¥ ' 2 ["; � � "] (¯à¨ íâ®¬ sin' � c > 0) ®á¨â¥«ì e��(') ¯ãáâ (� > 2
"
), á«¥¤®¢ â¥«ì®,

(14) ¯à¨¨¬ ¥â ¢¨¤

p(��)m (cos') = (�2�+�)�1=2h��(')
�
cos

�
2m+ �+ � + 1

2
'+ �

�
+
O(1)
�

�
: (15)
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�®£« á® (14), (15) ¨ ä®à¬ã«¥ (5) ¤«ï x = cos', t = cos � ¯®«ãç ¥¬

sin
'� �

2
sin

'+ �

2
D(�;�)
m (cos'; cos �) = �

�
1
2
+O

�
1
m

��
h��(')h��(�)
�2�+�+1

�

�

�
cos

�
2m+ �+ � + 3

2
'+ �

�
cos

�
2m+ �+ � + 1

2
� + �

�
� cos

�
2m+ �+ � + 1

2
'+ �

�
�

� cos
�
2m+ �+ � + 3

2
� + �

��
��(�) +

�
��(�)
� sin �

+ e��(�)�O(h��(�))h��('); ' 6= 0: (16)

�¤¥áì sin '+�
2
� 2

�
'+�
2
� "

�
¨ ªà®¬¥ â®£®, ¤«ï � 2 supp e��(�) (¯à¨ 1=� < "=2) ¨¬¥¥¬ "

4
< 1

2
("� 1

�
) �

j'��j
2

< ��"+�
2

< � � "
4
,   ¯®íâ®¬ã j sin '��

2
j > sin "

4
> 0. �¥¯¥àì ¯®á«¥ ¥á«®¦ëå ¯à¥®¡à §®¢ ¨©

(á¬.,  ¯à., [3], á. 262) âà¨£®®¬¥âà¨ç¥áª¨å äãªæ¨© ¢ ¯à ¢®© ç áâ¨ á®®â®è¥¨ï (16) ¯®«ãç¨¬
¯à¥¤áâ ¢«¥¨¥ (11).

4�. � ¦®à âë¥ ¨â¥£à «ë. �á«¨ ¯®¤ § ª®¬ ¨â¥£à «  (3) á¤¥« âì § ¬¥ã ¯¥à¥¬¥ëå
tj = cos �j (j = 1; : : : ; n), â® á®£« á® ä®à¬ã«¥ (11) ¨ ®¯à¥¤¥«¥¨î (7) ¨¬¥¥¬

jSm(f; x)�H(x)Um(f; x)j � Ch(')
Z
Qn

����f_(�)h(�)

����j�m('; �)jd�; (17)

§¤¥áì

�m('; �) =
nY
j=1

@mj
('j ; �j)�

nY
j=1

dmj
('j ; �j); (18)

¯à¨ íâ®¬

@m('; �) = @(�;�)m ('; �) = d(��)m ('; �)��(�) +
O(1)

� sin � sin '��
2

��(�) +O(1)e��(�) (19)

| ¢ëà ¦¥¨¥ ¢ ¯à ¢®© ç áâ¨ (11); ¨¤¥ªá j ã á®®â¢¥âáâ¢ãîé¨å ¯ à ¬¥âà®¢ ®¯ãé¥. � «¥¥
§ ¬¥â¨¬, çâ® 0 < h(') = H(x) < C ¯à¨ x 2 G�

n, ¢ë¡¥à¥¬ � � � � 1 (â ª çâ® 1=� � 1=� < "=2) ¨

ª ¦¤ë© ¨â¥£à « ¯® [0; �] ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë
�R
0

=
'R
0

+
�R
'
=

1=�R
0

+
"=2R
1=�

+
'�1=�R
"=2

+
'R

'�1=�

+
�R
'
, ¯à¨

íâ®¬ ¬®¦® ®£à ¨ç¨âìáï à áá¬®âà¥¨¥¬
'R
0

, â. ª. ¨â¥£à «
�R
'
¥¬ã   «®£¨ç¥. �ãáâì l, q, r |

 âãà «ìë¥ ç¨á«  (l� 1 � n, q� l � n) ¨ Tl = [0; 1=�]l�1, Yl;q = [1=�; "=2]q�l | ¯àï¬®ã£®«ì¨ª¨,
¢ ª®â®àëå á®¤¥à¦ âáï â®çª¨ (�1 : : : �l�1) ¨ (�l : : : �q�1) á®®â¢¥âáâ¢¥®,

Vq;r = ["=2; 'q � 1=�] � � � � � ["=2; 'r�1 � 1=�]; Wr;n = ['r � 1=�; 'r ]� � � � � ['n � 1=�; 'n]

| á®®â¢¥âáâ¢ãîé¨¥ à §¡¨¥¨î ¨â¥£à « 
'R
0

¯àï¬®ã£®«ì¨ª¨; ¢®§¬®¦ë á«ãç ¨, ª®£¤  ®¨ ¯ã-

áâë;  ¯à¨¬¥à, Tl ¨«¨ Yl;q ¯ãáâë ¯à¨ l = 1 ¨«¨ 1 � q � l á®®â¢¥âáâ¢¥® ¨ â. ¯. ¤«ï Vq;r, Wr;n.
�®áâ â®ç® ¢¬¥áâ® (17) à áá¬®âà¥âì ªà âë© ¨â¥£à «

Im(f; x) =
Z
Tl

d�1 : : : d�l�1

Z
Yl;q

d�l : : : d�q�1

Z
Vq;r

d�q : : : d�r�1

Z
Wr;n

����f_(�)h(�)

������
m('; �)d�r : : : d�n; (20)

£¤¥ ��
m('; �) | «î¡ ï ¬ ¦®à â  ¤«ï j�m('; �)j. �®¦¥â á«ãç¨âìáï, çâ® ®¤¨ ¨«¨ ¥áª®«ìª®

â¨¯®¢ ¯àï¬®ã£®«ì¨ª®¢ T , Y , V , W ¥ á®¤¥à¦ âáï ¢ ¯àï¬®¬ ¯à®¨§¢¥¤¥¨¨ T � Y � V � W ,
®¡à §ãîé¥¬ ®¡« áâì ¨â¥£à¨à®¢ ¨ï ¢ (20). �à¨ íâ®¬ ®á®¡® ¢ë¤¥«¨¬ á«ãç ¨, ª®£¤  r = n+ 1,

I 0m(f; x) =
Z
Tl

d�1 : : : d�l�1

Z
Yl;q

d�l : : : d�q�1

Z
Vq;n+1

����f_(�)h(�)

������
m('; �)d�q : : : d�n (21)

49



¨ ªà®¬¥ â®£®, l = 1

I 00m(f; x) =
Z
Y1;q

d�1 : : : d�q�1

Z
Vq;n+1

����f_(�)h(�)

������
m('; �)d�q : : : d�n: (22)

�â ª, ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ¤®áâ â®ç® ®æ¥¨âì á¢¥àåã ¨â¥£à «ë: (20) | ¯à¨ r � n;
(21) | ¯à¨ l � 2; (22).

5�. �æ¥ª  j�m('; �)j.  ) �áâ ®¢¨¬ á«¥¤ãîé¥¥ ¢á¯®¬®£ â¥«ì®¥ ãâ¢¥à¦¤¥¨¥.

�¥¬¬  2. �«ï ¢á¥å ' 2 Q"
n ¨ { 2 f1; : : : ; ng ¨¬¥¥â ¬¥áâ® ®æ¥ª 

j�m('; �)j � C

� {Y
j=1

1
j'j � �j j

�
�n�{; �{+1; : : : ; �n 2 ["=2; � � "=2]; (23)

¯à¨ { = 0 ¯à ¢ ï ç áâì (23) ¥áâì C�n.

�®ª § â¥«ìáâ¢®. �§ ®¯à¥¤¥«¥¨ï (6) ¤«ï ¢á¥å ' 2 ["; � � "], � 2 [0; �] ¯®«ãç ¥¬

jdm('; �)j � C�; (24)

jdm('; �)j � C=j'� �j: (25)

� «¥¥, ¢ëà ¦¥¨¥ (19) ¯à¨ � 2 supp��(�) (â ª çâ® � sin � � C) â®£¤  â ª¦¥ ®¡« ¤ ¥â ®æ¥ª®©
â¨¯  (25); ªà®¬¥ â®£®, ¨§ ¯à¥¤áâ ¢«¥¨ï ([3], á. 262, (9.3.5)) ¢ëâ¥ª ¥â

j@m('; �)j � jdm('; �)j +C; "=2 � � � � � "=2;

â. ¥. ¯à¨ ãª § ëå � j@m('; �)j ®¡« ¤ ¥â ¨ ®æ¥ª®© â¨¯  (24). �â¢¥à¦¤¥¨¥ (23) ¢ëâ¥ª ¥â â¥¯¥àì
¨§ ¯à¨¢¥¤¥ëå ®¤®¬¥àëå ®æ¥®ª ¨ ®¯à¥¤¥«¥¨ï (18).

¡) �®áª®«ìªã (á¬. (18))

j�m('; �)j �
���� nY
j=1

@mj
('j ; �j)�

nY
j=1

dmj
('j ; �j)

����; � 2 [1=�; � � 1=�]n;

â® j�m('; �)j ¬ ¦®à¨àã¥âáï ª®¥çë¬ ç¨á«®¬ á« £ ¥¬ëå, ª ¦¤®¥ ¨§ ª®â®àëå ¥áâì ¯à®¨§¢¥¤¥¨¥
n ¬®¦¨â¥«¥©, ¯à¨ç¥¬ ª®«¨ç¥áâ¢® ¬®¦¨â¥«¥© ¢¨¤  dmj

('j ; �j) ¥ ¡®«¥¥ n� 1. � ª¨¬ ®¡à §®¬,
¯à®¨§¢®«ì®¥ ¬ ¦®à â®¥ ¤«ï j�m('; �)j á« £ ¥¬®¥ ¨¬¥¥â ¢¨¤

��
m('; �) = O(1)

�Y
j

jdmj
('j ; �j)j

��Y
i

��(�i)
� sin �ij'i � �ij

��Y
l

e��(�l)�: (26)

�à¥¤¨ íâ¨å ¯à®¨§¢¥¤¥¨© ¬®£ãâ ¡ëâì \¯ãáâë¥" (à ¢ë¥ ¥¤¨¨æ¥).

6�. �æ¥ª¨ ®¤®¬¥àëå ¨â¥£à «®¢. �®£« á® ¯à¥¤áâ ¢«¥¨î (26) ¯®¤ § ª®¬ ª ¦¤®£® \®¤-
®¬¥à®£®" ¨â¥£à «  ¬®¦¥â ®ª § âìáï «î¡®© ¨§ ¬®¦¨â¥«¥© âà¥å â¨¯®¢. �¥ïï  ¤«¥¦ é¨¬
®¡à §®¬ ¯®àï¤®ª ¨â¥£à¨à®¢ ¨ï, á¢¥¤¥¬ (á¬. ¯. 7�) à áá¬®âà¥¨¥ (20) ª ¯®á«¥¤®¢ â¥«ìë¬ ®æ¥-
ª ¬ ®¤®¬¥àëå ¨â¥£à «®¢

J1 =
Z '

'�1=�

����f_h
����d�; J2 =

Z '�1=�

"=2

����f_h
����jdm('; �)jd�; J3 =

Z '�1=�

"=2

����f_h
���� ��(�)d�
� sin �j� � 'j

;

J4 =
Z "=2

1=�

����f_h
����jdm('; �)jd�; J5 =

Z "=2

1=�

����f_h
���� ��(�)d�
� sin �j� � 'j

; J6 =
Z 1=�

0

����f_h
����d�; J7 =

Z 1=�

0

����f_h
����d�;

¨¤¥ªá j ã ¯ à ¬¥âà®¢ �, ', m ¢à¥¬¥® ®¯ãáª ¥¬.
� âãà «ìë¥ ç¨á«  P, L, R, T ¢ë¡¥à¥¬ ¨§ ãá«®¢¨ï

2P�1

�
< '�

"

2
�
2P

�
;

2L�1

�
< � �

2L

�
;

2R�1

�
<
"

2
�
2R

�
;

2T �1

�
<

1
�
�
2T

�
:
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�ç¥¢¨¤®,

J1 �
C

�

�
2��0

�

20

Z '+20=�

'�20=�

����f_h
����d��: (27)

� «¥¥, ¢ á¨«ã ¥à ¢¥áâ¢  (25)

J2 � C
PX
�=1

Z '�2��1=�

'�2�=�

����f_h
���� d�

j� � 'j
� C

PX
�=1

2�
�
2��

�

2�

Z '+2�=�

'�2�=�

����f_h
����d��; (28)

  «®£¨ç®

J3 �
C

�

PX
�=1

2�
�
2��

�

2�

Z '+2�=�

'�2�=�

����f_h
����d��: (29)

�®áª®«ìªã jdm('; �)j � C ¯à¨ 0 � � � "=2 (á¬. (25)), â®

J4 � C

Z �

0

����f_h
����d�: (30)

�à¨ ®æ¥ª¥ J5 á«¥¤ã¥â ¨â¥£à¨à®¢ âì ¯® � 2 [1=�; ' � 1=�], £¤¥ � sin � � C, á«¥¤®¢ â¥«ì®,

J5 � C

Z �

0

����f_h
����d�; Z �

0

����f_h
����d� = Z '+�

'��

����f_h
����d� � C � 2L

�
2�L

�

2L

Z '+2L=�

'�2L=�

����f_h
����d��: (31)

� ¯®á«¥¤¥¬ á®®â®è¥¨¨ ¨á¯®«ì§®¢   2�-¯¥à¨®¤¨ç®áâì jf_=hj ¯® ª ¦¤®¬ã �j . �à®¬¥ â®£®,

J5 �
C

�

RX
i=1

Z 2i=�

2i�1=�

����f_h
����d�� �

C

�

RX
i=1

2(i+T )

�
2�(i+T ) �

2i+T

Z (2i+T )=�

0

����f_h
����d��: (32)

� ª®¥æ,

J6 �
C

�

�
2��0

�

20

Z 0+20=�

0�20=�

����f_h
����d��; (33)

J7 � C
2T

�

�
2�T

�

2T

Z 2T =�

0

����f_h
����d�� � C

�

�1+

�
2�T

�

2T

Z 2T =�

0

����f_h
����d��: (34)

7�. �æ¥ª¨ ¬ ¦®à âëå ¨â¥£à «®¢ ¢ â¥à¬¨ å F�
 (x).

�¥¬¬  3. �à¨ ¢á¥å � � � > 2=",  2 (0; 1) ¨¬¥îâ ¬¥áâ® ®æ¥ª¨

 ) Im(f; x) � C�n�n�1f� (x), (35)

¡) I 0m(f; x) � C�n�n�1F�
 (x), (36)

¢) I 00m(f; x) � C��1�nF�
 (x). (37)

�®ª § â¥«ìáâ¢®.  ) �æ¥ª  (20) ®á®¢     \¬ «®áâ¨" ¬¥àë Wr;n, r � n. �á¯®«ì§ã¥¬ ¥-
à ¢¥áâ¢® (23) á { = q � 1 (¯à¨ à áá¬®âà¥¨¨ Tl ¨«¨ Yl;q ¨¬¥¥¬ j�j � 'j j > "=2 ¤«ï j � q � 1).
�®á«¥¤®¢ â¥«ì® ¯à¨¬¥ï¥¬ (27) ¤«ï ®¤®¬¥àëå ¨â¥£à «®¢ ¢ ¡«®ª¥

R
Wr;n

. � ¡«®ª å ¦¥
R
Vq;r

,
R
Yl;q

,

R
Tl

ª ¦¤ë© ®¤®¬¥àë© ¨â¥£à « ã¢¥«¨ç¨¬ ¤®
�R
0

¨ ¤ «¥¥ ¨á¯®«ì§ã¥¬ (31). �áâ «®áì ¯¥à¥©â¨ ¢

¯à ¢®© ç áâ¨ ãáâ ®¢«¥®© ®æ¥ª¨ (áã¯¥à¯®§¨æ¨¨ ¢ëà ¦¥¨© ¢¨¤  (27), (31)) ª á®®â¢¥âáâ¢ãî-
é¨¬ áã¯à¥¬ã¬ ¬ ¤«ï ¯®«ãç¥¨ï f� (x); ¢ à¥§ã«ìâ â¥ ¨¬¥¥¬ ¤«ï � � � � 1, q � 1

Im(f; x) � C�n�q+1 1
�n�r+1

(2L)r�1f� (x) � C�n�q+1 1
�n�r

��1�(r�1)f� (x) �

� C�n
1

�q�1�n�r�
�r�1f� (x) � C�n�n�1f� (x):
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¡) �à¨ ®âáãâáâ¢¨¨ ¡«®ª 
R

Wr;n

®æ¥ª  ¤«ï (21) ®á®¢     \¬ «®áâ¨" ¬¥àë Tl, l � 2. �á¯®«ì-

§ã¥¬ ¥à ¢¥áâ¢® (23) á { = q � 1 (¯®-¯à¥¦¥¬ã j�j � 'j j > "=2, j = 1; : : : ; q � 1), á®®â®è¥¨¥
(33) ¤«ï ®¤®¬¥àëå ¨â¥£à «®¢ ¢ ¡«®ª¥

R
Tl

, â®£¤  ª ª ®áâ «ìë¥ ®¤®¬¥àë¥ ¨â¥£à «ë ã¢¥«¨-

ç¨¬ ¤®
�R
0

¨ ¯à¨¬¥¨¬ ª ª ¦¤®¬ã ¯®á«¥¤®¢ â¥«ì® á®®â®è¥¨¥ (31). �®«ãç ¥¬ ï áã¯¥à¯®§¨æ¨ï

¯à ¢ëå ç áâ¥© (33), (31) ¥ ¡ã¤¥â ¯à¥¢®áå®¤¨âì F�
 (x) á á®®â¢¥âáâ¢ãîé¨¬ ª®íää¨æ¨¥â®¬. �«¥-

¤®¢ â¥«ì®, ¯à¨ l � 2

I 0m(f; x) � C�n
1

�l�1
(2L)n�l+1F�

 (x) � C�n�n�1��(l�2+(l�1))F�
 (x) � C�n�n�1F�

 (x):

¢) �«®ª (22) ¯à¨ l = 1 á®¤¥à¦¨â å®âï ¡ë ®¤¨ ¨§ ¨â¥£à «®¢ J3, J5, J7 (á¬. (26), ¢ ª®â®à®¬
ª®«¨ç¥áâ¢® ç«¥®¢ dmj

¥ ¡®«¥¥ n � 1 ¯à¨ ¢á¥å �j � 1=�, ¨ ç¥ !j 2 supp e�� ¤«ï ¥ª®â®àëå j);
¯à¨ íâ®¬ ¨â¥£à «ë â¨¯  J7 ¯®à®¦¤¥ë ¬®¦¨â¥«ï¬¨ e��(�l).

�á«¨ ¢ (22) á®¤¥à¦¨âáï J3 ( ¯à., íâ® ¨â¥£à « ¯® d�q), â® I 00m(f; x) ¥ ¯à¥¢®áå®¤¨â (á¬. (25))

C

Z "=2

1=�

d�1
j�1 � '1j

� � �

Z "=2

1=�

d�q�1
j�q�1 � 'q�1j

Z '�1=�

"=2

d�q
� sin �qj�q � 'q j

� � �

Z '�1=�

"=2

����f_(�)h(�)

���� d�n
j�n � 'nj

:

� ¬¥¨¬ ¯à¨ ¢á¥å j = 1; : : : ; q � 1 § ç¥¨ï j�j � 'j j   ¬¥ìè¥¥ (¨«¨ à ¢®¥) "=2,   ®âà¥§ª¨
¨â¥£à¨à®¢ ¨ï ¯® á®®â¢¥âáâ¢ãîé¨¬ d�j ã¢¥«¨ç¨¬ ¤® [0; �]. � â¥¬ ¯®á«¥¤®¢ â¥«ì®¥ ¯à¨¬¥¥¨¥
®æ¥®ª â¨¯  (28), (29), (31) ¯à¨¢®¤¨â ª ¬ ¦®à â¥ ¢¨¤ 

C

�
f� (x)

� PX
�=1

2�
�n�q+1

(2L)q�1:

� «¨ç¨¥ J5 ( ¯à¨¬¥à, ¯® d�1) ¢ á®áâ ¢¥ I 00m(f; x) ®§ ç ¥â ¤«ï ¯®á«¥¤¥£® ®æ¥ªã (á¢¥àåã)
ç¥à¥§

C

Z "=2

1=�

��(�1)d�1
� sin �1j�1 � '1j

� � �

Z "=2

1=�

d�q�1
j�q�1 � 'q�1j

Z '�1=�

"=2

d�q
j�q � 'qj

� � �

Z '�1=�

"=2

����f_(�)h(�)

���� d�n
j�n � 'nj

:

� ááã¦¤ ï, ª ª ¨ ¢ëè¥, ¡ã¤¥¬ ¨¬¥âì áã¯¥à¯®§¨æ¨î (28), (31), (32) ¨ § â¥¬ ¬ ¦®à âã ¢¨¤ 

C

�
F�
 (x)

� PX
�=1

2�
�n�q+1

(2L)q�2
PX
i=1

2(i+T ):

�á«¨ ¢ á®áâ ¢¥ I 00m(f; x) ¯à¨áãâáâ¢ã¥â J7,  ¯à¨¬¥à, ¯® d�q�1, â® ¯®«ãç¨¬ ®æ¥ªã á¢¥àåã ç¥à¥§

C

Z �

0
d�1 � � �

Z 1=�

1=�
d�q�1

Z '�1=�

"=2

d�q
j�q � 'qj

� � �

Z '�1=�

"=2

����f_(�)h(�)

���� d�n
j�n � 'nj

;

¯®á«¥¤®¢ â¥«ì®¥ ¨á¯®«ì§®¢ ¨¥ á®®â®è¥¨© (28), (34), (31) ¯à¨¢®¤¨â ª ¬ ¦®à â¥

CF�
 (x)

� PX
�=1

2�
�n�q+1

(2L)q�2
�

�1+
:

�® ¢á¥å âà¥å á«ãç ïå ¬®¦® áç¨â âì 2 � q � n (¨ ç¥ ¢ëª« ¤ª¨ ã¯à®é îâáï). �®£¤  I 00m(f; x)
¥ ¯à¥¢®áå®¤¨â áã¬¬ë âà¥å ãª § ëå ¬ ¦®à â. �à¨¨¬ ï ¢® ¢¨¬ ¨¥ ®¯à¥¤¥«¥¨ï F�

 (x)
(â ª çâ® f� (x) � F�

 (x)) ¨ ç¨á¥« P, L, R, T , ¨¬¥¥¬

I 00m(f; x) � CF�
 (x)

�
1
�
(�)n�q+1(�)q�1 +

1
�
(�)n�q+1(�)q�2

�
�

�

�
� + (�)n�q+1(�)q�2

�

�1+

�
�

�
C

�
F�
 (x)

�
�n +

�n

�

�
�
C

�
�nF�

 (x);
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¯®«ãç¥ ï ®æ¥ª  (37) â¥¬ ¡®«¥¥ á®åà ï¥âáï, ¥á«¨ ¨â¥£à «ë ¯à¨áãâáâ¢ãîâ ¢ ª®«¨ç¥áâ¢¥,
¡®«ìè¥¬ ®¤®£® (áâ¥¯¥ì § ¬¥ â¥«ï � ã¢¥«¨ç¨¢ ¥âáï).

� ¢¥àè¨¬ ¤®ª § â¥«ìáâ¢® ¯¥à¢®© ¨§ ®æ¥®ª (10). �®¥¤¨ïï ®æ¥ª¨ (35){(37), ¯®«ãç ¥¬, çâ®
¬ ¦®à âë© ¤«ï ãª«®¥¨ï («¥¢ ï ç áâì (10)) ¨â¥£à « (á¬. (17)) ¥ ¡®«ìè¥

Cf�n�n�1 + �n��1gF�
 (x); (38)

  ¯à¨ ¢ë¡®à¥ � = �n+1 ¢ëà ¦¥¨¥ (38) ¥ ¯à¥¢®áå®¤¨â �n(n+1)�1F�
 (x).

8�. �æ¥ª¨ ¬ ¦®à âëå ¨â¥£à «®¢ ¢ â¥à¬¨ å ��
(x). �®áª®«ìªã f

�
 (x) � C��

(x), â® ¨§
¥à ¢¥áâ¢  (35) ¢ëâ¥ª ¥â á®®â®è¥¨¥

Im(f; x) � C�n�n�1��
(x): (39)

�¥¯¥àì à áá¬®âà¨¬ ¨â¥£à «ë (21) ¨ (22). � á«ãç ¥ I 0m(f; x) á®¢  ¢®á¯®«ì§ã¥¬áï ®æ¥ª®© (23)
á { = q � 1, § ¬¥â¨¢, çâ®

1 �
�1

sin �1
�

1
� sin �1

�
1
�

nX
j=1

sin�1 �j :

�â¥£à «ë ¯® ®áâ «ìë¬ ¯¥à¥¬¥ë¬ ã¢¥«¨ç¨¬ ¤®
�R
0

¨ á ¯®¬®éìî (31) ¯®«ãç¨¬

I 0m(f; x) � C
�n

�
(2L)n��

(x) � C�n�n�1��
(x): (40)

� á«ãç ¥ I 00m(f; x) ¨¬¥¥¬ â¥ ¦¥ âà¨ ªà âëå ¨â¥£à « , çâ® ¨ ¢ ¯. 7�, ¢). �¥à¢ë© ¨§ ¨å, ª ª
¨ ¢ëè¥, ¥ ¯à¥¢®áå®¤¨â C�n��1��

(x). �® ¢â®à®¬ ªà â®¬ ¨â¥£à «¥

(sin �j)
�1

����f_(�)h(�)

���� � ����f_(�)h(�)

���� nX
j=1

sin�1 �j:

�à¨¬¥¨¬ (31) ª ¯¥à¢ë¬ q � 1 ®¤®¬¥àë¬ ¨â¥£à « ¬,   á®®â®è¥¨¥ (28) | ª ®áâ «ìë¬.
�®¤®¡® ¯. 7�, ¢) ¯®«ãç¨¬ ¬ ¦®à âã ¢ ¢¨¤¥ C�n��1��(x). � ª®¥æ, âà¥â¨© ªà âë© ¨â¥£à «
á®¤¥à¦¨â �q�1 2 [1=�; 1=�], ¯à¨ íâ®¬����f_(�)h(�)

���� = (sin �q�1)
����f_(�)h(�)

����(sin �q�1)�1 � 1
�

����f(�)h(�)

���� nX
j=1

sin�1 �j ;

¯®á«¥ â ª®© ®æ¥ª¨ ã¢¥«¨ç¨¬ ®âà¥§®ª ¨â¥£à¨à®¢ ¨ï ¤® [0; �]. �¥¯¥àì áã¯¥à¯®§¨æ¨ï á®®â®è¥-
¨© â¨¯  (28) ¨ (31) (á«ãç ¨ �j, j = q; : : : ; n ¨ �i, i = 1; : : : ; q � 1, á®®â¢¥âáâ¢¥®) ¯à¨¢®¤ïâ ª
¬ ¦®à â¥ ¢¨¤  �n��1��

(x). �ª®ç â¥«ì® ¯®«ãç¨¬ ¢ ª ç¥áâ¢¥   «®£  (37)

I 00m(f; x) � C
�n

�
��
(x): (41)

�æ¥ª¨ (39){(41) á � = �n+1 ¯®§¢®«ïîâ ãâ¢¥à¦¤ âì, çâ® ãª«®¥¨¥ («¥¢ ï ç áâì (10)) ¥ ¯à¥-
¢®áå®¤¨â �n(n+1)�1��

(x). �â®â ä ªâ ¢¬¥áâ¥ á à¥§ã«ìâ â®¬ ¯. 7� ¨ ¤®ª §ë¢ ¥â â¥®à¥¬ã 1 ¯à¨
� > 2=".

� áá¬®âà¨¬ â¥¯¥àì á«ãç © 1 � max
j=1;:::;n

mj = � � 2=". �§ ®¯à¥¤¥«¥¨© (3), (4) ¨ ¢¥á®¢ëå ®æ¥®ª

(12), ®ç¥¢¨¤®, ¨¬¥¥¬

jSm(f; x)j � C�n
Z
Qn

����f_(�)h(�)

����d�:
�à®¬¥ â®£®, ¢ á¨«ã á®®â®è¥¨© (7) ¨ (6) ¯à¨ x 2 G�

n ¯®«ãç ¥¬ â® ¦¥ ¥à ¢¥áâ¢® ¨ ¤«ï
H(x)jUm(f; x)j. �®£« á® (31) á � = �n+1 ¨¬¥¥¬

jSm(f; x)�H(x)Um(f; x)j � Cf� (x):
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�âáî¤  ¯à¨ 1 � � � "=2 ¢ëâ¥ª ¥â, ®ç¥¢¨¤®, ª ª ¯¥à¢®¥, â ª ¨ ¢â®à®¥ ¨§ á®®â®è¥¨© (10).

9�. �«¥¤áâ¢¨¥ 1. �¬¥¥â ¬¥áâ® ®æ¥ª 

mesfx 2 G�
n : sup

m
�ajSm(f; x)�H(x)Um(f; x)j > � > 0g �

�
C

�

Z
Gn

jf(x)j#(x)
� nX

j=1

(1� x2j)
�1=2

�
dx (42)

(a 2 (0; 1) ¯à®¨§¢®«ì®, áã¯à¥¬ã¬ ¡¥à¥âáï ¯® m = fm1 : : : mng á ª®¬¯®¥â ¬¨ mj , ã¤®¢«¥â¢®àï-
îé¨¬¨ ãá«®¢¨î (8)). � ç áâ®áâ¨, ¯®çâ¨ ¢áî¤ã ¢ G�

n

jSm(f; x)�H(x)Um(f; x)j = o(1) (43)

¯à¨ min
j
mj !1, ¥á«¨ äãªæ¨ï f(x) áã¬¬¨àã¥¬    Gn á ¢¥á®¬

#(x)
nX
j=1

(1� x2j)
�1=2:

�â¢¥à¦¤¥¨¥ (42) ¢ëâ¥ª ¥â ¨§ (10), § ¯¨á ®£® ¢ ¢¨¤¥

sup
m
�1�n(n+1)jSm(f; x)�H(x)Um(f; x)j � C��

(x)

¨ á®®â¢¥âáâ¢ãîé¥£® ¥à ¢¥áâ¢  \á« ¡®£® â¨¯ " ¤«ï ��
(x) ([3], á. 468); ¯à¨ íâ®¬ a = 1�n(n+1)

áª®«ì ã£®¤® ¡«¨§ª® ª ¥¤¨¨æ¥, ª®£¤   > 0 ¢ë¡à ® ¤®áâ â®ç® ¬ «ë¬. �®®â®è¥¨¥ ¦¥ (43)
áâ ¤ àâë¬ ®¡à §®¬ ([2], á. 470) ¢ëâ¥ª ¥â ¨§ (42).

10�. �«¥¤áâ¢¨¥ 2. �á«¨ ¢ë¯®«¥ë ãá«®¢¨ï (8), â® ¯à¨ min
j
mj !1 ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥

ãâ¢¥à¦¤¥¨ï:

1)
Z
Qn

j�m('; �)j
d�

h(�)
� C

(ln�)n

�
; ' 2 Q"

n; (44)

2) Sm(f; x) ¨ H(x)Um(f; x) ª ª ¯®á«¥¤®¢ â¥«ì®áâ¨ ®¯¥à â®à®¢ ¨§ C (Gn) ¢ C (G�
n) à ¢®áå®-

¤ïâáï (§¤¥áì C | ¯à®áâà áâ¢® ¥¯à¥àë¢ëå   á®®â¢¥âáâ¢ãîé¥¬ ªã¡¥ äãªæ¨©).

�®ª § â¥«ìáâ¢®. �áâ ®¢¨¬, çâ® «¥¢ ï ç áâì (44) ¥ ¡®«ìè¥

C(ln�)nf��1�n + ��1g: (45)

�¥©áâ¢¨â¥«ì®, ¬ ¦®à âë© ¨â¥£à « (17) á f � 1, (h(�))�1 � 1 ®æ¥¨¢ ¥âáï á ¯®¬®éìî (27){
(34), £¤¥ ¢ëç¨á«¥¨ï ¯à®¨§¢®¤ïâáï ¥¯®áà¥¤áâ¢¥® ¨ ¢ë¡¨à ¥âáï  = 0. �®§¨ª ¢è¨¥ ¢ (28) ¨
(29) áã¬¬ë â¥¯¥àì ¥ ¡®«¥¥ C ln�,   ¢ (32) ¥ ¡®«¥¥ C ln� � C ln�. �®£¤  ¢ ¥à ¢¥áâ¢ å (35){(37)
¬®¦¨â¥«ì �n § ¬¥ï¥âáï   (ln�)n, ¨ íâ¨ ®æ¥ª¨ âà áä®à¬¨àãîâáï ¢ (45). �áâ ¥âáï ¢ë¡à âì
� = �n+1.

�â¢¥à¦¤¥¨¥ ¯. 2 ¢ëâ¥ª ¥â ¨§ (17) ¨ (44), ¯®áª®«ìªã����f_(�)h(�)

���� � (max
�2Qn

jf(cos �1 : : : cos �n)j)
1

h(�)
¨ h(') � C (' 2 Q"

n):

11�. n = 2 : ª« áá¨ç¥áª ï à ¢®áå®¤¨¬®áâì ¥ ¨¬¥¥â ¬¥áâ . �ãáâì k � k = k � kC(G�
n )
| ®à¬ 

¢ C (G�
n),

DM (�) =
sin(M + 1=2)�

2 sin �
2

; BM('; �) =
1
�
(DM (� � ') +DM (� + '));

�SMM (f; x1; x2) =
Z �

0

d�

Z �

0

f(cos �; cos �)
h(�; �)

BM('; �)BM ( ; �)d�
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(� = �1 = �2, � = �1 = �2, x1 = cos', x2 = cos ). �á«¨ M æ¥«®¥ (DM (�) | ï¤à® �¨à¨å«¥ âà¨-
£®®¬¥âà¨ç¥áª®© á¨áâ¥¬ë), â® �SMM (f; x1; x2) | ç áâë¥ áã¬¬ë ¤¢®©®£® âà¨£®®¬¥âà¨ç¥áª®£®
(¯® ª®á¨ãá ¬) àï¤  �ãàì¥ äãªæ¨¨ f(cos �; cos �)=h(�; �), ¨«¨, çâ® â® ¦¥ á ¬®¥, àï¤  �ãàì¥
¯® ªà â®© ®àâ®®à¬¨à®¢ ®© á¨áâ¥¬¥ ¬®£®ç«¥®¢ �¥¡ëè¥¢  ¯¥à¢®£® à®¤  ([1], á. 76). �«ï
m = m1 = m2, M = m+ (�+ � + 1)=2 ¨¬¥¥â ¬¥áâ® (áà. á«¥¤áâ¢¨¥ 2)

�¥®à¥¬  2. �ãé¥áâ¢ãîâ � 2 (0; 1), f 2 C (G�
n) ¨ ¯®áâ®ï ï C > 0 â ª¨¥, çâ®

kSmm(f; x1; x2)�H(x1; x2) �SMM (f; x1; x2)kC(G�
2
) � C lnm ¯à¨ m!1

(� > �1=2, � � �1=2; �+ 1=2 ¥ ï¢«ï¥âáï ç¥âë¬ æ¥«ë¬ ç¨á«®¬).

�®ª § â¥«ìáâ¢®. 1) �áâ ®¢¨¬ á ç «  ¯à¨ m!1 á®®â®è¥¨¥

kUmm(f; x1; x2)� �SMM (f; x1; x2)kC(G�
2
) � C lnm: (46)

�®áª®«ìªã ®à¬  ¨â¥£à «ì®£® ®¯¥à â®à  Umm(f)� �SMM (f) (¨§ C (G2) ¢ C (G�
2)) ¥áâì

Wm = max
'; 2[";��"]2

Z �

0

d�

Z �

0

jdm('; �)dm( ; �) �BM ('; �)BM ( ; �)j(h(�; �))
�1d�;

®æ¥¨¬ á¨§ã Wm. �¨ªá¨àã¥¬ ¤®áâ â®ç® ¬ «®¥ " (0 < " < �=6), â®çªã ('; ) 2 (3"; � � 3")2 ¨
¯®«®¦¨¬

bm('; �) = dm('; �)�BM ('; �) = sin�
cos[(M + 1=2)(' + �) + �]

sin '+�
2

: (47)

�à¨ ãª § ëå ' ¨  ¨¬¥¥¬ â®£¤ 

Wm � C

Z ��"

'+"
d�

Z ��"

"
jbm('; �)BM ( ; �) + bm( ; �)BM ('; �) + bm('; �)bm( ; �)jd� �

� C

Z ��"

'+"
d�

Z ��"

 
jbm('; �)BM ( ; �)jd� +O(1);

¯®áª®«ìªã ��'
2

¨  +�
2

®â£à ¨ç¥ë ®â 0 ¨ �; §¤¥áì C > 0 | ¨¦ïï £à ¨æ    ["; �]2 ¤«ï
(h(�; �))�1. �®£« á® á®®â®è¥¨î (47) á '+ � = � ¯®«ãç ¥¬

Wm � cj sin�j
� Z �+'�"

2'+"

j cos[(M + 1
2
)� + �]jd�

�� Z ��"

 

jDM ( � �)jd�
�
+O(1): (48)

�®áâ (¯à¨ m!1) ¢ëà ¦¥¨ï ¢® ¢â®à®© áª®¡ª¥ ¥ ¬¥ìè¨©, ç¥¬ C lnm ([2], á. 115), ¯®áâ®ï ï
C > 0 § ¢¨á¨â «¨èì ®â ". �â¥£à « ¢ ¯¥à¢®© áª®¡ª¥ ¢ (48) ®¡®§ ç¨¬ ç¥à¥§ Jm;';", ¯®«®¦¨¬
Z = (M+1=2)� (®¢ë© ¯à®¬¥¦ãâ®ª ¨â¥£à¨à®¢ ¨ï ¨¬¥¥â ¤«¨ã ¥ ¬¥¥¥ (M+1=2)") ¨ ¢ë¡¥à¥¬
 âãà «ìë¥  ¨¡®«ìè¥¥ �2 ¨  ¨¬¥ìè¥¥ �1 â ª¨¥, çâ®

(M + 1
2
)(2' + ") � �1� < �2� � (M + 1

2
)(� + '� ");

®ç¥¢¨¤®, ®â®è¥¨¥ �2��1
M+1

§ ª«îç¥® ¬¥¦¤ã ¤¢ã¬ï (§ ¢¨áïé¨¬¨ ®â ") ¯®«®¦¨â¥«ìë¬¨ ¯®áâ®-
ïë¬¨. �¥¯¥àì (â. ª. j cos(Z + �)j ¨¬¥¥â ¯¥à¨®¤ �)

Jm;';" �
1

M + 1

Z �2�

�1�
j cos(Z + �)jdZ =

1
M + 1

Z (�2��1)�

0
j cos(Z + �)jdZ =

=
1

M + 1

�2��1�1X
l=0

Z (l+1)�

l�
j cos(Z + �)jdZ =

1
M + 1

�2��1�1X
l=0

Z �

0
j cos(Z + �)jdZ = 2

�2 � �1
M + 1

:

�®íâ®¬ã á®£« á® ®æ¥ª¥ (48), ¢ ª®â®à®© sin� 6= 0 (� + 1=2 ¥ ï¢«ï¥âáï ç¥âë¬; m ! 1),
¯®«ãç ¥¬ Wm � C lnm,   § ç¨â, á®®â®è¥¨¥ (46) ¤®ª § ®.
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2) � «¥¥,

kUmm(f ;x1; x2)� �SMM (f ;x1; x2)k =
(Smm(f ;x1; x2)�H(x1; x2)Umm(f ;x1; x2) +

+H(x1; x2) �SMM (f ;x1; x2)� Smm(f ;x1; x2))
1

H(x1; x2)

 �
� CfkSmm(f ;x1; x2)�H(x1; x2)Umm(f ;x1; x2)k+ kSmm(f ;x1; x2)�H(x1; x2) �SMM (f ;x1; x2)kg:

�¥à¢®¥ á« £ ¥¬®¥ (á¬. 10�, á«¥¤áâ¢¨¥ 2, 2) ) ¢ ä¨£ãàëå áª®¡ª å ¥áâì o(1),   â®£¤  ¢â®à®¥ á« -
£ ¥¬®¥ ®¡ï§ ® à áâ¨ (á¬. (46)) ¥ ¬¥¤«¥¥¥ C lnm, ç¥¬ ¨ § ¢¥àè ¥âáï ¤®ª § â¥«ìáâ¢® â¥®à¥-
¬ë 2.

�§ ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë 2 ¢ á«ãç ¥ � > �1=2, � � �1=2, � + � + 1 = 2k, £¤¥ k | «î¡®¥
ä¨ªá¨à®¢ ®¥  âãà «ì®¥ ç¨á«® (â ª çâ® M = m+ k), ¢ëâ¥ª ¥â ®æ¥ª 

kSmm(f ;x1; x2)�H(x1; x2) �Sm+k;m+k(f ;x1; x2)kC(G�
2
) � C lnm:

� ®¤®¬¥à®¬ ¦¥ á«ãç ¥ ¯à¨ m!1

kSm(f ;x)�H(x) �Sm+1(f ;x)kC(G�
1
) = o(1) (49)

(à §®áâì à ¢®¬¥à® ¯® x ¬ «  ¤ ¦¥ ¯à¨ ãá«®¢¨¨ «¨èì áã¬¬¨àã¥¬®áâ¨ f á ¢¥á®¬ �(x) +#(x)).
�â® ãáâ ®¢«¥® ¢ ([4], á. 254) ¤«ï �Sm(f; x) ¢¬¥áâ® �Sm+1(f; x), ® ¨ (49) ¨¬¥¥â ¬¥áâ®, ¯®áª®«ìªã
�Sm+1(f; x)� �Sm(f; x) = am+1 cos(m+1)' (am+1 ¥áâì ª®á¨ãá-ª®íää¨æ¨¥â äãªæ¨¨ f=h),   § ç¨â,

kH(x)( �Sm(f; x)� �Sm+1(f; x))kC(G�
1
) = o(1); m!1:

�â ª,   «®£ \ª« áá¨ç¥áª®©" à ¢®¬¥à®© à ¢®áå®¤¨¬®áâ¨ ¯à¨ n = 2 ¥ á®åà ï¥âáï, ¢®-
®¡é¥ £®¢®àï, ¤ ¦¥ ¢ á«ãç ¥ ¥¯à¥àë¢ëå   G�

2 äãªæ¨©.

12�. �à¨«®¦¥¨¥. �æ¥ª  (10) «¥¦¨â ¢ ®á®¢¥ âà á¯« â æ¨¨ à¥§ã«ìâ â®¢ ® áà¥¤¨å â¨-
¯  � àæ¨ª¥¢¨ç  (á¬.,  ¯à., [5]) âà¨£®®¬¥âà¨ç¥áª¨å ªà âëå àï¤®¢ �ãàì¥   á«ãç © à §«®-
¦¥¨© �ãàì¥{�ª®¡¨. � ç áâ®áâ¨, ¢®§¬®¦® ¯®«ãç¥¨¥ ®æ¥®ª \á« ¡®£® â¨¯ " ¬ ªá¨¬ «ìëå
®¯¥à â®à®¢, ¯®áâà®¥ëå ¯® áã¬¬ ¬ � ««¥-�ãáá¥ . �â¨¬ ¢®¯à®á ¬  ¢â®à  ¤¥¥âáï ¯®á¢ïâ¨âì
®â¤¥«ìãî à ¡®âã.
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