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1. �®áâ ­®¢ª  ¯à®¡«¥¬ë. �ãáâì «¨­¥©­ë© ¯à®æ¥áá, áª®à®áâì ¨§¬¥­¥­¨ï ª®â®à®£® ­¥ § ¢¨á¨â
®â ¯à¥¤ëáâ®à¨¨ ¨ ¯« ­¨àã¥¬ëå ­ ¬¨ ¡ã¤ãé¨å á®áâ®ï­¨© íâ®£® ¯à®æ¥áá , ®¯¨áë¢ ¥âáï á¨áâ¥¬®©
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

_x(t) +A(t)x(t) = f(t); t 2 [a; b]; (1)

£¤¥ [a; b] | ª®¬¯ ªâ­ë© ¨­â¥à¢ « ç¨á«®¢®© ¯àï¬®©, ¢¥ªâ®à-äã­ªæ¨¨ x; f : [a; b] ! Rn ¨ n � n-
¬ âà¨æ  A(t) ¨¬¥îâ áã¬¬¨àã¥¬ë¥ ­  [a; b] ª®¬¯®­¥­âë. �¡é¥¥  ¡á®«îâ­® ­¥¯à¥àë¢­®¥ à¥è¥­¨¥
x(t) íâ®© á¨áâ¥¬ë ¤ ¥âáï ä®à¬ã«®© �®è¨

x(t) = X(t)x(a) +
Z t

a

C(t; s) f(s) ds; (2)

£¤¥ X(t) | äã­¤ ¬¥­â «ì­®¥ ¬ âà¨ç­®¥ à¥è¥­¨¥ ®¤­®à®¤­®© § ¤ ç¨

_X(t) +A(t)X(t) = 0; t 2 [a; b]; X(a) = E;

E | ¥¤¨­¨ç­ ï n� n-¬ âà¨æ , C(t; s) = X(t) �X�1(s) | ¬ âà¨æ  �®è¨.
�®à¬ã«  (2) ®¯à¥¤¥«ï¥â ¢á¥ á¢®©áâ¢  à¥è¥­¨© á¨áâ¥¬ë (1). �«ï àï¤  ¯à¨«®¦¥­¨© ¢ ¦­ë¬¨

®ª §ë¢ îâáï â ª¨¥ á¢®©áâ¢ , ª ª ­¥®âà¨æ â¥«ì­®áâì ª®¬¯®­¥­â à¥è¥­¨ï x(t), ¨å ¬®­®â®­­®áâì,
®£à ­¨ç¥­­®áâì ¨«¨ íªá¯®­¥­æ¨ «ì­®¥ ã¡ë¢ ­¨¥ ­  ¯®«ã®á¨. � àï¤ã á íâ¨¬ § á«ã¦¨¢ ¥â ¨§ãç¥-
­¨ï ¨ ¨¬¥¥â §­ ç¥­¨¥ ¤«ï ¯à ªâ¨ª¨ á«¥¤ãîé¨© á¯®á®¡ ®¯¨á ­¨ï á¢®©áâ¢ à¥è¥­¨© ¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ¢­¥­¨© [1], [2]: ãª §ë¢ îâáï ­ ¡«î¤ ¥¬ë¥ ­  âà ¥ªâ®à¨ïå x(t) á¨áâ¥¬ë (1) «¨­¥©­ë¥
äã­ªæ¨®­ «ë `i(x) ¨ ¯®à®£®¢ë¥ §­ ç¥­¨ï �i; i = 1;m; âà¥¡ã¥¬®¥ á¢®©áâ¢® à¥è¥­¨ï x(t) § ¤ ¥âáï
ª®­¥ç­®© á¨áâ¥¬®© «¨­¥©­ëå ­¥à ¢¥­áâ¢

`i(x) � �i; i = 1;m: (3)

� á¨«ã (2) á¢®©áâ¢® (3) íª¢¨¢ «¥­â­® à §à¥è¨¬®áâ¨ ®â­®á¨â¥«ì­® q = x(a) á¨áâ¥¬ë «¨­¥©­ëå
­¥à ¢¥­áâ¢

biq � 
i; i = 1;m; (4)

£¤¥ bi = `i(X) | n-¬¥à­ ï áâà®ª , ¯®«ãç¥­­ ï ¯®á«¥¤®¢ â¥«ì­ë¬ ¯à¨¬¥­¥­¨¥¬ äã­ªæ¨®­ «  `i

ª ª ¦¤®¬ã áâ®«¡æã äã­¤ ¬¥­â «ì­®© ¬ âà¨æë X(t); 
i = �i � `i
� tR

a

C(t; s) f(s) ds
�
, i = 1;m.

�ãáâì, ­ ¯à¨¬¥à,

`i(x) =
Z b

a

�i(s) _x(s) ds+  i x(a);

£¤¥  i | ¯®áâ®ï­­ ï n-¬¥à­ ï áâà®ª ,   �i(s) | äã­ªæ¨®­ «ì­ ï n-¬¥à­ ï áâà®ª , ¨¬¥îé ï
¨§¬¥à¨¬ë¥ ¨ ®£à ­¨ç¥­­ë¥ ¯®çâ¨ ¢áî¤ã ­  [a; b] ª®¬¯®­¥­âë. �®ª ¦¥¬, çâ®

`i

� Z t

a

C(t; s) f(s) ds
�
=
Z b

a

zi(s)f(s) ds; (5)
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¨

bi = `i(X) =  i �

Z b

a

zi(s)A(s) ds; (6)

£¤¥ zi(s) ¥áâì n-¬¥à­ ï äã­ªæ¨®­ «ì­ ï áâà®ª , ï¢«ïîé ïáï ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ ¨­â¥-
£à «ì­®£® ãà ¢­¥­¨ï

z(s) +
Z b

s

z(t)A(t) dt = �i(s): (7)

�¥©áâ¢¨â¥«ì­®, ¯à¨ ¯®çâ¨ ¢á¥å t � a

d

dt

Z t

a

C(t; s)f(s) ds =
Z t

a

_X(t)X�1(s)f(s) ds+ f(t):

�«¥¤®¢ â¥«ì­®,

`i

�Z t

a

C(t; s) f(s) ds
�
=
Z b

a

ui(s)f(s) ds; (8)

£¤¥

ui(s) = �i(s) + vi(s); vi(s) =
Z b

s

�i(t) _X(t) dtX�1(s): (9)

� «¥¥,

bi = `i(X) =
Z b

a

�i(t) _X(t) dt+  i = vi(a) +  i: (10)

�¨ää¥à¥­æ¨à®¢ ­¨¥ à ¢¥­áâ¢ 

vi(s)X(s) =
Z b

s

�i(t) _X(t) dt;

¢ëâ¥ª îé¥£® ¨§ (9), ¤ ¥â _vi(s)X(s) + vi(s) _X(s) = ��i(s) _X(s). �ç¨âë¢ ï, çâ® _X(s) = �A(s)X(s)
¨ detX(s) 6= 0, ¯®«ãç ¥¬ _vi(s) = ui(s)A(s). �­â¥£à¨à®¢ ­¨¥ íâ®£® ãà ¢­¥­¨ï á ­ ç «ì­ë¬ ãá«®-
¢¨¥¬ vi(b) = 0 ¤ ¥â ¯à¨ s � a

vi(s) = �

Z b

s

ui(t)A(t) dt:

� á¨«ã (9)

ui(s) = �i(s)�
Z b

s

ui(t)A(t) dt;

â. ¥. ui(s) á®¢¯ ¤ ¥â á ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ zi(s) ãà ¢­¥­¨ï (7) ¨, á«¥¤®¢ â¥«ì­®, (5) á«¥¤ã¥â
¨§ (8). � ª ª ª vi(a) = �

R b
a
zi(t)A(t) dt, â® ¨§ (10) á«¥¤ã¥â (6).

�®¢¬¥áâ­ ï á¨áâ¥¬  (4) ®¯à¥¤¥«ï¥â ¢ë¯ãª«®¥ ¯®«¨í¤à «ì­®¥ ¬­®¦¥áâ¢® ª®®à¤¨­ â­®£® ¯à®-
áâà ­áâ¢  Rn . �®íâ®¬ã ä ªâ áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï á¨áâ¥¬ë (1), ã¤®¢«¥â¢®àïîé¥£® ¯®à®£®¢ë¬
®£à ­¨ç¥­¨ï¬ (3), ­ §ë¢ ¥¬ ¯®«¨í¤à «ì­®© à §à¥è¨¬®áâìî íâ®© á¨áâ¥¬ë.

2. �®¢¬¥áâ­®áâì á¨áâ¥¬ «¨­¥©­ëå ­¥à ¢¥­áâ¢. �á«®¢¨ï à §à¥è¨¬®áâ¨ á¨áâ¥¬ë (4) ¤ ¥â
ªà¨â¥à¨© �.�.�«¥ªá ­¤à®¢  ([3], á. 121): ¤«ï á®¢¬¥áâ­®áâ¨ á¨áâ¥¬ë (4) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç-

­®, çâ®¡ë ¤«ï ª ¦¤®£® ­¥®âà¨æ â¥«ì­®£® à¥è¥­¨ï �1; : : : ; �m ®¤­®à®¤­®© á¨áâ¥¬ë
mP
i=1

bi �i = 0

¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢®
mP
i=1


i �i � 0.

�ãé­®áâì íâ®£® ªà¨â¥à¨ï à áªàë¢ ¥âáï ãâ¢¥à¦¤¥­¨ï¬¨ â¥®à¨¨ ¤¢®©áâ¢¥­­®áâ¨ «¨­¥©­®£®
¯à®£à ¬¬¨à®¢ ­¨ï [4] ¯à¨¬¥­¨â¥«ì­® ª ¯ à¥ ¤¢®©áâ¢¥­­ëå § ¤ ç

0 � q ! min; bi q � 
i; i = 1;m
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¨
mX
i=1


i �i ! max;
mX
i=1

bi �i = 0; �i � 0; i = 1;m:

�ãé¥áâ¢®¢ ­¨¥ ¤®¯ãáâ¨¬®£® ¯« ­  ¢ ¯¥à¢®© § ¤ ç¥ ¢«¥ç¥â à §à¥è¨¬®áâì ¢â®à®© § ¤ ç¨ ¨ ®æ¥­ªã
mP
i=1


i �i � 0 æ¥«¥¢®© äã­ªæ¨¨ ­  ¬­®¦¥áâ¢¥ ¥¥ ¤®¯ãáâ¨¬ëå ¯« ­®¢. �á«¨ ¦¥ ã ¯¥à¢®© § ¤ ç¨

­¥â ¤®¯ãáâ¨¬ëå ¯« ­®¢, â® æ¥«¥¢ ï äã­ªæ¨ï ¢â®à®© § ¤ ç¨ ­¥ ®£à ­¨ç¥­  á¢¥àåã.
�¡®§­ ç¨¬ ç¥à¥§ e áâà®ªã, á®áâ®ïéãî ¨§ n ¥¤¨­¨æ, T | á¨¬¢®« âà ­á¯®­¨à®¢ ­¨ï, q =

(q1; : : : ; qn)T .

�¥®à¥¬  1. �ãáâì áâ®«¡æë bTi ; i = 1;m, ®¡à §ãîâ ¬ âà¨æã ¨­æ¨¤¥­æ¨© ­¥®à¨¥­â¨à®¢ ­-

­®£® £à ä  G á n ¢¥àè¨­ ¬¨ ¨ m à¥¡à ¬¨. � áè¨à¥­­ ï á¨áâ¥¬  ­¥à ¢¥­áâ¢

e q = 1; qj � 0; j = 1; n; bi q � 
i; i = 1;m; (11)

á®¢¬¥áâ­  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ­¥à ¢¥­áâ¢®X
k2Q

(
k=2) +
X
`2P


` � 1 (12)

¨¬¥¥â ¬¥áâ® ¤«ï «î¡ëå ®¡ê¥¤¨­¥­¨© Q ­¥ ¯¥à¥á¥ª îé¨åáï ­¥ç¥â­ëå æ¨ª«®¢ £à ä  G ¨ ¯ à®-

á®ç¥â ­¨© P ¢ ¯®¤£à ä¥, ¯®à®¦¤¥­­®¬ ¢¥àè¨­ ¬¨, ­¥ ¢å®¤ïé¨¬¨ ¢ Q .

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ á¨áâ¥¬ã ­¥à ¢¥­áâ¢ (11) ¢ ¢¨¤¥

e q � 1; (�e) q � �1; qj � 0; j = 1; n; bi q � 
i; i = 1;m:

�®£« á­® ªà¨â¥à¨î �.�.�«¥ªá ­¤à®¢  á«¥¤ã¥â à áá¬®âà¥âì á®®â¢¥âáâ¢ãîéãî ®¤­®à®¤­ãî á¨-
áâ¥¬ã ãà ¢­¥­¨©

�1 e� �2 e+ � +
mX
i=1

bi �i = 0;

£¤¥ �1, �2, � = (�1; : : : ; �n), �1; : : : ; �m | ­¥®âà¨æ â¥«ì­ë¥ ¢¥«¨ç¨­ë. �«ï ª ¦¤®£® à¥è¥­¨ï
â ª®© á¨áâ¥¬ë ¤®«¦­® ¨¬¥âì ¬¥áâ® ­¥à ¢¥­áâ¢®

�1 � �2 +
mX
i=1


i �i � 0:

�¡®§­ ç¨¬ � = �2 � �1 ¨ ¨áª«îç¨¬ � � 0 ¨§ ãà ¢­¥­¨ï. �áâ ¥âáï ¯à®¢¥à¨âì, çâ® áª «ïà­®¥

­¥à ¢¥­áâ¢®
mP
i=1


i �i � � ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ á¨áâ¥¬ë «¨­¥©­ëå ­¥à ¢¥­áâ¢

mX
i=1

bi �i � � � e; �i � 0; i = 1;m:

� ª ª ª bi � 0, i = 1;m, â® ¤«ï ¢áïª®£® ­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï íâ®© á¨áâ¥¬ë ¨¬¥¥¬ � > 0. �®-
íâ®¬ã, ¨áª«îç¨¢ �, ­ ©¤¥¬, çâ® ¤«ï à §à¥è¨¬®áâ¨ á¨áâ¥¬ë (11) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë

¤«ï ¢áïª®£® ­¥®âà¨æ â¥«ì­®£® à¥è¥­¨ï �i, i = 1;m, á¨áâ¥¬ë «¨­¥©­ëå ­¥à ¢¥­áâ¢
mP
i=1

bi �i � e

¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢®
mP
i=1


i �i � 1. �®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¤®áâ â®ç­® ¯à®¢¥à¨âì ­  ¢¥àè¨-

­ å ®£à ­¨ç¥­­®£® ¢ë¯ãª«®£® ¬­®£®£à ­­¨ª , ®¯à¥¤¥«ï¥¬®£® á¨áâ¥¬®© ­¥à ¢¥­áâ¢
mX
i=1

bi �i � e; �i � 0; i = 1;m: (13)

� ­ è¥¬ á«ãç ¥, ª®£¤  bTi ; i = 1;m, ®¡à §ãîâ ¬ âà¨æã ¨­æ¨¤¥­æ¨© ­¥®à¨¥­â¨à®¢ ­­®£® £à ä 
G, áâàãªâãà  ¢¥àè¨­ íâ®£® ¬­®£®£à ­­¨ª  ¨§¢¥áâ­  ([5], c. 141) (á¬. â ª¦¥ [6], c. 379). � ¨¬¥­­®:
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¯ãáâì C1; : : : ; Cp | ­¥ ¯¥à¥á¥ª îé¨¥áï ­¥ç¥â­ë¥ æ¨ª«ë £à ä  G ¨ ¯ãáâì P | ¯ à®á®ç¥â ­¨¥ ¢
¯®¤£à ä¥, ¯®à®¦¤¥­­®¬ ¢¥àè¨­ ¬¨, ­¥ ¢å®¤ïé¨¬¨ ¢ Ci, i = 1; p. �®£¤  ¢¥ªâ®à � á ª®¬¯®­¥­â ¬¨

�i =

8>><
>>:
1=2; ¥á«¨ à¥¡à® i 2 C1 [ � � � [ Cp;

1; ¥á«¨ i 2 P;

0 ¢ ¯à®â¨¢­®¬ á«ãç ¥

(14)

ï¢«ï¥âáï ¢¥àè¨­®© ¬­®£®£à ­­¨ª  (13), ¨ ª ¦¤ ï ¥£® ¢¥àè¨­  ¨¬¥¥â ¢¨¤ (14). � ¯®¬­¨¬, çâ®
­¥ç¥â­ë¬ ­ §ë¢ ¥âáï æ¨ª« á ­¥ç¥â­ë¬ ç¨á«®¬ à¥¡¥à,   ¯ à®á®ç¥â ­¨¥ ¥áâì â ª®¥ ¬­®¦¥áâ¢®
à¥¡¥à £à ä , çâ® «î¡ ï ¨å ¯ à  ­¥ ¨¬¥¥â ®¡é¥© ¢¥àè¨­ë.

�¡®§­ ç¨¢ Q = C1[� � �[Cp ¨ § ¬¥ç ï, çâ® ¯® ãá«®¢¨î (12) ­¥à ¢¥­áâ¢®
mP
i=1


i �i � 1 ¢ë¯®«­¥­®

¢ ª ¦¤®© ¢¥àè¨­¥ ¬­®£®£à ­­¨ª  (13), § ª«îç ¥¬, çâ® á¨áâ¥¬  ­¥à ¢¥­áâ¢ (11) á®¢¬¥áâ­ .

�¥®à¥¬  2. �ãáâì áâ®«¡æë bTi , i = 1;m, ®¡à §ãîâ ãá¥ç¥­­ãî ¬ âà¨æã ¨­æ¨¤¥­æ¨© ([7],
c. 101) ®à¨¥­â¨à®¢ ­­®£® £à ä  G á n+ 1 ¢¥àè¨­ ¬¨ ¨ m à¥¡à ¬¨. �¨áâ¥¬  ­¥à ¢¥­áâ¢

bi q � 
i; i = 1;m; (15)

á®¢¬¥áâ­  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ­¥à ¢¥­áâ¢®X
i2D


i � 0 (16)

¨¬¥¥â ¬¥áâ® ¤«ï «î¡®£® ª®­âãà  D £à ä  G.

�®ª § â¥«ìáâ¢®. �¥ªâ®àë pi = (bi;�ebTi )
T , i = 1;m, ®¡à §ãîâ áâ®«¡æë ¬ âà¨æë ¨­æ¨¤¥­-

æ¨© ®à¨¥­â¨à®¢ ­­®£® £à ä  G. � ¯®¬­¨¬, çâ® ¢ ¬ âà¨æ¥ ¨­æ¨¤¥­æ¨© ®à¨¥­â¨à®¢ ­­®£® £à ä 
áâà®ª¨ á®®â¢¥âáâ¢ãîâ ¢¥àè¨­ ¬ £à ä ,   áâ®«¡æë | ¤ã£ ¬, ¯à¨ç¥¬ �1 ¢ ä¨ªá¨à®¢ ­­®¬ áâ®«¡-
æ¥ ®â¢¥ç ¥â ­ ç «ã á®®â¢¥âáâ¢ãîé¥© ¤ã£¨,   +1 | ¥¥ ª®­æã. �® â¥®à¥¬¥ �¥à¦  (á¬., ­ ¯à., [8],
c. 114) å à ªâ¥à¨áâ¨ç¥áª¨¥ ¢¥ªâ®àë ª®­âãà®¢ £à ä  G ï¢«ïîâáï ®¡à §ãîé¨¬¨ ª®­ãá  ­¥®âà¨-

æ â¥«ì­ëå à¥è¥­¨© á¨áâ¥¬ë
mP
i=1

pi�i = 0 ¨, á«¥¤®¢ â¥«ì­®, á¨áâ¥¬ë
mP
i=1

bi�i = 0. �¥¯¥àì ®áâ ¥âáï

§ ¬¥â¨âì, çâ® ­ ¡®à f�ig
m
1 ¡ã¤¥â, ¯® ®¯à¥¤¥«¥­¨î, å à ªâ¥à¨áâ¨ç¥áª¨¬ ¢¥ªâ®à®¬ ª®­âãà  D

£à ä  G ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤ 

�i =

(
1; ¥á«¨ ¤ã£  i 2 D ;

0 ¢ ¯à®â¨¢­®¬ á«ãç ¥:

�®íâ®¬ã ­¥à ¢¥­áâ¢®
mP
i=1


i �i � 0 ¤«ï á«ãç ï å à ªâ¥à¨áâ¨ç¥áª®£® ¢¥ªâ®à  ¯à¨­¨¬ ¥â ¢¨¤ (16).

�áë«ª  ­  â¥®à¥¬ã �.�.�«¥ªá ­¤à®¢  § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.

� ¦­ë¬ ¤®¯®«­¥­¨¥¬ ª íâ®¬ã ãâ¢¥à¦¤¥­¨î ï¢«ï¥âáï á«¥¤ãîé ï

�¥®à¥¬  3. �®«¨í¤à (15) ®£à ­¨ç¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

 ) ª ¦¤ ï ¢¥àè¨­  £à ä  G ¯à¨­ ¤«¥¦¨â å®âï ¡ë ®¤­®¬ã ª®­âãàã íâ®£® £à ä ;

¡) «î¡ë¥ ¤¢  ª®­âãà  ¨¬¥îâ ®¡éãî ¢¥àè¨­ã.

�®ª § â¥«ìáâ¢®. �£à ­¨ç¥­­®áâì ¯®«¨í¤à  (15) íª¢¨¢ «¥­â­  á«¥¤ãîé¥¬ã ä ªâã (á¬.,
­ ¯à., [9], á. 31, ã¯à. 2): á¨áâ¥¬  ­¥à ¢¥­áâ¢

bi z � 0; i = 1;m; (17)

¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥ à¥è¥­¨¥.

�¥®¡å®¤¨¬®áâì. �®¯ãáâ¨¬, çâ® ãá«®¢¨¥  ) ­¥ ¢ë¯®«­¥­®. �¡®§­ ç¨¬ ç¥à¥§ s ¢¥àè¨­ã, ª®-
â®à ï ­¥ ¯à¨­ ¤«¥¦¨â ­¨ ®¤­®¬ã ª®­âãàã £à ä  G. �®«®¦¨¬ zj = 1 ¢® ¢á¥å ¢¥àè¨­ å j ¯ãâ¥©,
¢ëå®¤ïé¨å ¨§ s, ­® ­¥ ¯à®å®¤ïé¨å ç¥à¥§ ¢¥àè¨­ã n + 1, ¨ zj = �1 ¢® ¢á¥å ¢¥àè¨­ å j ¯ãâ¥©,
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¯à¨å®¤ïé¨å ¢ s ¨ ­¥ ¯à®å®¤ïé¨å ç¥à¥§ ¢¥àè¨­ã n+1. �® ¢á¥å ®áâ «ì­ëå ¢¥àè¨­ å k (¢ª«îç ï
s ¨ n + 1) ¯®«®¦¨¬ zk = 0. �®«ãç¥­­ë© ­ ¡®à z = (z1; : : : ; zn) ¤ ¥â ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥
á¨áâ¥¬ë ­¥à ¢¥­áâ¢ (17). �á«¨ áãé¥áâ¢ã¥â ¯ãâì, ¢ëå®¤ïé¨© ¨§ ¢¥àè¨­ë s ¨ ¯à®å®¤ïé¨© ç¥à¥§
¢¥àè¨­ã n + 1, â® ®­ ­¥ ¬®¦¥â ¡ëâì ª®­âãà®¬. �®« £ ï zs = �1 ¨ zk = 0 ¢® ¢á¥å ®áâ «ì­ëå
¢¥àè¨­ å, ¯®«ãç¨¬ ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (17). �­ «®£¨ç­®, ¥á«¨ áãé¥áâ¢ã¥â ¯ãâì,
¯à¨å®¤ïé¨© ¢ ¢¥àè¨­ã s ¨ ¯à®å®¤ïé¨© ç¥à¥§ ¢¥àè¨­ã n + 1, â® ®­ ­¥ ¬®¦¥â ¡ëâì ª®­âãà®¬.
�®« £ ï zs = 1 ¨ zk = 0 ¢® ¢á¥å ®áâ «ì­ëå ¢¥àè¨­ å, ®¯ïâì ¯®«ãç¨¬ ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥
á¨áâ¥¬ë (17). �«¥¤®¢ â¥«ì­®, ãá«®¢¨¥  ) ­¥®¡å®¤¨¬®.

�á«®¢¨¥ ¡) â ª¦¥ ­¥®¡å®¤¨¬®. �®¯ãáâ¨¬, çâ® ¢ £à ä¥G ¥áâì ¤¢  ­¥ ¯¥à¥á¥ª îé¨åáï ª®­âãà .
�®§ì¬¥¬ â®â ª®­âãà, ª®â®àë© ­¥ á®¤¥à¦¨â ¢¥àè¨­ë n + 1. �® ¢á¥å ¢¥àè¨­ å i íâ®£® ª®­âãà 
¯®«®¦¨¬ zi = 1,   ¢ ®áâ «ì­ëå ¢¥àè¨­ å j ¢®§ì¬¥¬ zj = 0. �®«ãç¨¬ ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥
á¨áâ¥¬ë ­¥à ¢¥­áâ¢ (17).

�®áâ â®ç­®áâì. �ãáâì ãá«®¢¨ï  ) ¨ ¡) ¢ë¯®«­¥­ë. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥ z =
(z1; : : : ; zn) á¨áâ¥¬ë (17). �¥àè¨­¥ s = 1; n £à ä G ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ª®¬¯®­¥­âã zs,   (n+
1)-î ¢¥àè¨­ã ¯®¬¥â¨¬ ­ã«¥¬. �¥âàã¤­® § ¬¥â¨âì, çâ® ç¨á«  zi, ®â¢¥ç îé¨¥ ¢¥àè¨­ ¬ «î¡®£®
ª®­âãà , á®¢¯ ¤ îâ ¬¥¦¤ã á®¡®©. �§ï¢ á­ ç «  ª®­âãà, á®¤¥à¦ é¨© ¢¥àè¨­ã n + 1, ­ ©¤¥¬,
çâ® á®®â¢¥âáâ¢ãîé¨¥ zi à ¢­ë ­ã«î. � ª ª ª «î¡ë¥ ¤¢  ª®­âãà  ¨¬¥îâ ®¡éãî ¢¥àè¨­ã, â®,
¯¥à¥å®¤ï ¯®á«¥¤®¢ â¥«ì­® ª á¬¥¦­ë¬ ª®­âãà ¬, ®¡­ àã¦¨¬, çâ® á®®â¢¥âáâ¢ãîé¨¥ ª®¬¯®­¥­âë
zj â ª¦¥ ®¡à é îâáï ¢ ­ã«ì. � ª ª ª ª ¦¤ ï ¢¥àè¨­  £à ä  ¯à¨­ ¤«¥¦¨â å®âï ¡ë ®¤­®¬ã
ª®­âãàã, â® ¢á¥ ¢¥àè¨­ë ¡ã¤ãâ â ª¨¬ ®¡à §®¬ ¯à®©¤¥­ë.

3. �¤­®à®¤­ë© á«ãç ©. � áá¬®âà¨¬ á¨áâ¥¬ã «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
�.�.�®«¬®£®à®¢ 

_xi(t) =
nX

j=1

�ji(t)xj(t)� xi(t)
nX

j=1

�ij(t); i = 1; n;
nX

i=1

xi(t) � 1; t � a; (18)

®¯¨áë¢ îéãî ¬ àª®¢áª¨© á«ãç ©­ë© ¯à®æ¥áá á n ¤¨áªà¥â­ë¬¨ á®áâ®ï­¨ï¬¨ ¨ ­¥¯à¥àë¢­ë¬
¢à¥¬¥­¥¬, ¢ ª®â®à®¬ ¯¥à¥å®¤ ¨§ á®áâ®ï­¨ï si ¢ á®áâ®ï­¨¥ sj (i 6= j) ¯à®¨áå®¤¨â ¯®¤ ¢®§¤¥©áâ¢¨¥¬
¯ã áá®­®¢áª®£® ¯®â®ª  á®¡ëâ¨© á ¨­â¥­á¨¢­®áâìî �ij(t) � 0 (�ii(t) � 0, i = 1; n) ([10], c. 12).
�¤¥áì xi(t) | ¢¥à®ïâ­®áâì ¯à¥¡ë¢ ­¨ï á«ãç ©­®£® ¯à®æ¥áá  ¢ á®áâ®ï­¨¨ si ¢ ¬®¬¥­â ¢à¥¬¥­¨ t.

�ãáâì ¢ ä¨ªá¨à®¢ ­­ë© ¬®¬¥­â ¢à¥¬¥­¨ tk á«ãç ©­ë© ¯à®æ¥áá ¢ á®áâ®ï­¨¨ sj ¯à¨­®á¨â
¤®å®¤ (¨«¨ ã¡ëâ®ª ¢ § ¢¨á¨¬®áâ¨ ®â §­ ª ) ckj . �®£¤  á¨áâ¥¬¥ ­¥à ¢¥­áâ¢

nX
j=1

ckjxj(tk) � �k; k = 1;m; (19)

ã¤®¢«¥â¢®àï¥â á«ãç ©­ë© ¯à®æ¥áá, áà¥¤­¨© ¤®å®¤ ª®â®à®£® ¢ ª ¦¤ë© ä¨ªá¨à®¢ ­­ë© ¬®¬¥­â
¢à¥¬¥­¨ tk ­¥ ¬¥­ìè¥ §­ ç¥­¨ï �k.

�¥®à¥¬  4. �ãáâì ¤«ï ª ¦¤®£® k = 1;m ¢¥ªâ®à-áâà®ª  yk(t) = (yk1 (t); : : : ; y
k
n(t)) ®¡®§­ ç ¥â

à¥è¥­¨¥ á®¯àï¦¥­­®© ®¤­®à®¤­®© á¨áâ¥¬ë

_yi(t) = �
nX

j=1

�ij(t) yj(t) + yi(t)
nX

j=1

�ij(t); i = 1; n; t � a; (20)

á ­ ç «ì­ë¬ ãá«®¢¨¥¬ yk(a) = bk. �ãáâì, ¤ «¥¥, áâ®«¡æë bTk ; k = 1;m; ®¡à §ãîâ ¬ âà¨æã

¨­æ¨¤¥­æ¨© ­¥®à¨¥­â¨à®¢ ­­®£® £à ä  G á n ¢¥àè¨­ ¬¨ ¨ m à¥¡à ¬¨.

�«ï â®£® çâ®¡ë áãé¥áâ¢®¢ «® à¥è¥­¨¥ x(t) = (x1(t); : : : ; xn(t))T á¨áâ¥¬ë (18), ã¤®¢«¥â¢®-
àïîé¥¥ ®£à ­¨ç¥­¨ï¬ (19) ¯à¨ ckj = ykj (tk), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢ X

k2Q

(�k=2) +
X
k2P

�k � 1
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¤«ï «î¡ëå ®¡ê¥¤¨­¥­¨© Q ­¥ ¯¥à¥á¥ª îé¨åáï ­¥ç¥â­ëå æ¨ª«®¢ £à ä  G ¨ ¯ à®á®ç¥â ­¨© P ¢

¯®¤£à ä¥, ¯®à®¦¤¥­­®¬ ¢¥àè¨­ ¬¨, ­¥ ¢å®¤ïé¨¬¨ ¢ Q.

�®ª § â¥«ìáâ¢®. �¨áâ¥¬  (18) ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥ (1), £¤¥ f(t) � 0,   ¬ âà¨æ 
A(t) ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

 ) eA(t) � 0, £¤¥ e = (1; 1; : : : ; 1);
b) A(t) = A2(t) �A1(t), ¯à¨ç¥¬ ¬ âà¨æ  A1(t) ¨ ¤¨ £®­ «ì­ ï ¬ âà¨æ  A2(t) ¨¬¥îâ ­¥®âà¨-

æ â¥«ì­ë¥ í«¥¬¥­âë.
�§ ¬ âà¨ç­®£® ãà ¢­¥­¨ï _X(t) +A2(t)X(t) = A1(t)X(t), X(a) = E, t � a, ­ å®¤¨¬

X(t) = E +
Z t

a

exp
�
�

Z t

s

A2(�) d�
�
A1(s)X(s) ds:

�âáî¤  ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨© ¬®¦­® ¯®áâà®¨âì ¯®á«¥¤®¢ â¥«ì­®áâì ¬ âà¨æ
á ­¥®âà¨æ â¥«ì­ë¬¨ í«¥¬¥­â ¬¨, áå®¤ïéãîáï à ¢­®¬¥à­® ª X(t) ­  «î¡®¬ ª®­¥ç­®¬ ®âà¥§ª¥
[a; b]. �®íâ®¬ã äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  X(t) ¨¬¥¥â ­¥®âà¨æ â¥«ì­ë¥ í«¥¬¥­âë.

� «¥¥, e _X(t) = eA(t)X(t) � 0. �­ ç¨â, eX(t) � const. � ¬¥ç ï, çâ® X(a) = E, ­ ©¤¥¬, çâ®
eX(t) � e, â. ¥. X(t) ¯à¨ ª ¦¤®¬ t � a ¥áâì áâ®å áâ¨ç¥áª ï ¬ âà¨æ .

�¥è¥­¨¥ x(t) = X(t) q á¨áâ¥¬ë (18) ¡ã¤¥â ¢¥à®ïâ­®áâ­ë¬ ¢¥ªâ®à®¬ ¯à¨ ª ¦¤®¬ t � a, â. ¥.
e x(t) � 1, x(t) � 0, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  e q = 1, q � 0, â. ¥. q | ¢¥à®ïâ­®áâ­ë© ¢¥ªâ®à.

�®¤áâ ­®¢ª  x(t) = X(t)q, q | ¢¥à®ïâ­®áâ­ë© ¢¥ªâ®à, ¢ á¨áâ¥¬ã ­¥à ¢¥­áâ¢ (19) ¯à¨¢®¤¨â ª
á«¥¤ãîé¥© á¨áâ¥¬¥

e q = 1; q � 0; bk q � �k; k = 1;m: (21)

�¥©áâ¢¨â¥«ì­®, yk(tk)x(tk) = yk(tk)X(tk) q = yk(a) q = bk q � �k, k = 1;m. �¤¥áì ¬ë ¢®á¯®«ì§®¢ -
«¨áì ¯à¥¤áâ ¢«¥­¨¥¬ yk(s) = yk(tk)X(tk)X�1(s) à¥è¥­¨ï á®¯àï¦¥­­®© á¨áâ¥¬ë (20). �à¨¬¥­¥­¨¥
ª á¨áâ¥¬¥ (21) â¥®à¥¬ë 1 § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.

4. �¥®¤­®à®¤­ë© á«ãç ©.

�¥®à¥¬  5. �ãáâì ¤«ï ¨­¤¥ªá®¢ k = 1; �l; l = 1; � ¢¥ªâ®à-áâà®ª  ykl (s) ®¡®§­ ç ¥â à¥è¥­¨¥

­ ç «ì­®© § ¤ ç¨

_y(s) = y(s)A(s); y(a) = bkl ; s 2 [a; tl]:

�ãáâì, ¤ «¥¥, áâ®«¡æë (bkl )
T , k = 1; �l; l = 1; �, ®¡à §ãîâ ãá¥ç¥­­ãî ¬ âà¨æã ¨­æ¨¤¥­æ¨©

­¥ª®â®à®£® £à ä  G á n+ 1 ¢¥àè¨­ ¬¨ ¨ m =
�P
l=1

�l à¥¡à ¬¨.

�«ï â®£® çâ®¡ë áãé¥áâ¢®¢ «® à¥è¥­¨¥ x(t) á¨áâ¥¬ë (1), ã¤®¢«¥â¢®àïîé¥¥ á¨áâ¥¬¥ ­¥à -
¢¥­áâ¢

ykl (tl)x(tl) �
Z tl

a

ykl (s) f(s) ds+ 
kl ; k = 1; �l; l = 1; �;

­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢ X
(k;l)2D


kl � 0 (22)

¤«ï «î¡®£® ª®­âãà  D £à ä  G. �¤¥áì (k; l) ®¡®§­ ç ¥â ¤ã£ã £à ä  G, ®â¢¥ç îéãî áâ®«¡æã bkl .

�®ª § â¥«ìáâ¢®. � ¦¤®© ¯ à¥ (k; l) ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ¨­¤¥ªá i =
l�1P
j=1

�j + k ¨ ¢

á¨áâ¥¬¥ ­¥à ¢¥­áâ¢ (3) ¢ë¡¥à¥¬

`i(x) = ykl (tl)x(tl) ¨ �i =
Z tl

a

ykl (s) f(s) ds+ 
kl :
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�¬¥¥¬


i = �i � `i

� Z t

a

C(t; s) f(s) ds
�
=
Z tl

a

ykl (s) f(s) ds+ 
kl �

Z tl

a

ykl (tl)X(tl)X
�1(s) f(s) ds = 
kl :

� «¥¥, bi = `i(X) = ykl (tl)X(tl) = ykl (a) = bkl . �¤¥áì ¬ë ¢®á¯®«ì§®¢ «¨áì ¯à¥¤áâ ¢«¥­¨¥¬ ykl (s) =
ykl (tl)X(tl)X�1(s). �â®¦¤¥áâ¢«ïï ¯ àã (k; l) á i-© ¤ã£®© ®à¨¥­â¨à®¢ ­­®£® £à ä  G, ¯®«ãç¨¬
á¨áâ¥¬ã ­¥à ¢¥­áâ¢ (15). � ª ª ª ãá«®¢¨¥ (22) â®¦¤¥áâ¢¥­­® ãá«®¢¨î (16), â® ááë«ª  ­  â¥®à¥¬ã
2 § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.
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