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� ¤ ®© à ¡®â¥ áâà®¨âáï äã¤ ¬¥â «ì®¥ à¥è¥¨¥ ¨ ¯®â¥æ¨ «ë â¨¯  ¯à®áâ®£® ¨ ¤¢®©-
®£® á«®¥¢ ¤«ï ¢ëà®¦¤ îé¥£®áï í««¨¯â¨ç¥áª®£® ãà ¢¥¨ï ¢â®à®£® ¯®àï¤ª . � ¯®¬®éìî íâ¨å
¯®â¥æ¨ «®¢ ªà ¥¢ë¥ § ¤ ç¨ á¢®¤ïâáï ª ¨â¥£à «ìë¬ ãà ¢¥¨ï¬ �à¥¤£®«ì¬  ¢â®à®£® à®¤ .

1. �®à¬ã«ë �à¨ 

�ãáâì E+
p | ¯®«ã¯à®áâà áâ¢® xp > 0 p-¬¥à®£® ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  â®ç¥ª

x = (x0; xp); x0 = (x1; x2; : : : ; xp�1), D | ª®¥ç ï ®¡« áâì ¢ E+
p , ®£à ¨ç¥ ï ®âªàëâ®© ç áâìî

�0 £¨¯¥à¯«®áª®áâ¨ xp = 0 ¨ £¨¯¥à¯®¢¥àå®áâìî �.
� E+

p à áá¬®âà¨¬ ¢ëà®¦¤ îé¥¥áï í««¨¯â¨ç¥áª®¥ ãà ¢¥¨¥

E[U(x)] =
p�1X
j=1

@2U

@x2j
+

@

@xp

�
x�p

@U

@xp

�
= 0; (1)

£¤¥ 0 < � < 1, p � 3.
�¥â®¤®¬ à §¤¥«¥¨ï ¯¥à¥¬¥ëå ¬®¦® ¯®ª § âì, çâ® áãé¥áâ¢ã¥â à¥è¥¨¥ ãà ¢¥¨ï (1),

áâà¥¬ïé¥¥áï ª ã«î ¯à¨ xp ! 0.
�ãáâì äãªæ¨¨ U; V 2 C2(D) \ C1(D). �¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬ ¬®¦® ã¡¥¤¨âìáï,

çâ® ¨¬¥¥â ¬¥áâ® â®¦¤¥áâ¢®

V E[U ] +
� p�1X

j=1

@U

@xj

@V

@xj
+ x�p

@V

@xp

@U

@xp

�
=

p�1X
j=1

@

@xj

�
V
@U

@xj

�
+

@

@xp

�
x�pV

@U

@xp

�
: (2)

�â¥£à¨àãï ®¡¥ ç áâ¨ â®¦¤¥áâ¢  (2) ¯® ®¡« áâ¨ D ¨ ¯®«ì§ãïáì ä®à¬ã«®© �áâà®£à ¤áª®£®, ¯®-
«ãç ¥¬

Z
D

V E[U ]dx+
Z
D

� p�1X
j=1

@U

@xj

@V

@xj
+ x�p

@V

@xp

@U

@xp

�
dx =

Z
�

V A[U ]d�; (3)

£¤¥

A[U ] =
p�1X
j=1

cos(n; xj)
@U

@xj
+ x�p cos(n; xp)

@U

@xp

| ª®®à¬ «ì ï ¯à®¨§¢®¤ ï, n | ¢¥èïï ®à¬ «ì ª �. �®à¬ã«  (3)  §ë¢ ¥âáï ¯¥à¢®©
ä®à¬ã«®© �à¨  ¤«ï ®¯¥à â®à  E. �¥ïï ¬¥áâ ¬¨ U ¨ V ¢ ä®à¬ã«¥ (3), ¨¬¥¥¬

Z
D

UE[V ]dx+
Z
D

� p�1X
j=1
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@xj
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@xj
+ x�p

@U

@xp

@V

@xp

�
dx =

Z
�
UA[V ]d�:
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�ëç¨â ï íâ® à ¢¥áâ¢® ¨§ (3), ¯®«ãç ¥¬

Z
D

[V E[U ]� UE[V ]]dx =
Z
�

�
V A[U ]� UA[V ]

�
d�: (4)

�®à¬ã«  (4)  §ë¢ ¥âáï ¢â®à®© ä®à¬ã«®© �à¨  ¤«ï ®¯¥à â®à  E.
�á«¨ äãªæ¨¨ U ¨ V ï¢«ïîâáï à¥è¥¨ï¬¨ ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ D, â® ¨§ ä®à¬ã«ë (4)

¨¬¥¥¬ Z
�

�
V A[U ]� UA[V ]

�
d� = 0:

�®« £ ï ¢ ä®à¬ã«¥ (3) U = V , ¯®«ãç ¥¬

Z
D

� p�1X
j=1

@U

@xj

@U

@xj
+ x�p

@U

@xp

@U

@xp

�
dx =

Z
�

UA[U ]d�:

� ª®¥æ, ¨§ ä®à¬ã«ë (3), ¯®« £ ï V = 1, ¡ã¤¥¬ ¨¬¥âì

Z
�

A[U ]d� = 0;

â. ¥. ¨â¥£à « ®â ª®®à¬ «ì®© ¯à®¨§¢®¤®© à¥è¥¨ï ãà ¢¥¨ï (1) ¯® £à ¨æ¥ � à ¢¥ ã«î.

2. �ã¤ ¬¥â «ì®¥ à¥è¥¨¥

�ã¤¥¬ ¨áª âì à¥è¥¨¥ ãà ¢¥¨ï (1) ¢ ¢¨¤¥

U(x) = (�21)
�

�
p�2
2 +�

�
!(�); (5)

£¤¥ � = �2

�21
, � = �

2(2��)
, �2 =

p�1P
j=1

(xj � xj0)
2 + 4

(2��)2

�
x

2��
2

p � x
2��
2

p0

�2
, �21 =

p�1P
j=1

(xj � xj0)
2 + 4

(2��)2
�

�
�
x

2��
2

p + x
2��
2

p0

�2
.

�®¤áâ ¢«ïï äãªæ¨î (5) ¢ ãà ¢¥¨¥ (1), ¯®«ãç ¥¬

�(1� �)!00 +
�
p

2
�

�
p

2
+ 2�

�
�

�
!0 � �

�
p� 2
2

+ �

�
! = 0: (6)

�§¢¥áâ® ([1], á. 40), çâ® ¢ ®ªà¥áâ®áâ¨ â®çª¨ � = 1 ãà ¢¥¨¥ (6) ¨¬¥¥â ¤¢  «¨¥©®-
¥§ ¢¨á¨¬ëå à¥è¥¨ï. �¤® ¨§ ¨å ¨¬¥¥â ¢¨¤

!(x; x0) = (1� �)1�2�F
�
1� �;

p

2
� �; 2� 2�; 1 � �

�
=

= ��
p�2
2 (1� �)1�2�F

�
1� �; 2�

p

2
� �; 2� 2�; 1 � �

�
: (7)

�®¤áâ ¢«ïï (7) ¢ (5), ¯®«ãç ¥¬ à¥è¥¨¥ ãà ¢¥¨ï (1)

E(x; x0) = a(�21)
��(�2)�

p�2
2 (1� �)1�2�F

�
1� �; 2 �

p

2
� �; 2 � 2�; 1 � �

�
; (8)
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£¤¥ a | ¥ª®â®à ï ¯®áâ®ï ï, F (a; b; c; z) | £¨¯¥à£¥®¬¥âà¨ç¥áª ï äãªæ¨ï. �§¢¥áâ® ([2],
á. 280), çâ® à¥è¥¨¥ (8) ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥® ¢ ¢¨¤¥

E(x; x0) = a(�21)
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�
p

2
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�F�1� �; 2�
p

2
� �; 2�

p

2
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�
+

+ a(�21)
�

�
p�2
2 +�

�
(1� �)1�2�

�(2� 2�)�
�
� p�2

2

�
�(1� �)�

�
2� p

2
� �

�F�1� �;
p

2
� �;

p

2
;�
�
: (9)

�âáî¤  á«¥¤ã¥â, çâ® à¥è¥¨¥ (9) ¨¬¥¥â áâ¥¯¥ãî ®á®¡¥®áâì ¢¨¤  �2�p ¨, á«¥¤®¢ â¥«ì®, ï¢«ï-
¥âáï äã¤ ¬¥â «ìë¬ à¥è¥¨¥¬ ãà ¢¥¨ï (1) á ®á®¡¥®áâìî ¢ â®çª¥ x0.

� ¯®¬®éìî àï¤  � ãáá , à §«®¦¥¨ï äãªæ¨©

(1� �)1�2� ¨
�
1 +

(2� �)2�2

16 (xpxp0)
2��
2

���

¯à¨ ¬ «ëå § ç¥¨ïå � ¢ áâ¥¯¥®© àï¤, äã¤ ¬¥â «ì®¥ à¥è¥¨¥ (9) § ¯¨è¥¬ ¢ ¢¨¤¥

E(x; x0) = eE(x; x0) + E�(x; x0); (10)

£¤¥

eE(x; x0) = a
�(2� 2�)�

�
p�2
2

�
�(1� �)�

�
p

2
� �

� (2� �)2�(xpxp0)
�

�
4

24�
(�2)�

p�2
2 ;

E�(x; x0) | à¥£ã«ïà ï ç áâì äã¤ ¬¥â «ì®£® à¥è¥¨ï E(x; x0).
�¥âàã¤® ¯à®¢¥à¨âì, çâ®

E(�; x) = o(1) ¯à¨ xp ! 0;

x�p
@E(�; x)
@xp

= O(1) ¯à¨ xp ! 0;

@E(�; x)
@xp

= o(1) ¯à¨ �p ! 0;

E(x; x0) = O
�
(�20)

�

�
p�2
2 + 4�3�

2(2��)

��
¯à¨ r =

q
x21 + � � � + x2p !1;

A[E(x; x0)] = O
�
(�20)

�

�
p�2
2 + 4�3�

2(2��)

��
¯à¨ r =

q
x21 + � � �+ x2p !1;

£¤¥ �20 =
p�1P
j=1

x2j +
4

(2��)2
x2��p .

3. �â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥

� ©¤¥¬ â¥¯¥àì ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ à¥è¥¨ï ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ D. �ãáâì
U(x) 2 C2(D) \ C1(D) | à¥è¥¨¥ ãà ¢¥¨ï (1) ¢ ®¡« áâ¨ D ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

U(x) = o(1) ¯à¨ xp ! 0: (11)

� ¤ ¤¨¬ ¢ ®¡« áâ¨ D ¯à®¨§¢®«ìãî â®çªã x0. �ëà¥¦¥¬ íâã â®çªã è à®¬ Qx0". � ¤¨ãá "
¢®§ì¬¥¬ áâ®«ì ¬ «ë¬, çâ®¡ë è à Qx0" æ¥«¨ª®¬  å®¤¨«áï ¢ãâà¨ ®¡« áâ¨ D. � ®¡« áâ¨
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D" = D nQx0"
äã¤ ¬¥â «ì®¥ à¥è¥¨¥ E(x; x0) ãà ¢¥¨ï (1) (â. ¥. (10)) ¯à¨ ¤«¥¦¨â ª« ááã

C2(D") \ C1(D"). �à¨¬¥ïï ª äãªæ¨ï¬ U(x) ¨ E(x; x0) ¢ ®¡« áâ¨ D" ¢â®àãî ä®à¬ã«ã �à¨ 
¤«ï ®¯¥à â®à  E (4), ¯®«ãç ¥¬Z

�

�
E(x; x0)A[U(x)] � U(x)A[E(x; x0)]

�
d� =

Z
Sx0"

�
E(x; x0)A[U(x)] � U(x)A[E(x; x0)]

�
dSx0"; (12)

£¤¥ A | ¢¥èïï ª®®à¬ «ì ª áä¥à¥ Sx0".
�¥à¥å®¤ï ¢ ä®à¬ã«¥ (12) ª ¯à¥¤¥«ã ¯à¨ "! 0, ¯®«ãç¨¬Z
�

�
E(x; x0)A[U(x)] � U(x)A[E(x; x0)]

�
d� = a(p� 2)

�(2� 2�)�
�
p�2
2

�
�(1 � �)�

�
p

2
� �

� (2� �)2�

24�
U(x0)

2�
p

2

�
�
p

2

� :
�®« £ ï ¢ íâ®© ä®à¬ã«¥

a =
�(1� �)�

�
p

2
� �

�
4�

p

2 �(2� 2�)

�
4

2� �

�2�

;

¯®«ãç ¥¬ ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ à¥è¥¨ï ãà ¢¥¨ï (1)

U(x0) =
Z
�

�
E(x; x0)A[U(x)] � U(x)A[E(x; x0)]

�
d�: (13)

4. �à¨æ¨¯ ¬ ªá¨¬ã¬ 

�§ ¨â¥£à «ì®£® ¯à¥¤áâ ¢«¥¨ï (13) ¢ëâ¥ª ¥â á«¥¤ãîé¥¥ á¢®©áâ¢® à¥è¥¨ï ãà ¢¥¨ï (1).

�¥®à¥¬  1 (¯à¨æ¨¯ ¬ ªá¨¬ã¬ ). �á«¨ äãªæ¨ï U(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

U(x) 2 C2(D) \ C(D);

E[U(x)] = 0; x 2 D;

U(x) = o(1) ¯à¨ xp ! 0;

â® íâ  äãªæ¨ï U(x) ¤®áâ¨£ ¥â á¢®¥£® ¯®«®¦¨â¥«ì®£®  ¨¡®«ìè¥£® ¨ ®âà¨æ â¥«ì®£®  ¨-

¬¥ìè¥£® § ç¥¨©   £à ¨æ¥ �, ¥á«¨ ®  â®¦¤¥áâ¢¥® ¥ à ¢  ã«î.

�®ª § â¥«ìáâ¢®. �ãáâì äãªæ¨ï U(x) 2 C2(D)\C(D), ã¤®¢«¥â¢®àïîé ï ãà ¢¥¨î (1) ¨
ãá«®¢¨î (11), ¤®áâ¨£ ¥â á¢®¥£®  ¨¡®«ìè¥£® ¯®«®¦¨â¥«ì®£® § ç¥¨ï U0 ¢ ¥ª®â®à®© ¢ãâà¥-
¥© â®çª¥ M0(x0) ®¡« áâ¨ D, â. ¥. áãé¥áâ¢ã¥â �-®ªà¥áâ®áâì Qx0� â®çª¨ x0 (è à), £¤¥

U(x) < U(x0) = U0 ¯à¨ x 6= x0 ¨ U(x) > 0: (�)

�®« £ ï ¢ ¨â¥£à «ì®¬ ¯à¥¤áâ ¢«¥¨¨ (13) � = Sx0�, £¤¥ Sx0� | áä¥à  á æ¥âà®¬ ¢ â®çª¥ x0
à ¤¨ãá  �, ¯®«ãç ¥¬

U(x0) =
Z
Sx0�

E(x; x0)A[U(x)]dSx0� �
Z
Sx0�

U(x)A[E(x; x0)]dSx0� = I1� + I2�: (14)

�¤¥áì ª®®à¬ «ì A ¢¥èïï ¯® ®â®è¥¨î ª áä¥à¥ Sx0�, E(x; x0) > 0 ¨ U(x) > 0 ¢ á¨«ã (�),
¯®íâ®¬ã A[U(x)] < 0, A[E(x; x0)] < 0 ¨, á«¥¤®¢ â¥«ì®, I1� < 0, I2� > 0. � á¨«ã ¢ëè¥áª § ®£®
¯à¨ � ! 0 ¨â¥£à « I1�, ¢®§à áâ ï, áâà¥¬¨âáï ª ã«î,   ¨â¥£à « I2�, ¢®§à áâ ï, áâà¥¬¨âáï ª U0.
�âáî¤  á«¥¤ã¥â, çâ®

I1� < 0 ¨ I2� < U0: (15)

� ¬¥ïï ¢ ¯à ¢®© ç áâ¨ ä®à¬ã«ë (14) ¢® ¢â®à®¬ ¨â¥£à «¥ U(x)   U0 ¨ ãç¨âë¢ ï ®æ¥ª¨
(15), ¯®«ãç ¥¬ U0 < I2� < U0, â. ¥. U0 6= U0.

�®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â á¯à ¢¥¤«¨¢®áâì ¯¥à¢®£® ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë. �â®à®¥
ãâ¢¥à¦¤¥¨¥ ¤®ª §ë¢ ¥âáï ¯¥à¥å®¤®¬ ®â U ª �U . �à¨ íâ®¬  ¨¬¥ìè¥¥ ®âà¨æ â¥«ì®¥ § ç¥¨¥
¯¥à¥å®¤¨â ¢  ¨¡®«ìè¥¥ ¯®«®¦¨â¥«ì®¥ § ç¥¨¥.
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�«¥¤áâ¢¨¥. �á«¨ äãªæ¨ï U(x) 2 C2(D) \ C(D) | à¥è¥¨¥ ãà ¢¥¨ï (1), ã¤®¢«¥â¢®àïî-
é¥¥ ãá«®¢¨î (11), â® jU(x)j � max

x02�
jU(x0)j, x 2 D. � ç áâ®áâ¨, ¥á«¨ U(x)j� = 0, â® U(x) � 0

¢ D.

5. �®áâ ®¢ª  ªà ¥¢ëå § ¤ ç â¨¯  �¨à¨å«¥ ¨ �¥©¬  .
�¥®à¥¬ë ¥¤¨áâ¢¥®áâ¨

�ãâà¥ïï § ¤ ç  â¨¯  �¨à¨å«¥ (§ ¤ ç  Di). �à¥¡ã¥âáï  ©â¨ äãªæ¨î U(x), ã¤®¢«¥â¢®-
àïîéãî ãá«®¢¨ï¬

U(x) 2 C2(D) \ C(D); (16)

E[U(x)] = 0; x 2 D; (17)

U(x) = o(1) ¯à¨ xp ! 0; (18)

U j� = f(x); f(x) 2 C(�): (19)

�¥®à¥¬  2. �ãâà¥ïï ªà ¥¢ ï § ¤ ç  â¨¯  �¨à¨å«¥ (16){(19) ¥ ¬®¦¥â ¨¬¥âì ¡®«¥¥

®¤®£® à¥è¥¨ï.

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ â¥®à¥¬ë ® ¯à¨æ¨¯¥ ¬ ªá¨¬ã¬ .
�¥èïï § ¤ ç  â¨¯  �¨à¨å«¥ (§ ¤ ç  De). �à¥¡ã¥âáï  ©â¨ äãªæ¨î U(x), ã¤®¢«¥â¢®àï-

îéãî ãá«®¢¨ï¬

U(x) 2 C2(De) \ C(De); (20)

E[U(x)] = 0; x 2 De; (21)

U(x) = o(1) ¯à¨ xp ! 0; (22)

U(x) = O
�
(�20)

�

�
p�2
2 + 4�3�

2(2��)

��
¯à¨ r =

q
x21 + � � �+ x2p !1; (23)

U j� = f(x); f(x) 2 C(�): (24)

�®ª § â¥«ìáâ¢® â ª¦¥ á«¥¤ã¥â ¨§ â¥®à¥¬ë ® ¯à¨æ¨¯¥ ¬ ªá¨¬ã¬ .

�¥®à¥¬  3. �¥èïï ªà ¥¢ ï § ¤ ç  â¨¯  �¨à¨å«¥ (20){(24) ¥ ¬®¦¥â ¨¬¥âì ¡®«¥¥ ®¤®£®

à¥è¥¨ï.

�ãâà¥ïï § ¤ ç  â¨¯  �¥©¬   (§ ¤ ç  Ni). �à¥¡ã¥âáï  ©â¨ äãªæ¨î U(x), ã¤®¢«¥â¢®-
àïîéãî á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

U(x) 2 C2(D) \ C1(D); (25)

E[U(x)] = 0; x 2 D; (26)

U(x) = o(1) ¯à¨ xp ! 0; (27)

A[U(x)]j� = '(x); f(x) 2 C(�); (28)

§¤¥áì A | ¢¥èïï ª®®à¬ «ì.

�¥®à¥¬  4. �ãâà¥ïï ªà ¥¢ ï § ¤ ç  â¨¯  �¥©¬   (25){(28) ¥ ¬®¦¥â ¨¬¥âì ¡®«¥¥

®¤®£® à¥è¥¨ï.

�¥èïï § ¤ ç  â¨¯  �¥©¬   (§ ¤ ç  Ne). �à¥¡ã¥âáï  ©â¨ äãªæ¨î U(x), ã¤®¢«¥â¢®àï-
îéãî ãá«®¢¨ï¬

U(x) 2 C2(De) \ C
1(De); (29)

E[U(x)] = 0; x 2 De; (30)

U(x) = o(1) ¯à¨ xp ! 0; (31)

U(x) = O
�
(�20)

�

�
p�2
2 + 4�3�

2(2��)

��
¯à¨ r =

q
x21 + � � �+ x2p !1; (32)
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A[U(x)]
��
�
= '(x); '(x) 2 C(�); (33)

§¤¥áì A | ª®®à¬ «ì,  ¯à ¢«¥ ï ¢® ¢¥ ®¡« áâ¨ D.

�¥®à¥¬  5. �¥èïï ªà ¥¢ ï § ¤ ç  â¨¯  �¥©¬   (29){(33) ¥ ¬®¦¥â ¨¬¥âì ¡®«¥¥ ®¤®£®

à¥è¥¨ï.

�®ª § â¥«ìáâ¢®. �ãáâì U1(x) ¨ U2(x) | ¤¢  à¥è¥¨ï § ¤ ç¨ â¨¯  �¥©¬  . �®£¤  ¨å à §-
®áâì !(x) = U2(x)� U1(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (29){(32) ¨ £à ¨ç®¬ã ãá«®¢¨î

A[!]
��
�
= 0: (330)

� ª ª ª D| ª®¥ç ï ®¡« áâì, â® áãé¥áâ¢ã¥â ç¨á«® R â ª®¥, çâ® D ¯à¨ ¤«¥¦¨â ¯®«ãè àã
Q+
R à ¤¨ãá  R. �¡®§ ç¨¬ ç¥à¥§ DeR = Q+

R nD.
�à¨¬¥ïï ª äãªæ¨ï¬ U = ! ¨ V = ! ¯¥à¢ãî ä®à¬ã«ã �à¨  (3) ¢ ®¡« áâ¨ DeR, á ãç¥â®¬

ãá«®¢¨© (31) ¨ (330) ¯®«ãç ¥¬Z
DeR

� p�1X
j=1

@!

@xj

@!

@xj
+ x�p

@!

@xp

@!

@xp

�
dx =

Z
S
+
R

!A[!]dS+
R : (34)

�§ ãá«®¢¨ï (32) á«¥¤ã¥â

!A[!] = O
�
(�20)

�

�
p�2+ 4�3�

(2��)

��
:

�®íâ®¬ã
R
S
+
R

!A[!]dS+
R �! 0 ¯à¨ R!1.

�¥à¥å®¤ï ¢ ä®à¬ã«¥ (34) ª ¯à¥¤¥«ã ¯à¨ R!1, á ãç¥â®¬ ¯®á«¥¤®£® ãá«®¢¨ï ¯®«ãç ¥¬

Z
De

� p�1X
j=1

�
@!

@xj

�2

+ x�p

�
@!

@xp

�2�
dx = 0;

®âªã¤  @!

@xi
= 0, i = 1; p) ! = const = c. �ç¨âë¢ ï, çâ® äãªæ¨ï !   ¡¥áª®¥ç®áâ¨ áâà¥¬¨âáï

ª ã«î, ¯®«ãç ¥¬ c = 0 ¨ U � 0 ¢ De,   § ç¨â, U1 � U2.

6. �®â¥æ¨ «ë â¨¯  ¯à®áâ®£® ¨ ¤¢®©®£® á«®¥¢
¤«ï ãà ¢¥¨ï (1) ¨ ¨å á¢®©áâ¢ 

� ¯®¬®éìî äã¤ ¬¥â «ì®£® à¥è¥¨ï E(�; x) ãà ¢¥¨ï (1) ®¡à §ã¥¬ ¯®¢¥àå®áâë¥ ¯®-
â¥æ¨ «ë â¨¯  ¯à®áâ®£® ¨ ¤¢®©®£® á«®¥¢:

V (x) =
Z
�

�(�)E(�; x)d�; (35)

W (x) =
Z
�

�(�)A
�
E(�; x)

�
d�;

£¤¥ A[ ] =
p�1P
j=1

cos(n; �j) @

@�j
+ ��p cos(n; �p)

@

@�p
,   �(�) ¨ �(�) | ¥¯à¥àë¢ë¥ äãªæ¨¨   �.

�¥®à¥¬  6 (ä®à¬ã«  áª çª ). �á«¨ ¯®¢¥àå®áâì �ï¯ã®¢  � ®¡à §ã¥â á £¨¯¥à¯«®áª®áâìî

xp = 0 ¯àï¬®© ã£®«, â®

Z
�

A[E(�; x)] d� =

8><
>:
�1; ¥á«¨ x 2 D;

� 1
2
; ¥á«¨ x 2 �;
0; ¥á«¨ x 2 E+

p nD = De:

(36)

�§ á¢®©áâ¢ äã¤ ¬¥â «ì®£® à¥è¥¨ï á«¥¤ã¥â, çâ® äã¤ ¬¥â «ì®¥ à¥è¥¨¥ ¨¬¥¥â â ª¨¥
¦¥ ®á®¡¥®áâ¨, çâ® ¨ äã¤ ¬¥â «ì®¥ à¥è¥¨¥ ãà ¢¥¨ï � ¯« á . �®íâ®¬ã ¨¬¥îâ ¬¥áâ®
á«¥¤ãîé¨¥ â¥®à¥¬ë.
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�¥®à¥¬  7. �ãáâì ¯®¢¥àå®áâì �ï¯ã®¢  � ®¡à §ã¥â á £¨¯¥à¯«®áª®áâìî xp = 0 ¯àï¬®©

ã£®«. �®£¤  ¥á«¨ � 2 C(�), â® ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ¯à¥¤¥«ìë¥ á®®â®è¥¨ï :

Wi(x0) = �
�0
2
+^W (x0); We(x0) =

�0
2
+^W (x0);

£¤¥Wi(x0) ¨We(x0) ®§ ç îâ ¯à¥¤¥«ìë¥ § ç¥¨ï ¯®â¥æ¨ « W (x) ¢ â®çª¥ x0 2 � ¯à¨ x! x0

á®®â¢¥âáâ¢¥® ¨§ãâà¨ ¨ ¨§¢¥ £à ¨æë �,  ^W (x0) | ¯àï¬®¥ § ç¥¨¥ ¯®â¥æ¨ «  W (x) ¢
â®çª¥ x0 2 �. �¤¥áì x0 2 � | ä¨ªá¨à®¢  ï â®çª  £à ¨æë �, �0 = �(x0).

�¥®à¥¬  8. �ãáâì ¯®¢¥àå®áâì �ï¯ã®¢  � ®¡à §ã¥â á £¨¯¥à¯«®áª®áâìî xp = 0 ¯àï¬®©

ã£®«. �á«¨ ¯«®â®áâì � 2 C(�), â® ¯®â¥æ¨ « â¨¯  ¯à®áâ®£® á«®ï V (x) ¥¯à¥àë¢¥ ¢ E+
p .

� áá¬®âà¨¬ ª®®à¬ «ìãî ¯à®¨§¢®¤ãî ¯®â¥æ¨ «  â¨¯  ¯à®áâ®£® á«®ï (35) ¢ â®çª¥ x0 2 �:

Ax0 [V ] =
Z
�
�(�)Ax0 [E(�; x)] d�:

�¥®à¥¬  9. �ãáâì ¯®¢¥àå®áâì �ï¯ã®¢  � ®¡à §ã¥â á £¨¯¥à¯«®áª®áâìî xp = 0 ¯àï¬®©

ã£®«. �®£¤  ¯à¨ � 2 C(�) ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ ¯à¥¤¥«ìë¥ á®®â®è¥¨ï :

Ax0 [V (x0)]i =
�0
2
+ ^Ax0 [V (x0)]; Ax0 [V (x0)]e = �

�0
2
+ ^Ax0 [V (x0)];

£¤¥ Ax0 [V (x0)]i ¨ Ax0 [V (x0)]e | ¯à¥¤¥«ìë¥ § ç¥¨ï ª®®à¬ «ì®© ¯à®¨§¢®¤®© ¯®â¥æ¨ « 

â¨¯  ¯à®áâ®£® á«®ï ¢ â®çª¥ x0 2 � á®®â¢¥âáâ¢¥® ¨§ãâà¨ ¨ ¨§¢¥ £à ¨æë �, �0 = �(x0),  
^Ax0 [V (x0)] | ¯àï¬®¥ § ç¥¨¥ ª®®à¬ «ì®© ¯à®¨§¢®¤®© ¯®â¥æ¨ «  â¨¯  ¯à®áâ®£® á«®ï.

7. C¢¥¤¥¨¥ § ¤ ç â¨¯  �¨à¨å«¥ ¨ �¥©¬  
ª ¨â¥£à «ìë¬ ãà ¢¥¨ï¬ â¥®à¨¨ ¯®â¥æ¨ « 

� ¤ ç  Di. �¥è¥¨¥ § ¤ ç¨ Di ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ ¯®â¥æ¨ «  â¨¯  ¤¢®©®£® á«®ï

U(x) =W (x) =
Z
�

�(�)A[E(�; x)] d�: (37)

�ç¥¢¨¤®, äãªæ¨ï U(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (16){(18) ¢ãâà¥¥© § ¤ ç¨ â¨¯  �¨à¨-
å«¥. �«®â®áâì �(�) | ¯®ª  ¥®¯à¥¤¥«¥ ï äãªæ¨ï. �®âà¥¡ã¥¬, çâ®¡ë äãªæ¨ï (37) ã¤®¢«¥-
â¢®àï«  £à ¨ç®¬ã ãá«®¢¨î (19) § ¤ ç¨ Di. � íâ®© æ¥«ìî ¯®¤áâ ¢¨¬ U(x) ¢ £à ¨ç®¥ ãá«®¢¨¥
(19) ¨, ãç¨âë¢ ï ä®à¬ã«ã ¯à¥¤¥«ì®£® § ç¥¨ï ¯®â¥æ¨ «  â¨¯  ¤¢®©®£® á«®ï (â¥®à¥¬  7),
¯®«ãç¨¬

�(x)� 2
Z
�

�(�)A[E(�; x)] d� = �2 f(x): (38)

� «®£¨ç® ¢ë¢®¤ïâáï ¨â¥£à «ìë¥ ãà ¢¥¨ï, á®®â¢¥âáâ¢ãîé¨¥ § ¤ ç ¬ De, Ni ¨ Ne. �¨
¨¬¥îâ ¢¨¤

�(x) + 2
Z
�

�(�)A[E(�; x)] d� = 2f(x); (39)

�(x) + 2
Z
�

�(�)Ax[E(�; x)] d� = 2'(x); (40)

�(x)� 2
Z
�
�(�)Ax[E(�; x)] d� = �2'(x): (41)

�â¬¥â¨¬ á«¥¤ãîé¨¥ á¢®©áâ¢  ¨â¥£à «ìëå ãà ¢¥¨© (38){(41).
1) �§ ä®à¬ã«ë (10) á«¥¤ã¥â, çâ® íâ¨ ãà ¢¥¨ï ï¢«ïîâáï ¨â¥£à «ìë¬¨ ãà ¢¥¨ï¬¨ á®

á« ¡®© ®á®¡¥®áâìî.
2) �¤à  A[E(�; x) ¨ �Ax[E(�; x)] ¯®«ãç îâáï ¤àã£ ¨§ ¤àã£  ¯¥à¥áâ ®¢ª®© â®ç¥ª � ¨ x. � ª ª ª

íâ¨ ï¤à  ¢¥é¥áâ¢¥ë¥, â® ®¨ á®¯àï¦¥ë¥. �âáî¤  á«¥¤ã¥â, çâ® ãà ¢¥¨ï (38) ¨ (41), (39)
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¨ (40) | ¯®¯ à® á®¯àï¦¥ë¥ ¨â¥£à «ìë¥ ãà ¢¥¨ï. �«¥¤®¢ â¥«ì®, ¤«ï ¨å á¯à ¢¥¤«¨¢ë
¢á¥ â¥®à¥¬ë �à¥¤£®«ì¬ .

8. �áá«¥¤®¢ ¨¥ ¤¢ãå ¯®¯ à® á®¯àï¦¥ëå ¨â¥£à «ìëå ãà ¢¥¨©

1. �®ª ¦¥¬, çâ® ¨â¥£à «ìë¥ ãà ¢¥¨ï (38) ¨ (41), á®®â¢¥âáâ¢ãîé¨¥ § ¤ ç ¬ Di ¨ Ne,
à §à¥è¨¬ë ¥¤¨áâ¢¥ë¬ ®¡à §®¬ ¯à¨ «î¡ëå ¥¯à¥àë¢ëå äãªæ¨ïå '(x); f(x) 2 C(�). �
íâ®© æ¥«ìî à áá¬®âà¨¬ ®¤®à®¤®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ § ¤ ç¨ Ne

�(x)� 2
Z
�

�(�)Ax[E(�; x)] d� = 0: (42)

�ãáâì �(�) | ¥ã«¥¢®¥ à¥è¥¨¥ íâ®£® ãà ¢¥¨ï. �®£¤  äãªæ¨ï

U(x) =
Z
�

�(�)E(�; x) d�

ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (29){(32) ¢¥è¥© § ¤ ç¨ â¨¯  �¥©¬   ¨ £à ¨ç®¬ã ãá«®¢¨î
Ax[U(x)]

��
�
= 0, â. ¥.

Ax[U(x)]e = �
�(x)
2

+
Z
�

�(�)Ax[E(�; x)] d� � 0: (43)

�® â¥®à¥¬¥ 5 ® ¥¤¨áâ¢¥®áâ¨ ¤«ï ¢¥è¥© § ¤ ç¨ Ne U(x) � 0, x 2 De.
� ª ª ª ¯®â¥æ¨ « â¨¯  ¯à®áâ®£® á«®ï (35) ¥áâì ¥¯à¥àë¢ ï äãªæ¨ï ¢® ¢á¥¬ ¯®«ã¯à®-

áâà áâ¢¥ (â¥®à¥¬  8), â®

U(x) � 0; x 2 �: (44)

� áá¬®âà¨¬ â¥¯¥àì ¯®â¥æ¨ « U(x) ¢ ®¡« áâ¨D. � íâ®© ®¡« áâ¨ äãªæ¨ïU(x) ã¤®¢«¥â¢®àï¥â
ãà ¢¥¨î (1) ¨ ¢ á¨«ã (44) ®¡à é ¥âáï ¢ ã«ì   £à ¨æ¥ �. �® â¥®à¥¬¥ 2 ® ¥¤¨áâ¢¥®áâ¨
§ ¤ ç¨ Di U(x) � 0, x 2 D. �®£¤ 

Ax[U(x)]i =
�(x)
2

+
Z
�

�(�)Ax[E(�; x)] d� � 0: (45)

�ëç¨â ï ¨§ à ¢¥áâ¢  (45) à ¢¥áâ¢® (43), ¯®«ãç ¥¬ �(�) � 0, x 2 D.
�¤®à®¤®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ (42) ¨¬¥¥â, â ª¨¬ ®¡à §®¬, â®«ìª® âà¨¢¨ «ì®¥ à¥è¥¨¥.

� á¨«ã  «ìâ¥à â¨¢ë �à¥¤£®«ì¬  ¨â¥£à «ì®¥ ãà ¢¥¨¥ (41) § ¤ ç¨Ne ®¤®§ ç® à §à¥è¨¬®
¤«ï «î¡®© ¥¯à¥àë¢®© äãªæ¨¨ '(x) 2 C(�).

� ª¨¬ ®¡à §®¬, § ç¥¨¥ ¯ à ¬¥âà  � = 2 | ¯à ¢¨«ì®¥ ¤«ï ï¤à  Ax[E(�; x)], ¯® ¨§¢¥áâ®©
â¥®à¥¬¥ �à¥¤£®«ì¬  ï¢«ï¥âáï ¯à ¢¨«ìë¬ ¨ ¤«ï á®¯àï¦¥®£® ï¤à  A[E(�; x)].

�âáî¤  á«¥¤ã¥â, çâ® ¨â¥£à «ì®¥ ãà ¢¥¨¥ (38) § ¤ ç¨ Di ®¤®§ ç® à §à¥è¨¬® ¤«ï «î-
¡®© ¥¯à¥àë¢®© äãªæ¨¨ f(x) 2 C(�).

�§ à §à¥è¨¬®áâ¨ ¨â¥£à «ìëå ãà ¢¥¨© § ¤ ç Di ¨ Ne á«¥¤ã¥â, çâ® à §à¥è¨¬ë ¨ á ¬¨
§ ¤ ç¨. �â® ¯à¨¢®¤¨â ª á«¥¤ãîé¨¬ â¥®à¥¬ ¬.

�¥®à¥¬  10. �á«¨ ¯®¢¥àå®áâì �ï¯ã®¢  � ®¡à §ã¥â á £¨¯¥à¯«®áª®áâìî xp = 0 ¯àï¬®©

ã£®«, â® § ¤ ç  Di ¤«ï íâ®© ¯®¢¥àå®áâ¨ à §à¥è¨¬  ¯à¨ «î¡ëå ¥¯à¥àë¢ëå £à ¨çëå ¤ -

ëå, ¨ à¥è¥¨¥ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯®â¥æ¨ «  â¨¯  ¤¢®©®£® á«®ï.

�¥®à¥¬  11. �á«¨ ¯®¢¥àå®áâì �ï¯ã®¢  � ®¡à §ã¥â á £¨¯¥à¯«®áª®áâìî xp = 0 ¯àï¬®©

ã£®«, â® § ¤ ç  Ne ¤«ï íâ®© ¯®¢¥àå®áâ¨ à §à¥è¨¬  ¯à¨ «î¡ëå ¥¯à¥àë¢ëå £à ¨çëå ¤ -

ëå, ¨ à¥è¥¨¥ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯®â¥æ¨ «  â¨¯  ¯à®áâ®£® á«®ï.
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2. � ç¥¨¥ ¯ à ¬¥âà  � = 2, ¢å®¤ïé¥¥ ¢ ¨â¥£à «ìë¥ ãà ¢¥¨ï (39) ¨ (40) | å à ªâ¥à¨-
áâ¨ç¥áª®¥ ¤«ï ª ¦¤®£® ¨§ ï¤¥à A[E(�; x)] ¨ Ax[E(�; x)]. �¥©áâ¢¨â¥«ì®, ¢â®à®¥ à ¢¥áâ¢® ¨§ (36)
¯®ª §ë¢ ¥â, çâ® ®¤®à®¤®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ § ¤ ç¨ De

�(x) + 2
Z
�

�(�)A[E(�; x)] d� = 0 (46)

¨¬¥¥â ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ �(�0) = 1=2,   íâ® ®§ ç ¥â, çâ® ç¨á«® � = 2 | å à ªâ¥à¨áâ¨ç¥-
áª®¥ ¤«ï ï¤à  A[E(�; x)]. �  ®á®¢ ¨¨ ¨§¢¥áâ®© â¥®à¥¬ë �à¥¤£®«ì¬  íâ® ç¨á«® ¡ã¤¥â å à ª-
â¥à¨áâ¨ç¥áª¨¬ ¨ ¤«ï á®¯àï¦¥®£® ï¤à  Ax[E(�; x)]. � â ª®¬ á«ãç ¥ ®¤®à®¤®¥ ¨â¥£à «ì®¥
ãà ¢¥¨¥ § ¤ ç¨ Ni

�(x) + 2
Z
�
�(�)Ax[E(�; x)] d� = 0 (47)

¨¬¥¥â ¯® ªà ©¥© ¬¥à¥, ®¤® ¥âà¨¢¨ «ì®¥ à¥è¥¨¥. �¡®§ ç¨¬ ¥£® ç¥à¥§ �(�).
�®ª ¦¥¬, çâ® ãà ¢¥¨ï (46) ¨ (47) ¥ ¨¬¥îâ à¥è¥¨©, «¨¥©® ¥§ ¢¨á¨¬ëå á ãª § ë-

¬¨ ¢ëè¥ à¥è¥¨ï¬¨ �(�) ¨ �(�). � á¨«ã â¥®à¥¬ë �à¥¤£®«ì¬  ¤®áâ â®ç® ¯®ª § âì, çâ® íâ¨¬
á¢®©áâ¢®¬ ®¡« ¤ ¥â ãà ¢¥¨¥ (47). �®áâ ¢¨¬ ¯®â¥æ¨ « â¨¯  ¯à®áâ®£® á«®ï á ¯«®â®áâìî �(�)

U(x) =
Z
�

�(�)E(�; x) d�: (48)

�§ ãà ¢¥¨ï (47) á«¥¤ã¥â, çâ® Ax[U(x)] � 0 ¨ U(x) � 0, x 2 D, á®£« á® â¥®à¥¬¥ 4 ®
¥¤¨áâ¢¥®áâ¨ § ¤ ç¨ Ni.

� á¨«ã â¥®à¥¬ë 8 ® ¥¯à¥àë¢®áâ¨ ¯®â¥æ¨ «  â¨¯  ¯à®áâ®£® á«®ï U(x) � 0   �. � á¨«ã
â¥®à¥¬ë 3 ® ¥¤¨áâ¢¥®áâ¨ § ¤ ç¨ De U(x) � 0, x 2 De. � ç¨â,

A[U(x)] � 0: (49)

�§ (48) ¨ (49) ¨ ¨§ ä®à¬ã« ¯à¥¤¥«ì®£® § ç¥¨ï ¯®â¥æ¨ «®¢ â¨¯  ¯à®áâ®£® á«®ï (â¥®à¥¬ 
9) á«¥¤ã¥â, çâ® �(�0) � 0,   íâ® ¯à®â¨¢®à¥ç¨â ¥âà¨¢¨ «ì®áâ¨ à¥è¥¨ï �(�0). �âáî¤  â ª¦¥
á«¥¤ã¥â, çâ® ¥á«¨ ¯®â¥æ¨ « â¨¯  ¯à®áâ®£® á«®ï ¢ ®¡« áâ¨ D â®¦¤¥áâ¢¥® à ¢¥ ã«î, â® ¥£®
¯«®â®áâì â ª¦¥ â®¦¤¥áâ¢¥® à ¢  ã«î.

�ãáâì ãà ¢¥¨¥ (47) ¨¬¥¥â ¥é¥ ®¤® à¥è¥¨¥ �(�). �®ª ¦¥¬, çâ® à¥è¥¨ï �(�) ¨ �(�) «¨-
¥©® § ¢¨á¨¬ë. �®«®¦¨¬

g�(�) = �(�) + c�(�); c = const 6= 0: (50)

�®áâà®¨¬ ¯®â¥æ¨ « â¨¯  ¯à®áâ®£® á«®ï

]U(x) =
Z
�

g�(�)E(�; x) d�: (51)

�á®, çâ® äãªæ¨ï (51) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (25){(27) ¨ £à ¨ç®¬ã ãá«®¢¨î Ax[]U(x)]
��
�
= 0,

â. ¥.

Ax[]U(x)]i =
g�(x)
2

+
Z
�

g�(�)Ax[E(�; x)] d� � 0: (52)

�®£« á® â¥®à¥¬¥ 4 ® ¥¤¨áâ¢¥®áâ¨ ¤«ï ¢ãâà¥¥© § ¤ ç¨ Ni
]U(x) � 0, x 2 D. � ª ª ª

¯®â¥æ¨ « â¨¯  ¯à®áâ®£® á«®ï ¥áâì ¥¯à¥àë¢ ï äãªæ¨ï ¢® ¢á¥¬ ¯®«ã¯à®áâà áâ¢¥ (â¥®à¥¬ 
8), â®

]U(x) � 0; x 2 �: (53)
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� áá¬®âà¨¬ äãªæ¨î (51) ¢ ®¡« áâ¨ D. � íâ®© ®¡« áâ¨ äãªæ¨ï U(x) ã¤®¢«¥â¢®àï¥â ãá«®-

¢¨ï¬ (20){(23) ¨ £à ¨ç®¬ã ãá«®¢¨î (53). �® â¥®à¥¬¥ 3 ® ¥¤¨áâ¢¥®áâ¨ § ¤ ç¨ De
]U(x) � 0,

x 2 De. �®£¤ 

Ax[]U(x)]e = �
g�(x)
2

+
Z
�

g�(�)Ax[E(�; x)] d� � 0: (54)

�ëç¨â ï ¨§ à ¢¥áâ¢  (52) à ¢¥áâ¢® (54), ¯®«ãç ¥¬ g�(�) � 0. �âáî¤  ¨ ¨§ (50) á«¥¤ã¥â �(�) =
�c�(�). � ª¨¬ ®¡à §®¬, «î¡®¥ à¥è¥¨¥ ãà ¢¥¨ï (47) ®â«¨ç ¥âáï ®â �(�) â®«ìª® ¯®áâ®ïë¬
¬®¦¨â¥«¥¬.

� áá¬®âà¨¬ â¥¯¥àì ¥®¤®à®¤®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ (40) § ¤ ç¨ Ni. � á¨«ã â¥®à¥¬ë
�à¥¤£®«ì¬  íâ® ãà ¢¥¨¥ à §à¥è¨¬® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  äãªæ¨ï '(�) ®àâ®£® «ì 
ª® ¢á¥¬ à¥è¥¨ï¬ á®¯àï¦¥®£® ®¤®à®¤®£® ãà ¢¥¨ï (46). �® íâ® ¯®á«¥¤¥¥ ãà ¢¥¨¥ ¨¬¥-
¥â â®«ìª® ®¤® «¨¥©® ¥§ ¢¨á¨¬®¥ à¥è¥¨¥ �(�0) = 1=2. � ª¨¬ ®¡à §®¬, ¤«ï à §à¥è¨¬®áâ¨
ãà ¢¥¨ï (40) ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ('; 1=2) = 0 ¨«¨Z

�

'(�)d� = 0: (55)

�á«¨ ãà ¢¥¨¥ (40) ¨¬¥¥â à¥è¥¨¥, â® à §à¥è¨¬  ¨ § ¤ ç  Ni. � ª¨¬ ®¡à §®¬, ãá«®¢¨¥ (55)
¤®áâ â®ç® ¤«ï â®£®, çâ®¡ë § ¤ ç  Ni ¡ë«  à §à¥è¨¬®©, ¨ ¬ë ¯à¨å®¤¨¬ ª á«¥¤ãîé¥© â¥®à¥¬¥.

�¥®à¥¬  12. �á«¨ ¯®¢¥àå®áâì �ï¯ã®¢  � ®¡à §ã¥â á £¨¯¥à¯«®áª®áâìî xp = 0 ¯àï¬®©

ã£®« ¨ ¢ë¯®«ï¥âáï ãá«®¢¨¥ (55), â® § ¤ ç  Ni ¤«ï íâ®© ¯®¢¥àå®áâ¨ áãé¥áâ¢ã¥â ¯à¨ «î-

¡ëå ¥¯à¥àë¢ëå £à ¨çëå ¤ ëå ¨ à¥è¥¨¥ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯®â¥æ¨ «  â¨¯ 

¯à®áâ®£® á«®ï.

� ¯®¬¨¬, çâ® ãá«®¢¨¥ (55) ¥®¡å®¤¨¬® ¤«ï â®£®, çâ®¡ë áãé¥áâ¢®¢ «® ¤®áâ â®ç® £« ¤ª®¥
à¥è¥¨¥ § ¤ ç¨ Ni.

� áá¬®âà¨¬ â¥¯¥àì ¨â¥£à «ì®¥ ãà ¢¥¨¥ (39) § ¤ ç¨ De. �«ï à §à¥è¨¬®áâ¨ ãà ¢¥¨ï
(39) ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë Z

�

�(�)f(�)d� = 0: (56)

�á«¨ ãá«®¢¨¥ (56) ¢ë¯®«¥®, â® ¨â¥£à «ì®¥ ãà ¢¥¨¥ (39) à §à¥è¨¬®; ¢ íâ®¬ á«ãç ¥
áãé¥áâ¢ã¥â à¥è¥¨¥ ¢¥è¥© § ¤ ç¨ â¨¯  �¨à¨å«¥, ¯à¥¤áâ ¢¨¬®¥ ¢ ¢¨¤¥ ¯®â¥æ¨ «  â¨¯  ¤¢®©-
®£® á«®ï ¨, á«¥¤®¢ â¥«ì®, ã¡ë¢ îé¥¥   ¡¥áª®¥ç®áâ¨.

�á«¨ ãá«®¢¨¥ (56)  àãè¥®, â® ¥ áãé¥áâ¢ã¥â à¥è¥¨ï ãà ¢¥¨ï (39). �â® ¥ ®§ ç ¥â,
®¤ ª®, çâ® § ¤ ç  De ¥à §à¥è¨¬ ; ¬®¦® «¨èì ãâ¢¥à¦¤ âì, çâ® íâ  § ¤ ç  ¥ ¨¬¥¥â â ª®£®
à¥è¥¨ï, ª®â®à®¥ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯®â¥æ¨ «  â¨¯  ¤¢®©®£® á«®ï.

�¥è¥¨¥ § ¤ ç¨ De. �¥è¥¨¥ ¢¥è¥© § ¤ ç¨ â¨¯  �¨à¨å«¥ ¨é¥¬ ¢ ¢¨¤¥

U(x) =
Z
�

�(�)A[E(�; x)] d� +
1

�p�2+2�0

Z
�

�(�) d�: (57)

�ãªæ¨ï (57) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (20){(23) ¢¥è¥© § ¤ ç¨ â¨¯  �¨à¨å«¥. �«®â®áâì �(�)
 ©¤¥¬ ¨§ £à ¨ç®£® ãá«®¢¨ï (24) § ¤ ç¨ De. � íâ®© æ¥«ìî ¯®¤áâ ¢¨¬ (57) ¢ íâ® £à ¨ç®¥
ãá«®¢¨¥ ¨, ãç¨âë¢ ï ¯à¥¤¥«ì®¥ § ç¥¨¥ ¯®â¥æ¨ «  â¨¯  ¤¢®©®£® á«®ï ¨§¢¥ (â¥®à¥¬  7),
¯®«ãç¨¬

�(x) + 2
Z
�

�(�)
�
A[E(�; x)] +

1

�p�2+2�0

�
d� = 2f(x): (58)

�¤à® ãà ¢¥¨ï (58)
�
A[E(�; x)] + 1

�
p�2+2�
0

�
, â ª ¦¥, ª ª ¨ ï¤à® A[E(�; x)], ¨¬¥¥â á« ¡ãî ®á®¡¥-

®áâì, ¨ ª íâ®¬ã ãà ¢¥¨î ¬®¦® ¯à¨¬¥¨âì â¥®à¨î �à¥¤£®«ì¬ .
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�®ª ¦¥¬, çâ® ¨â¥£à «ì®¥ ãà ¢¥¨¥ (58) ®¤®§ ç® à §à¥è¨¬® ¤«ï ¢á¥å ¥¯à¥àë¢ëå
£à ¨çëå äãªæ¨©. �®áâ â®ç® ¤®ª § âì, çâ® á®®â¢¥âáâ¢ãîé¥¥ ®¤®à®¤®¥ ¨â¥£à «ì®¥ ãà ¢-
¥¨¥ ¥ ¨¬¥¥â ¥ã«¥¢®£® à¥è¥¨ï.

� áá¬®âà¨¬ ãà ¢¥¨¥

�(x) + 2
Z
�

�(�)
�
A[E(�; x)] +

1

�p�2+2�0

�
d� = 0: (59)

�ãáâì �(�) | ¯à¥¤¯®« £ ¥¬®¥ ¥ã«¥¢®¥ à¥è¥¨¥. � áá¬®âà¨¬

U =
Z
�

�(�)
�
A[E(�; x)] +

1

�p�2+2�0

�
d�:

�¤¥áì äãªæ¨ï U ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (20){(23) ¢¥è¥© § ¤ ç¨ â¨¯  �¨à¨å«¥ ¨ ¢ á¨«ã
(59)

U j� = 0:

� á¨«ã â¥®à¥¬ë 3 ® ¥¤¨áâ¢¥®áâ¨ § ¤ ç¨ De U � 0 ¢ De, â. ¥.Z
�
�(�)A[E(�; x)] d� +

Z
�
�(�)

1

�p�2+2�0

d� = 0: (60)

�¬®¦¨¬ (60)   �p�2+2�0 ¨ ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨ �p�2+2�0 ! 1 (â®£¤  ¢ ¯à¥¤¥«¥ ¯¥à¢®¥ á« -
£ ¥¬®¥ à ¢® ã«î), ¯®«ãç ¥¬ Z

�

�(�)d� = 0: (61)

� ª¨¬ ®¡à §®¬, «î¡®¥ ¥ã«¥¢®¥ à¥è¥¨¥ ãà ¢¥¨ï (59) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (61). �®£¤ 
(59) ã¯à®é ¥âáï ¨ ¯à¨¬¥â ¢¨¤

�(x) + 2
Z
�

�(�)A[E(�; x)] d� = 0: (62)

� ª ¡ë«® ¤®ª § ® ¢ëè¥, ãà ¢¥¨¥ (62) ¨¬¥¥â «¨èì ®¤® «¨¥©® ¥§ ¢¨á¨¬®¥ à¥è¥¨¥
� = 1=2. � â ª®¬ á«ãç ¥ ¥£® ®¡é¥¥ à¥è¥¨¥ � = c = const, £¤¥ ¯®áâ®ï ï c ¤®«¦  ã¤®¢«¥â¢®-
àïâì ãá«®¢¨î (61). � ç¨â, c = 0. �«¥¤®¢ â¥«ì®, ®¤®à®¤®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ (59) ¨¬¥¥â
â®«ìª® ã«¥¢®¥ à¥è¥¨¥,   ¯® â¥®à¥¬¥ �à¥¤£®«ì¬  ¥®¤®à®¤®¥ ãà ¢¥¨¥ (58) à §à¥è¨¬® ¨
¢¬¥áâ¥ á ¨¬ à §à¥è¨¬  ¨ § ¤ ç  De.

� ª¨¬ ®¡à §®¬, ¤®ª §  

�¥®à¥¬  13. �á«¨ ¯®¢¥àå®áâì �ï¯ã®¢  � ®¡à §ã¥â á £¨¯¥à¯«®áª®áâìî xp = 0 ¯àï¬®©

ã£®«, â® § ¤ ç  De ®¤®§ ç® à §à¥è¨¬  ¯à¨ «î¡ëå £à ¨çëå ¤ ëå ¨ à¥è¥¨¥ ¬®¦®

¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ (57).
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