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� [1] ¤®ª § ­® áãé¥áâ¢®¢ ­¨¥ ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨å (¯. ¯.) ¯® �â¥¯ ­®¢ã á¥ç¥­¨© ¬­®£®§­ ç-
­ëå ¯. ¯. ¯® �â¥¯ ­®¢ã ®â®¡à ¦¥­¨© á® §­ ç¥­¨ï¬¨ ¢ á¥¯ à ¡¥«ì­ëå ¡ ­ å®¢ëå ¯à®áâà ­áâ¢ å.
� ¤®ª § â¥«ìáâ¢¥ ¨á¯®«ì§ãîâáï ãâ¢¥à¦¤¥­¨ï ® ­¥¯à¥àë¢­ëå á¥ç¥­¨ïå ¬­®£®§­ ç­ëå ®â®¡à ¦¥-
­¨© á ­¥¢ë¯ãª«ë¬¨ ®¡à § ¬¨ [2] (á¬. â ª¦¥ [3]). �àã£®© ¬¥â®¤ ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ­¨ï
¯. ¯. á¥ç¥­¨©, ¨á¯®«ì§ãîé¨© à ¢­®¬¥à­ãî  ¯¯à®ªá¨¬ æ¨î ¯. ¯. äã­ªæ¨© í«¥¬¥­â à­ë¬¨ (¯à¨-
­¨¬ îé¨¬¨ áç¥â­®¥ ¬­®¦¥áâ¢® §­ ç¥­¨©) ¯. ¯. ¯® �â¥¯ ­®¢ã äã­ªæ¨ï¬¨, ¯à¥¤«®¦¥­ ¢ [4]. � [4]{
[7] íâ®â ¬¥â®¤ ¯à¨¬¥­ï«áï ¤«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ­¨ï ¯. ¯. á¥ç¥­¨©, ã¤®¢«¥â¢®àïîé¨å
à §­®®¡à §­ë¬ ¤®¯®«­¨â¥«ì­ë¬ ãá«®¢¨ï¬. � ¢­®¬¥à­ ï  ¯¯à®ªá¨¬ æ¨ï ®ª §ë¢ ¥âáï ¯®«¥§­®©
â ª¦¥ ¯à¨ à áá¬®âà¥­¨¨ àï¤  ¤àã£¨å ¢®¯à®á®¢. � ç áâ­®áâ¨, ¯à¨ ¨§ãç¥­¨¨ ¬¥à®§­ ç­ëå ¯. ¯.
äã­ªæ¨© [8], [9],   â ª¦¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ áã¯¥à¯®§¨æ¨¨ [10].

� à ¡®â¥ ¯à¨¢¥¤¥­ë ãâ¢¥à¦¤¥­¨ï, á¢ï§ ­­ë¥ á à ¢­®¬¥à­®©  ¯¯à®ªá¨¬ æ¨¥© ¯. ¯. ¯® �â¥-
¯ ­®¢ã äã­ªæ¨©. � ¯¥à¢®© ç áâ¨ à ¡®âë ¢¢®¤ïâáï ®¡®§­ ç¥­¨ï, á®¡à ­ë ­¥®¡å®¤¨¬ë¥ ®¯à¥¤¥-
«¥­¨ï ¨ áä®à¬ã«¨à®¢ ­ë ­¥ª®â®àë¥ ãâ¢¥à¦¤¥­¨ï, ¨á¯®«ì§ã¥¬ë¥ ¢ ¤ «ì­¥©è¥¬ (®â­®á¨â¥«ì­®
®¯à¥¤¥«¥­¨© ¨ á¢®©áâ¢ ¯. ¯. äã­ªæ¨© á¬. [11], [12]). �® ¢â®à®© ç áâ¨ á ¯®¬®éìî à ¢­®¬¥à­®©
 ¯¯à®ªá¨¬ æ¨¨ ¤®ª § ­ ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨© ¢ à¨ ­â â¥®à¥¬ë �ã§¨­ . �ï¤ ãâ¢¥à¦¤¥­¨© ® áã-
¯¥à¯®§¨æ¨¨ ¯. ¯. äã­ªæ¨© ¨ ¬­®£®§­ ç­ëå ¯. ¯. ®â®¡à ¦¥­¨© áä®à¬ã«¨à®¢ ­ ¢ ¯®á«¥¤­¥© ç áâ¨
à ¡®âë. �à¨¢¥¤¥­ â ª¦¥ ®¤¨­ à¥§ã«ìâ â ® ¯. ¯. á¥ç¥­¨ïå ¬­®£®§­ ç­ëå ®â®¡à ¦¥­¨©.

1. �ãáâì (U; �) | ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®. �¥à¥§ A ®¡®§­ ç ¥âáï § ¬ëª ­¨¥ ¬­®¦¥áâ¢ 
A � U ; K(x; ") = fy 2 U : �(x; y) � "g, x 2 U , " � 0. �¯à¥¤¥«¨¬ äã­ªæ¨î � : �(t) = 0 ¯à¨
t � 0, �(t) = t ¯à¨ 0 � t � 1 ¨ �(t) = 1 ¯à¨ t � 1. � ¯à®áâà ­áâ¢¥ U ¡ã¤¥â ¨á¯®«ì§®¢ âìáï â ª¦¥
¬¥âà¨ª  �0(x; y) = �(�(x; y)), x; y 2 U .

�ã­ªæ¨ï f : R ! U ¨§¬¥à¨¬ , ¥á«¨ ®­  ¯®çâ¨ ¢áî¤ã (¯¢) á®¢¯ ¤ ¥â á ¯à¥¤¥«®¬ ¯¢ áå®¤ïé¥©-
áï ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯à®áâëå äã­ªæ¨© (¯à¨­¨¬ îé¨å ª®­¥ç­®¥ ç¨á«® §­ ç¥­¨© ­  ¨§¬¥à¨-
¬ëå ¯® �¥¡¥£ã ¬­®¦¥áâ¢ å); M(R; U ) | ¬­®¦¥áâ¢® ¨§¬¥à¨¬ëå äã­ªæ¨© f : R ! U (äã­ªæ¨¨,
á®¢¯ ¤ îé¨¥ ¯à¨ ¯®çâ¨ ¢á¥å (¯. ¢.) t 2 R, ®â®¦¤¥áâ¢«ïîâáï). �ãáâì Tj � R, j 2 N, | ­¥¯¥à¥á¥-

ª îé¨¥áï ¨§¬¥à¨¬ë¥ (¯® �¥¡¥£ã) ¬­®¦¥áâ¢ , mes
�
R n

S
j
Tj
�
= 0 (mes | ¬¥à  �¥¡¥£ ), xj 2 U .

�ã­ªæ¨î, á®¢¯ ¤ îéãî á xj ¯à¨ t 2 Tj , j 2 N, ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§
P
xj�Tj (�), £¤¥ �Tj |

å à ªâ¥à¨áâ¨ç¥áª¨¥ äã­ªæ¨¨ ¬­®¦¥áâ¢ Tj . �ã­ªæ¨ï
P
xj�Tj (�) ï¢«ï¥âáï ¯à®áâ®©, ¥á«¨ Tj 6= ?

â®«ìª® ¤«ï ª®­¥ç­®£® ç¨á«  ¨­¤¥ªá®¢ j. �á«¨ fj 2 M(R; U ), j 2 N, â®
P
fj(�)�Tj (�) | ¨§¬¥à¨-

¬ ï äã­ªæ¨ï, á®¢¯ ¤ îé ï á äã­ªæ¨¥© fj(t) ¯à¨ t 2 Tj , j 2 N. �¢¥¤¥­­ë¥ ®¡®§­ ç¥­¨ï ¡ã¤ãâ
¨á¯®«ì§®¢ âìáï ­¥ â®«ìª® ¢ ­®à¬¨à®¢ ­­ëå, ­® ¨ ¢ ¯à®¨§¢®«ì­ëå ¬¥âà¨ç¥áª¨å ¯à®áâà ­áâ¢ å
(­¨ª ª¨å «¨­¥©­ëå ®¯¥à æ¨© ­ ¤ à áá¬ âà¨¢ ¥¬ë¬¨ äã­ªæ¨ï¬¨ ¯à®¨§¢®¤¨âìáï ­¥ ¡ã¤¥â).

�«ï äã­ªæ¨© f; g 2M(R; U) ®¡®§­ ç¨¬

d(�)(f; g) = sup
�2R

Z �+1

�
�(�(f(t); g(t)))dt;

d(�)1 (f; g) = ess sup
�2R

�(f(�); g(�)):
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�¨ªá¨àã¥¬ í«¥¬¥­â x0 2 U . �ãáâì Mp(R; U), p � 1, | ª« áá äã­ªæ¨© f 2M(R; U), ¤«ï ª®â®àëå

sup
�2R

Z �+1

�
�p(f(t); x0)dt < +1:

�á«¨ f; g 2Mp(R; U), â® ¯®«®¦¨¬

d(�)p (f; g) = sup
�2R

�Z �+1

�
�p(f(t); g(t))dt

�1=p

:

�ã­ªæ¨¨ f 2Mp(R; U), ¤«ï ª®â®àëå

lim
�!+0

sup
�2R

sup
L�[�;�+1];
mesL��

Z
L

�p(f(t); x0)dt = 0;

®¡à §ãîâ § ¬ª­ãâ®¥ ¯®¤¬­®¦¥áâ¢® M 0
p(R; U) ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  (Mp(R; U); d(�)p ).

�ã­ªæ¨ï f 2M(R; U) ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã S(R; U) = (S(R; U); d(�) ) ¯. ¯. ¯® �â¥¯ ­®¢ã
äã­ªæ¨©, ¥á«¨ ¤«ï «î¡®£® " > 0 ¬­®¦¥áâ¢® ç¨á¥« � 2 R, ¤«ï ª®â®àëå d(�)(f(� + �); f(�)) < ",
®â­®á¨â¥«ì­® ¯«®â­®. �­®¦¥áâ¢® S(R; U) § ¬ª­ãâ® ¢ ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ (M(R; U); d(�)).
�ã­ªæ¨ï f 2 Mp(R; U), p � 1, ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã Sp(R; U) = (Sp(R; U); d(�)p ) ¯. ¯. ¯®
�â¥¯ ­®¢ã áâ¥¯¥­¨ p � 1 äã­ªæ¨©, ¥á«¨ ¤«ï «î¡®£® " > 0 ®â­®á¨â¥«ì­® ¯«®â­® ¬­®¦¥áâ¢®
ç¨á¥« � 2 R, ¤«ï ª®â®àëå d(�)p (f(� + �); f(�)) < ". �à¨ íâ®¬ Sp(R; U) | § ¬ª­ãâ®¥ ¯®¤¬­®¦¥-
áâ¢® ¬­®¦¥áâ¢  M 0

p(R; U) � (Mp(R; U); d(�)p ); S(R; U) = S(R; (U; �)) = S1(R; (U; �0 )). �¥¯à¥àë¢-
­ ï äã­ªæ¨ï f : R ! U ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã B(R; U) = (B(R; U); d(�)1 ) ¯. ¯. ¯® �®àã
äã­ªæ¨©, ¥á«¨ ¤«ï «î¡®£® " > 0 ®â­®á¨â¥«ì­® ¯«®â­® ¬­®¦¥áâ¢® ç¨á¥« � 2 R, ¤«ï ª®â®àëå
d(�)1 (f(�+ �); f(�)) < ". �®á«¥¤®¢ â¥«ì­®áâì f�jg � R ­ §ë¢ ¥âáï f -¢®§¢à é îé¥© ¤«ï äã­ªæ¨¨
f 2 S(R; U), ¥á«¨ d(�)(f(�+�j); f(�))! 0 ¯à¨ j ! +1. �­ «®£¨ç­® (á ¯®¬®éìî ¬¥âà¨ª d(�)p ¨ d(�)1 )
®¯à¥¤¥«ïîâáï f -¢®§¢à é îé¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¤«ï äã­ªæ¨© f 2 Sp(R; U) ¨ f 2 B(R; U).
�à¨ íâ®¬ B(R; U) � Sp(R; U) � S1(R; U) � S(R; U ) ¨ f -¢®§¢à é îé¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­¥
§ ¢¨áïâ ®â â®£®, ª ª®¬ã ¨¬¥­­® ¨§ à áá¬ âà¨¢ ¥¬ëå ¯à®áâà ­áâ¢ ¯. ¯. äã­ªæ¨ï f áç¨â ¥âáï
¯à¨­ ¤«¥¦ é¥©. �«ï ª ¦¤®© äã­ªæ¨¨ f 2 S(R; U) ®¯à¥¤¥«ï¥âáï ¬­®¦¥áâ¢® Mod f , á®áâ®ïé¥¥
¨§ â¥å ç¨á¥« � 2 R, ¤«ï ª®â®àëå ei��j ! 1 ¯à¨ j ! +1 ¤«ï «î¡®© f -¢®§¢à é îé¥© ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ f�jg. �á«¨ U | ¡ ­ å®¢® ¯à®áâà ­áâ¢® ¨ f 2 S1(R; U), â® Mod f á®¢¯ ¤ ¥â á ¬®¤ã«¥¬
¯®ª § â¥«¥© �ãàì¥ äã­ªæ¨¨ f .

�«ï «î¡®£® p � 1 á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® [8]

Sp(R; U) = S(R; U)
\

M 0
p(R; U): (1)

�ã­ªæ¨ï f : R ! U ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã B(R; U) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  à ¢­®-
¬¥à­® ­¥¯à¥àë¢­  ¨ f 2 S(R; U).

� ¯à®áâà ­áâ¢ å Rn , n 2 N, ¤ «¥¥ à áá¬ âà¨¢ îâáï ¥¢ª«¨¤®¢  ­®à¬  j � j ¨ á®®â¢¥âáâ¢ãîé ï
¥© ¬¥âà¨ª  �(x; y) = jx� yj, x; y 2 Rn .

�«ï ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  T � R ®¡®§­ ç¨¬

{(T ) = sup
�2R

mes([�; � + 1] n T );

S(R) | á®¢®ªã¯­®áâì ¨§¬¥à¨¬ëå ¬­®¦¥áâ¢ T � R â ª¨å, çâ® �T 2 S1(R;R). �á«¨ T 2 S(R),
â® ¯®«®¦¨¬ ModT = Mod�T . �ãáâì Tj 2 S(R), j 2 N, ¨

P
j
{(Tj) < +1. �®£¤ 

T
j
Tj 2 S(R),

Mod
T
j
Tj �

P
j
ModTj (áã¬¬  ¬®¤ã«¥© ®¯à¥¤¥«ï¥âáï ª ª ­ ¨¬¥­ìè¨© ¬®¤ã«ì (£àã¯¯  ¯® á«®¦¥-

­¨î), á®¤¥à¦ é¨© ¢á¥ ¬­®¦¥áâ¢  ModTj) ¨ {
�T
j
Tj
�
�
P
j
{(Tj).

�«ï ¯à®¨§¢®«ì­®£® ¬®¤ã«ï (£àã¯¯ë ¯® á«®¦¥­¨î) � � R ®¡®§­ ç¨¬ ç¥à¥§ M(�) ¬­®¦¥áâ¢®
¯®á«¥¤®¢ â¥«ì­®áâ¥© fTjg

+1
j=1 ­¥¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢ Tj 2 S(R) â ª¨å, çâ® ModTj � � ¨
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lim
N!+1

{

� S
j�N

Tj
�
= 0 (¢ ¤ «ì­¥©è¥¬ í«¥¬¥­âë ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¨§M(�) ¡ã¤ãâ ­ã¬¥à®¢ âìáï

â ª¦¥ á ¯®¬®éìî ­¥áª®«ìª¨å ¨­¤¥ªá®¢).
�¯à ¢¥¤«¨¢  á«¥¤ãîé ï ¯à®áâ ï «¥¬¬ , ª®â®à ï ¯à¨¬¥­ï¥âáï ¯à¨ ¯®áâà®¥­¨¨ ¯. ¯. á¥ç¥­¨©

¬­®£®§­ ç­ëå ®â®¡à ¦¥­¨©.

�¥¬¬  1 ([7], [13]). �ãáâì fTjg 2M(R) ¨ fj 2 S(R; U), j 2 N. �®£¤ 
P
j
fj(�)�Tj (�) 2 S(R; U)

¨ Mod
P
j
fj(�)�Tj (�) �

P
j
Mod fj +

P
j
ModTj.

�¯à¥¤¥«¨¬ äã­ªæ¨î sign(�): sign s = sjsj�1, ¥á«¨ s 2 R n f0g, ¨ sign 0 = 0.

�¥®à¥¬  1 ([6]). �ãáâì Q � S1(R;R) ¨

sup
f2Q

sup
�2[0;�]

sup
�2R

Z �+1

�

jf(t+ �)� f(t)jdt! 0 (2)

¯à¨ � ! +0. �®£¤  ¤«ï «î¡ëå " > 0 ¨ L > 0 áãé¥áâ¢ã¥â ­¥¯à¥àë¢­ ï ¯¥à¨®¤¨ç¥áª ï á ¯¥à¨®¤®¬

L äã­ªæ¨ï g : R ! R â ª ï, çâ® max
t2R

jg(t)j < " ¨ ¤«ï «î¡®© äã­ªæ¨¨ f 2 Q ¨¬¥¥¬ mesft 2 R :

f(t) + g(t) = 0g = 0, sign(f(�) + g(�)) 2 S1(R;R) ¨ Mod sign(f(�) + g(�)) � Mod(f(�) + g(�)) (¡®«¥¥
â®£®, äã­ªæ¨ï f + g ®¡« ¤ ¥â �-á¢®©áâ¢®¬ ([14], á. 502)).

�«¥¤áâ¢¨¥ 1. �ãáâì f 2 S(R;R). �®£¤  ¤«ï «î¡ëå a 2 R ¨ " > 0 áãé¥áâ¢ã¥â ¬­®¦¥áâ¢®
T 2 S(R) (¥á«¨ f | ­¥¯à¥àë¢­ ï äã­ªæ¨ï, â® ¬­®¦¥áâ¢® T ¬®¦­® ¢ë¡à âì § ¬ª­ãâë¬) â ª®¥,
çâ® ModT � Mod f , f(t) > a ¯à¨ ¢á¥å t 2 T ¨ f(t) < a+ " ¯à¨ ¯. ¢. t 2 R n T .

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 1. �®¦­® áç¨â âì, çâ® Mod f 6= f0g. �¯à¥¤¥«¨¬ äã­ªæ¨î
~f : ~f(t) = f(t), ¥á«¨ jf(t)j � jaj+", ~f(t) = (jaj+") sign f(t), ¥á«¨ jf(t)j > jaj+". �¬¥¥¬ ~f 2 S1(R;R)
¨ Mod ~f � Mod f . �ë¡¥à¥¬ ç¨á«® L > 0 â ª, çâ® 2�L�1 2 Mod f . �«ï äã­ªæ¨¨ ~f(�) � a � "

2
¢

á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 1 ­ ©¤¥¬ ­¥¯à¥àë¢­ãî ¯¥à¨®¤¨ç¥áªãî á ¯¥à¨®¤®¬ Läã­ªæ¨î g : R ! R

â ªãî, çâ® max
t2R

jg(t)j < "
2
, sign( ~f(�)�a� "

2
+g(�)) 2 S1(R;R) ¨ Mod sign( ~f(�)�a� "

2
+g(�)) � Mod f .

�áâ «®áì ¯®«®¦¨âì T = ft 2 R : ~f(t)� a� "
2
+ g(t) � 0g. �

�â¬¥â¨¬, çâ® áãé¥áâ¢ãîâ äã­ªæ¨¨ f 2 B(R;R) â ª¨¥, çâ® jf(t)j < 1 ¯à¨ ¢á¥å t 2 R ¨ ¤«ï
¢á¥å � 2 (�1; 1) ¨¬¥¥¬ sign(f(�)� �) =2 S1(R;R) (¨ mesft 2 R : f(t) = �g = 0) [4].

2. �ä®à¬ã«¨àã¥¬ ®á­®¢­ãî â¥®à¥¬ã ® à ¢­®¬¥à­®©  ¯¯à®ªá¨¬ æ¨¨ ¯. ¯. ¯® �â¥¯ ­®¢ã äã­ª-
æ¨©.

�¥®à¥¬  2 ([4], [6]). �ãáâì (U; �) | ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®, f 2 S(R; U). �®£¤  ¤«ï

«î¡®£® " > 0 ­ ©¤ãâáï ¯®á«¥¤®¢ â¥«ì­®áâì fTjg 2 M(Mod f) ¨ â®çª¨ xj 2 U , j 2 N, â ª¨¥,

çâ® äã­ªæ¨ï f(t) ®¯à¥¤¥«¥­  ¯à¨ ¢á¥å t 2
S
j
Tj ¨

sup
t2
S
j

Tj

�
�
f(t);

X
j

xj�Tj (t)
�
< ":

�à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2 ¨á¯®«ì§ã¥âáï ç áâ­ë© á«ãç © â¥®à¥¬ë 1, ª®£¤  ¬­®¦¥áâ¢® Q
á®áâ®¨â ¨§ ®¤­®© äã­ªæ¨¨ f 2 S1(R;R) (¢ íâ®¬ á«ãç ¥ ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (2)).

�«¥¤áâ¢¨¥¬ â¥®à¥¬ë 2 ï¢«ï¥âáï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨© ¢ à¨ ­â â¥®à¥¬ë �ã§¨­ .

�¥®à¥¬  3. �ãáâì (U; k � k) | ¡ ­ å®¢® ¯à®áâà ­áâ¢® (�(x; y) = kx � yk, x; y 2 U), f 2
S(R; U). �®£¤  ¤«ï «î¡®£® � > 0 áãé¥áâ¢ãîâ ¬­®¦¥áâ¢® T 2 S(R) ¨ äã­ªæ¨ï F 2 B(R; U)
â ª¨¥, çâ® {(T ) < �, ModT � Mod f , ModF � Mod f ¨ f(t) = F(t) ¯à¨ ¢á¥å t 2 T .
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�®ª § â¥«ìáâ¢®. �ãáâì Tj , j 2 N, | ¬­®¦¥áâ¢ , ®¯à¥¤¥«ï¥¬ë¥ ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®©
2 ¯à¨ " = 1 ¤«ï äã­ªæ¨¨ f , ¨ ç¨á«® N 2 N ¢ë¡à ­® â ª, çâ® {(T 0) < �

2
, £¤¥ T 0 =

S
j�N

Tj 2 S(R).

�¯à¥¤¥«¨¬ (®£à ­¨ç¥­­ãî) äã­ªæ¨î g: g(t) = f(t), ¥á«¨ t 2 T 0, g(t) = 0, ¥á«¨ t 2 R n T 0. �§
(1) ¨ «¥¬¬ë 1 ¯®«ãç ¥¬ g 2 S1(R; U) ¨ Mod g � Mod f . �ë¡¥à¥¬ ç¨á«  �j > 0 ¨ �j > 0, j 2 N,

â ª, çâ®¡ë ¢ë¯®«­ï«¨áì ­¥à ¢¥­áâ¢ 
P
j
�j <

�
2
¨
P
j
�j < +1. �¡®§­ ç¨¬ g"(t) = 1

2"

t+"R
t�"

g(�)d�

(¨­â¥£à « �®å­¥à  ([15], á. 189)), t 2 R, " > 0. �¬¥¥¬ g" 2 B(R; U), Mod g" � Mod g � Mod f ¨

sup
�2R

Z �+1

�

kg(t) � g"(t)kdt! 0

¯à¨ " ! +0 (¯®á«¥¤­¥¥ á«¥¤ã¥â ¨§ â¥®à¥¬ë ® ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ ¨­â¥£à «  �®å­¥à  ([15],
á. 192) ¨ ¯à¥¤ª®¬¯ ªâ­®áâ¨ ¢ (M1(R; U); d

(�)
1 ) ¬­®¦¥áâ¢  äã­ªæ¨© g(�+ t), t 2 R). �«ï «î¡®£® j 2

N ­ ©¤ãâáï ¨§¬¥à¨¬®¥ ¬­®¦¥áâ¢® eTj � R ¨ ç¨á«® "j > 0, ¤«ï ª®â®àëå {( eTj) < �j ¨ ¯à¨ ¢á¥å t 2 eTj
äã­ªæ¨ï g(t) ®¯à¥¤¥«¥­  ¨ kg(t) � g"j (t)k <

1
5
�j . � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 2 ­ ©¤¥¬ äã­ªæ¨¨

g(j)(�) =
P
i
x
(j)
i �

T
(j)
i

(�) ¨ ~g(j)(�) =
P
k
~x(j)k �eT (j)

k

(�) â ª¨¥, çâ® fT (j)
i g+1i=1 2 M(Mod f), f eT (j)

k g+1k=1 2

M(Mod f) ¨ kg(t) � g(j)(t)k < 1
5
�j ¤«ï ¢á¥å t 2

S
i
T

(j)
i , kg"j (t)� ~g(j)(t)k < 1

5
�j ¤«ï ¢á¥å t 2

S
k

eT (j)
k .

�¬¥¥¬ fT (j)
i

T eT (j)
k g+1i;k=1 2 M(Mod f). �ãáâì eTj T�T (j)

i

T eT (j)
k

�
6= ; ¨ t 2 eTj T�T (j)

i

T eT (j)
k

�
. �®£¤ 

¤«ï ¢á¥å � 2 T
(j)
i

T eT (j)
k ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

kg(�) � g"j (�)k � kg(�) � g(j)(�)k+ kg(j)(t)� g(t)k +

+ kg(t) � g"j (t)k+ kg"j (t)� ~g(j)(t)k + k~g(j)(�) � g"j (�)k < �j :

�¡®§­ ç¨¬ ç¥à¥§ T 00j ®¡ê¥¤¨­¥­¨¥ â¥å ¬­®¦¥áâ¢ T
(j)
i

T eT (j)
k , i; k 2 N, ª®â®àë¥ ¨¬¥îâ ­¥¯ãáâ®¥

¯¥à¥á¥ç¥­¨¥ á ¬­®¦¥áâ¢®¬ eTj ; T 00j 2 S(R), ModT 00j � Mod f , {(T 00j ) � {( eTj) < �j ¨ kg(t)� g"j (t)k <
�j ¤«ï ¢á¥å t 2 T 00j , j 2 N. �ãáâì T

00 =
T
j
T 00j ; T

00 2 S(R), ModT 00 � Mod f ¨ {(T 00) �
P
j
{(T 00j ) <

1
2
�.

�ãáâì Y (";x) = x, ¥á«¨ kxk < ", ¨ Y (";x) = "kxk�1x, ¥á«¨ kxk � ", " > 0, x 2 U . �«ï ¢á¥å
x; y 2 U á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® kY (";x)�Y ("; y)k � 2kx�yk. �¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì­® ¯à¨
j = 1; 2; : : : äã­ªæ¨¨ Fj(�). �®«®¦¨¬ F1(�) = g"1(�). �á«¨ äã­ªæ¨ï Fj(�) ¯à¨ ­¥ª®â®à®¬ j 2 N ã¦¥
®¯à¥¤¥«¥­ , â® ¯®«®¦¨¬ Fj+1(t) = Fj(t)+Y (�j+�j+1; g"j+1

(t)�Fj(t)), t 2 R. �¬¥¥¬ Fj 2 B(R; U),
ModFj �Mod f , kFj+1(t)�Fj(t)k � �j +�j+1 ¤«ï ¢á¥å t 2 R ¨ Fj+1(t) = g"j+1

(t) ¤«ï ¢á¥å t 2 T 00,
j 2 N. �á«¨ j ! +1, â® ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© Fj à ¢­®¬¥à­® áå®¤¨âáï ª ­¥ª®â®à®©
äã­ªæ¨¨ F 2 B(R; U), ModF � Mod f , ¯à¨ íâ®¬ F(t) = g(t) ¯à¨ ¢á¥å t 2 T 00. �áâ «®áì ¯®«®¦¨âì
T = T 0

T
T 00. �®£¤  T 2 S(R), ModT � Mod f , {(T ) < � ¨ F(t) = f(t) ¯à¨ ¢á¥å t 2 T .

�«¥¤áâ¢¨¥ 1. �ãáâì (U; k � k) | ¡ ­ å®¢® ¯à®áâà ­áâ¢®, f 2 S(R; U ). �®£¤  ­ ©¤ãâáï ¬­®-
¦¥áâ¢  Tj � R ¨ äã­ªæ¨¨ Fj 2 B(R; U), j 2 N, â ª¨¥, çâ® fTjg 2M(Mod f), ModFj � Mod f ¨
f(t) = Fj(t) ¯à¨ t 2 Tj , j 2 N.

�§ â¥®à¥¬ë 2 ¨ á«¥¤áâ¢¨ï 1 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 2. �ãáâì (U; k � k) | ¡ ­ å®¢® ¯à®áâà ­áâ¢®, f 2 S(R; U). �®£¤  ¤«ï «î¡®£®
" > 0 ­ ©¤ãâáï ¬­®¦¥áâ¢  Tj � R ¨ äã­ªæ¨¨ Fj 2 B(R; U), j 2 N, â ª¨¥, çâ® fTjg 2M(Mod f),
ModFj �Mod f , f(t) = Fj(t) ¯à¨ t 2 Tj ¨

sup
t;�2R

kFj(t)�Fj(�)k < "; j 2 N:

�«¥¤ãîé ï «¥¬¬  ¤ ¥â ¢®§¬®¦­®áâì ¢ ãá«®¢¨ïå â¥®à¥¬ë 3 (¥á«¨ äã­ªæ¨ï f ­¥ ï¢«ï¥âáï ¯¢
¯®áâ®ï­­®©) áç¨â âì ¬­®¦¥áâ¢  T § ¬ª­ãâë¬¨.
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�¥¬¬  2. �ãáâì T 2 S(R). �®£¤  ¤«ï «î¡ëå � > 0 ¨ a > 0 ­ ©¤¥âáï § ¬ª­ãâ®¥ ¬­®¦¥áâ¢®

T 0 � T â ª®¥, çâ® T 0 2 S(R), ModT 0 � ModT + aZ ¨

sup
�2R

mes([�; � + 1]
\

(T n T 0)) < �:

(�á«¨ ModT 6= f0g, â® ç¨á«® a ¬®¦­® ¢ë¡à âì ¨§ ¬­®¦¥áâ¢  ModT:)

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ f"(t) = 1
2"
mes([t � "; t + "]

T
T ), t 2 R, " > 0; f" 2 B(R;R),

Mod f" � ModT . � á¨«ã á«¥¤áâ¢¨ï 1 ¤«ï ¢á¥å j 2 N ¨ " > 0 ¬®¦­® ­ ©â¨ § ¬ª­ãâë¥ ¬­®¦¥áâ¢ 
Tj(") 2 S(R) â ª¨¥, çâ® ModTj(") � ModT , f"(t) > 1� 1

2j
¤«ï ¢á¥å t 2 Tj(") ¨ f"(t) < 1� 1

3j
¤«ï

¢á¥å t =2 Tj("). � ª ª ª

sup
�2R

Z �+1

�

j�T (t)� f"(t)jdt! 0

¯à¨ "! +0, â® ¤«ï «î¡®£® j 2 N ¬®¦­® ­ ©â¨ ç¨á«® "j > 0 â ª, çâ®¡ë ¢ë¯®«­ï«¨áì ­¥à ¢¥­áâ¢ 

sup
�2R

mes([�; � + 1]
\

(T n Tj("j))) < 2�j�1�;

sup
�2R

mes([�; � + 1]
\

(Tj("j) n T ) < 2�j�:

�§ ¢ë¡®à  ç¨á¥« "j á«¥¤ã¥â, çâ® ¤«ï § ¬ª­ãâ®£® ¬­®¦¥áâ¢  T 00 =
T
j
Tj("j) ¨¬¥¥¬ T 00 2 S(R) ¨

ModT 00 � ModT , ¯à¨ íâ®¬

sup
�2R

mes([�; � + 1]
\

(T n T 00)) <
�

2

¨ mesT 00 n T = 0. �ãé¥áâ¢ãîâ ®âªàëâë¥ ¬­®¦¥áâ¢  Pj � R, j 2 N, ¤«ï ª®â®àëå äã­ªæ¨¨ �Pj (�)
¯¥à¨®¤¨ç­ë á ¯¥à¨®¤®¬ 2�a�1,

sup
�2R

mes([�; � + 1]
\

Pj) < 2�j�1�

¨
�
� 2�j

a
; 2�j

a

�T
(T 00 n T ) � Pj . �¡®§­ ç¨¬ T 000 = R n

S
j
Pj ; ModT 000 � aZ, {(T 000) < �

2
. �­®¦¥áâ¢®

T 0 = T 00
T
T 000 ã¤®¢«¥â¢®àï¥â âà¥¡ã¥¬ë¬ ãá«®¢¨ï¬.

�à¨¢¥¤¥¬ ¥é¥ ®¤­® ãâ¢¥à¦¤¥­¨¥, ®¡®¡é îé¥¥ â¥®à¥¬ã 3 ¨ ¤®ª §ë¢ ¥¬®¥ á ¯®¬®éìî â¥®à¥¬
1 ¨ 2.

�¥®à¥¬  4 ([8]). �ãáâì (U; k � k) | ¡ ­ å®¢® ¯à®áâà ­áâ¢® (�(x; y) = kx � yk, x; y 2 U),
f; fi 2 S(R; U), i 2 N, ¨ d(�)(f; fi) ! 0 ¯à¨ i ! +1. �®£¤  ­ ©¤ãâáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì

fik , ¬­®¦¥áâ¢  Tj � R ¨ äã­ªæ¨¨ Fj ;Fjk 2 B(R; U), j; k 2 N, â ª¨¥, çâ® fTjg 2M
�P

i
Mod fi

�
,

ModFj � Mod f �
P
i
Mod fi, ModFjk �

P
i
Mod fi, ¯à¨ ¢á¥å t 2

S
l�j

Tl, j 2 N, á¯à ¢¥¤«¨¢ë

à ¢¥­áâ¢  f(t) = Fj(t) ¨ fik(t) = Fjk(t) ¨ ¯à¨ íâ®¬ d(�)1 (Fj ;Fjk) ! 0 ¯à¨ k ! +1 ¤«ï ¢á¥å

j 2 N.

3. � ¤ ­­®¬ à §¤¥«¥ áä®à¬ã«¨à®¢ ­ àï¤ ãâ¢¥à¦¤¥­¨© o áã¯¥à¯®§¨æ¨¨ ¯. ¯. äã­ªæ¨© ¨ ¬­®-
£®§­ ç­ëå ®â®¡à ¦¥­¨©, ¤®ª § â¥«ìáâ¢  ª®â®àëå, ®¯¨à îé¨¥áï ­  â¥®à¥¬ã 2, ¯à¨¢¥¤¥­ë ¢ [10].

�ãáâì (U; �U ) ¨ (V; �V ) | ¬¥âà¨ç¥áª¨¥ ¯à®áâà ­áâ¢ . �¥à¥§ f(�jA) ®¡®§­ ç ¥âáï áã¦¥­¨¥
äã­ªæ¨¨ f : U ! V ­  ¬­®¦¥áâ¢® A � U , Cb(A; V ) | ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® ®£à ­¨ç¥­­ëå
­¥¯à¥àë¢­ëå äã­ªæ¨© f : A! V á ¬¥âà¨ª®©

DA(f; g) = sup
x2A

�V (f(x); g(x));

f; g 2 Cb(A; V ); Cu(A; V ) | ¯®¤¬­®¦¥áâ¢® ¯à®áâà ­áâ¢  Cb(A; V ), á®áâ®ïé¥¥ ¨§ à ¢­®¬¥à­®
­¥¯à¥àë¢­ëå äã­ªæ¨©.
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�«ï «î¡®£® ¬­®¦¥áâ¢  A � U ç¥à¥§ Mb(R;A; V ) ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® äã­ªæ¨© G(�; �) :
A�R ! V , ¤«ï ª®â®àëå G(�; t) 2 Cb(A; V ) ¯à¨ ¯. ¢. t 2 R ¨ äã­ªæ¨ï t! G(�; t) á® §­ ç¥­¨ï¬¨ ¢
¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ (Cb(A; V );DA) ¨§¬¥à¨¬ . �  ¬­®¦¥áâ¢¥ Mb(R;A; V ) ¢¢¥¤¥¬ ¬¥âà¨ªã

d(DA)(G1(�; �); G2(�; �)) = sup
�2R

Z �+1

�

�(DA(G1(�; t); G2(�; t)))dt; G1; G2 2Mb(R;A; V ):

�ãáâì (M(R;U; V ); d0) | ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® äã­ªæ¨© G(�; �) : U � R ! V â ª¨å, çâ®
G(�jK(x0;j); �) 2Mb(R;K(x0 ; j); V ) ¤«ï ¢á¥å j 2 N, £¤¥ x0 2 U , ¨

d0(G1(�; �); G2(�; �)) =
+1X
j=1

2�jd(DK(x0;j)
)(G1(�jK(x0;j); �); G2(�jK(x0;j); �)); G1; G2 2M(R;U; V ):

�ã­ªæ¨ï G(�; �) 2M(R;U; V ) ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã ¯. ¯. äã­ªæ¨© S(R;U; V ), ¥á«¨ ¤«ï «î-
¡®£® " > 0 ¬­®¦¥áâ¢® ç¨á¥« � 2 R, ¤«ï ª®â®àëå d0(G(�; � + �); G(�; �)) < ", ®â­®á¨â¥«ì­® ¯«®â­®.
�«ï äã­ªæ¨© G 2 S(R;U; V ) ®¡ëç­ë¬ ®¡à §®¬ ®¯à¥¤¥«ïîâáï G-¢®§¢à é îé¨¥ ¯®á«¥¤®¢ â¥«ì-
­®áâ¨ ¨ ModG. �ã­ªæ¨ï G 2 M(R;U; V ) ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã S(R;U; V ) â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤ 

G(�jK(x0;j); �) 2 S(R; (Cb(K(x0; j); V );DK(x0;j)))

¤«ï ¢á¥å j 2 N. �à¨ íâ®¬ ModG =
P
j
ModG(�jK(x0;j); �). �¥à¥§ Su(R;U; V ) ®¡®§­ ç ¥âáï ¬­®¦¥-

áâ¢® äã­ªæ¨© G 2 S(R;U; V ), ¤«ï ª®â®àëå G(�jK(x0;j); t) 2 Cu(K(x0; j); V ) ¯à¨ ¢á¥å j 2 N ¨ ¯. ¢.
t 2 R.

�ãáâì clU = cl(U; �) | ¬­®¦¥áâ¢® ­¥¯ãáâëå § ¬ª­ãâëå ®£à ­¨ç¥­­ëå ¯®¤¬­®¦¥áâ¢ ¬¥âà¨-
ç¥áª®£® ¯à®áâà ­áâ¢  (U; �). �  ¬­®¦¥áâ¢¥ clU ¢¢®¤¨âáï ¬¥âà¨ª  � ãá¤®àä 

dist(A;B) = dist�(A;B) = max
n
sup
x2A

�(x;B); sup
x2B

�(x;A)
o
; A;B 2 clU:

�­®¦¥áâ¢® cl0 U = cl(U; �0) á®áâ®¨â ¨§ ¢á¥å ­¥¯ãáâëå § ¬ª­ãâëå ¯®¤¬­®¦¥áâ¢ ¬¥âà¨ç¥áª®£® ¯à®-
áâà ­áâ¢  (U; �) á ¬¥âà¨ª®© � ãá¤®àä  dist0(�; �) = dist�0(�; �), á®®â¢¥âáâ¢ãîé¥© ¬¥âà¨ª¥ �0. �«ï
¯®«­®£® ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  (U; �) ¯à®áâà ­áâ¢  (clU;dist) ¨ (cl0 U;dist0) â ª¦¥ ¯®«­ë¥.
�á«¨ A;B 2 clU � cl0 U , â® dist0(A;B) = �(dist(A;B)). �®íâ®¬ã

S(R; cl U) = S(R; (cl U;dist)) = S1(R; (cl U;dist
0)) � S1(R; (cl

0 U;dist0)):

�¥®à¥¬  5 ([10]). �ãáâì U ¨ V | ¬¥âà¨ç¥áª¨¥ ¯à®áâà ­áâ¢ , ¯à¨ íâ®¬ ¯à®áâà ­áâ¢® U
¯®«­®¥, F (�) 2 S(R; cl U) ¨ F (t) | ª®¬¯ ªâ­ë¥ ¬­®¦¥áâ¢  ¯à¨ ¯. ¢. t 2 R, G(�; �) 2 S(R;U; V ).
�®£¤ 

G(F (�); �) =
[

x2F (�)

G(x; �) 2 S(R; cl V )

¨ ModG(F (�); �) � ModF (�) +ModG(�; �).

�¥®à¥¬  50 ([10]). �ãáâì U ¨ V | ¬¥âà¨ç¥áª¨¥ ¯à®áâà ­áâ¢  (¯à®áâà ­áâ¢® U ¬®¦­®

­¥ ¯à¥¤¯®« £ âì ¯®«­ë¬); F (�) 2 S(R; cl U) ¨ G(�; �) 2 Su(R;U; V ). �®£¤  G(F (�); �) 2 S(R; cl V ) ¨
ModG(F (�); �) � ModF (�) +ModG(�; �).

�á«¨ ¢ ãá«®¢¨ïå â¥®à¥¬ 5 ¨ 50 F (�) 2 Sp(R; (cl U;dist)), p � 1, ¨ �V (G(x; t); y0) � A�
p=q
U (x; x0)+

B(t) ¯à¨ ¢á¥å x 2 U ¨ ¯. ¢. t 2 R, £¤¥ x0 2 U , y0 2 V , A � 0, B(�) 2 M 0
q(R;R), q � 1, â®

G(F (�); �) 2M 0
q(R; cl V ) ¨, á«¥¤®¢ â¥«ì­® (á¬. (1)), G(F (�); �) 2 Sq(R; (cl V;dist)).

�¥¬¬  3 ([10]). �ãáâì U ¨ V | ¬¥âà¨ç¥áª¨¥ ¯à®áâà ­áâ¢ , F (�) 2 S(R; cl U), G(�; �) 2
S(R;U; V ) ¨ ¢ë¯®«­¥­® (å®âï ¡ë) ®¤­® ¨§ á«¥¤ãîé¨å ãá«®¢¨©:

1) U | ¯®«­®¥ ¯à®áâà ­áâ¢® ¨ F (t) | ª®¬¯ ªâ­ë¥ ¬­®¦¥áâ¢  ¯à¨ ¯. ¢. t 2 R;
2) G(�; �) 2 Su(R;U; V ).
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�à¥¤¯®«®¦¨¬ â ª¦¥, çâ® Fj(�) 2 M(R; (cl U;dist)), Gj(�; �) 2 M(R;U; V ), Gj(Fj(�); �) 2
M(R; (cl V;dist)) ¤«ï ¢á¥å j 2 N ¨ d(dist)(F; Fj)! 0, d0(G;Gj)! 0 ¯à¨ j ! +1. �®£¤ 

d(dist)(G(F (�); �); Gj(Fj(�); �) )! 0

¯à¨ j ! +1.

�§ â¥®à¥¬ë 5 ¨ «¥¬¬ë 3 ¢ëâ¥ª ¥â â¥®à¥¬  6 (¢ ¯à®áâà ­áâ¢¥ Rn ¢¢®¤¨âáï ¥¢ª«¨¤®¢  ¬¥âà¨ª 
�(x; y) = jx� yj, x; y 2 Rn).

�¥®à¥¬  6. �ãáâì (V; �V ) | ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®, F (�); Fj(�) 2 Sp(R; cl(Rn)), p � 1,
G(�; �); Gj(�; �) 2 S(R;Rn ; V ), j 2 N, ¨ d(dist)p (F; Fj)! 0, d0(G;Gj)! 0 ¯à¨ j ! +1. �à¥¤¯®«®¦¨¬,

çâ® �V (Gj(x; t); y0) � Ajxj + B(t) ¤«ï ¢á¥å j 2 N, x 2 Rn ¨ ¯. ¢. t 2 R, £¤¥ y0 2 V , A � 0, B(�) 2
M 0

p(R;R). �®£¤  G(F (�); �); Gj(Fj(�); �) 2 Sp(R; cl V ), j 2 N, ¨ d(dist)p (G(F (�); �); Gj(Fj(�); �)) ! 0 ¯à¨
j ! +1.

� §­ë¥ ç áâ­ë¥ á«ãç ¨ â¥®à¥¬ 5 ¨ 6 ¯à¨¢®¤¨«¨áì à ­¥¥ ¢ [13], [16], [17].

�¥®à¥¬  7 ([10]). �ãáâì (U; �) | ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®, F (�) 2 S(R; cl U), G(�; �) 2
S(R;U;R). �¡®§­ ç¨¬ E(t) = E(F;G; t) = inf

x2F (t)
G(x; t), Y (t) = Y (F;G; t) = fx 2 F (t) : G(x; t) =

E(t)g, Y�(t) = Y�(F;G; t) = fx 2 F (t) : G(x; t) < E(t) + �g, � > 0, t 2 R. �à¥¤¯®«®¦¨¬, çâ®

¢ë¯®«­¥­® (å®âï ¡ë) ®¤­® ¨§ á«¥¤ãîé¨å ¤¢ãå ãá«®¢¨©:

1) U | ¯®«­®¥ ¯à®áâà ­áâ¢® ¨ F (t) | ª®¬¯ ªâ­ë¥ ¬­®¦¥áâ¢  ¯à¨ ¯. ¢. t 2 R;
2) G(�; �) 2 Su(R;U;R).

(� íâ®¬ á«ãç ¥ E(�) 2 S(R;R) ¨ ModE(�) � ModF (�) +ModG(�; �):) �à¥¤¯®«®¦¨¬ â ª¦¥, çâ®

Y (t) 6= ; ¯¢ ¨ sup
�2R

mes�ft 2 [�; � + 1] : dist(Y (t); Y�(t) ) � "g ! 0 ¯à¨ � ! +0 ¤«ï «î¡®£® " > 0

(mes� | ¢­¥è­ïï ¬¥à ): �®£¤  Y (�) 2 S(R; cl U) ¨ ModY (�) � ModF (�) +ModG(�; �).

� ¬¥ç ­¨¥ 1. �á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ 1), â® Y (t) 6= ; ¯¢ ¨ Y (�); Y�(�) 2 M(R; (cl U;dist)),
¯®íâ®¬ã äã­ªæ¨¨ dist(Y (�); Y�(�) ), � > 0, ¨§¬¥à¨¬ë ¨ ¢¬¥áâ® ¢­¥è­¥© ¬¥àë mes� ¬®¦­® ¨á¯®«ì-
§®¢ âì ¬¥àã �¥¡¥£  mes. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï 2) ¢®§¬®¦­ë á¨âã æ¨¨, ª®£¤  Y (t) = ; ¯¢,  
â ª¦¥ ª®£¤  Y (t) 6= ; ¯¢, ­® äã­ªæ¨¨ dist(Y (�); Y�(�) ) ­¥ ¨§¬¥à¨¬ë.

� ¬¥ç ­¨¥ 2. �á«¨ ¢ ãá«®¢¨ïå â¥®à¥¬ë 7 F (�) 2 Sp(R; (cl U;dist)), p � 1, â® dist(F (�); fx0g) 2
M 0

p(R;R). �®íâ®¬ã Y (�) 2M 0
p(R; (cl U;dist)) ¨, á«¥¤®¢ â¥«ì­®, Y (�) 2 Sp(R; (cl U;dist)).

�«¥¤áâ¢¨¥ 1. �ãáâì U ¨ V | ¬¥âà¨ç¥áª¨¥ ¯à®áâà ­áâ¢ , F (�) 2 S(R; cl U), G(�; �) 2
S(R;U; V ) ¨ ¢ë¯®«­¥­® (å®âï ¡ë) ®¤­® ¨§ á«¥¤ãîé¨å ¤¢ãå ãá«®¢¨©:

1) U | ¯®«­®¥ ¯à®áâà ­áâ¢® ¨ F (t) | ª®¬¯ ªâ­ë¥ ¬­®¦¥áâ¢  ¯à¨ ¯. ¢. t 2 R;
2) G(�; �) 2 Su(R;U; V ).

�ãáâì H(�) 2 S(R; cl V ). �¡®§­ ç¨¬ Y (t) = fx 2 F (t) : G(x; t) 2 H(t)g, Y�(t) = fx 2 F (t) :
�V (G(x; t);H(t)) < �g, � > 0, t 2 R. �à¥¤¯®«®¦¨¬, çâ® Y (t) 6= ; ¯¢ ¨

sup
�2R

mes�ft 2 [�; � + 1] : dist(Y (t); Y�(t) ) � "g ! 0

¯à¨ �! +0 ¤«ï «î¡®£® " > 0. �®£¤  Y (�) 2 S(R; cl U) ¨ ModY (�) � ModF +ModG+ModH.

�«ï ¤®ª § â¥«ìáâ¢  á«¥¤áâ¢¨ï 1 â¥®à¥¬ë 7 ¤®áâ â®ç­® ¢¢¥áâ¨ ­®¢ãî äã­ªæ¨î G0(x; t) =
�V (G(x; t);H(t)), x 2 U , t 2 R, ª®â®à ï ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã S(R;U;R) (¬­®¦¥áâ¢ã
Su(R;U;R), ¥á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ 2)) ¨ ModG0 � ModG+ModH.
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�«¥¤áâ¢¨¥ 2. �ãáâì (U; �) | ª®¬¯ ªâ­®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®, F (�) 2 S1(R; cl U),
G(�; �) 2 S1(R; Cb(U;R)), g(�) 2 S1(R;R) ¨ g(t) 2 G(F (t); t) ¯à¨ ¯. ¢. t 2 R. �®«®¦¨¬ Y (t) =
fx 2 F (t) : G(x; t) = g(t)g, Y�(t) = fx 2 F (t) : jG(x; t) � g(t)j < �g, � > 0, t 2 R (â®£¤ 
Y (�); Y�(�) 2M1(R; cl U)). �à¥¤¯®«®¦¨¬, çâ®

d(dist)1 (Y (�); Y�(�) )! 0

¯à¨ �! +0. �®£¤  Y (�) 2 S1(R; cl U) ¨ ModY (�) � ModF +ModG+Mod g.

�«ï äã­ªæ¨¨ g(�) = min
x2F (�)

G(x; �) á«¥¤áâ¢¨¥ 2 â¥®à¥¬ë 7 (¥á«¨ ¨á¯®«ì§®¢ âì â¥®à¥¬ã 2) ¢ëâ¥-

ª ¥â â ª¦¥ ¨§ â¥®à¥¬ë 6 ¢ [4]. � áâ­ë© á«ãç © á«¥¤áâ¢¨ï 2 ¯à¨ g(�) = max
x2F (�)

G(x; �) ¨ F (t) = K

¯¢, £¤¥ K | ª®¬¯ ªâ ¢ (Rn ; j � j), ¤®ª § ­ ¢ [18]. � ¯®á«¥¤­¥© à ¡®â¥ ¯à¨¢¥¤¥­ â ª¦¥ ¯à¨¬¥à,
¯®ª §ë¢ îé¨©, çâ® (¢ ãá«®¢¨ïå á«¥¤áâ¢¨ï 2) ®â®¡à ¦¥­¨ï t ! Y�(t), � > 0, t 2 R, ¬®£ãâ ­¥
¯à¨­ ¤«¥¦ âì ¯à®áâà ­áâ¢ã S(R; cl U).

�¥®à¥¬  8. �ãáâì (U; �) | ¯®«­®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®, F (�) 2 S(R; cl U) ¨ G(�; �) 2
Su(R;U;R). �®£¤  ¤«ï «î¡®£® � > 0 áãé¥áâ¢ã¥â äã­ªæ¨ï f�(�) 2 S(R; U) â ª ï, çâ® Mod f� �
ModF + ModG ¨ f�(t) 2 Y�(F;G; t) ¯¢ (¨á¯®«ì§ãîâáï ®¡®§­ ç¥­¨ï ¨§ â¥®à¥¬ë 7). �á«¨

¯à®áâà ­áâ¢® U á¥¯ à ¡¥«ì­®¥, â® ¤«ï «î¡®£® � > 0 ­ ©¤¥âáï áç¥â­®¥ ¬­®¦¥áâ¢® äã­ª-

æ¨© f�j 2 S(R; U), j 2 N, â ª¨å, çâ® Mod f�j � ModF + ModG, f�j (t) 2 Y�(F;G; t) ¯¢ ¨

Y�(F;G; t) =
S
j
f�j (t) ¯¢.

�¥®à¥¬  8 á«¥¤ã¥â ¨§ â¥®à¥¬ë 3 ¢ [6] ¨ à ¢¥­áâ¢  (1). �á«¨ ¢ ãá«®¢¨¨ â¥®à¥¬ë 8 F (�) 2
Sp(R; cl U), p � 1, â® ¢á¥ äã­ªæ¨¨ f�(�) ¨ f�j (�), j 2 N, ¬®¦­® ¢ë¡à âì ¨§ ¯à®áâà ­áâ¢  Sp(R; U).
�¥®à¥¬  8 ®¡®¡é ¥â â¥®à¥¬ã 4 ¨§ [4], ®¤¨­ ç áâ­ë© á«ãç © ª®â®à®© (ª®£¤  F (t) � K, £¤¥ K |
ª®¬¯ ªâ ¢ Rn ) ¯à¨¢¥¤¥­ â ª¦¥ ¢ [18].
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