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� ¬¥âà¨ç¥áª®¬ ¯à®áâà áâ¢¥, ã¤®¢«¥â¢®àïîé¥¬ £«®¡ «ì®¬ã ãá«®¢¨î ¥¯®«®¦¨â¥«ì®áâ¨
ªà¨¢¨§ë ¯® �ã§¥¬ ã, à áá¬ âà¨¢ ¥âáï ¯à®áâà áâ¢® ¢á¥å N -á¥â¥© �N á ¨¤ãæ¨à®¢ ®© ¬¥-
âà¨ª®© � ãá¤®àä  �. �«ï ¯à®áâà áâ¢  (�N ; �)  å®¤¨âáï ¢ãâà¥ïï ¬¥âà¨ª , ®â®á¨â¥«ì®
ª®â®à®© ¬®¦¥áâ¢® �N ï¢«ï¥âáï £¥®¤¥§¨ç¥áª¨¬ ¯à®áâà áâ¢®¬. �®ª §ë¢ ¥âáï, çâ® ¯à¨ N > 1
¯à®áâà áâ¢® (�N n�N�1; �) ã¤®¢«¥â¢®àï¥â «®ª «ì®¬ã ãá«®¢¨î ¥¯®«®¦¨â¥«ì®áâ¨ ªà¨¢¨§ë
¯® �ã§¥¬ ã.

1. �¥®¡å®¤¨¬ë¥ ®¡®§ ç¥¨ï ¨ ®¯à¥¤¥«¥¨ï

� áá¬®âà¨¬ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® X á ¢ë¤¥«¥ë¬ á¥¬¥©áâ¢®¬ á¥£¬¥â®¢ S (á¥£¬¥â®¬
[x; y] á ª®æ ¬¨ x; y 2 X  §ë¢ ¥âáï ¥¯à¥àë¢ ï ªà¨¢ ï, á®¥¤¨ïîé ï â®çª¨ x, y, ¤«¨ 
ª®â®à®© à ¢  à ááâ®ï¨î xy ¬¥¦¤ã íâ¨¬¨ â®çª ¬¨ ([1], á. 42)), ã¤®¢«¥â¢®àïîé¥¥ á«¥¤ãîé¨¬
ãá«®¢¨ï¬.

(A). � ¦¤ë© ¯®¤á¥£¬¥â ¯à®¨§¢®«ì®£® á¥£¬¥â  ¨§ S ¯à¨ ¤«¥¦¨â S.
(B). �«ï «î¡ëå x; y 2 X áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë© á¥£¬¥â [x; y] 2 S.
� ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï.
R+ | ¬®¦¥áâ¢® ¢á¥å ¥®âà¨æ â¥«ìëå ¢¥é¥áâ¢¥ëå ç¨á¥«; ¤«ï � 2 [0; 1], x; y 2 X !�[x; y]

| â®çª  á¥£¬¥â  [x; y] 2 S â ª ï, çâ® x!�[x; y] = �xy.
B(x; r) (B[x; r]) | ®âªàëâë© (§ ¬ªãâë©) è à á æ¥âà®¬ ¢ â®çª¥ x 2 X à ¤¨ãá  r > 0;
xW = inf

y2W
xy ¤«ï x 2 X, W � X.

�N | ¬®¦¥áâ¢® ¢á¥å ¥¯ãáâëå ¯®¤¬®¦¥áâ¢ ¢ (X; �), á®áâ®ïé¨å ¥ ¡®«¥¥ ç¥¬ ¨§ N â®ç¥ª;
� : �N � �N ! R+, �(M;T ) = maxfmaxfxT : x 2 Mg; maxftM : t 2 Tgg | ¬¥âà¨ª 

� ãá¤®àä    ¬®¦¥áâ¢¥ �N ([2], á. 223).
B�(M; r) | ®âªàëâë© è à á æ¥âà®¬ ¢ â®çª¥ M 2 (�N ; �) à ¤¨ãá  r > 0;
S(N) | £àã¯¯  ¢á¥å ¯®¤áâ ®¢®ª ¬®¦¥áâ¢  ¨§ N í«¥¬¥â®¢;
XN=� | ä ªâ®à-¯à®áâà áâ¢® ¯à®áâà áâ¢  XN ¯® á«¥¤ãîé¥¬ã ®â®è¥¨î íª¢¨¢ «¥â®-

áâ¨ : (x1; : : : ; xN)�(y1; : : : ; yN), ¥á«¨  ©¤¥âáï â ª®¥ � 2 S(N), çâ® y1 = x�(1); : : : ; yN = x�(N);
b� : XN=� � XN=� ! R+, b� : ([(x1; : : : ; xN)]; [(y1; : : : ; yN)]) = minfmax[x1y�(1); : : : ; xNy�(N)] :

� 2 S(N)g | ¬¥âà¨ª    ¬®¦¥áâ¢¥ XN=� [3]. �á¯®«ì§ãï ¡¨¥ªæ¨î f : XN=� ! �N ,
f([(x1; : : : ; xN)]) = fx1; : : : ; xNg, ¡ã¤¥¬ à áá¬ âà¨¢ âì ¬¥âà¨ªã b� ¨   ¬®¦¥áâ¢¥ �N .

�à®¬¥ ãá«®¢¨© (A), (B) ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¥¥ ãá«®¢¨¥ £«®¡ «ì®© ¥¯®«®¦¨â¥«ì-
®áâ¨ ªà¨¢¨§ë ¯® �ã§¥¬ ã ¯à®áâà áâ¢  (X; �) ([1], á. 304; [4], c. 63).

(C). �«ï «î¡ëå x; y; z 2 X 2!1=2[z; x]!1=2[z; y] � xy.
�® ¤®¡ïâáï â ª¦¥ á«¥¤ãîé¨¥ ®¯à¥¤¥«¥¨ï.
�¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® (X; �)  §ë¢ ¥âáï ¯à®áâà áâ¢®¬ á ¢ãâà¥¥© ¬¥âà¨ª®©, ¥á«¨

¤«ï «î¡ëå x; y 2 X ¢¥«¨ç¨  xy à ¢  â®ç®© ¨¦¥© £à ¨æ¥ ¤«¨ ªà¨¢ëå, á®¥¤¨ïîé¨å
â®çª¨ x, y [5].
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�¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® X  §ë¢ ¥âáï £¥®¤¥§¨ç¥áª¨¬ ¯à®áâà áâ¢®¬, ¥á«¨ «î¡ë¥ ¤¢¥ ¥£®
â®çª¨ ¬®¦® á®¥¤¨¨âì á¥£¬¥â®¬ [5]. (� ¯¥à¢® ç «ì®¬ ¢ à¨ â¥ ¢ íâ®¬ ®¯à¥¤¥«¥¨¨ ¯à®-
áâà áâ¢® X áç¨â «¨ ¯®«ë¬ ¬¥âà¨ç¥áª¨¬ ¯à®áâà áâ¢®¬ [6].)

�®¦¥áâ¢® M � X  §ë¢ ¥âáï ¬®¦¥áâ¢®¬ áãé¥áâ¢®¢ ¨ï, ¥á«¨ M \ B[x; xM ] 6= ; ¤«ï
ª ¦¤®£® x 2 X [7].

�«ï ¬®¦¥áâ¢  áãé¥áâ¢®¢ ¨ï M PM : X ! 2X , PM (x) =M \B[x; xM ] | ®¯¥à â®à ¬¥âà¨-
ç¥áª®£® ¯à®¥ªâ¨à®¢ ¨ï [7]. � ¤ «ì¥©è¥¬ ¢¬¥áâ®

S
x2W

PM (x) ¡ã¤¥¬ ¯¨á âì PM (W ), £¤¥ W � X.


�(M;W ) =
Sf!�[x; v] [ !�[u; y] : x 2 M; y 2 W; v 2 PW (x); u 2 PM (y)g, £¤¥ � 2 [0; 1] ¨ M ,

W | ¬®¦¥áâ¢  áãé¥áâ¢®¢ ¨ï.

2. �®áâ ®¢ª  § ¤ ç¨ ¨ à¥§ã«ìâ âë

�®£« á® â¥®à¥¬¥ 2 ¨§ [8] ¢ ¯à®áâà áâ¢¥ (X; �), ã¤®¢«¥â¢®àïîé¥¬ ãá«®¢¨ï¬ (A), (B), ¬®-
¦¥áâ¢® ¢á¥å ¥¯ãáâëå ª®¬¯ ªâëå (ª®¥çëå) ¬®¦¥áâ¢ á ¬¥âà¨ª®© � ãá¤®àä  ï¢«ï¥âáï £¥®¤¥-
§¨ç¥áª¨¬ ¯à®áâà áâ¢®¬,   ¢ á¨«ã ¯à¥¤«®¦¥¨ï 1 ¨§ [9] á«¥¤ã¥â, çâ® ¢ â®¬ ¦¥ ¯à®áâà áâ¢¥ c ¤®-
¯®«¨â¥«ìë¬ ãá«®¢¨¥¬ (C) ¬®¦¥áâ¢® ¢á¥å ¥¯ãáâëå ®£à ¨ç¥ëå § ¬ªãâëå ¢ë¯ãª«ëå ¬®-
¦¥áâ¢ á ¬¥âà¨ª®© � ãá¤®àä  ã¤®¢«¥â¢®àï¥â £«®¡ «ì®¬ã ãá«®¢¨î ¥¯®«®¦¨â¥«ì®áâ¨ ªà¨¢¨§-
ë ¯® �ã§¥¬ ã. �áâ¥áâ¢¥®, çâ®   «®£¨çë¥ § ¤ ç¨ ¢®§¨ª îâ ¨ ¤«ï ¯à®áâà áâ¢  (�N ; �).
�à®ïáï¥â á¨âã æ¨î ¢ íâ®¬ á«ãç ¥

�¥®à¥¬ . �ãáâì ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® (X; �) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (A), (B). �®-
£¤  ¢¥àë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï :

(i)   ¬®¦¥áâ¢¥ �N � � b�, ¯à¨ç¥¬ � = b� ¯à¨ N � 2;
(ii) ¬¥âà¨ª  b� ï¢«ï¥âáï ¢ãâà¥¥© ¤«ï ¯à®áâà áâ¢  (�N ; �) ¨ (�N ; b�) | £¥®¤¥§¨ç¥áª®¥

¯à®áâà áâ¢®;
(iii) ¯à¨ N > 2 ¤«ï ª ¦¤®£® M 2 �N n�N�2 ¨ ¤«ï «î¡ëå W;T 2 B�(M; "), £¤¥ " = minfuv : u,

v 2M , u 6= vg=8, �(W;T ) = b�(W;T ), â. ¥. ¯à¨ N > 2   ¬®¦¥áâ¢¥ �N n �N�2 ¬¥âà¨ª¨
�, b� «®ª «ì® á®¢¯ ¤ îâ.

�á«¨ ªà®¬¥ ãá«®¢¨© (A), (B) ¢ë¯®«ï¥âáï ãá«®¢¨¥ (C), â® ¯à¨ N > 1 ¤«ï ª ¦¤®£®

M 2 (�N n �N�1; �) ¨ ¤«ï «î¡ëå W;T;D 2 B�(M; "), £¤¥ " = minfuv : u, v 2 M , u 6= vg=4,
2�(
1=2(W;D);
1=2(T;D)) � �(W;T ), â. ¥. ¯à¨ N > 1 ¯à®áâà áâ¢® (�N n �N�1; �) ã¤®¢«¥â¢®-
àï¥â «®ª «ì®¬ã ãá«®¢¨î ¥¯®«®¦¨â¥«ì®áâ¨ ªà¨¢¨§ë ¯® �ã§¥¬ ã.

�«¥¤áâ¢¨¥. �ãáâì ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢® (X; �) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (A), (B);M;W 2
�N ¨ ¢ë¯®«ï¥âáï å®âï ¡ë ®¤® ¨§ á«¥¤ãîé¨å ãá«®¢¨©:

(i) �(M;W ) = maxfuv : u 2M; v 2Wg,
(ii) PW (M) =W ¨«¨ PM (W ) =M ,
(iii) �(M;W ) = b�(M;W ).

�®£¤  N -á¥â¨ M , W ¬®£ãâ ¡ëâì á®¥¤¨¥ë á¥£¬¥â®¬ ¢ ¯à®áâà áâ¢¥ (�N ; �).

�à¨¬¥à. � áá¬®âà¨¬ ¢ ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨ R2 ¤¢¥ 3-á¥â¨: M = f(0; 0); (�a;�a); (�a; a)g,
W = f(0; 0); (a; a); (a;�a)g, £¤¥ a 2 R+.

�®£¤  ¥âàã¤®  ©â¨ �(M;W ) =
p
2a, b�(M;W ) = 2a, 
1=2(M;W ) = f(0; 0); (�a=2;�a=2),

(�a=2; a=2); (a=2; a=2); (a=2;�a=2)g 2 �5. �à®¬¥ â®£®, 2�(M;T ) = 2�(W;T ) = �(M;W ), 2b�(M;D) =
2b�(W;D) = b�(M;W ), £¤¥ T = f(�a=2;�a=2); (�a=2; a=2); (a=2; a=2); (a=2;�a=2)g 2 �4, D =
f(0; 0); (0; a); (0;�a)g 2 �3. �âáî¤  ¥âàã¤® ãáâ ®¢¨âì, çâ® ¢ «î¡®© ®ªà¥áâ®áâ¨ 3-á¥â¨
O = f(0; 0)g 2 � áãé¥áâ¢ãîâ ¤¢¥ 3-á¥â¨, ¥á®¥¤¨¨¬ë¥ á¥£¬¥â®¬ ¢ ¬¥âà¨ª¥ � ãá¤®àä  ¨ � 6= b�.
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3. �®ª § â¥«ìáâ¢  ¯®«ãç¥ëå à¥§ã«ìâ â®¢

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. (i) �¥à¢®¥ ¥à ¢¥áâ¢® ¯®çâ¨ ®ç¥¢¨¤®. �¥©áâ¢¨â¥«ì®, ¤«ï ª -
¦¤®£® � 2 S(N)

�(fx1; : : : ; xNg; fy1; : : : ; yNg) =
= maxfmaxfxify1; : : : ; yNg : 1 � i � Ng;maxfyjfx1; : : : ; xNg : 1 � j � Ngg �

� maxfmaxfxiy�(i) : 1 � i � Ng;maxfyjx�(j) : 1 � j � Ngg:
�áâ «®áì ¢§ïâì ¬¨¨¬ã¬ ¯® ¢á¥¬ � 2 S(N) ¢ ¯à ¢®© ç áâ¨ ¥à ¢¥áâ¢  ¨ ¨á¯®«ì§®¢ âì ®¯à¥-
¤¥«¥¨¥ ¬¥âà¨ª¨ b�. �®ª § â¥«ìáâ¢® ¢â®à®£® ãâ¢¥à¦¤¥¨ï íâ®£® ¯ãªâ  ã¤®¡¥¥ ®â«®¦¨âì ¤®
§ ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  ãâ¢¥à¦¤¥¨© á«¥¤ãîé¥£® ¯ãªâ .

(ii) �®ª ¦¥¬ á ç « , çâ® (�N ; b�) | £¥®¤¥§¨ç¥áª®¥ ¯à®áâà áâ¢®. �ë¡¥à¥¬ ¯à®¨§¢®«ì®M =
fx1; : : : ; xNg, W = fy1; : : : ; yNg 2 (�N ; b�). �®£¤  N -á¥â¨ f!�[x1; y��(1)]; : : : ; !�[xN ; y��(N)]g, £¤¥ ��
| ¥ª®â®àë© í«¥¬¥â £àã¯¯ë S(N), ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î

b�(fx1; : : : ; xNg; fy��(1); : : : ; y��(N)g) = max[x1y��(1); : : : ; xNy��(N)];

®¯à¥¤¥«ïîâ á¥£¬¥â [M;W ] � (�N ; b�), ª®£¤  � ¨§¬¥ï¥âáï   ®âà¥§ª¥ [0; 1]. �«¥¤®¢ â¥«ì®,
(�N ; b�) | £¥®¤¥§¨ç¥áª®¥ ¯à®áâà áâ¢®.

�®ª ¦¥¬, çâ® b� | ¢ãâà¥ïï ¬¥âà¨ª  ¤«ï ¯à®áâà áâ¢  (�N ; �). �ãáâì M = fx1; : : : ; xNg,
W = fy1; : : : ; yNg 2 �N , � 2 S(N). � áá¬®âà¨¬ ¥¯à¥àë¢ãî á¯àï¬«ï¥¬ãî ªà¨¢ãî � =
f[x1; y�(1)]; : : : ; [xN ; y�(N)]g � (�N ; �) á ª®æ ¬¨ M;W 2 �N , £¤¥ [xi; y�(i)] 2 S (i = 1; : : : ; N). �ç¥-
¢¨¤®, çâ® íâ  ªà¨¢ ï ¨¬¥¥â  ¨¬¥ìèãî ¤«¨ã áà¥¤¨ ¢á¥å â¥å ¥¯à¥àë¢ëå á¯àï¬«ï¥¬ëå ªà¨-
¢ëå ¯à®áâà áâ¢  (�N ; �), ª ¦¤ ï ¨§ ª®â®àëå ¬®¦¥â ¡ëâì § ¤   ¬®¦¥áâ¢®¬ f[x1; y�(1)]; : : : ,
[xN ; y�(N)]g, £¤¥ [xi; y�(i)] | ªà¨¢ ï ¢ ¯à®áâà áâ¢¥ (X; �) á ª®æ ¬¨ xi, y�(i) (i = 1; : : : ; N). �¥-
âàã¤® § ¬¥â¨âì, çâ® minfL(�) : � 2 S(N)g = b�(M;W ), £¤¥ L(�) | ¤«¨  ªà¨¢®© � ¢ ¬¥âà¨ª¥
�. � ª¨¬ ®¡à §®¬, ¬¥âà¨ª  b� ï¢«ï¥âáï ¢ãâà¥¥© ¤«ï ¯à®áâà áâ¢  (�N ; �).

�«ï â®£® çâ®¡ë   ¬®¦¥áâ¢¥ �2 ¤®ª § âì à ¢¥áâ¢® � = b�, ¤®áâ â®ç® â¥¯¥àì ¤®ª -
§ âì, çâ® ¯à®áâà áâ¢® (�2; �) £¥®¤¥§¨ç¥áª®¥. �®á¯®«ì§ã¥¬áï á¯®á®¡®¬, ¯à¥¤«®¦¥ë¬ ¢ ¤®-
ª § â¥«ìáâ¢¥ á«¥¤áâ¢¨ï 1 ¨§ [8]. �ãáâì M = fx; yg 2 �2, W = fu; vg 2 �2 ¨ ¤«ï ®¯à¥¤¥«¥-
®áâ¨ xu = max[xu; xv; yu; yv]. �®£¤  ¥¯®áà¥¤áâ¢¥®© ¯à®¢¥àª®© ãáâ  ¢«¨¢ ¥âáï, çâ® 2-á¥â¨
f!�[x; v]; !�[y; u]g ®¯à¥¤¥«ïîâ á¥£¬¥â [M;W ] � (�2; �), ª®£¤  � ¨§¬¥ï¥âáï   ®âà¥§ª¥ [0; 1].
� ª¨¬ ®¡à §®¬, ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© (A), (B) ¯à®áâà áâ¢® (�2; �) £¥®¤¥§¨ç¥áª®¥.

(iii) �ãáâì â¥¯¥àì N -á¥â¨ M , W , T ¢ë¡à ë ¢ á®®â¢¥âáâ¢¨¨ á ãá«®¢¨ï¬¨ ¯. (iii) â¥®à¥¬ë.
�®£¤  ¨§ ¥à ¢¥áâ¢  �(M;T ) = maxfmaxfxT : x 2 Mg;maxftM : t 2 Tgg < ", ¥à ¢¥áâ¢ 
âà¥ã£®«ì¨ª  ¨ ®¯à¥¤¥«¥¨ï " á«¥¤ã¥â, çâ® ¤«ï ª ¦¤®£® t 2 T  ©¤¥âáï ¥¤¨áâ¢¥ë© í«¥¬¥â
x(t) 2 M â ª®©, çâ® tx(t) < ",   â ª¦¥ ¤«ï ª ¦¤®£® x 2 M  ©¤¥âáï â ª®© í«¥¬¥â u 2 T , çâ®
ux < ". �çâ¥¬ â ª¦¥, çâ®M 2 �N n�N�2. �®£¤  ¯®«ãç¨¬, çâ® ¤«ï ª ¦¤®£® x 2M ¢ è à¥ B(x; ")
á®¤¥à¦ âáï ®¤¨ ¨«¨ ¤¢  í«¥¬¥â  ¨§ N -á¥â¨ T . � «®£¨ç®¥ à ááã¦¤¥¨¥ á¯à ¢¥¤«¨¢® ¨ ¤«ï
N -á¥â¨ W . �«ï ª ¦¤®£® x 2 M ¯®¤á¥â¨ N -á¥â¥© T ¨ W , ¯à¨ ¤«¥¦ é¨¥ ®âªàëâ®¬ã è àã
B(x; "), ¬®¦® á®¥¤¨¨âì á¥£¬¥â®¬, ¯®áª®«ìªã ¡ë«® ¤®ª § ®, çâ® ¯à®áâà áâ¢® (�2; �) £¥®¤¥-
§¨ç¥áª®¥. �ç¥¢¨¤®, â®çª¨ íâ®£® á¥£¬¥â  ¯à¨ «¥¦ â è àã B(x; 2"). �¥âàã¤® ¯à®¢¥à¨âì, çâ®,
®¡ê¥¤¨ïï â®çª¨ ¢á¥å ¯®áâà®¥ëå â ª¨¬ ®¡à §®¬ á¥£¬¥â®¢, ¯®«ãç¨¬ á¥£¬¥â [T;W ] � (�N ; �).
�âáî¤  ¨ ¨§ ãâ¢¥à¦¤¥¨© ¯. (ii) á«¥¤ã¥â, çâ® �(W;T ) = b�(W;T ).

�®ª ¦¥¬ ¯®á«¥¤¥¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë. �ãáâì N -á¥â¨ M , W , T , D ¢ë¡à ë ¢ á®®â¢¥â-
áâ¢¨¨ á ãá«®¢¨ï¬¨ â¥®à¥¬ë. �®£¤  ¨§ ¥à ¢¥áâ¢  �(M;T ) < ", ¥à ¢¥áâ¢  âà¥ã£®«ì¨ª  ¨
®¯à¥¤¥«¥¨ï " á«¥¤ã¥â, çâ® ¤«ï ª ¦¤®£® t 2 T  ©¤¥âáï ¥¤¨áâ¢¥ë© í«¥¬¥â x(t) 2M â ª®©,
çâ® tx(t) < ",   â ª¦¥ ¤«ï ª ¦¤®£® x 2M  ©¤¥âáï â ª®© í«¥¬¥â u 2 T , çâ® ux < ". �çâ¥¬, çâ®
M 2 �N n �N�1. �®£¤  ¯®«ãç¨¬, çâ® ¤«ï ª ¦¤®£® x 2M ¢ è à¥ B(x; ") á®¤¥à¦¨âáï â®ç® ®¤¨
í«¥¬¥â t(x) 2 T . � «®£¨ç®¥ à ááã¦¤¥¨¥ á¯à ¢¥¤«¨¢® ¨ ¤«ï N -á¥â¥© W , D. �®®â¢¥âáâ¢ãî-
é¨¥ í«¥¬¥âë ®¡®§ ç¨¬ w(x) 2 W , d(x) 2 D. �®£¤  2!1=2[w(x); d(x)]!1=2[t(x); d(x)] � w(x)t(x)
¤«ï ª ¦¤®£® x 2M . �¥âàã¤® ¯à®¢¥à¨âì, çâ® 2�(
1=2(W;D);
1=2(T;D)) � �(W;T ).
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�®ª § â¥«ìáâ¢® c«¥¤áâ¢¨ï. �®ª ¦¥¬, çâ® ¨§ (i) á«¥¤ã¥â (ii) ¬¥â®¤®¬ ®â ¯à®â¨¢®£®. �ãáâì
¢ë¯®«ï¥âáï ãá«®¢¨¥ (i),   (ii) ¥ ¨¬¥¥â ¬¥áâ . �®£¤   ©¤ãâáïw 2W nPW (M), z 2MnPM (W ). �§
íâ¨å ¢ª«îç¥¨©, ®¯à¥¤¥«¥¨© ¬¥âà¨ª¨ � ãá¤®àä  ¨ ®¯¥à â®à  ¬¥âà¨ç¥áª®© ¯à®¥ªæ¨¨ á«¥¤ã¥â
�[M;W ] = maxfmaxfxW : x 2 Mg;maxftM : t 2 Wgg < maxfmaxfxw : x 2 Mg;maxftz :
t 2 Wgg � maxfuv : u 2 M; v 2 Wg. �âáî¤  ¨ ¨§ ãá«®¢¨ï (i) ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥. � ª¨¬
®¡à §®¬, ¨§ (i) á«¥¤ã¥â (ii).

�®ª ¦¥¬, çâ® ¨§ (ii) á«¥¤ã¥â (iii). �ãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ PW (M) = W . �âáî¤  ¨ ¨§
¡¨¥ªâ¨¢®áâ¨ ¬®¦¥áâ¢ XN=�, �N á«¥¤ã¥â, çâ®  ©¤ãâáï â ª¨¥ (x1; : : : ; xN ); (y1; : : : ; yN) 2 XN ,
çâ® M = fx1; : : : ; xNg, W = fy1; : : : ; yNg, y1 2 PW (x1); : : : ; yN 2 PW (xN ). �®£¤  b�(M;W ) �
maxfx1y1; : : : ; xNyNg = �[M;W ]. �âáî¤  ¨ ¨§ ãâ¢¥à¦¤¥¨ï (i) â¥®à¥¬ë á«¥¤ã¥â (iii).

�§ ãâ¢¥à¦¤¥¨ï (ii) â¥®à¥¬ë á«¥¤ã¥â, çâ® (iii) ¢«¥ç¥â § ª«îç¥¨¥ á«¥¤áâ¢¨ï.
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