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�â âìï ¯®á¢ïé¥­  ¨§«®¦¥­¨î ®¤­®£® ¯®¤å®¤  ª à¥è¥­¨î ¡ §®¢®© § ¤ ç¨ â¥®à¨¨ ã¯à ¢«¥­¨ï
á¨áâ¥¬ ¬¨ á § ¯ §¤ë¢ ­¨¥¬| á¨­â¥§ã áâ ¡¨«¨§¨àãîé¨å ®¡à â­ëå á¢ï§¥©. �®¤å®¤ ®¯¨à ¥âáï ­ 
ª®­áâàãªâ¨¢­ãî â¥®à¨î ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï [1], à §à ¡®â ­­ãî  ¢â®à ¬¨ ¨ ¨å ª®««¥£ ¬¨.
�â ¡¨«¨§ æ¨ï ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ¡ë«  ¯¥à¢®© § ¤ ç¥©, ­  ®á­®¢¥ ª®â®à®© áâ «  áâà®¨âìáï
â¥®à¨ï ã¯à ¢«¥­¨ï (à¥£ã«¨à®¢ ­¨ï). �® ­ ç «  50-å ££. XX ¢¥ª  ®­  ®áâ ¢ « áì æ¥­âà «ì­®©
§ ¤ ç¥© â¥®à¨¨ ã¯à ¢«¥­¨ï. � ¯®ï¢«¥­¨¥¬ â¥®à¨¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¨­â¥à¥á ª ¯à®¡«¥-
¬¥ áâ ¡¨«¨§ æ¨¨ áâ « ¬¥­¥¥ § ¬¥â­ë¬, ­® ¢ ¯®á«¥¤­¨¥ £®¤ë ®­  ¢­®¢ì ¯à¨¢«¥ª ¥â ¢­¨¬ ­¨¥
¬­®£¨å ãç¥­ëå, ¯®áª®«ìªã ¯à ªâ¨ç¥áª®¥ §­ ç¥­¨¥ ¯à®¡«¥¬ë áâ ¡¨«¨§ æ¨¨ ­¥ ã¬¥­ìè¨«®áì ¨
¯®ï¢¨«¨áì ­®¢ë¥ ¢®§¬®¦­®áâ¨ à¥è¥­¨ï ª« áá¨ç¥áª®© § ¤ ç¨ á ¯®¬®éìî ¬¥â®¤®¢, á®§¤ ­­ëå ¢
â¥®à¨¨ ã¯à ¢«¥­¨ï §  ¯®á«¥¤­¨¥ ¯ïâì¤¥áïâ «¥â. �¨áâ¥¬ë á § ¯ §¤ë¢ ­¨¥¬ ¯à¥¤áâ ¢«ïîâ ­¥¯®-
áà¥¤áâ¢¥­­®¥ ®¡®¡é¥­¨¥ ®¡ëª­®¢¥­­ëå ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬. �®¢à¥¬¥­­ë© íâ ¯ ¨å à §¢¨â¨ï
­ ç «áï ¢ ª®­æ¥ 40-å ££. �� ¢¥ª  ¨ ¯®çâ¨ á®¢¯ « á ­ ç «®¬ á®¢à¥¬¥­­®£® íâ ¯  â¥®à¨¨ ã¯à -
¢«¥­¨ï. �¥á¬®âàï ­  §­ ç¨â¥«ì­ë¥ ãá¨«¨ï ãç¥­ëå, ¬­®£¨¥ § ¤ ç¨ ã¯à ¢«¥­¨ï ®áâ îâáï ¤«ï
á¨áâ¥¬ á § ¯ §¤ë¢ ­¨¥¬ ¤® á¨å ¯®à ¬ «® ¨áá«¥¤®¢ ­­ë¬¨. � â ª¨¬ § ¤ ç ¬ ®â­®á¨âáï ¨ § ¤ -
ç  áâ ¡¨«¨§ æ¨¨ á¨áâ¥¬ á § ¯ §¤ë¢ ­¨¥¬ á ¯®¬®éìî ®£à ­¨ç¥­­ëå ®¡à â­ëå á¢ï§¥© [2], [3]. �
¤ ­­®© áâ âì¥ á­ ç «  ¨§« £ ¥âáï ¬¥â®¤ à¥è¥­¨ï § ¤ ç¨ áâ ¡¨«¨§ æ¨¨ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ á
§ ¯ §¤ë¢ ­¨¥¬ ¢ á®áâ®ï­¨¨ ¨ ã¯à ¢«¥­¨¨. �¥â®¤ ®á­®¢ ­ ­  ¯®§¨æ¨®­­ëå à¥è¥­¨ïå ¢á¯®¬®£ -
â¥«ì­ëå § ¤ ç ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï. � â¥¬ ¨áá«¥¤ã¥âáï ¯à®¡«¥¬  á¨­â¥§  ­ ¡«î¤ â¥«¥©
á¨áâ¥¬ á § ¯ §¤ë¢ ­¨¥¬ ¨ ¯®á«¥ íâ®£® à¥è ¥âáï § ¤ ç  áâ ¡¨«¨§ æ¨¨ á¨áâ¥¬ á § ¯ §¤ë¢ ­¨¥¬
¢ ª« áá¥ ®¡à â­ëå á¢ï§¥© ¯® ¢ëå®¤ã.

1. �£à ­¨ç¥­­ë¥ áâ ¡¨«¨§¨àãîé¨¥ ®¡à â­ë¥ á¢ï§¨ ¯® á®áâ®ï­¨î

1.1. � áá¬®âà¨¬ ¤¨­ ¬¨ç¥áªãî á¨áâ¥¬ã, ¯®¢¥¤¥­¨¥ ª®â®à®© ¯à¨ t � t� ®¯¨áë¢ ¥âáï ãà ¢­¥-
­¨¥¬

x(n)(t) +
n�1X
i=0

ai(t)xi(t) +
n�1X
i=0

a1i(t)x(i)(t� �) = u(t): (1.1)

�¤¥áì x(t) | áª «ïà, å à ªâ¥à¨§ãîé¨© ¯®«®¦¥­¨¥ á¨áâ¥¬ë ¢ ¬®¬¥­â ¢à¥¬¥­¨ t; x(i)(t) | i-ï
¯à®¨§¢®¤­ ï; u(t), t � t�, | áª «ïà­ ï ªãá®ç­®-­¥¯à¥àë¢­ ï äã­ªæ¨ï (ã¯à ¢«¥­¨¥); ai(t), a1i(t),
i = 0; n� 1, t � t�, | ®£à ­¨ç¥­­ë¥ ªãá®ç­®-­¥¯à¥àë¢­ë¥ áª «ïà­ë¥ äã­ªæ¨¨; �, 0 < � < 1,
| § ¯ §¤ë¢ ­¨¥.

� ª ¨§¢¥áâ­®, ¢ â¥®à¨¨ á¨áâ¥¬ á § ¯ §¤ë¢ ­¨¥¬ (1.1) ®âà¥§®ª ­¥¯à¥àë¢­®© n-¬¥à­®© ªà¨¢®©

xt(�) = (xi(s)); s 2 [t� �; t]; i = 0; n� 1;

­ §ë¢ ¥âáï á®áâ®ï­¨¥¬ á¨áâ¥¬ë (1.1) ¢ ¬®¬¥­â t. �ãáâì Xt(�) | ¬­®¦¥áâ¢® á®áâ®ï­¨© ¢ ¬®¬¥­â t.

� ¡®â  ¢ë¯®«­¥­  ¢ à ¬ª å �®áã¤ àáâ¢¥­­®© ¯à®£à ¬¬ë äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© \� â¥¬ â¨-
ç¥áª¨¥ áâàãªâãàë" ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �¥«®àãááª®£® à¥á¯ã¡«¨ª ­áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå
¨áá«¥¤®¢ ­¨© (¯à®¥ªâ ò�02�-008).
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�¯à¥¤¥«¥­¨¥ 1.1. �ã­ªæ¨®­ «

u = u(t; xt(�)); xt(�) 2 Xt(�); t � t�; u(t; 0) = 0; t � t�; (1.2)

­ §ë¢ ¥âáï ®£à ­¨ç¥­­®© áâ ¡¨«¨§¨àãîé¥© ®¡à â­®© á¢ï§ìî (¯® á®áâ®ï­¨î), ¥á«¨ ¯à¨ § ¤ ­­®¬
L, 0 < L <1,

1) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

ju(t; xt(�))j � L; xt(�) 2 Xt(�); t � t�; (1.3)

2) ­ã«¥¢®¥ à¥è¥­¨¥ x(t) = 0, t � t�, § ¬ª­ãâ®© á¨áâ¥¬ë

x(n)(t) +
n�1X
i=0

ai(t)x(i)(t) +
n�1X
i=0

a1i(t)x(i)(t� �) = u(t; xt(�)) (1.4)

 á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ¢ Xt�(�).

�¨­â¥§ íää¥ªâ¨¢­ëå (á ¡®«ìè®© ®¡« áâìî ¯à¨âï¦¥­¨ïXt�(�) ¨ ®¯à¥¤¥«¥­­ë¬ ª ç¥áâ¢®¬ ¯¥-
à¥å®¤­ëå ¯à®æ¥áá®¢ ¢ (1.4)) ®£à ­¨ç¥­­ëå áâ ¡¨«¨§¨àãîé¨å ®¡à â­ëå á¢ï§¥© (1.2), (1.3) ¯à¥¤-
áâ ¢«ï¥â ¢¥áì¬  á¥àì¥§­ãî ¬ â¥¬ â¨ç¥áªãî ¯à®¡«¥¬ã. �¥ à¥è¥­¨¥ ¢àï¤ «¨ ¢®§¬®¦­® ¡¥§ ¨á-
¯®«ì§®¢ ­¨ï á®¢à¥¬¥­­ëå ¢ëç¨á«¨â¥«ì­ëå ãáâà®©áâ¢ ¤¨áªà¥â­®£® ¤¥©áâ¢¨ï. � á¢ï§¨ á íâ¨¬
¢ ¤ ­­®© áâ âì¥ § ¤ ç  áâ ¡¨«¨§ æ¨¨ á¨áâ¥¬ë (1.1) à¥è ¥âáï ¢ ª« áá¥ ¤¨áªà¥â­ëå ®¡à â­ëå
á¢ï§¥©.

�ãáâì h = �=M > 0 | ¯¥à¨®¤ ª¢ ­â®¢ ­¨ï ¢à¥¬¥­¨ (¢®®¡é¥ £®¢®àï, ¬ «®¥ ç¨á«®), Th =
ft�; t� + h; t� + 2h; : : : g:

�¯à¥¤¥«¥­¨¥ 1.2. �ã­ªæ¨®­ «

u = u(t; xt(�)); xt(�) 2 Xt(�); t 2 Th; (1.5)

­ §ë¢ ¥âáï ¤¨áªà¥â­®© ®¡à â­®© á¢ï§ìî (á ¯¥à¨®¤®¬ ª¢ ­â®¢ ­¨ï h), ¥á«¨ âà ¥ªâ®à¨ï § ¬ª­ã-
â®© ­¥«¨­¥©­®© á¨áâ¥¬ë (1.4) á®¢¯ ¤ ¥â á âà ¥ªâ®à¨¥© «¨­¥©­®© á¨áâ¥¬ë (1.1) á â¥¬ ¦¥ ­ ç «ì-
­ë¬ á®áâ®ï­¨¥¬ ¨ ã¯à ¢«¥­¨¥¬

u(t) = u(t� + kh; xt�+kh(�)); t 2 [t� + kh; t� + (k + 1)h]; k = 0; 1; 2; : : :

�à®¡«¥¬   ­ «¨â¨ç¥áª®£® ª®­áâàã¨à®¢ ­¨ï ®£à ­¨ç¥­­ëå ¤¨áªà¥â­ëå áâ ¡¨«¨§¨àãîé¨å
®¡à â­ëå á¢ï§¥© (1.5) ­¥ ¯à®é¥  ­ «®£¨ç­®© ¯à®¡«¥¬ë, ¯®áâ ¢«¥­­®© ¤«ï (1.2). �¤¥ï ®¯¨áë-
¢ ¥¬®© ­¨¦¥ à¥ «¨§ æ¨¨ ®¡à â­®© á¢ï§¨ (1.5) ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨ ¨¤¥­â¨ç­  â®©, çâ®
¯à¥¤«®¦¥­  ¢ [4]{[6] ¤«ï ®¡ëª­®¢¥­­ëå á¨áâ¥¬. � ª ¦¤ë© â¥ªãé¨© ¬®¬¥­â � 2 Th, � > t�, ¯® ¤®-
áâã¯­®¬ã á®áâ®ï­¨î xt(�) áâà®¨âáï ®¯â¨¬ «ì­®¥ ¯à®£à ¬¬­®¥ ã¯à ¢«¥­¨¥ u0(tj�; x� (�)), t 2 T (�),
¢á¯®¬®£ â¥«ì­®© (á®¯à®¢®¦¤ îé¥©) § ¤ ç¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï (á¬. ¯. 1.2). �à¨ íâ®¬ á®-
¯à®¢®¦¤ îé ï § ¤ ç  ­¥ à¥è ¥âáï § ­®¢®,   ¤¢®©áâ¢¥­­ë¬ ¬¥â®¤®¬ ª®àà¥ªâ¨àã¥âáï à¥è¥­¨¥,
¯®«ãç¥­­®¥ ¢ ¯à¥¤ë¤ãé¨© ¬®¬¥­â (��h). � ª ¯®ª § ­® ¢ [7], íâ  ¯à®æ¥¤ãà  çà¥§¢ëç ©­® íää¥ª-
â¨¢­  | ¢à¥¬ï ­  ¥¥ ¢ë¯®«­¥­¨¥ á®áâ ¢«ï¥â ­¥áª®«ìª® ¯à®æ¥­â®¢ ®â ¢à¥¬¥­¨, §  ª®â®à®¥ ¨á¯®«ì-
§ã¥¬ë© ¬¨ªà®¯à®æ¥áá®à ¨­â¥£à¨àã¥â á¨áâ¥¬ã (1.1) ­  ¯à®¬¥¦ãâª¥ T (�): �á«¨ ¢à¥¬ï ª®àà¥ªæ¨¨
­¥ ¯à¥¢®áå®¤¨â h ¥¤¨­¨æ à¥ «ì­®£® ¢à¥¬¥­¨, ¢ ª®â®à®¬ § ¯¨á ­® ãà ¢­¥­¨¥ (1.1), â® ¬®¦­® £®-
¢®à¨âì ® à¥ «¨§ æ¨¨ ®¡à â­®© á¢ï§¨ (1.5) ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨. �  ¯à®¬¥¦ãâª¥ ¢à¥¬¥­¨
[�; � + h] ¢ á¨áâ¥¬ã (1.4) ¯®¤ ¥âáï á¨£­ « u�(t) = u0(� j �; x�� ; x

�
� (�)) = u0(�; x�� (�)) = u(�; x� (�)),

t 2 [�; � + h]. � à¥§ã«ìâ â¥ á¨áâ¥¬  (1.4) ¢ ¬®¬¥­â � + h ®ª §ë¢ ¥âáï ¢ á®áâ®ï­¨¨ x��+h(�); ¨
®¯¨á ­­ ï ¯à®æ¥¤ãà  à¥ «¨§ æ¨¨ ®¡à â­®© á¢ï§¨ (1.5) ¯®¢â®àï¥âáï. �«ï ­ ç «ì­®£® ¬®¬¥­â 
� = t� à §à ¡®â ­  á¯¥æ¨ «ì­ ï ¯à®æ¥¤ãà  [7].

� â®çª¨ §à¥­¨ï ¯à¨«®¦¥­¨© ¢¯®«­¥ ¤®áâ â®ç­® ¢¬¥áâ®  á¨¬¯â®â¨ç¥áª®£® á¢®©áâ¢  x(t)! 0,
t!1, ®¡¥á¯¥ç¨âì á¢®©áâ¢® kx(t)k ! o(h), t!1, ¥áâ¥áâ¢¥­­®¥ ¯à¨ ¤¨áªà¥â¨§ æ¨¨ ã¯à ¢«¥­¨©.
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1.2. �ãáâì �, 0 < � = Nh < 1, | ­¥ª®â®à®¥ ç¨á«® (¯ à ¬¥âà ¬¥â®¤ ), u(t), t � t�, |
¤¨áªà¥â­®¥ ¯à®£à ¬¬­®¥ ã¯à ¢«¥­¨¥: u(t) = u(t� + kh), t 2 [t� + kh; (k + 1)h], k = 0; 1; 2; : : : ;
x��(�) | á®áâ®ï­¨¥ á¨áâ¥¬ë (1.4) ¢ â¥ªãé¨© ¬®¬¥­â � 2 Th. � ª« áá¥ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨©
u(t), t 2 T (�), ¨ ªãá®ç­®-­¥¯à¥àë¢­ëå ã¯à ¢«¥­¨© u(t), t 2 [� + ���; � + �], à áá¬®âà¨¬ § ¤ çã
®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï, á®¯à®¢®¦¤ îéãî § ¤ çã áâ ¡¨«¨§ æ¨¨ á¨áâ¥¬ë (1.1),

B(�; x�� (�)) = min
Z �+�+�

�

ju(t)jdt;

x(n)(t) +
n�1X
i=0

ai(t)x
(i)(t) +

n�1X
i=0

a1i(t)x
(i)(t� �) = u(t); (1.6)

x�(�) = x�� (�); u(t) =
n�1X
i=0

a1i(t)x
(i)(t� �); t 2 [� + �; � + � + �];

x(i)(� + �) = 0; i = 0; n� 1; ju(t)j � L; t 2 T (�) = [�; � + � + �]:

�ëáâàë¥  «£®à¨â¬ë à¥è¥­¨ï § ¤ ç â¨¯  (1.6) ¤«ï ®¡ëª­®¢¥­­ëå á¨áâ¥¬ ¯à¥¤«®¦¥­ë ¢ [7].
�­¨ ¤®¯ãáª îâ ®¡®¡é¥­¨¥ ¨ ­  á¨áâ¥¬ë á § ¯ §¤ë¢ ­¨¥¬. �¡®§­ ç¨¬ ç¥à¥§ u0(t j �; x��(�)), t 2
T (�), | ®¯â¨¬ «ì­®¥ ¯à®£à ¬¬­®¥ ã¯à ¢«¥­¨¥ § ¤ ç¨ (1.6), X0

� | ¬­®¦¥áâ¢® á®áâ®ï­¨© x��(�),
¤«ï ª®â®àëå § ¤ ç  (1.6) ¨¬¥¥â à¥è¥­¨¥.

�¯à¥¤¥«¥­¨¥ 1.3. �ã­ªæ¨®­ «

u0(�; x� (�)) = u0(� j �; x� (�)); x�(�) 2 X
�
� (�); � 2 Th; (1.7)

­ §ë¢ ¥âáï ®¯â¨¬ «ì­ë¬ áâ àâ®¢ë¬ ã¯à ¢«¥­¨¥¬ â¨¯  ¤¨áªà¥â­®© ®¡à â­®© á¢ï§¨ § ¤ ç¨ (1.6).

�¥®à¥¬  1.1. �à¨ ¤®áâ â®ç­® ¬ «ëå h > 0 ®¡à â­ ï á¢ï§ì

u(t; xt(�)) = u0(t; xt(�)); xt(�) 2 X�
t (�); t 2 Th;

ï¢«ï¥âáï ®£à ­¨ç¥­­®© áâ ¡¨«¨§¨àãîé¥© ¤¨áªà¥â­®© ®¡à â­®© á¢ï§ìî ¤«ï á¨áâ¥¬ë (1:1).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¢ ®á­®¢­ëå ç¥àâ å ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢®  ­ «®£¨ç­®£® ãâ¢¥à-
¦¤¥­¨ï ¨§ [6]. �ãáâì § ¬ª­ãâ ï á¨áâ¥¬  ¢ ¬®¬¥­â � ­ å®¤¨âáï ¢ á®áâ®ï­¨¨ x�(�). �­ ç¥­¨¥
äã­ªæ¨¨ �¥««¬ ­  § ¤ ç¨ (1.6) ­  ¯®§¨æ¨¨ (�; x� (�)) à ¢­® B(�; x� (�)). �  ¯à®¬¥¦ãâª¥ [�; � + h]
¯®¤ ¤¨¬ ¢ á¨áâ¥¬ã (1.6) ã¯à ¢«¥­¨¥ u�(t) = u0(�; x� (�)), t 2 [�; � + h], ¯®á«¥ ç¥£® ®­  ¢ ¬®-
¬¥­â � + h ®ª ¦¥âáï ¢ á®áâ®ï­¨¨ x��+h(�). �§ ®£à ­¨ç¥­¨© § ¤ ç¨ (1.6) ¢¨¤­®, çâ® ã¯à ¢«¥-
­¨¥ u(t) = u0(t j �; x�� (�)), t 2 T (�); u(t) = u0(t � �j�; x�(�)), t 2 [� + �; � + � + �], ¯®à®-
¦¤ ¥â âà ¥ªâ®à¨î x0(t), t 2 [�; � + � + �] á® á¢®©áâ¢®¬ x0(t) � 0, t 2 [� + �; � + � + �].
�«ï ¯®§¨æ¨¨ (� + h; x��+h(�)) à áá¬®âà¨¬ ã¯à ¢«¥­¨¥ u(t) = u0(t j �; x�� (�)), t 2 [� + h; � + �];
u(� + �) = u0h(� + � � �); u(t) = u0(t + �), t 2 [� + � + h; � + � + �]; u(� + � + �) = 0, £¤¥

u0h(� + � � �) | â ª®¥ ç¨á«®, çâ® ju0h(� + � � �)j � h =
Z �+���+h

�+���

ju0(t)jdt. �â® ã¯à ¢«¥­¨¥ ¯®-

çâ¨ ¤®¯ãáâ¨¬®, ­  ­¥¬ ¢ë¯®«­ïîâáï ¢á¥ ®£à ­¨ç¥­¨ï § ¤ ç¨ (1.6), ªà®¬¥ x(� + � + h) = 0.
�®á«¥¤­¥¥ ¢ë¯®«­ï¥âáï á â®ç­®áâìî o(h): kx(� + � + h)k = o(h). �  à áá¬ âà¨¢ ¥¬®¬ ã¯à ¢«¥-
­¨¨ ªà¨â¥à¨© ª ç¥áâ¢  § ¤ ç¨ (1.6) à ¢¥­ B(�; x�� (�)). �®íâ®¬ã ¢ åã¤è¥¬ á«ãç ¥ ¡ã¤¥¬ ¨¬¥âì
B(�+h; x��+h(�)) � B(�; x�(�))+o(h). �à¨ ¤®áâ â®ç­® ¬ «ëå h > 0 ­ ©¤¥âáï â ª®¥ ç¨á«® q (­¥ § -
¢¨áïé¥¥ ®â �), ¯à¨ ª®â®à®¬ B(� + qh; x��+qh(�)) < B(�; x�(�)). � ª¨¬ ®¡à §®¬, äã­ªæ¨ï �¥««¬ ­ 
áâà®£® ã¡ë¢ ¥â ¢ ¬®¬¥­âë t� + qh, q = 1; 2; : : : , ¥á«¨ kx� (�)k 6= o(h). �®áª®«ìªã ®­  ¯à¨ ¢¥áì-
¬  ®¡é¨å ¯à¥¤¯®«®¦¥­¨ïå ®¯à¥¤¥«¥­­® ¯®«®¦¨â¥«ì­  ¨ ®¡« ¤ ¥â ¡¥áª®­¥ç­® ¬ «ë¬ ¢ëáè¨¬
¯à¥¤¥«®¬, â® x(t� + qh) ! o(h), q = 1; 2; : : : �á¯®«ì§ãï ®£à ­¨ç¥­­®áâì ã¯à ¢«¥­¨ï, ­¥âàã¤­®
¯®ª § âì, çâ® kx(t)k ! o(h), t!1.

�®¯®«­¨â¥«ì­ë¥ á¢®©áâ¢  ®¡à â­®© á¢ï§¨ (1.7), å à ªâ¥à¨§ãîé¨¥ à §¬¥àë ®¡« áâ¨ ¯à¨âï-
¦¥­¨ï X�

t�
(�) ¨ ª ç¥áâ¢® ¯¥à¥å®¤­ëå ¯à®æ¥áá®¢ ¢ (1.4),  ­ «®£¨ç­ë â¥¬, ª®â®àë¥ ¯à¨¢¥¤¥­ë ¢

[5], [6] ¤«ï ®¡ëª­®¢¥­­ëå á¨áâ¥¬.
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�¥ «¨§ æ¨ï ®¡à â­®© á¢ï§¨ (1.7) á ¯®¬®éìî à¥£ã«ïâ®à®¢  ­ «®£¨ç­  ®¯¨á ­­®© ¢ [6].

1.3. � áá¬®âà¨¬ â¥¯¥àì ¡®«¥¥ ®¡éãî á¨áâ¥¬ã á § ¯ §¤ë¢ ­¨¥¬

_x(t) = A(t)x(t) +A1(t)x(t� �) +B(t)u(t); (1.8)

¢ ª®â®à®© x(t), u(t) | n-¢¥ªâ®àë, A(t), A1(t), B(t), t � t�, | ®£à ­¨ç¥­­ë¥ ªãá®ç­®-­¥¯à¥àë¢­ë¥
n� n-¬ âà¨ç­ë¥ äã­ªæ¨¨, jdet B(t)j > � > 0, t � t�.

�®áâ®ï­¨¥ á¨áâ¥¬ë (1.8) ¨¬¥¥â ¢¨¤ xt(�) = x(s), t � � � s � t. �®­ïâ¨ï áâ ¡¨«¨§¨àãîé¥©
®£à ­¨ç¥­­®© ¤¨áªà¥â­®© ®¡à â­®© á¢ï§¨ ¢¢®¤ïâáï  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã á«ãç î.

�®¯à®¢®¦¤ îé ï § ¤ ç  ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï â¥¯¥àì ¯à¨¬¥â ¢¨¤

B(�; x�� (�)) = min
u

Z �+�+�

�

ku(t)kdt;

_x(t) = A(t)x(t) +A1(t)x(t� �) +B(t)u(t); x� (�) = x��(�);

u(t) = B�1(t)A(t)x(t � �); t 2 [� + �; � + � + �]; x(� + �) = 0;

ku(t)k � L; t 2 T (�) = [�; � + � + �]:

�¤¥áì x�� (�) | á®áâ®ï­¨¥ á¨áâ¥¬ë (1.8) ¢ ¬®¬¥­â � ; u(t), t 2 [�; � + �], | ¤¨áªà¥â­®¥ ã¯à ¢«¥­¨¥;
u(t), t 2 [� + �; � + � + �], | ªãá®ç­®-­¥¯à¥àë¢­®¥ ã¯à ¢«¥­¨¥.

�áá«¥¤®¢ ­¨¥ § ¤ ç¨ ¯®áâà®¥­¨ï ®£à ­¨ç¥­­®© áâ ¡¨«¨§¨àãîé¥© ¤¨áªà¥â­®© ®¡à â­®© á¢ï-
§¨ ¯à®¢®¤¨âáï ª ª ¢ ¯. 1.2.

1.4. �¥à¥©¤¥¬ ª á¨áâ¥¬¥ á § ¯ §¤ë¢ ­¨¥¬, áâ ¡¨«¨§ æ¨ï ª®â®à®© á«®¦­¥¥ ¯à¥¤ë¤ãé¨å § -
¤ ç. � áá¬®âà¨¬ á¨áâ¥¬ã

_x(t) = A(t)x(t) +A1(t)x(t� �) + b(t)u(t): (1.9)

�¤¥áì u(t) | áª «ïà, §­ ç¥­¨¥ ã¯à ¢«¥­¨ï ¢ ¬®¬¥­â t, b(t), t � t�, | ®£à ­¨ç¥­­ ï ªãá®ç­®-
­¥¯à¥àë¢­ ï n-¢¥ªâ®à-äã­ªæ¨ï, ®áâ «ì­ë¥ í«¥¬¥­âë ®¡« ¤ îâ â¥¬¨ ¦¥ á¢®©áâ¢ ¬¨, çâ® ¨ ¢
(1.8).

�«®¦­®áâì § ¤ ç¨ áâ ¡¨«¨§ æ¨¨ á¨áâ¥¬ë (1.9) ®¯à¥¤¥«ï¥âáï á«®¦­®áâìî ¯à®æ¥¤ãàë ã¯à -
¢«¥­¨ï â ª¨¬¨ á¨áâ¥¬ ¬¨, ¢ ª®â®àëå ­  n ¯¥à¥¬¥­­ëå x1(t); : : : ; xn(t) ¯à¨å®¤¨âáï â®«ìª® ®¤­ 
¯¥à¥¬¥­­ ï ã¯à ¢«¥­¨ï u(t).

�®¯à®¢®¦¤ îé ï § ¤ ç  â¥¯¥àì ¨¬¥¥â ¢¨¤

B(�; x�� (�)) = min
u

Z �+�+�

�

ju(t)jdt; (1.10)

_x(t) = A(t)x(t) +A1(t)x(t� �) + b(t)u(t); x� (�) = x��(�);

A1(t)x(t� �) + b(t)u(t) = 0; t 2 [� + �; � + � + �];

x(� + �) = 0; ju(t)j � L; t 2 T (�) = [�; � + � + �]:

�¤¥áì u(t), t 2 [�; � + �], | ¤¨áªà¥â­®¥ ã¯à ¢«¥­¨¥; u(t), t 2 [� + �; � + � + �], | ªãá®ç­®-
­¥¯à¥àë¢­®¥ ã¯à ¢«¥­¨¥.

� ¬¥ç ­¨¥ 1.1. �«®¦­®áâì § ¤ ç¨ (1.10) ®¯à¥¤¥«ï¥âáï ®£à ­¨ç¥­¨¥¬ ­  [�+�; �+�+�]. �à¨
ä ªâ¨ç¥áª®¬ à¥è¥­¨¨ à §ã¬­® § ¬¥­¨âì ¥£® ­ �e" � A1(t)x(t��)+b(t)u(t) � e", t 2 [�+�; �+��],
£¤¥ e = (1; : : : ; 1) 2 Rn, " > 0 | ¤®áâ â®ç­® ¬ «®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®.

1.5. � áá¬®âà¨¬, ­ ª®­¥æ, ¤¨­ ¬¨ç¥áªãî á¨áâ¥¬ã á § ¯ §¤ë¢ ­¨¥¬ ¢ ã¯à ¢«¥­¨¨

_x(t) = A(t)x(t) + b(t)u(t� �); x(t) 2 Rn; u(t) 2 R:

�ãáâì ut(�) = (u(s), t � � � s < t), Ut(�) = fut(�) : ju(s)j � L, t � � � s � tg. �®áâ®ï­¨¥¬
á¨áâ¥¬ë (1.10) ¢ ¬®¬¥­â t ¡ã¤¥¬ ­ §ë¢ âì ¯ àã (x(t); ut(�)). �®£¤  (t; x(t); ut(�)) | ¯®§¨æ¨ï ¢
¬®¬¥­â t; x(t) 2 Xt � Rn.
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�¯à¥¤¥«¥­¨¥ 1.4. �ã­ªæ¨®­ «

u = u(t; x(t); u(�)); x(t) 2 Xt; ut(�) 2 Ut(�); t � t�; u(t; 0) = 0; t � t�;

­ §ë¢ ¥âáï áâ ¡¨«¨§¨àãîé¥© ®¡à â­®© á¢ï§ìî, ¥á«¨ ­ã«¥¢®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï

_x(t) = A(t)x(t) + b(t)u(t; x(t); ut(�)) (1.11)

 á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ¢ Xt� ¤«ï ¢á¥å ut�(�) 2 Ut�(�).

�®­ïâ¨ï ®£à ­¨ç¥­­®© ¤¨áªà¥â­®© ®¡à â­®© á¢ï§¨ ¢¢®¤ïâáï ¯®  ­ «®£¨¨ á ¯à¥¤ë¤ãé¨¬¨
á«ãç ï¬¨.

� æ¥«ìî à¥ «¨§ æ¨¨ ®£à ­¨ç¥­­ëå áâ ¡¨«¨§¨àãîé¨å ¤¨áªà¥â­ëå ®¡à â­ëå á¢ï§¥© à áá¬®-
âà¨¬ ¢ ª« áá¥ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨© u(t), t 2 T (�), á«¥¤ãîéãî á®¯à®¢®¦¤ îéãî § ¤ çã
®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï:

B(�; x�(�); u� (�)) = min
Z �+���

�

ju(t)jdt;

_x(t) = A(t)x(t) + b(t)u(t� �); x(�) = x�(�); u� (�) = u��(�); (1.12)

x(� + �) = 0; u(t) = 0; t 2 [t+ � � �; � + �];

ju(t)j � L; t 2 T (�) = [�; � + �]:

�â ¡¨«¨§¨àãîé ï ®¡à â­ ï á¢ï§ì, ¯®áâà®¥­­ ï ¯® ®¯â¨¬ «ì­®¬ã áâ àâ®¢®¬ã ã¯à ¢«¥­¨î
â¨¯  ¤¨áªà¥â­®© á¢ï§¨ § ¤ ç¨ (1.12), ®¡¥á¯¥ç¨¢ ¥â  á¨¬¯â®â¨ç¥áªãî ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥-
è¥­¨ï § ¬ª­ãâ®© á¨áâ¥¬ë (1.11) ¯à¨ x(t)! 0, t!1.

1.6. �ëè¥ à áá¬ âà¨¢ «áï â®«ìª® ®¤¨­ â¨¯ á®¯à®¢®¦¤ îé¨å § ¤ ç ®¯â¨¬ «ì­®£® ã¯à ¢«¥-
­¨ï. �à¨ ¨á¯®«ì§®¢ ­¨¨ ¤àã£¨å â¨¯®¢ § ¤ ç ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¬®¦­® áâà®¨âì áâ ¡¨«¨-
§¨àãîé¨¥ ®¡à â­ë¥ á¢ï§¨, ®¡¥á¯¥ç¨¢ îé¨¥ ¤àã£¨¥ ª ç¥áâ¢¥­­ë¥ á¢®©áâ¢  ¯¥à¥å®¤­ëå ¯à®æ¥á-
á®¢ ¢ § ¬ª­ãâëå á¨áâ¥¬ å.

2. � ¡«î¤ â¥«¨ á¨áâ¥¬ á § ¯ §¤ë¢ ­¨¥¬

� á®¢à¥¬¥­­®© â¥®à¨¨ ã¯à ¢«¥­¨ï ­ ¡«î¤ â¥«¨ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ¨á¯®«ì§ãîâáï ¯à¨ á¨­-
â¥§¥ ®¡à â­ëå á¢ï§¥© ¯® ¢ëå®¤ã. �­¨ ¯à¥®¡à §ãîâ ¤®áâã¯­ë¥ á¨£­ «ë ¨§¬¥à¨â¥«ì­ëå ãáâà®©áâ¢
¢ ®æ¥­ª¨ á®áâ®ï­¨© ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬, ­  ¡ §¥ ª®â®àëå à¥£ã«ïâ®àë ¢ëà ¡ âë¢ îâ ã¯à ¢«ï-
îé¨¥ ¢®§¤¥©áâ¢¨ï. � ­¥ãª«®­­ë¬ à®áâ®¬ à §¬¥à­®áâ¨ ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥© ¨áá«¥¤ã¥¬ëå
¢ ­ è¨ ¤­¨ ä¨§¨ç¥áª¨å á¨áâ¥¬ §­ ç¥­¨¥ ­ ¡«î¤ â¥«¥© ¢®§à áâ ¥â, ¯®áª®«ìªã, ª ª ¯à ¢¨«®, á
¯®¢ëè¥­¨¥¬ â®ç­®áâ¨ ¬®¤¥«¨à®¢ ­¨ï ª®«¨ç¥áâ¢® ¤®áâã¯­ëå ¢ëå®¤­ëå á¨£­ «®¢ ­¥ ¬¥­ï¥âáï. �
[8] à áá¬®âà¥­  § ¤ ç  á¨­â¥§  ­¥«¨­¥©­ëå ­ ¡«î¤ â¥«¥© ®¡ëª­®¢¥­­ëå ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬.
�¨¦¥  ­ «®£¨ç­ ï § ¤ ç  à¥è ¥âáï ¤«ï á¨áâ¥¬ á § ¯ §¤ë¢ ­¨¥¬.

2.1. �ãáâì ­  ¯à®¬¥¦ãâª¥ ¢à¥¬¥­¨ t � t� ¯®¢¥¤¥­¨¥ ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë ®¯¨áë¢ ¥âáï
ãà ¢­¥­¨¥¬

_x(t) = A(t)x(t) +A1(t)x(t� �); (2.1)

£¤¥, ª ª ¨ ¢ëè¥, x(t) | n-¢¥ªâ®à, A(t), A1(t), t � t�, | ®£à ­¨ç¥­­ë¥ ªãá®ç­®-­¥¯à¥àë¢­ë¥
n� n-¬ âà¨ç­ë¥ äã­ªæ¨¨, �, 0 < � <1, | § ¯ §¤ë¢ ­¨¥.

�ã¤¥¬ áç¨â âì, çâ® ¢áï ¤®áâã¯­ ï ¨­ä®à¬ æ¨ï ® ¯®¢¥¤¥­¨¨ á¨áâ¥¬ë (2.1) ¨áç¥à¯ë¢ ¥âáï
§ ¤ ­¨¥¬ ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢ Xt�(�) ¢®§¬®¦­ëå ­ ç «ì­ëå á®áâ®ï­¨© xt�(�) = x(s), t��� �
s � t�, ¨ á¨£­ «®¬ y(t), t � t�, ¨§¬¥à¨â¥«ì­®£® ãáâà®©áâ¢ 

y(t) = c0(t)x(t) (2.2)

á ­¥¯à¥àë¢­®© n-¢¥ªâ®à-äã­ªæ¨¥© c(t), t � t�.
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�ãáâì � , � � t�, | â¥ªãé¨© ¬®¬¥­â ¢à¥¬¥­¨, x�(�) | â¥ªãé¥¥ á®áâ®ï­¨¥ á¨áâ¥¬ë (2.1),
y� [�] = y(s), t� � s � � , | á¨£­ « ãáâà®©áâ¢  (2.2), § ¯¨á ­­ë© ª ¬®¬¥­âã � , Y� [�] | ¬­®¦¥áâ¢®
¢®§¬®¦­ëå á¨£­ «®¢ y� [�].

�¯à¥¤¥«¥­¨¥ 2.1. �¨­ ¬¨ç¥áªãî á¨áâ¥¬ã

_z(t) = f(t; zt(�); yt[�]); zt� = '(�); (2.3)

­ §®¢¥¬ ­ ¡«î¤ â¥«¥¬ á¨áâ¥¬ë (2.1), ¥á«¨ ¤«ï «î¡ëå yt[�] 2 Yt[�], t � t�, à¥è¥­¨ï xt(�), zt(�),
t � t�, ãà ¢­¥­¨© (2.1), (2.3) ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨î

kzt(�)� xt(�)k ! 0; t!1; kxt(�)k = max
t���s�t

kx(s)k: (2.4)

� ¡«î¤ â¥«¨ (2.3) ¡ã¤¥¬ áâà®¨âì á ¯®¬®éìî á¨áâ¥¬ë ã¯à ¢«¥­¨ï

_z(t) = A(t)z(t) +A1(t)z(t� �) +B(t)u(t); zt�(�) = 't�(�); (2.5)

¢ ª®â®à®© B(t), t � t�, | ®£à ­¨ç¥­­ ï ªãá®ç­®-­¥¯à¥àë¢­ ï n�n-¬ âà¨ç­ ï äã­ªæ¨ï, u(t) |
§­ ç¥­¨¥ n-¢¥ªâ®à  ã¯à ¢«¥­¨ï ¢ ¬®¬¥­â t; detB(t) � � > 0, t � t�.

� â¥à¬¨­ å á¨áâ¥¬ë ã¯à ¢«¥­¨ï (2.5) § ¤ ç  ¯®áâà®¥­¨ï ­ ¡«î¤ â¥«ï (2.3) á¢®¤¨âáï ª á¨­-
â¥§ã ®¡à â­®© á¢ï§¨

u = u(t; zt(�); yt[�]); zt(�) 2 Zt(�); yt[�] 2 Yt[�]; t � t�; (2.6)

¨ ­ ç «ì­®£® á®áâ®ï­¨ï 't�(�), ¯à¨ ª®â®àëå § ¬ª­ãâ ï á¨áâ¥¬ 

_z(t) = A(t)z(t) +A1(t)z(t� �) +B(t)u(t; zt(�); yt[�]); zt�(�) = 't� ; (2.7)

ï¢«ï¥âáï ­ ¡«î¤ â¥«¥¬ á¨áâ¥¬ë (2.1).
�¡à â­ ï á¢ï§ì (2.6) ®¯à¥¤¥«¥­  ­  ®á¨ ­¥¯à¥àë¢­®£® ¢à¥¬¥­¨ t � t�, â. ¥. ¬®¦¥â ¬¥­ïâì á¢®¨

§­ ç¥­¨ï ¢ «î¡®© ¬®¬¥­â ¢à¥¬¥­¨ t � t�. � ª ¨ ¢ëè¥, ¡ã¤¥¬ áâà®¨âì ¤¨áªà¥â­ë¥ ®¡à â­ë¥
á¢ï§¨, ª®â®àë¥ ¬®£ãâ ¬¥­ïâì á¢®¨ §­ ç¥­¨ï â®«ìª® ¢ ¤¨áªà¥â­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ t 2 Th =
ft�; t

� + h; t� + 2h; : : : g, £¤¥ h > 0 | ¯¥à¨®¤ ª¢ ­â®¢ ­¨ï ¢à¥¬¥­¨. �à¨ ¤®áâ â®ç­® ¬ «ëå h
(çâ® ¯à¥¤¯®« £ ¥âáï ¢ ¤ «ì­¥©è¥¬) ª ç¥áâ¢® ¤¨áªà¥â­ëå ®¡à â­ëå á¢ï§¥© ¬ «® ®â«¨ç ¥âáï ®â
ª ç¥áâ¢  ­¥¯à¥àë¢­ëå  ­ «®£®¢.

�à¨ á¨­â¥§¥ ®¡à â­ëå á¢ï§¥© ¡®«ìè®¥ §­ ç¥­¨¥ ¨¬¥¥â £¥®¬¥âà¨ç¥áª®¥ ®£à ­¨ç¥­¨¥

ku(t; xt(�); yt[�])k � L; zt(�) 2 Zt(�); yt[�] 2 Yt[�]; t 2 Th: (2.8)

�¨¦¥ ®¡à â­ë¥ ¤¨áªà¥â­ë¥ á¢ï§¨ ¡ã¤¥¬ áâà®¨âì á ãç¥â®¬ ®£à ­¨ç¥­¨ï (2.8).
�à ¥ªâ®à¨ï ­¥«¨­¥©­®© § ¬ª­ãâ®© á¨áâ¥¬ë (2.7), ¯®«ãç¥­­®© ¯®á«¥ § ¬ëª ­¨ï á¨áâ¥¬ë

(2.1) ¤¨áªà¥â­®© ®¡à â­®© á¢ï§ìî (2.6), ¯à¥¤áâ ¢«ï¥â âà ¥ªâ®à¨î «¨­¥©­®© á¨áâ¥¬ë (2.1) á
­ ç «ì­ë¬ ãá«®¢¨¥¬ zt�(�) = 't�(�) ¨ ã¯à ¢«¥­¨¥¬

u(t) = u(t� + kh; zt�+kh(�); yt�+kh[�]); t 2 [t� + kh; t� + (k + 1)h]; k = 0; 1; 2; : : :

�®á«¥ ¯¥à¥å®¤  ª ¤¨áªà¥â­ë¬ ®¡à â­ë¬ á¢ï§ï¬ ¥áâ¥áâ¢¥­­® á®®â­®è¥­¨¥ (2.4) § ¬¥­¨âì ­ 
á«¥¤ãîé¥¥:

kzt(�) � xt(�)k ! o(h); t!1:

�ãáâì � 2 Th | â¥ªãé¨© ¬®¬¥­â ¢à¥¬¥­¨, � � (M +1)h, Mh = �; z�� (�) | â¥ªãé¥¥ á®áâ®ï­¨¥
­ ¡«î¤ â¥«ï (2.7), y� [�] | á¨£­ « ãáâà®©áâ¢  (2.2), § ¯¨á ­­ë© ª ¬®¬¥­âã � , 0 = �0(�) < �1(�) <
� � � < �Mn(�) | ­¥ª®â®àë¥ ç¨á« , ªà â­ë¥ h; ¢ë¯®«­ï¥âáï ãá«®¢¨¥ ­ ¡«î¤ ¥¬®áâ¨

rank

0
B@ c0(� � �i(�))F (� � �i(�); t�);

Z t��kh

t��(k+1)h

c0(� � �i(�))�

�F (� � �i(�); s+ �)A1(s+ �)ds; k = 0;M � 1; i = 0;Mn

1
CA = (M + 1)n;
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£¤¥ F (t; s), t � s, | äã­¤ ¬¥­â «ì­ ï n � n-¬ âà¨æ  à¥è¥­¨© ãà ¢­¥­¨ï (2.1); xk(�) 2 Rn,
k = �1;M � 1, | à¥è¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨©

c0(� � �i(�))F (� � �i(�); t�)x�1 +
M�1X
k=0

Z t��kh

t��(k+1)h

c0(� � �i(�))�

�F (� � �i(�); s+ �)A1(s+ �)ds xk = y(� � �i(�)); i = 0;Mn;

bx(t) = F (t; t�)x�1(�) +
M�1X
k=0

Z t��kh

t��(k+1)h

F (t; s+ �)A1(s+ �)ds xk(�); t � t�:

� ª« áá¥ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨© u(t), t 2 [�; � + �], ¨ ªãá®ç­®-­¥¯à¥àë¢­ëå ã¯à ¢«¥­¨©
u(t), t 2 [�+�; �+�+�], à áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ãî (á®¯à®¢®¦¤ îéãî) § ¤ çã ®¯â¨¬ «ì­®£®
ã¯à ¢«¥­¨ï

B(�; z�� (�); y� [�]) = min
Z �+�+�

�

ku(t)kdt;

_z(t) = A(t)z(t) +A1(t)z(t� �) +B(t)u(t); z� (�) = z�� (�); (2.9)

B(t)u(t) +A1(t)z(t� �)�A1(t)bx(t� �) = 0; t 2 [� + �; � + � + �];

z(� + �) = bx(� + �); ku(t)k � L; t 2 [�; � + � + �]:

�¤¥áì B(t), t 2 [�; � + � + �], | ®£à ­¨ç¥­­ ï ªãá®ç­®-­¥¯à¥àë¢­ ï n� n-¬ âà¨ç­ ï äã­ªæ¨ï,
®¡¥á¯¥ç¨¢ îé ï ã¯à ¢«ï¥¬®áâì á¨áâ¥¬ë (2.9), detB(t) � � > 0, t � t�, u(t) | n-¢¥ªâ®à ã¯à ¢«¥-
­¨ï, � = Nh| ¯ à ¬¥âà ¬¥â®¤ . �¡§­ ç¨¬ ç¥à¥§ u0(tj�; z�� (�); y� [�]), t 2 [�; �+�+�], ®¯â¨¬ «ì­®¥
¯à®£à ¬¬­®¥ ã¯à ¢«¥­¨¥ § ¤ ç¨ (2.9), Z� (�) | ¬­®¦¥áâ¢® ¢á¥å á®áâ®ï­¨©, ¤«ï ª®â®àëå § ¤ ç 
(2.9) ¨¬¥¥â à¥è¥­¨¥ ¤«ï ¢á¥å y� [�] 2 Y� [�].

�¯à¥¤¥«¥­¨¥ 2.2. �ã­ªæ¨ï

u0(�; z� (�); y� [�]) = u0(� j �; z� (�); y� [�]);

z� (�) 2 Z�(�); y� [�] 2 Y� [�]; � 2 Th;

­ §ë¢ ¥âáï ®¯â¨¬ «ì­ë¬ áâ àâ®¢ë¬ ã¯à ¢«¥­¨¥¬ â¨¯  ¤¨áªà¥â­®© ®¡à â­®© á¢ï§¨ § ¤ ç¨ (2.9).

�«ï à¥è¥­¨ï § ¤ ç¨ (2.9) ¬®¦­® ®¡®¡é¨âì ¡ëáâàë¥  «£®à¨â¬ë, à §à ¡®â ­­ë¥ ¢ [7], [9] ¤«ï
®¡ëª­®¢¥­­ëå á¨áâ¥¬.

�¥®à¥¬  2.1. �¡à â­ ï á¢ï§ì

u(t; zt(�); yt[�]) = u0(t; zt(�); yt[�]);

zt(�) 2 Zt(�); yt[�] 2 Yt[�]; t 2 Th;

¨ á®áâ®ï­¨¥ zt�(�) 2 Zt�(�) á¨­â¥§¨àãîâ ­ ¡«î¤ â¥«ì (2:7).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.1, á ®¤­®© áâ®à®­ë, ®á­®¢ ­® ­  ¤®ª § â¥«ìáâ¢¥  ­ «®£¨ç­®© â¥-
®à¥¬ë ¤«ï ®¡ëª­®¢¥­­ëå ­ ¡«î¤ â¥«¥© [8],   á ¤àã£®© | ­  ¤®ª § â¥«ìáâ¢¥ áâ ¡¨«¨§¨àãîé¨å
á¢®©áâ¢ ®¯â¨¬ «ì­ëå ®¡à â­ëå á¢ï§¥© ¤«ï á¨áâ¥¬ á § ¯ §¤ë¢ ­¨¥¬ (á¬. ¯. 1.1).

� ¬¥ç ­¨¥ 2.1. � ç «ì­®¥ á®áâ®ï­¨¥ 't�(�) á¨áâ¥¬ë (2.1) áç¨â «®áì ¯à®¨§¢®«ì­®© ­¥¯à¥-
àë¢­®© (ªãá®ç­®-­¥¯à¥àë¢­®©) äã­ªæ¨¥© ¨§Xt�(�). � áâ® ®­® ¯à¨­ ¤«¥¦¨â ¡®«¥¥ ã§ª®¬ã ª« ááã
äã­ªæ¨©. � ¯à¨¬¥à, '(t�) = '0 2 R

n, '(t) � 0, t 2 [t� � �; t�]. � â ª¨å á«ãç ïå § ¤ ç  á¨­â¥§ 
­ ¡«î¤ â¥«ï ã¯à®é ¥âáï.

� ¬¥ç ­¨¥ 2.2. �à¨ ¤«¨â¥«ì­ëå ¯à®æ¥áá å ­ ¡«î¤¥­¨ï ¬®¦­® ¨á¯®«ì§®¢ âì áª®«ì§ïé¥¥
­ ¡«î¤¥­¨¥ [10], ¯à¨ ª®â®à®¬ ¯à®æ¥ááë ­ ¡«î¤¥­¨ï ¢¥¤ãâáï ­  ¯à®¬¥¦ãâª å [���; � ] § ¤ ­­®©
¯à®¤®«¦¨â¥«ì­®áâ¨. �¥®¡å®¤¨¬ë¥ ¨§¬¥­¥­¨ï ¢ ®¯¨á ­­ë¥ ¢ëè¥ ¯à®æ¥¤ãàë ®ç¥¢¨¤­ë.
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� ¬¥ç ­¨¥ 2.3. �®¢®ªã¯­®áâì xi(t), i = �1;M � 1, ­¥ ®¡ï§ â¥«ì­® áâà®¨âì ¢ ª ¦¤ë© ¬®-
¬¥­â � 2 Th. � ¯à¥¤¥«ì­®¬ á«ãç ¥ (á¬. ¢ëè¥) ¬®¦­® ­ ©â¨ ¥¥ â®«ìª® ®¤¨­ à §.

2.2. � áá¬®âà¨¬ â¥¯¥àì ¯à®¡«¥¬ã ­ ¡«î¤¥­¨ï á¨áâ¥¬ á § ¯ §¤ë¢ ­¨¥¬ ¢ ãá«®¢¨ïå ¯®áâ®ï­­®
¤¥©áâ¢ãîé¨å ¢®§¬ãé¥­¨©

_x(t) = A(t)x(t) +A1(t)x(t� �) + d(t)w(t):

�¤¥áì w(t), t � t�, | ­¥¨§¢¥áâ­®¥ áª «ïà­®¥ ®£à ­¨ç¥­­®¥ ¢®§¬ãé¥­¨¥.
� ¤ ç  á¨­â¥§  ­ ¡«î¤ â¥«¥© ¤«ï ®¡ëª­®¢¥­­ëå á¨áâ¥¬ á ¢®§¬ãé¥­¨ï¬¨ ¨áá«¥¤®¢ ­  ¢

[8]. � ¬ ®­  à¥è¥­  ¢ ª« áá¥ ¢®§¬ãé¥­¨©, £¥­¥à¨àã¥¬ëå ®¡ëª­®¢¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨
ãà ¢­¥­¨ï¬¨ á ­¥¨§¢¥áâ­ë¬ ­ ç «ì­ë¬ á®áâ®ï­¨¥¬. � íâ®¬ á«ãç ¥ § ¤ ç  á¢®¤¨« áì ª áâ ­-
¤ àâ­®© § ¤ ç¥ ­ ¡«î¤¥­¨ï á®áâ®ï­¨ï ®¡ëª­®¢¥­­®© ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë.

�á«¨ ¨á¯®«ì§®¢ âì ¯à¨¢¥¤¥­­ë¥ ¢ëè¥ à¥§ã«ìâ âë ¯® ­ ¡«î¤¥­¨î á¨áâ¥¬ á § ¯ §¤ë¢ ­¨¥¬,
â®, á«¥¤ãï áå¥¬¥ [8], ¬®¦­® à áè¨à¨âì ª« áá ¢®§¬®¦­ëå ¢®§¬ãé¥­¨© ¨ ¢ ª ç¥áâ¢¥ ¢®§¬ãé¥­¨©
à áá¬ âà¨¢ âì à¥è¥­¨ï (¢ëå®¤­ë¥ á¨£­ «ë) ­¥áâ æ¨®­ à­ëå á¨áâ¥¬ á § ¯ §¤ë¢ ­¨¥¬ á ­¥¨§-
¢¥áâ­®© äã­ªæ¨¥© '(�) ­ ç «ì­®£® á®áâ®ï­¨ï

w(t) = q0(t)y(t); _y(t) = D(t)y(t) +D1(t)y(t� �); yt�(�) =  t�(�):

3. �â ¡¨«¨§ æ¨ï á¨áâ¥¬ á § ¯ §¤ë¢ ­¨¥¬ ¯® ¢ëå®¤­ë¬ á¨£­ « ¬

3.1. � áá¬®âà¨¬ á¨áâ¥¬ã ã¯à ¢«¥­¨ï á § ¯ §¤ë¢ ­¨¥¬ ¢ ä §®¢ëå ¯¥à¥¬¥­­ëå

_x(t) = A(t)x(t) +A1(t)x(t� �) +B(t)u(t): (3.1)

�¤¥áì x(t), u(t) | n-¢¥ªâ®àë, A(t), A1(t), B(t), t � t�, | ®£à ­¨ç¥­­ë¥ ªãá®ç­®-­¥¯à¥àë¢­ë¥
n� n-¬ âà¨ç­ë¥ äã­ªæ¨¨, �, 0 < � <1, | § ¯ §¤ë¢ ­¨¥, detB(t) � � > 0, t � t�.

�ãáâì ­ ç «ì­®¥ á®áâ®ï­¨¥ xt�(�) = 't�(�) ­¥¨§¢¥áâ­®, ­® ¨§¢¥áâ­® ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢®
Xt�(�), ª®â®à®¬ã ®­® ¯à¨­ ¤«¥¦¨â. �­ä®à¬ æ¨ï ® ¯®¢¥¤¥­¨¨ x(t), t � t�, á¨áâ¥¬ë (3.1) ¢ ¯à®æ¥áá¥
ã¯à ¢«¥­¨ï ¯®áâã¯ ¥â ®â ¨§¬¥à¨â¥«ì­®£® ãáâà®©áâ¢  (2.2).

�à¥¤¯®«®¦¨¬, çâ® yt[�] = y(s), t� � s � � , | ¨­ä®à¬ æ¨ï, § ¯¨á ­­ ï ª ¬®¬¥­âã � , Yt[�] |
¬­®¦¥áâ¢® ¢®§¬®¦­ëå á¨£­ «®¢ yt[�].

�¯à¥¤¥«¥­¨¥ 3.1. �ã­ªæ¨®­ «

u = u(t; yt[�]); yt 2 Yt[�]; t � t�; u(t; 0) = 0; t � t�; (3.2)

­ §ë¢ ¥âáï áâ ¡¨«¨§¨àãîé¥© ®¡à â­®© á¢ï§ìî ¯® ¢ëå®¤ã, ¥á«¨ ­ã«¥¢®¥ à¥è¥­¨¥ x(t) = 0, t � t�,
§ ¬ª­ãâ®© á¨áâ¥¬ë

_x(t) = A(t)x(t) +A1(t)x(t� �) +B(t)u(t; yt[�]); y(t) = c0(t)x(t); (3.3)

 á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ¢ Xt�(�).

�¤¨­ ¨§ ¯à ªâ¨ç¥áª¨å á¯®á®¡®¢ ¯®áâà®¥­¨ï áâ ¡¨«¨§¨àãîé¨å ®¡à â­ëå á¢ï§¥© ¯® ¢ëå®¤ã
(3.2), (3.3) á®áâ®¨â ¢® ¢ª«îç¥­¨¨ ¢ ª ­ « yt[�] ! u ­ ¡«î¤ â¥«ï, § ¤ ç  ª®â®à®£® | áâà®¨âì
¯® ¢ëå®¤­ë¬ á¨£­ « ¬ yt[�] ®æ¥­ª¨ zt(�) á®áâ®ï­¨© xt(�), ¨á¯®«ì§ã¥¬ë¥ ¤ «¥¥ à¥£ã«ïâ®à®¬ ¤«ï
¢ëà ¡®âª¨ ã¯à ¢«ïîé¥£® ¢®§¤¥©áâ¢¨ï u = u(t) = u(t; zt(�)). � ª®© ¯®¤å®¤ ®â«¨ç ¥âáï ®â ¬¥â®¤ 
á®§¤ ­¨ï £ à ­â¨àãîé¨å ã¯à ¢«¥­¨© [11], ¢ ª®â®à®¬ ®æ¥­ª¨ á®áâ®ï­¨© ­¥ áâà®ïâáï,   ¤®áâã¯-
­ ï ¨­ä®à¬ æ¨ï yt[�] ¨á¯®«ì§ã¥âáï ­¥¯®áà¥¤áâ¢¥­­® ¤«ï ¢ëç¨á«¥­¨ï £ à ­â¨à®¢ ­­ëå ®æ¥­®ª
äã­ªæ¨®­ «®¢ ¬­®¦¥áâ¢, ­¥®¡å®¤¨¬ëå ¤«ï â®ç­®£® à¥è¥­¨ï § ¤ ç¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï.

�«¥¤ãï [8], ¤¨­ ¬¨ç¥áªãî á¨áâ¥¬ã ã¯à ¢«¥­¨ï

_z(t) = A(t)z(t) +A1(t)z(t� �) +D(t)v(t); zt�(�) = z0(�); (3.4)

­ §®¢¥¬ ¡ §®© ­ ¡«î¤ â¥«ï, ¥á«¨ ­ ©¤¥âáï â ª ï ®¡à â­ ï á¢ï§ì

v = v(t; zt(�); yt[�]); zt(�) 2 Z(�); yt[�] 2 Yt[�]; t � t�;
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¯à¨ ª®â®à®© à¥è¥­¨ï z(t), t � t�, § ¬ª­ãâ®© á¨áâ¥¬ë (­ ¡«î¤ â¥«ï)

_z(t) = A(t)z(t) +A1(t)z(t� �) +D(t)v(t; zt(�); yt[�]); zt�(�) = z0(�);

®¡« ¤ îâ á¢®©áâ¢®¬

zt(�)! xt(�); t!1; (3.5)

¯à¨ ¢á¥å yt[�] 2 Yt[�], t � t�.
� (3.4) D(t), detD(t) � � > 0, t � t�, | ®£à ­¨ç¥­­ ï ªãá®ç­®-­¥¯à¥àë¢­ ï n�n-¬ âà¨ç­ ï

äã­ªæ¨ï, ¯à¥¤¥« ¢ (3.5) ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ ­®à¬ë kxt(�)k = max kx(s)k, t� � � s � t, kxk =
max jxij, i = 1; n.

�ã¤¥¬ £®¢®à¨âì, çâ® ­ ç «ì­®¥ á®áâ®ï­¨e z0(�) ¨ ®¡à â­ë¥ á¢ï§¨

u = u(t; zt(�)); v = v(t; zt(�); yt[�]); zt(�) 2 Zt(�); yt[�] 2 Yt[�]; t � t�; (3.6)

à¥ «¨§ãîâ áâ ¡¨«¨§¨àãîéãî ®¡à â­ãî á¢ï§ì ¯® ¢ëå®¤ã (2.2), (3.2), ¥á«¨ à¥è¥­¨ï (xt(�); zt(�)),
t � t�, á¨áâ¥¬ë ãà ¢­¥­¨©

_x(t) = A(t)x(t) +A1(t)x(t� �) +B(t)u(t; zt(�)); xt�(�) = 't� ;

_z(t) = A(t)z(t) +A1(t)z(t� �) +D(t)v(t; zt(�); yt[�]); z(t0) = z0; y(t) = c0(t)x(t); (3.7)

®¡« ¤ îâ á¢®©áâ¢®¬

x(t)! 0; t!1; (3.8)

¤«ï ¢á¥å 't�(�) 2 Xt� .
�à¨ ª®­áâàã¨à®¢ ­¨¨ á¨áâ¥¬ ã¯à ¢«¥­¨ï ­ ¨¡®«¥¥ ç áâ® ¢áâà¥ç îé¨¥áï ­¥«¨­¥©­®áâ¨ á¢ï-

§ ­ë á ­ áëé¥­¨¥¬. �®íâ®¬ã ¡®«ìè®¥ §­ ç¥­¨¥ á â®çª¨ §à¥­¨ï ¯à¨«®¦¥­¨© ¨¬¥îâ ®£à ­¨ç¥­¨ï

ku(t; zt(�))k � L; kv(t; zt(�); yt[�])k �M; zt(�) 2 Zt(�); yt[�] 2 Yt[�]; t � t�:

�¡à â­ë¥ á¢ï§¨, ã¤®¢«¥â¢®àïîé¨¥ íâ¨¬ ®£à ­¨ç¥­¨ï¬, ¡ã¤¥¬ ­ §ë¢ âì ®£à ­¨ç¥­­ë¬¨.
� ª ¨ ¢ëè¥, ¡ã¤¥¬ áç¨â âì, çâ® ®¡à â­ ï á¢ï§ì ¬®¦¥â ¬¥­ïâì §­ ç¥­¨¥ ¢ëå®¤­ëå á¨£­ -

«®¢ â®«ìª® ¢ ¤¨áªà¥â­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ t 2 Th = ft�; t� + h; t� + 2h; : : : g. �®£¤  âà ¥ªâ®à¨¨
­¥«¨­¥©­ëå ãà ¢­¥­¨© (3.7), § ¬ª­ãâëå ¤¨áªà¥â­ë¬¨ ®¡à â­ë¬¨ á¢ï§ï¬¨ (3.6), á®¢¯ ¤ îâ á
âà ¥ªâ®à¨ï¬¨ «¨­¥©­ëå ãà ¢­¥­¨© (3.1), (3.4) á â¥¬¨ ¦¥ ­ ç «ì­ë¬¨ á®áâ®ï­¨ï¬¨, ­® ­ å®¤ï-
é¨¬¨áï ¯®¤ ¤¥©áâ¢¨¥¬ ¯à®£à ¬¬­ëå ã¯à ¢«¥­¨© (à¥ «¨§ æ¨© ®¡à â­ëå á¢ï§¥© (3.6))

u(t) = u(t� + kh; zt�+kh(�)); v(t) = v(t� + kh; zt�+kh(�); yt�+kh[�]);

t 2 [t� + kh; t� + (k + 1)h]; k = 0; 1; 2; : : :

�¥à¥å®¤ ª ¤¨áªà¥â­ë¬ ã¯à ¢«¥­¨ï¬ ¤¥« ¥â ¥áâ¥áâ¢¥­­ë¬ § ¬¥­ã á¢®©áâ¢  (3.8) ­  ­®¢®¥

kx(t)k ! o(h); t!1;

ª®â®à®¥ ¯à¨ ¬ «ëå h (çâ® ¯à¥¤¯®« £ ¥âáï) á ¯à ªâ¨ç¥áª®© â®çª¨ §à¥­¨ï à ¢­®á¨«ì­® (3.8).

3.2. �ãáâì � 2 Th | â¥ªãé¨© ¬®¬¥­â ¢à¥¬¥­¨, � � (N + 1)h, Nh = �; z�� (�) | â¥ªãé¥¥
á®áâ®ï­¨¥ ­ ¡«î¤ â¥«ï (3.4), y� [�] | á¨£­ « ãáâà®©áâ¢  (2.2), § ¯¨á ­­ë© ª ¬®¬¥­âã � , �i(�),
i = 0; Nn, 0 = �0(�) < �1(�) < � � � < �Nn(�), | ­¥ª®â®àë¥ ç¨á« , ªà â­ë¥ h; 0 < �u = Nuh <1,
�v = Nvh <1 | ¯ à ¬¥âàë ¬¥â®¤ . �®¯ãáâ¨¬, çâ® ¢ë¯®«­ïîâáï ãá«®¢¨ï ­ ¡«î¤ ¥¬®áâ¨

rank

0
B@ c0(� � �i(�))F (� � �i(�); t�);

Z t��kh

t��(k+1)h

c0(� � �i(�))�

�F (� � �i(�); s+ �)A1(s+ �)ds; k = 0; N � 1; i = 0; Nn

1
CA = (N + 1)n;
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£¤¥ F (t; s), t � s, | äã­¤ ¬¥­â «ì­ ï n� n-¬ âà¨æ  à¥è¥­¨© ãà ¢­¥­¨ï (3.1) á u(t) = 0, t � t�;
xk(�) 2 Rn, k = �1; N � 1, | à¥è¥­¨¥ á¨áâ¥¬ë

c0(� � �i(�))F (� � �i(�); t�) +
N�1X
k=0

Z t��kh

t��(k+1)h

c0(� � �i(�))�

�F (� � �i(�); s+ �)A1(s+ �)ds xk = y(� � �i(�)); i = 0; Nn;

bx(t) = F (t; t�)x�1(�) +
N�1X
k=0

Z t��kh

t��(k+1)h
F (t; s+ �)A1(s+ �)ds xk(�); t � t�:

� ª« áá¥ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨© v(t), t 2 [�; � + �v], ªãá®ç­®-­¥¯à¥àë¢­ëå ã¯à ¢«¥­¨© v(t),
t 2 [� + �v; � + �v + �], à áá¬®âà¨¬ § ¤ çã ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï, á®¯à®¢®¦¤ îéãî ¯à®æ¥áá
­ ¡«î¤¥­¨ï

Bv(�; z
�
� (�); y� [�]) = min

Z �+�v+�

�

kv(t)kdt;

_z(t) = A(t)z(t) +A1(t)z(t� �) +D(t)v(t); z�(�) = z�� (�); (3.9)

D(t)v(t) +A1(t)z(t� �)�A1(t)bx(t� �) = 0; t 2 [� + �v; � + �v + �];

z(� + �v) = bx(� + �v); kv(t)k �M; t 2 [�; � + �v + �]:

�¡®§­ ç¨¬ ç¥à¥§ v0(t j �; z�� (�), y� [�]), t 2 [�; � + �v + �], ®¯â¨¬ «ì­®¥ ¯à®£à ¬¬­®¥ à¥è¥­¨¥
§ ¤ ç¨ (3.9), Z�(�) | ¬­®¦¥áâ¢® ¢á¥å á®áâ®ï­¨© Z�

� (�), ¤«ï ª®â®àëå § ¤ ç  (3:9) ¨¬¥¥â à¥è¥­¨¥
¯à¨ ¢á¥å y� [�] 2 Y� [�].

�¯à¥¤¥«¥­¨¥ 3.2. �ã­ªæ¨ï

v0(�; z� ; z
�
� (�); y� [�]) = v0(� j �; z�� (�); y� [�]); (3.10)

z�� (�) 2 Z� (�); y� [�] 2 Y� [�]; � 2 Th;

­ §ë¢ ¥âáï ®¯â¨¬ «ì­ë¬ áâ àâ®¢ë¬ ã¯à ¢«¥­¨¥¬ â¨¯  ¤¨áªà¥â­®© ®¡à â­®© á¢ï§¨ § ¤ ç¨ (3.9).

�«£®à¨â¬ë à¥ «¨§ æ¨¨ ®¡à â­®© á¢ï§¨ (3.10)  ­ «®£¨ç­ë ®¯¨á ­­ë¬ ¢ [7].
�®«®¦¨¬

v(�; z� (�); y� [�]) = v0(�; z� (�); y� [�]); z� (�) 2 Z�(�); y� [�] 2 Y� [�]; � 2 Th; (3.11)

¢®§ì¬¥¬ z0(�) 2 Zt�(�) ¨ ¯®¤ ¤¨¬ á¨£­ « v(t) = v(�; z�� (�); y� [�]), t 2 [�; � +h], ­  ¢å®¤ ­ ¡«î¤ â¥«ï
(3.4). � à¥§ã«ìâ â¥ ¢ ¬®¬¥­â � + h ­ ¡«î¤ â¥«ì ¯¥à¥©¤¥â ¢ á®áâ®ï­¨¥ z��+h(�).

� ª« áá¥ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨© u(t), t 2 [�; � + �u], ¨ ªãá®ç­®-­¥¯à¥àë¢­ëå ã¯à ¢«¥­¨©
u(t), t 2 [� + �u; � + �u + �], à áá¬®âà¨¬ § ¤ çã ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï, á®¯à®¢®¦¤ îéãî
¯à®æ¥áá áâ ¡¨«¨§ æ¨¨

Bu(�; z�� (�)) = min
Z �+�u+�

�

ku(t)kdt;

_x(t) = A(t)x(t) +A1(t)x(t� �) +B(t)u(t); x�(�) = z�� (�); (3.12)

B(t)u(t) +A1(t)x(t� �) = 0; t 2 [� + �u; � + �u + �];

x(� + �) = 0; ku(t)k � L; t 2 [�; � + �v + �]:

�ãáâì u0(�; z�� (�)), t 2 [�; � + �u + �], | ®¯â¨¬ «ì­®¥ ¯à®£à ¬¬­®¥ ã¯à ¢«¥­¨¥ § ¤ ç¨ (3.12),
X� (�) | ¬­®¦¥áâ¢® ¢á¥å z�� (�), ¤«ï ª®â®àëå § ¤ ç  (3.12) ¨¬¥¥â à¥è¥­¨¥.

�ã­ªæ¨î

u0(�; z� (�)) = u0(� j �; z� (�)); z� (�) 2 X� (�); � 2 Th; (3.13)

­ §®¢¥¬ ®¯â¨¬ «ì­ë¬ áâ àâ®¢ë¬ ã¯à ¢«¥­¨¥¬ â¨¯  ¤¨áªà¥â­®© ®¡à â­®© á¢ï§¨ § ¤ ç¨ (3.12).
�¥ «¨§ æ¨ï (3.13)  ­ «®£¨ç­  à¥ «¨§ æ¨¨ (3.11).
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�®«®¦¨¬

u(�; z� (�)) = u0(�; z� (�)); z� (�) 2 X�(�); � 2 Th; (3.14)

¨ ã¯à ¢«¥­¨¥
u�(t) = u(�; z�� (�)); t 2 [�; � + h];

¯®¤ ¥¬ ­  ¢å®¤ á¨áâ¥¬ë (3.1). �®á«¥ íâ®£® á¨áâ¥¬  (3.1) ¯¥à¥©¤¥â ¢ ­¥¨§¢¥áâ­®¥ ¯®«®¦¥­¨¥
x�(� + h), ª®â®à®¥ ¯®à®¤¨â ¤®áâã¯­ë© ¢ ¬®¬¥­â � + h á¨£­ « y(� + h). �â®â á¨£­ « ¢¬¥áâ¥ á y� [�]
®¡à §ã¥â á¨£­ « y�+h[�].

� ª¨¬ ®¡à §®¬, ¤«ï ¯à®¨§¢®«ì­®£® â¥ªãé¥£® ¬®¬¥­â  ¢à¥¬¥­¨ ®¯¨á ­ è £ ¯à®æ¥áá  áâ ¡¨-
«¨§ æ¨¨ á¨áâ¥¬ë á § ¯ §¤ë¢ ­¨¥¬ (3.1) ¯® ¢ëå®¤ã (2.2).

�®¦­® ¯à¨ ¢¥áì¬  ®¡é¨å ãá«®¢¨ïå ¯®ª § âì, çâ® ¯®áâà®¥­­ë¥ ®¡à â­ë¥ á¢ï§¨ (3.11), (3.14)
¨ ­ ç «ì­®¥ á®áâ®ï­¨¥ z0(�) à¥ «¨§ãîâ ®£à ­¨ç¥­­ãî áâ ¡¨«¨§¨àãîéãî ¤¨áªà¥â­ãî ®¡à â­ãî
á¢ï§ì ¯® ¢ëå®¤ã. �â ¡¨«¨§ æ¨ï ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ á § ¯ §¤ë¢ ­¨¥¬ ¢ ã¯à ¢«¥­¨¨ (á¬. ¯. 1.5)
¯® ¢ëå®¤­ë¬ á¨£­ « ¬ (2.2) ®áãé¥áâ¢«ï¥âáï á ¯®¬®éìî ­ ¡«î¤ â¥«ï ®¡ëª­®¢¥­­ëå á¨áâ¥¬ [8]
¨ áâ ¡¨«¨§ â®à  ¯® á®áâ®ï­¨î ¤«ï á¨áâ¥¬ á § ¯ §¤ë¢ ­¨¥¬ ¢ ã¯à ¢«¥­¨¨ (á¬. ¯. 1.1).
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