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�áá«¥¤®¢ ­¨¥ á¯¥ªâà «ì­ëå § ¤ ç â¥®à¨¨ ¤¨í«¥ªâà¨ç¥áª¨å ¢®«­®¢®¤®¢ ¨ à §à ¡®âª  ç¨-
á«¥­­ëå ¬¥â®¤®¢ ¨å à¥è¥­¨ï ¯à¨¢«¥ª îâ ¡®«ìè®¥ ¢­¨¬ ­¨¥ (á¬., ­ ¯à., [1]{[4]). � à ¡®â å [5]{
[7] ¯à¥¤«®¦¥­ë ç¨á«¥­­ë¥ ¬¥â®¤ë ¯®¨áª  á®¡áâ¢¥­­ëå ¢®«­ æ¨«¨­¤à¨ç¥áª¨å ¤¨í«¥ªâà¨ç¥áª¨å
¢®«­®¢®¤®¢ ­  ®á­®¢¥ ¯à¥¤áâ ¢«¥­¨ï ¨å  ¬¯«¨âã¤ ¢ ¢¨¤¥ áã¯¥à¯®§¨æ¨¨ ¯®â¥­æ¨ «®¢ ¯à®áâ®£®
¨ ¤¢®©­®£® á«®ï. � ¯®á«¥¤­¨¥ £®¤ë ¯à¨ à¥è¥­¨¨ àï¤  á¯¥ªâà «ì­ëå § ¤ ç í«¥ªâà®¤¨­ ¬¨ª¨
ãá¯¥è­® ¯à¨¬¥­ï¥âáï ¯à¥¤áâ ¢«¥­¨¥ ¯®«¥© ¢ ¢¨¤¥ ¯®â¥­æ¨ «®¢ ¯à®áâ®£® á«®ï (á¬., ­ ¯à., [8]{
[10]). �â® ¯®§¢®«ï¥â áãé¥áâ¢¥­­® íª®­®¬¨âì ¬ è¨­­®¥ ¢à¥¬ï.

� ­­ ï à ¡®â  ¯®á¢ïé¥­  ¨áá«¥¤®¢ ­¨î ç¨á«¥­­®£® ¬¥â®¤  ¯®¨áª  ¯®áâ®ï­­ëå à á¯à®áâà -
­¥­¨ï á®¡áâ¢¥­­ëå ¯®¢¥àå­®áâ­ëå ¢®«­ æ¨«¨­¤à¨ç¥áª¨å ¤¨í«¥ªâà¨ç¥áª¨å ¢®«­®¢®¤®¢ á £« ¤-
ª¨¬ ª®­âãà®¬ ¯®¯¥à¥ç­®£® á¥ç¥­¨ï, ®á­®¢ ­­®£® ­  ¯à¥¤áâ ¢«¥­¨¨ ¨áª®¬ëå äã­ªæ¨© ¢ ¢¨¤¥
¯®â¥­æ¨ «®¢ ¯à®áâ®£® á«®ï. � ¯à¥¤¯®«®¦¥­¨¨ ¡«¨§®áâ¨ ¯®ª § â¥«¥© ¯à¥«®¬«¥­¨ï ¢®«­®¢®¤  ¨
®ªàã¦ îé¥© áà¥¤ë § ¤ ç  á¢¥¤¥­  ª ­¥«¨­¥©­®© á¯¥ªâà «ì­®© § ¤ ç¥ ¤«ï á¨áâ¥¬ë á¨­£ã«ïà-
­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨©. �  ®á­®¢¥ ¨§¢¥áâ­®© ¯à®æ¥¤ãàë à¥£ã«ïà¨§ æ¨¨ (á¬., ­ ¯à., [11],
á. 14) ¯®áâà®¥­  á¨áâ¥¬  ¬¥â®¤  � «�¥àª¨­ . �ã«¨ ®¯à¥¤¥«¨â¥«ï ¬ âà¨æë íâ®© á¨áâ¥¬ë ¯à¨-
­¨¬ îâáï ¢ ª ç¥áâ¢¥ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï § ¤ ç¨. �«ï ¨áá«¥¤®¢ ­¨ï áå®¤¨¬®áâ¨ ¬¥â®¤ 
¨á¯®«ì§®¢ ­ë à¥§ã«ìâ âë à ¡®âë [12]. �­ «®£¨ç­ë© ¯®¤å®¤ ¯à¨ ®¡®á­®¢ ­¨¨ ¬¥â®¤®¢ à áç¥â 
¬¨ªà®¯®«®áª®¢ëå «¨­¨© ¯à¨¬¥­ï«áï ¢ [8], [9].

1. � ¤ ç  ®¯à¥¤¥«¥­¨ï ¯®áâ®ï­­ëå à á¯à®áâà ­¥­¨ï á®¡áâ¢¥­­ëå ¯®¢¥àå­®áâ­ëå ¢®«­ æ¨-
«¨­¤à¨ç¥áª®£® ¤¨í«¥ªâà¨ç¥áª®£® ¢®«­®¢®¤  ¢ ¯à¥¤¯®«®¦¥­¨¨ ¡«¨§®áâ¨ ¯®ª § â¥«¥© ¯à¥«®¬«¥-
­¨ï ¢®«­®¢®¤  ¨ ®ªàã¦ îé¥© áà¥¤ë á¢®¤¨âáï [1] (¯. 2) ª ®âëáª ­¨î â ª¨å §­ ç¥­¨© ¯ à ¬¥âà 
�, ¯à¨ ª®â®àëå áãé¥áâ¢ãîâ ­¥âà¨¢¨ «ì­ë¥ à¥è¥­¨ï u(x; y) £à ­¨ç­®© § ¤ ç¨

�u+ �21u = 0; (x; y) 2 S; (1)

�u+ �22u = 0; (x; y) =2 S; (2)

u+ = u�;
@u+

@�
=

@u�

@�
; (x; y) 2 C; (3)

u íªá¯®­¥­æ¨ «ì­® ã¡ë¢ ¥â ¯à¨ r =
p
x2 + y2 !1: (4)

�¤¥áì S | ®£à ­¨ç¥­­ ï ®¡« áâì á £à ­¨æ¥© C, �2i = k20n
2
i ��2, k20 = !2"0�0, "0 | í«¥ªâà¨ç¥áª ï

¯®áâ®ï­­ ï, �0 | ¬ £­¨â­ ï ¯®áâ®ï­­ ï, ! | ç áâ®â  í«¥ªâà®¬ £­¨â­ëå ª®«¥¡ ­¨©, n1, n2 |
¯®ª § â¥«¨ ¯à¥«®¬«¥­¨ï ¢®«­®¢®¤  ¨ ®ªàã¦ îé¥© áà¥¤ë, @u=@� | ¯à ¢¨«ì­ ï ­®à¬ «ì­ ï
¯à®¨§¢®¤­ ï, f+ (f�) | ¯à¥¤¥«ì­®¥ §­ ç¥­¨¥ äã­ªæ¨¨ f ¨§­ãâà¨ (¨§¢­¥) ª®­âãà  C.

�ã¤¥¬ à §ëáª¨¢ âì à¥è¥­¨ï § ¤ ç¨ (1){(4) ¢ ª« áá¥ äã­ªæ¨©, ­¥¯à¥àë¢­ëå ¢ S ¨ R2 n S ¨
¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå ¢ R2 n C. � ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âì, çâ® ª®­âãà C
ï¢«ï¥âáï ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®© ªà¨¢®©, k0 > 0, n1 > n2.

�®à®è® ¨§¢¥áâ­®, çâ® ¢ ¯à®áâ¥©è¥¬ á«ãç ¥, ª®£¤  ª®­âãà C | ®ªàã¦­®áâì, ­¥âà¨¢¨ «ì­ë¥
à¥è¥­¨ï à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ ¬®£ãâ áãé¥áâ¢®¢ âì «¨èì ¯à¨ k0n2 � � � k0n1, ¡®«¥¥ â®£®,
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á®®â¢¥âáâ¢ãîé¨¥ §­ ç¥­¨ï ¯®áâ®ï­­ëå à á¯à®áâà ­¥­¨ï � «¥£ª® ¢ëç¨á«ïîâáï ¯à¨ íâ®¬ ª ª
ª®à­¨ âà ­áæ¥­¤¥­â­®£® ãà ¢­¥­¨ï (á¬., ­ ¯à., [13]). � ­ áâ®ïé¥© áâ âì¥ ¨áá«¥¤ã¥âáï á«ãç ©
ª®­âãà  C ¯à®¨§¢®«ì­®© ä®à¬ë.

� ª ®¡ëç­®, ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® Re � > 0 (á¬., ­ ¯à., [14], á. 265). � áá¬®âà¨¬ ¬­®£®-

§­ ç­ë¥ äã­ªæ¨¨ �j(�) =
q
k20n

2
j � �2 ª®¬¯«¥ªá­®£® ¯ à ¬¥âà  �. �  ª®¬¯«¥ªá­®© ¯«®áª®áâ¨

¯à®¢¥¤¥¬ à §à¥§ë, á®¥¤¨­ïîé¨¥ â®çª¨ à §¢¥â¢«¥­¨ï k0nj, �k0nj äã­ªæ¨© �j , ç¥à¥§ ¡¥áª®­¥ç-
­® ã¤ «¥­­ãî â®çªã. �á«®¢¨¬áï ¢áî¤ã ¢ ¤ «ì­¥©è¥¬ ¢ë¡¨à âì ®¤­®§­ ç­ë¥ ¢¥â¢¨ äã­ªæ¨© �j
â ª¨¥, çâ® Im�j > 0 ¯à¨ � > k0nj .

�­ «®£¨ç­® â¥®à¥¬¥ 3.40 [15] ¤®ª §ë¢ ¥âáï

�¥®à¥¬  1. �«ï «î¡ëå k0 > 0, n1 > n2 ­¥âà¨¢¨ «ì­ë¥ à¥è¥­¨ï § ¤ ç¨ (1){(4) ¬®£ãâ áã-

é¥áâ¢®¢ âì «¨èì ¯à¨ ¢¥é¥áâ¢¥­­ëå �, «¥¦ é¨å ­  ®âà¥§ª¥ k0n2 � � � k0n1.

�ã¤¥¬ ¨áª âì à¥è¥­¨ï ãà ¢­¥­¨© (1) ¨ (2) ¢ ¢¨¤¥ ¯®â¥­æ¨ «®¢ ¯à®áâ®£® á«®ï [15] á ­¥¯à¥-
àë¢­ë¬¨ ¯«®â­®áâï¬¨ '1, '2 á®®â¢¥âáâ¢¥­­®:

u(M) =
Z
C

�1(�;M;M0)'1(M0)dlM0
; M 2 S; (5)

u(M) =
Z
C

�2(�;M;M0)'2(M0)dlM0
; M =2 S: (6)

�¤¥áì1

�j(�;M;M0) =
i

4
H

(1)
0 (�jrMM0

); j = 1; 2; M = (x; y); M0 = (x0; y0):

�ã­ªæ¨ï u(x; y), § ¤ ¢ ¥¬ ï (6), ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (4) ¯à¨ «î¡®¬ � 2 G = (k0n2; k0n1).
�á¯®«ì§ãï £à ­¨ç­ë¥ ãá«®¢¨ï (3) ¨ ¯à¥¤¥«ì­ë¥ á¢®©áâ¢  ¯®â¥­æ¨ «®¢ ¯à®áâ®£® á«®ï [15], ¯®«ã-
ç ¥¬ § ¤ çã: ­ ©â¨ â ª¨¥ � 2 G, ¯à¨ ª®â®àëå áãé¥áâ¢ãîâ ­¥âà¨¢¨ «ì­ë¥ ­¥¯à¥àë¢­ë¥ à¥è¥­¨ï
'1, '2 á¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨©

Z
C

(�1(�;M;M0)'1(M0)� �2(�;M;M0)'2(M0))dlM0
= 0; (7)

1
2
('1(M)+'2(M))+

Z
C

�
@�1

@�M
(�;M;M0)'1(M0)�

@�2

@�M
(�;M;M0)'2(M0)

�
dlM0

= 0; M 2 C: (8)

�­ «®£¨ç­® â¥®à¥¬¥ 2 [17] ¤®ª §ë¢ ¥âáï

�¥¬¬  1. �á«¨ ¤«ï ­¥ª®â®à®£® � 2 G ã § ¤ ç¨ (1){(4) ¬®¦¥â áãé¥áâ¢®¢ âì «¨èì âà¨¢¨-

 «ì­®¥ à¥è¥­¨¥, â® ¤«ï â®£® ¦¥ � ã á¨áâ¥¬ë (7), (8) ¬®¦¥â áãé¥áâ¢®¢ âì «¨èì âà¨¢¨ «ì­®¥

à¥è¥­¨¥.

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢ à ¡®â¥ [17] ¨áá«¥¤®¢ ­¨¥ ¯à®¢®¤¨âáï ¢ ª« áá¥ ­¥¯à¥àë¢­ëå ¯®
��¥«ì¤¥àã ¯«®â­®áâ¥©. �à¨ íâ®¬ ­®à¬ «ì­ ï ¯à®¨§¢®¤­ ï ­  ª®­âãà¥ ¯®­¨¬ ¥âáï ¢ ®¡ëç­®¬
á¬ëá«¥. �áá«¥¤®¢ ­¨¥ ¢ ª« áá¥ ­¥¯à¥àë¢­ëå ¯«®â­®áâ¥© ¯à®¢®¤¨âáï  ­ «®£¨ç­®, ¥á«¨ ¯®¤ ­®à-
¬ «ì­®© ¯à®¨§¢®¤­®© ­  ª®­âãà¥ C ¯®­¨¬ âì ¯à ¢¨«ì­ãî ­®à¬ «ì­ãî ¯à®¨§¢®¤­ãî.

�§ «¥¬¬ë 1 ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â

�¥®à¥¬  2. �á«¨ ¯à¨ ­¥ª®â®à®¬ � 2 G á¨áâ¥¬  (7), (8) ¨¬¥¥â ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥,

â® ¥¬ã á®®â¢¥âáâ¢ã¥â ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (1){(4).

1�«ï á¯¥æ¨ «ì­ëå äã­ªæ¨© ¯à¨­ïâë ®¡®§­ ç¥­¨ï [16].
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2. �ãáâì ª®­âãà C § ¤ ­ ¯ à ¬¥âà¨ç¥áª¨ r = r(t), t 2 [0; 2�]. �¥à¥å®¤ï ª ¯¥à¥¬¥­­®© ¨­-
â¥£à¨à®¢ ­¨ï t, ¢ë¤¥«ïï ï¢­® «®£ à¨ä¬¨ç¥áªãî ®á®¡¥­­®áâì ï¤¥à �1(M;M0), �2(M;M0), ¯à¥-
®¡à §ã¥¬ á¨áâ¥¬ã (7), (8) ª ¢¨¤ã

Sx(1) +R(1;1)(�)x(1) +R(1;2)(�)x(2) = 0; t 2 [0; 2�]; (9)

x(2) +R(2;1)(�)x(1) +R(2;2)(�)x(2) = 0; t 2 [0; 2�]: (10)

�¤¥áì

Sx(1) = �
1
2�

Z 2�

0

ln
���� sin t� t0

2

����x(1)(t0)dt0; t 2 [0; 2�];

R(i;j)(�)x(j) =
1
2�

Z 2�

0

h(i;j)(�; t; t0)x(j)(t0)dt0; t 2 [0; 2�];

x(1)(t0) = ('1(M0)� '2(M0))jr
0(t0)j; x(2)(t0) = '1(M0) + '2(M0);

h(1;1)(�; t; t0) = 2�(G(1;1)(�; t; t0) +G(1;2)(�; t; t0));

h(1;2)(�; t; t0) = 2�(G(1;1)(�; t; t0)�G(1;2)(�; t; t0))jr0(t0)j;

h(2;1)(�; t; t0) = 4�(G(2;1)(�; t; t0) +G(2;2)(�; t; t0));

h(2;2)(�; t; t0) = 4�(G(2;1)(�; t; t0)�G(2;2)(�; t; t0))jr
0(t0)j;

G(1;j)(�; t; t0) = �j(�;M;M0) +
1
2�

ln
���� sin t� t0

2

����;
G(2;j)(�; t; t0) =

@

@�M
�j(�;M;M0); M =M(t); M0 =M0(t0):

�á¯®«ì§ãï ¨§¢¥áâ­ë¥ á¢®©áâ¢  äã­ªæ¨© � ­ª¥«ï (á¬., ­ ¯à., [16]), ­¥âàã¤­® ã¡¥¤¨âìáï, çâ®
á¯à ¢¥¤«¨¢ 

�¥¬¬  2. �ã­ªæ¨¨ h(i;j)(�; t; t0), i; j = 1; 2;  ­ «¨â¨ç¥áª¨¥ ¢ ¨­â¥à¢ «¥ G = (k0n2; k0n1) ¯®
¢¥é¥áâ¢¥­­®¬ã ¯ à ¬¥âàã � ¤«ï ª ¦¤®© â®çª¨ (t; t0) 2 [0; 2�] � [0; 2�].

� ¦¤ ï ¨§ äã­ªæ¨© h(i;j)(�; t; t0), i; j = 1; 2; à áá¬ âà¨¢ ¥¬ ï ¯¥à¢®­ ç «ì­® ¯à¨ ¢¥é¥áâ¢¥­-
­ëå §­ ç¥­¨ïå � 2 G, ¤«ï ª ¦¤®© â®çª¨ (t; t0) 2 [0; 2�] � [0; 2�] ¤®¯ãáª ¥â ¥¤¨­áâ¢¥­­®¥  ­ -
«¨â¨ç¥áª®¥ ¯à®¤®«¦¥­¨¥ ¯® ª®¬¯«¥ªá­®¬ã ¯ à ¬¥âàã � ¢ ª®¬¯«¥ªá­ãî ¯«®áª®áâì á à §à¥§ ¬¨,
á®¥¤¨­ïîé¨¬¨ ¡¥áª®­¥ç­® ã¤ «¥­­ãî â®çªã á â®çª ¬¨ k0n1, k0n2. � ª¨¬ ®¡à §®¬, ¤«ï «î¡®£®
¨­â¥à¢ «  G0 � G ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ á à §à¥§ ¬¨ áãé¥áâ¢ã¥â ®ªà¥áâ­®áâì � â ª ï, çâ®
k0n2, k0n1 =2 � ¨ á¯à ¢¥¤«¨¢ 

�¥¬¬  3. �ã­ªæ¨¨ h(i;j)(�; t; t0), i; j = 1; 2;  ­ «¨â¨ç¥áª¨¥ ¢ ®¡« áâ¨ � ¤«ï ª ¦¤®© â®çª¨

(t; t0) 2 [0; 2�] � [0; 2�].

�á¯®«ì§ãï á¢®©áâ¢  äã­ªæ¨© � ­ª¥«ï, ­¥âàã¤­® ã¡¥¤¨âìáï, çâ® á¯à ¢¥¤«¨¢ 

�¥¬¬  4. �ã­ªæ¨¨ h(i;j)(�; t; t0), i; j = 1; 2, ¯à¨ «î¡®¬ � 2 � ï¢«ïîâáï ­¥¯à¥àë¢­ë¬¨ ¨

­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë¬¨ äã­ªæ¨ï¬¨ (t; t0) 2 [0; 2�] � [0; 2�].

�à¨ ¯®áâà®¥­¨¨ ¨ ¨áá«¥¤®¢ ­¨¨ ç¨á«¥­­®£® ¬¥â®¤  á¨áâ¥¬ã (9){(10) ã¤®¡­® âà ªâ®¢ âì ª ª
®¯¥à â®à­®¥ ãà ¢­¥­¨¥ ¢ ­¥ª®â®à®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥. �§¢¥áâ­® (á¬., ­ ¯à., [11], á. 10),
çâ® ®¯¥à â®à S : L2 !W 1

2 ­¥¯à¥àë¢­® ®¡à â¨¬, ®¡à â­ë© ®¯¥à â®à S
�1 :W 1

2 ! L2 ®¯à¥¤¥«ï¥âáï
¯® ä®à¬ã«¥

S�1(y; t) =
c0(y)
ln 2

+ 2
1X

k=�1

jkjck(y)eikt; y 2W 1
2 ; (11)
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£¤¥ ck(y) =
1
2�

Z 2�

0
y(t0)e

�ikt0dt0 | ª®íää¨æ¨¥­âë �ãàì¥ äã­ªæ¨¨ y, ¨

kS�1k = 2: (12)

�â¬¥â¨¬, çâ® ¯à¨ «î¡®¬ � 2 � ¢ á¨«ã «¥¬¬ë 4 ®¯¥à â®àë R(2;1)(�); R(2;2)(�) : L2 ! L2,
R(1;1)(�); R(1;2)(�) : L2 ! W 1

2 ¢¯®«­¥ ­¥¯à¥àë¢­ë. � ª¨¬ ®¡à §®¬, á¨áâ¥¬  (9), (10) íª¢¨¢ -
«¥­â­  ®¯¥à â®à­®¬ã ãà ¢­¥­¨î

A(�)y � (I +B(�))y = 0; (13)

£¤¥

y = (y(1); y(2)); y(1) = Sx(1) 2W 1
2 ; y(2) = x(2) 2 L2;

®¯¥à â®à B, ¤¥©áâ¢ãîé¨© ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ H =W 1
2 �L2, ®¯à¥¤¥«ï¥âáï ¯à¨ ¯®¬®é¨

à ¢¥­áâ¢ 

By = (R(1;1)S�1y(1) +R(1;2)y(2); R(2;1)S�1y(1) +R(2;2)y(2)); (14)

I | ¥¤¨­¨ç­ë© ®¯¥à â®à.
�¡®§­ ç¨¬ ç¥à¥§ �(A) = f� : � 2 �; 9A(�)�1 : H ! Hg ¬­®¦¥áâ¢® à¥£ã«ïà­ëå â®ç¥ª

®¯¥à â®à  A(�), �(A) = �n�(A) | ¬­®¦¥áâ¢® á¨­£ã«ïà­ëå â®ç¥ª ®¯¥à â®à  A(�). � á¨«ã ¯®«­®©
­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  B(�), ¯à¨ «î¡®¬ � 2 � ®¯¥à â®à A(�) äà¥¤£®«ì¬®¢ ¨, á«¥¤®¢ â¥«ì­®,
ª ¦¤ ï á¨­£ã«ïà­ ï â®çª  ï¢«ï¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ç¨á«®¬ íâ®£® ®¯¥à â®à . �á¯®«ì§ãï
¨§¢¥áâ­ë¥ á¢®©áâ¢  ¨­â¥£à «ì­ëå ®¯¥à â®à®¢ á® á« ¡® á¨­£ã«ïà­ë¬¨ ï¤à ¬¨ (á¬., ­ ¯à., [11]),
«¥£ª® ¯®ª § âì, çâ® «î¡®¬ã á®¡áâ¢¥­­®¬ã ¢¥ªâ®àã y 2 H ®¯¥à â®à  A ®â¢¥ç ¥â ­¥âà¨¢¨ «ì­®¥
à¥è¥­¨¥ '1, '2 § ¤ ç¨ (7), (8) ¨§ ¯à®áâà ­áâ¢  ­¥¯à¥àë¢­ëå äã­ªæ¨©.

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ yn = (y(1)n ; y(2)n ) ãà ¢­¥­¨ï (13) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

y(j)n (t) =
nX

k=�n

�
(j)
k eikt; n 2 N; j = 1; 2:

�®íää¨æ¨¥­âë �
(j)
k ¡ã¤¥¬ ®¯à¥¤¥«ïâì á ¯®¬®éìî ¬¥â®¤  � «�¥àª¨­ :

Z 2�

0
(Ayn)

(k)(t)e�ijtdt = 0; j = �n; : : : ; n; k = 1; 2: (15)

� á¨«ã (11) ¨¬¥¥¬

S�1(y(1)n ; t) =
�
(1)
0

ln 2
+ 2

nX
k=�n

jkj�(1)
k eikt;

¯®íâ®¬ã à ¢¥­áâ¢  (15) íª¢¨¢ «¥­â­ë á¨áâ¥¬¥ «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

�
(1)
j +

nX
k=�n

h
(1;1)
jk (�)dj�

(1)
k +

nX
k=�n

h
(1;2)
jk (�)�(2)

k = 0; j = �n; : : : ; n; (16)

�
(2)
j +

nX
k=�n

h
(2;1)
jk (�)dj�

(1)
k +

nX
k=�n

h
(2;2)
jk (�)�(2)

k = 0; j = �n; : : : ; n: (17)

�¤¥áì dj = f1= ln 2 ¯à¨ j = 0; 2jjj ¯à¨ j 6= 0g,

h
(l;m)
jk (�) =

1
4�2

Z 2�

0

Z 2�

0
h(l;m)(�; t; t0)e

�ijteikt0dt dt0:

13



�ãáâì HT
n | ¬­®¦¥áâ¢® ¢á¥å âà¨£®­®¬¥âà¨ç¥áª¨å ¯®«¨­®¬®¢ ¯®àï¤ª  ­¥ ¢ëè¥ n. �¡®§­ -

ç¨¬ ç¥à¥§ Hn ¯®¤¯à®áâà ­áâ¢® H í«¥¬¥­â®¢ (y(1)n ; y(2)n ), y(1); y(2) 2 HT
n . �¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥

®¯¥à â®à ¯à®¥ªâ¨à®¢ ­¨ï pn : H ! Hn: pny = (�ny
(1); �ny

(2)), y = (y(1); y(2)) 2 H, £¤¥

�n('; t) =
nX

k=�n

ck(')eikt

| ®¯¥à â®à �ãàì¥. �á­®, çâ®

kpnk = 1: (18)

�¨áâ¥¬  «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (16), (17) íª¢¨¢ «¥­â­  «¨­¥©­®¬ã ®¯¥à â®à­®¬ã
ãà ¢­¥­¨î

An(�)yn � pnA(�)yn � (I + pnB(�))yn � (I +Bn(�))yn = 0:

�¤¥áì An : Hn ! Hn, I | ¥¤¨­¨ç­ë© ®¯¥à â®à ¢ ¯à®áâà ­áâ¢¥ Hn.
�¡®§­ ç¨¬ ç¥à¥§ �(An) = f� : � 2 �; 9An(�)�1 : Hn ! Hng ¬­®¦¥áâ¢® à¥£ã«ïà­ëå â®ç¥ª

®¯¥à â®à  An(�), �(An) = � n �(An) | ¬­®¦¥áâ¢® á¨­£ã«ïà­ëå â®ç¥ª ®¯¥à â®à  An(�), á®¢¯ -
¤ îé¥¥, ¢ á¨«ã ª®­¥ç­®¬¥à­®áâ¨ ®¯¥à â®à , á ¬­®¦¥áâ¢®¬ ¥£® å à ªâ¥à¨áâ¨ç¥áª¨å ç¨á¥«. �à¨-
¡«¨¦¥­­ë¥ §­ ç¥­¨ï �n ¯®áâ®ï­­ëå à á¯à®áâà ­¥­¨ï � ¡ã¤¥¬ ¨áª âì ª ª å à ªâ¥à¨áâ¨ç¥áª¨¥
ç¨á«  ®¯¥à â®à  An(�), â. ¥. ª ª ­ã«¨ ®¯à¥¤¥«¨â¥«ï ¬ âà¨æë á¨áâ¥¬ë (16), (17).

3. �â­®á¨â¥«ì­® áå®¤¨¬®áâ¨ ®¯¨á ­­®£® ¢ ¯à¥¤ë¤ãé¥¬ ¯ã­ªâ¥ ¬¥â®¤  á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3. �­®¦¥áâ¢  �(A) ¨ �(An) á®áâ®ïâ ¨§ ¨§®«¨à®¢ ­­ëå â®ç¥ª. �ãáâì �0 2 �(A),
â®£¤  áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì f�ngn2N , �n 2 �(An), çâ® �n ! �0, n 2 N .

�ãáâì �n 2 �(An), �n ! �0 2 �, n 2 N 0 � N , â®£¤  �0 2 �(A).

�¤¥áì ¨ ¤ «¥¥ ç¥à¥§ N 0, N 00, N 000 ®¡®§­ ç¥­ë ¡¥áª®­¥ç­ë¥ ¯®¤¬­®¦¥áâ¢  ¬­®¦¥áâ¢  ­ âã-
à «ì­ëå ç¨á¥« N . �®¤ áå®¤¨¬®áâìî zn ! z, n 2 N 0, ¯®­¨¬ ¥âáï áå®¤¨¬®áâì ¯à¨ n !1, ª®£¤ 
¨­¤¥ªá n ¯à®¡¥£ ¥â ¬­®¦¥áâ¢® N 0.

�¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë 3 ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 1 [12] ¨ á«¥¤ãîé¨å «¥¬¬, ¢ ª®â®àëå ä ª-
â¨ç¥áª¨ ¯à®¢¥àïîâáï ãá«®¢¨ï íâ®© â¥®à¥¬ë.

�¥¬¬  5. �¯¥à â®à pn : H ! Hn ®¡« ¤ ¥â á¢®©áâ¢ ¬¨:

kpnykH ! kykH ; n 2 N 8y 2 H;

kpn(�y + �0y0)� (�pny + �0pny
0)kH ! 0; n 2 N 8y; y0 2 H; �; �0 2 C:

�¥à¢®¥ á¢®©áâ¢® ¢ë¯®«­ï¥âáï ¢ á¨«ã ®ç¥¢¨¤­ëå ¯à¥¤¥«ì­ëå á®®â­®è¥­¨© k�nxk ! kxk,
n 2 N , x 2 L2; W

1
2 . �â®à®¥ | á«¥¤áâ¢¨¥ «¨­¥©­®áâ¨ ®¯¥à â®à  pn.

�¥¬¬  6. �¯¥à â®à-äã­ªæ¨¨ A(�), An(�) £®«®¬®àä­ë ¢ ®¡« áâ¨ �.

�®ª § â¥«ìáâ¢®. �¯¥à â®à-äã­ªæ¨¨ R(2;1)(�), R(2;2)(�), R(1;1)(�), R(1;2)(�) ï¢«ïîâáï £®«®-
¬®àä­ë¬¨ ¢ ®¡« áâ¨ � ¢ á¨«ã «¥¬¬ë 3 (á¬. [9], á. 71). �âáî¤  ¨ ¨§ (12){(14) § ª«îç ¥¬, çâ®
A(�) ï¢«ï¥âáï £®«®¬®àä­®© ¢ ®¡« áâ¨ � ®¯¥à â®à-äã­ªæ¨¥©. �«¥¤®¢ â¥«ì­®, â ª¨¬ ¦¥ á¢®©-
áâ¢®¬ ®¡« ¤ ¥â ¨ An(�) = pnA(�).

�¥¬¬  7. �¥à­  ®æ¥­ª  kA(�)k � c(�), � 2 �, £¤¥

c(�) = 1 + 2(c211(�) + d211(�))
1

2 + (c212(�) + d212(�))
1

2 + 2c21(�) + c22(�)

| ­¥¯à¥àë¢­ ï ¢ ®¡« áâ¨ � äã­ªæ¨ï. �¤¥áì

c2ij(�) =
1
4�2

Z 2�

0

Z 2�

0
jh(i;j)(�; t; t0)j

2dt dt0; i; j = 1; 2;

d21j(�) =
1
4�2

Z 2�

0

Z 2�

0

���� ddth
(1;j)(�; t; t0)

����
2

dt dt0; j = 1; 2:
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�®ª § â¥«ìáâ¢®. �¯à ¢¥¤«¨¢®áâì «¥¬¬ë á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢ 

kA(�)k � 1 + kR(1;1)(�)k kS�1k+ kR(1;2)(�)k + kR(2;1)(�)k kS�1k+ kR(2;2)(�)k;

à ¢¥­áâ¢  (12) ¨ ®ç¥¢¨¤­ëå (¢ á¨«ã «¥¬¬ë 4) ®æ¥­®ª

kR(2;j)(�)k � c2;j(�); R(2;j)(�) : L2 ! L2;

kR(1;j)(�)k2 � c21;j(�) + d21;j(�); R(1;j)(�) : L2 !W 1
2 ; j = 1; 2: �

�§ ®¯à¥¤¥«¥­¨ï ®¯¥à â®à  An(�) ¨ à ¢¥­áâ¢  (18) ¢ëâ¥ª ¥â

�¥¬¬  8. �¥à­  ®æ¥­ª  kAn(�)k � kA(�)k, n 2 N , � 2 �.

�¥¬¬  9. �«ï «î¡®£® � 2 � ¯®á«¥¤®¢ â¥«ì­®áâì ®¯¥à â®à®¢ fAn(�)gn2N á®¡áâ¢¥­­® áå®-

¤¨âáï ª ®¯¥à â®àã A(�).

�®ª § â¥«ìáâ¢®. � á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥­¨¥¬ [12] ¤«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë ­ã¦­®
¯®ª § âì, çâ® ¤«ï «î¡®£® � 2 � ¢ë¯®«­¥­ë ãá«®¢¨ï:

1. ¨§ â®£®, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fyngn2N , yn 2 Hn P -áå®¤¨âáï ª y 2 H, ¢ëâ¥ª ¥â, çâ®
¯®á«¥¤®¢ â¥«ì­®áâì fAnyngn2N P -áå®¤¨âáï ª Ay;

2. ¨§ à ¢­®¬¥à­®© ®£à ­¨ç¥­­®áâ¨ fyngn2N , kynk � const, n 2 N , ¨ P -ª®¬¯ ªâ­®áâ¨ ¯®á«¥¤®-
¢ â¥«ì­®áâ¨ fAnyngn2N á«¥¤ã¥â, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fyngn2N P -ª®¬¯ ªâ­ .

P -áå®¤¨¬®áâì fyngn2N ª y 2 H ®§­ ç ¥â, çâ® kyn�pnyk ! 0, n 2 N , ¨ á¯à ¢¥¤«¨¢®áâì ¯¥à¢®£®
ãá«®¢¨ï ¢ëâ¥ª ¥â, â ª¨¬ ®¡à §®¬, ¨§ ®æ¥­ª¨ kAnyn�pnAyk � kAnk kyn�pnyk+kpnk kAk kpny�yk,
n 2 N , «¥¬¬ 7, 8, à ¢¥­áâ¢  (18) ¨ ®ç¥¢¨¤­®£® ¯à¥¤¥«ì­®£® á®®â­®è¥­¨ï kpny � yk ! 0, n 2 N .

�à®¢¥à¨¬ ¢â®à®¥ ãá«®¢¨¥. P -ª®¬¯ ªâ­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ fAnyngn2N ®§­ ç ¥â, çâ® ¤«ï
«î¡®£® N 0 � N áãé¥áâ¢ã¥â â ª®¥ N 00 � N 0, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fAnyn = yn+Bnyngn2N 00 P -
áå®¤¨âáï ª z 2 H. �á«¨ kynk � const, n 2 N 00, â® áãé¥áâ¢ã¥â á« ¡® áå®¤ïé ïáï ¯®¤¯®á«¥¤®¢ â¥«ì-
­®áâì fyngn2N 000 , N 000 � N 00. �¯®«­¥ ­¥¯à¥àë¢­ë© ®¯¥à â®à B ¯¥à¥¢®¤¨â ¥¥ ¢ á¨«ì­® áå®¤ïéãîáï:
kByn � uk ! 0, n 2 N 000, u 2 H. �âáî¤  ¢ á¨«ã ­¥à ¢¥­áâ¢  kBnyn � pnuk � kpnk kByn � uk ¨
à ¢¥­áâ¢  (18) § ª«îç ¥¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fBnyngn2N 000 P -áå®¤¨âáï ª u 2 H. � ª¨¬
®¡à §®¬, fyngn2N 000 P -áå®¤¨âáï ª y = z � u 2 H, ¨ ¢â®à®¥ ãá«®¢¨¥ ¢ë¯®«­¥­®.

�¥¬¬  10. �®à¬ë kAn(�)k ®£à ­¨ç¥­ë à ¢­®¬¥à­® ¯® n ¨ � ­  ª ¦¤®¬ ª®¬¯ ªâ¥ �0 � �.

�¯à ¢¥¤«¨¢®áâì íâ®© «¥¬¬ë ®ç¥¢¨¤­ë¬ ®¡à §®¬ ¢ëâ¥ª ¥â ¨§ «¥¬¬ 8 ¨ 7.

�¥¬¬  11. �«ï «î¡ëå k0 > 0, n1 > n2 ¢ ¨­â¥à¢ «¥ G = (k0n2; k0n1) áãé¥áâ¢ãîâ â ª¨¥

�, ¯à¨ ª®â®àëå § ¤ ç  (1){(4) ¨¬¥¥â «¨èì âà¨¢¨ «ì­®¥ à¥è¥­¨¥.

�®ª § â¥«ìáâ¢®. �á«¨ � 2 G, â® �1 > 0, �2 = i�2, �2 > 0. �ãáâì u | à¥è¥­¨¥ § ¤ ç¨
(1){(4). �à¨¬¥­ïï ¢ ®¡« áâïå S, SR = f(x; y) =2 S : r < Rg ä®à¬ã«ã �à¨­ , ãç¨âë¢ ï ãá«®¢¨ï
(1){(3), ¯®«ãç ¥¬ à ¢¥­áâ¢®

�22

Z
SR

juj2ds+
Z
SR

jruj2ds+
Z
S

jruj2ds =
Z
CR

u
@u

@r
dl + �21

Z
S

juj2ds: (19)

�§ (19), (4) á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â â ª®¥ R0, çâ® ¤«ï «î¡®£® R � R0 ¢¥à­® ­¥à ¢¥­áâ¢®

�22

Z
SR

juj2ds+
Z
SR

jruj2ds+
1
2

Z
S

jruj2ds � �21

Z
S

juj2ds: (20)

�à¨¬¥­¨¬ â¥®à¥¬ë ¢«®¦¥­¨ï (á¬., ­ ¯à., [18])
Z
S

juj2ds � cS;1

� Z
S

jruj2ds+
Z
C

juj2dl

�
; (21)

Z
C

juj2dl � cS;2

� Z
SR

jruj2ds+
Z
SR

juj2ds

�
: (22)
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�¤¥áì cS;1, cS;2 | ¯®áâ®ï­­ë¥, ª®â®àë¥ ¬®£ãâ § ¢¨á¥âì «¨èì ®â ®¡« áâ¨ S. �®¤áâ ¢¨¢ (21), (22)
¢ (20), ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢®

(�22 � �21c1;Sc2;S)
Z
SR

juj2ds+
�
1
2
� �21c1;S

�Z
S

jruj2ds+ (1� �21c1;Sc2;S)
Z
SR

jruj2ds � 0: (23)

�®âà¥¡ã¥¬, çâ®¡ë ¢ (23) ¢á¥ ¬­®¦¨â¥«¨ ¯à¨ ¨­â¥£à « å ¡ë«¨ ¯®«®¦¨â¥«ì­ë. �â® ãá«®¢¨¥ ¡ã¤¥â
¢ë¯®«­¥­®, ¥á«¨

� > max
i=1;2;3

�i: (24)

�¤¥áì

�21 =
k20n

2
2

1 + cS
+
k20n

2
1cS

1 + cS
; �22 = k20n

2
1 �

1
2

1
c1;S

;

�23 = k20n
2
1 �

1
cS
; cS = c1;Sc2;S :

�á­®, çâ® ¤«ï «î¡ëå k0 > 0, n1 > n2 ¬­®¦¥áâ¢® � ¨§ ¨­â¥à¢ «  G, ¤«ï ª®â®àëå ¢ë¯®«­ï¥âáï
(24), ­¥ ¯ãáâ®. � ¦¤®¬ã â ª®¬ã � ¬®¦¥â á®®â¢¥âáâ¢®¢ âì «¨èì âà¨¢¨ «ì­®¥ à¥è¥­¨¥ § ¤ ç¨
(1){(4). �¥©áâ¢¨â¥«ì­®, ¨§ (23) á«¥¤ã¥â Z

SR

juj2ds = 0:

� ª¨¬ ®¡à §®¬, u(M) = 0, M 2 SR ¨, á«¥¤®¢ â¥«ì­®, u(M) = 0, M 2 R2.

�¥¬¬  12. �­®¦¥áâ¢® �(A) ­¥ ¯ãáâ®, â. ¥. �(A) 6= �.

�¯à ¢¥¤«¨¢®áâì íâ®© «¥¬¬ë ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ äà¥¤£®«ì¬®¢®áâ¨ ®¯¥à â®à  A,
«¥¬¬ 11 ¨ 1.

� ª¨¬ ®¡à §®¬, ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 1 [12] ¢ à áá¬ âà¨¢ ¥¬®¬ ­ ¬¨ á«ãç ¥ ¢ë¯®«­ïîâáï, ¨
ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë 3 ¤®ª § ­ë.

�¯¨á ­­ë© ¬¥â®¤ ¯à¨¬¥­ï«áï ¤«ï à¥è¥­¨ï § ¤ ç ® á®¡áâ¢¥­­ëå ¢®«­ å ¤¨í«¥ªâà¨ç¥áª¨å
¢®«­®¢®¤®¢, ª ª ¢ ã¯à®é¥­­®© ¯®áâ ­®¢ª¥, à áá¬ âà¨¢ ¥¬®© ¢ ¤ ­­®© à ¡®â¥, â ª ¨ ¢ ¯®«­®©
í«¥ªâà®¤¨­ ¬¨ç¥áª®© ¯®áâ ­®¢ª¥ (á¬., ­ ¯à., [1]), ¯à¨¢®¤ïé¥© ª ­¥«¨­¥©­ë¬ á¯¥ªâà «ì­ë¬ § -
¤ ç ¬, ¤«ï á¨áâ¥¬ á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© á ï¤à®¬ �®è¨. �¨á«¥­­ë¥ íªá¯¥à¨-
¬¥­âë, ç áâì ¨§ ª®â®àëå ®¯¨á ­  ¢ [19], [20], ¯®ª § «¨ ¢ëá®ªãî íää¥ªâ¨¢­®áâì ¬¥â®¤ . � ª,
¤«ï ®¯à¥¤¥«¥­¨ï ¯®áâ®ï­­ëå à á¯à®áâà ­¥­¨ï ®á­®¢­ëå ¢®«­ ¢®«­®¢®¤®¢ à §«¨ç­ëå á¥ç¥­¨©
®ª § «®áì ¤®áâ â®ç­ë¬ ¡à âì ­¥ ¡®«¥¥ âà¥å ç«¥­®¢ âà¨£®­®¬¥âà¨ç¥áª®£® àï¤ .

�¢â®à ¡« £®¤ à¨â �.�.�«¥é¨­áª®£® §  ¯®áâ ­®¢ªã § ¤ ç¨ ¨ ¯®áâ®ï­­®¥ ¢­¨¬ ­¨¥ ª à ¡®â¥.
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