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� [1], [2] áâà®¨«¨áì  á¨¬¯â®â¨ç¥áª¨¥ à¥è¥­¨ï á¨áâ¥¬ë «¨­¥©­ëå á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ®âª«®­ïîé¨¬áï  à£ã¬¥­â®¬ ¢ á«ãç ¥ ¯à®áâëå ¨ ªà â­ëå ª®à-
­¥© å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï. �«ï á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¢ëà®¦¤¥­­®©
¢ â®çª¥ ¬ âà¨æ¥© ¯à¨ ¯à®¨§¢®¤­®© ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï à §àë¢­ë ¢ â®çª¥, ¨
¨§«®¦¥­­ë¥ ¢ [1], [3] ¬¥â®¤ë ­¥¯à¨¬¥­¨¬ë. � ¤ ­­®© áâ âì¥ à áá¬ âà¨¢ ¥âáï á¨áâ¥¬  ¨­â¥£à®-
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¢ëà®¦¤¥­­®áâìî ¢ â®çª¥ ¨ ¯®áâ®ï­­ë¬ § ¯ §¤ë¢ ­¨¥¬. �®ª -
§ ­®, çâ® ¯à¨ ­ «¨ç¨¨ ¢ëà®¦¤¥­­®áâ¨ ¢ â®çª¥ ¬ âà¨æë ¯à¨ ¯à®¨§¢®¤­®© ¢¨¤ à¥è¥­¨© § ¢¨á¨â
®â ª®à­¥© ¤¢ãå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©, ¯à¨ íâ®¬ ª®íää¨æ¨¥­âë ä®à¬ «ì­ëå à §«®¦¥­¨©
§ ¢¨áïâ ®â ¯ à ¬¥âà . �ª § ­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ¨ ¯®áâà®¥­ë  á¨¬-
¯â®â¨ç¥áª¨¥ à¥è¥­¨ï á¨áâ¥¬ á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå ¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
á ¢ëà®¦¤¥­­®© ¢ â®çª¥ ¬ âà¨æ¥© ¯à¨ ¯à®¨§¢®¤­®© ¨ á ¯®áâ®ï­­ë¬ § ¯ §¤ë¢ ­¨¥¬.

� áá¬®âà¨¬ á¨áâ¥¬ã ¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯®áâ®ï­­ë¬ § ¯ §¤ë¢ ­¨¥¬

"hB(t; ")
dx(t; ")
dt

= A(t; ")x +C(t; ")x(t ��; ") + �

Z L

0

K(t; s; ")x(s; ")ds; (1)

£¤¥ " (0 < " � "0) | ¬ «ë© ¯ à ¬¥âà, h 2 N , t 2 [0;L], s 2 [0;L]; � | ¯à®¨§¢®«ì­ë© ¯ à ¬¥âà;
� > 0 | ¯®áâ®ï­­ ï § ¯ §¤ë¢ ­¨ï;A(t; "), B(t; "), K(t; s; ") | n�n ¬ âà¨æë, x(t; ") | n-¬¥à­ë©
¢¥ªâ®à.

�ã¤¥¬ ¨áª âì à¥è¥­¨¥ á¨áâ¥¬ë (1), ª®â®à®¥ ¯à¨ �� � t � 0 ã¤®¢«¥â¢®àï¥â ­ ç «ì­®¬ã
ãá«®¢¨î

x(t; ") = '(t; "); �� � t � 0;

£¤¥ '(t; ") | n-¬¥à­ë© ¢¥ªâ®à.
�à¥¤¯®«®¦¨¬, çâ® ¢ë¯®«­ïîâáï ãá«®¢¨ï
1) ¬ âà¨æë A(t; "), B(t; "), K(t; s; ") ¨ ¢¥ªâ®à '(t; ") ¤®¯ãáª îâ à §«®¦¥­¨¥ ¯® áâ¥¯¥­ï¬ "

'(t; ") =
1X
r=0

"r'r(t); B(t; ") = tkB0(t) +
1X
r=1

"rBr(t); A(t; ") =
1X
r=0

"rAr(t);

K(t; s; ") =
1X
r=0

"rKr(t; s); k 2 N ;

2) ª®íää¨æ¨¥­âë Ar(t), Br(t), Kr(t; s) ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ë ¯® t;
3) detA0(t) 6= 0 8t 2 [0;L];
4) ¥á«¨ � | á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ï¤à  K(t; s) = A�10 (t)K0(t; s), â®

det kaijk 6= 0;

£¤¥

aij

Z L

0

A�10

�
�mB0(t)q

0

i(t) +A1(t)qi(t) + �

Z L

0

K1(t; �)qi(�)d�
�
�j(t)dt;
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qi(t), �j(t) | á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë á®®â¢¥âáâ¢¥­­® ï¤à  K(t; s) ¨ á®¯àï¦¥­­®£® ï¤à  K(t; s),
i; j = 1; r1; m = 1, ¥á«¨ h = 1; m = 0, ¥á«¨ h > 1;

5)  «£¥¡à ¨ç¥áª®¥ ãà ¢­¥­¨¥

det kA0(t)� !(t)B0(t)k = 0 (2)

¨¬¥¥â ¯à®áâë¥ ª®à­¨ ¯à¨ t 2 [0;L];
6) ª®à­¨ ãà ¢­¥­¨ï

det kB1(t)� !(t)B0(t)k = 0 (3)

¯à®áâë¥ ¨«¨ íâ® ãà ¢­¥­¨¥ ¨¬¥¥â ®¤¨­ ªà â­ë© ª®à¥­ì á ¯à®áâë¬¨ í«¥¬¥­â à­ë¬¨ ¤¥«¨â¥«ï¬¨;
7) ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï

tk+ "!(t) 6= 0; tk(!i�!j)+ "(!j(t)!i(t)�!i(t)!j(t)) 6= 0 8t 2 [0;L]; " 2 (0; "0]; i; j = 1; n; i 6= j:

�®£« á­® ãá«®¢¨ï¬ 5), 6) ¨ [3] áãé¥áâ¢ãîâ ­¥®á®¡¥­­ë¥ ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ ¬ -
âà¨æë Si(t), Tt (i = 1; 2) â ª¨¥, çâ®

A0(t) = S�11 (t)W (t)T�11 (t); B0(t) = S�11 (t)T�11 (t) = S�12 (t)T�12 (t); B1(t) = S�12 (t)W (t)T�12 (t);

£¤¥

W (t) = diagf!1(t); : : : ; !n(t)g; W (t) = diagf!1(t); : : : ; !n(t)g:
�à¥¤¯®«®¦¨¬, çâ® ¢ë¯®«­¥­ë ãá«®¢¨ï

8) ¥á«¨ ¬ âà¨æ  S2(t)S
�1
1 (t) ­¥ ª®¬¬ãâ â¨¢­  á ¬ âà¨æ¥© W (t), â® ãà ¢­¥­¨¥

det ksij(0)(!j(0)!i1(0) : : : !ik(0)!in�1(0) � �)k = 0

¨¬¥¥â à §«¨ç­ë¥ ª®à­¨, £¤¥ ik (k = 1; n� 1) ¯à¨­¨¬ îâ §­ ç¥­¨ï ®â 1 ¤® n, ¯à¨ç¥¬ ik 6= i;
sij | í«¥¬¥­âë ¬ âà¨æë S2(t)S

�1
1 (t);

9) ¤«ï «î¡ëå t1 < t2, t1; t2 2 [0;L], �(i)(t1; ") 6= �(j)(t2; "), i; j = 1; n, " 2 (0; "0], £¤¥ �(i)(t; ") |
ª®à­¨ ãà ¢­¥­¨ï det kA0(t)� (tkB0(t) + "B1(t))�(t; ")k = 0.

�¥®à¥¬  1. �á«¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï 1){9), â® á¨áâ¥¬  ¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­ëå

ãà ¢­¥­¨© (1) ¯à¨ (r � 1)� � t � r� (r � 1) ¨¬¥¥â à¥è¥­¨¥, ª®â®à®¥ ¬®¦­® ¯à¥¤áâ ¢¨âì

¢ ¢¨¤¥

x(t; ") = Umr(t; ") exp
�
"�h

tZ
(r�1)�

�mr(t; ")dt
�
cr + �

LZ
0

Qmr(t; s; ") exp
�
"�h

sZ
(r�1)�

�mr(t; ")dt
�
crds+

+
r�1X
i=1

Kimr(t; ") exp
�
"�h

t�(r�i)�Z
(i�1)�

�mi(s; ")ds
�
ci + pmr(t; ") +

+
r�1X
j=1

r+1�jX
i=1

cj�

LZ
0

Rjimr(t; s; ") exp
�
"�h

s�(i�1)�Z
(j�1)�

�mi(�; ")d�
�
ds+ "m�r�h+1�mr(t; s; "); (4)

£¤¥ cj (j = 1; r) | ¯®áâ®ï­­ë¥ ¢¥ªâ®àë, �mr(t; s; ") | ¢¥ªâ®à, ®£à ­¨ç¥­­ë© ¢ ®ªà¥áâ­®áâ¨

" = 0,   ¬ âà¨æë Rjimr(t; s; "), Kimr(t; "), �mr(t; "), Qmr(t; s; "), Umr(t; ") ¨ ¢¥ªâ®à pmr(t; ")
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â ª®¢ë, çâ®

Umr(t; ") =
m�r+1X
s1=0

"s1U (s1)
mr (t; "); pmr(t; ") =

m�r+1X
s1=0

"s1p(s1)mr (t; "); j = 1; r � 1; r � 1;

Qmr(t; s; ") =
m�r+1X
s1=�

"s1Q(s1)
mr (t; s; "); Kimr(t; ") =

m�r+1X
s1=0

"s1K
(s1)
imr (t; "); (5)

�mr(t; ") =
m�r+1X
s1=0

"s1�(s1)
mr (t; "); Rjimr(t; s; ") =

m�r+1X
s1=�

"s1R
(s1)
jimr(t; s; ");

¯à¨ç¥¬ � = 0, ¥á«¨ � | à¥£ã«ïà­®¥ §­ ç¥­¨¥ ï¤à  K(t; s); � = �1, ¥á«¨ � | á®¡áâ¢¥­­®¥

§­ ç¥­¨¥ ï¤à  K(t; s).

�à¨¢¥¤¥¬ áå¥¬ã ¤®ª § â¥«ìáâ¢ . �¥è¥­¨¥ ¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (1) ¯à¨
0 � t � � ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

x(t; ") = Um1(t; ")y(t; ") + pm1(t; ") + �

Z L

0
Qm1(t; s; ")y(s; ")ds;

£¤¥ y(t; ") ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ãà ¢­¥­¨©

"hB(t; ")Um1(t; ")y0(t; ") = (�"hB(t; ")U 0

m1(t; ") +A(t; ")Um1(t; "))y(t; ") +

+
�
� "hB(t; ")p0m1(t; ") +A(t; ")pm1(t; ") + f1(t; ") + �

Z L

0
K(t; s; ")pm1(s; ")ds

�
+

+�
Z L

0

�
� "hB(t; ")Q0

m1(t; s; ") +A(t; ")Qm1(t; s; ") +K(t; s; ")Um1(s; ") +

+�
Z L

0

K(t; �; ")Qm1(�; s; ")d�
�
ds;

(0) ®§­ ç ¥â ¯à®¨§¢®¤­ãî äã­ªæ¨¨ ¯® ¯¥à¥¬¥­­®© t, f1(t; ") = C(t; ")'(t; ").
�á¯®«ì§ãï ãá«®¢¨ï 1){8), ¬ âà¨æë Um1(t; "), Qm1(t; s; ") ¨ ¢¥ªâ®à pm1(t; ") ­ å®¤¨¬ ¨§ á®®â-

­®è¥­¨©

�"hB(t; ")U 0

m1(t; ") +A(t; ")Um1(t; ") = B(t; ")A(t; ")Um1(t; ")(�m1(t; ") + "m+1F1m1(t; "));

�"hB(t; ")p0m1(t; ") +A(t; ")pm1(t; ") + f1(t; ") + �

Z L

0

K(t; s; ")pm1(s; ")ds = "m+1F2m1(t; ");

�"hB(t; ")Q0

m1(t; s; ") +A(t; ")Qm1(t; s; ") +K(t; s; ")Um1(s; ") +

+�
Z L

0
K(t; �; ")Qm1(�; s; ")d� = "m+1F3m1(t; "):

�á¯®«ì§ãï (4), ­ å®¤¨¬ x(t��; "), ¨, ¯®¤áâ ¢«ïï ¢ (1), ¯®«ãç¨¬, çâ® ¯à¨ r� � t � (r + 1)�
ãà ¢­¥­¨¥ ¯à¨­¨¬ ¥â ¢¨¤

"hB(t; ")
dx(t; ")
dt

= A(t; ")x + �

LZ
0

K(t; s; ")x(s; ")ds +
rX

i=1

Cir(t; ") exp
�
"�h

t�(r+1�i)�Z
(i�1)�

�mi(s; ")ds
�
ci +

+fr(t; ") + �

LZ
0

Mr1mr(t; s; ") exp
�
"�h

sZ
(r�1)�

�mr(�; ")d�
�
ds+ "m+1�r�h�1mr(t; s; ") +

+
r�1X
j=1

r+1�jX
i=1

�

LZ
0

Mjimr(t; s; ") exp
�
"�h

s�(i�1)�Z
(j�1)�

�mj(�; ")d�
�
ds; (6)
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£¤¥ Cir = C(t; ")Kimr(t; "), Crr = C(t; ")Umr(t � �; ")cr, fr(t; ") = pmr(t � �; "), Mr1mr(t; s; ") =
C(t; ")Qmr(t��; s; "), Mjimr(t; s; ") = C(t; ")Rjimr(t; s; ").

�¥è¥­¨¥ á¨áâ¥¬ë ¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (6) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

x(t; ") = Um;r+1(t; ")y(t; ") + pm;r+1(t; ") + �

LZ
0

Qm;r+1(t; s; ")y(s; ")ds +

+
rX

i=1

Kim;r+1(t; ") exp
�
"�h

t�(r+1�i)�Z
(i�1)�

�mi(s; ")ds
�
ci +

+
rX

j=1

r+2�jX
i=1

�

LZ
0

Rjimr(t; s; ") exp
�
"�h

s�(i�1)�Z
(j�1)�

�mj(�; ")d�
�
ds: (7)

� á¨«ã ãá«®¢¨© 1){9) ¬ âà¨æë Um;r+1(t; "), Qm;r+1(t; s; "), Kim;r+1(t; s; "), Rjim;r+1(t; s; "),
Rj;r+2�j;m;r+1(t; s; ") ¨ ¢¥ªâ®à pm;r+1(t; ") ­ å®¤¨¬ ¨§ á®®â­®è¥­¨©

�"hB(t; ")U 0

m;r+1(t; ") +A(t; ")Um;r+1(t; ") = B(t; ")A(t; ")Um;r+1(t; ")(�m;r+1(�; ") +

+"m+1�rF1m;r+1(t; "));

�"hB(t; ")K 0

im;r+1(t; ") +A(t; ")Kim;r+1(t; ") �B(t; ")Kim;r+1(t; ")�mi(t� (r + 1� i)�; ") +

+Cir(t; s; ") = "m+1�rF2m;r+1(t; "); i = 1; r;

�"hB(t; ")p0m;r+1(t; ") +A(t; ")pm;r+1(t; ") + fr(t; ") + "m+1�r�h�1mr(t; s; ") +

+�
Z L

0

K(t; s; ")pm;r+1(s; ")ds = "m+1�rF3m;r+1(t; s; ");

�"hB(t; ")Q0

m;r+1(t; s; ") +A(t; ")Qm;r+1(t; s; ") +K(t; s; ")Um;r+1(s; ") +

+�
Z L

0

K(t; �; ")Qm;r+1(�; s; ")d� = "m+1�rF4m;r+1(t; s; ")

�"hB(t; ")R0jim;r+1(t; s; ") +A(t; ")Rjim;r+1(t; s; ") +Mjim;r+1(t; s; ") +

+�
Z L

0

K(t; �; ")Rjim;r+1(�; s; ")d� = "m+1�rF5jim;r+1(t; s; "); j = 1; r; i = 1; r + 1� j;

�"hB(t; ")R0j;r+2�j;m;r+1(t; s; ") +A(t; ")Rj;r+2�j;m;r+1(t; s; ") +K(t; s; ")Kjm;r+1(s; ") +

+�
Z L

0

K(t; �; ")Rj;r+2�j;m;r+1(�; s; ")d� = "m+1�rF6j;r+2�j;m;r+1(t; s; "); j = 1; r:

�®£¤  y(t; ") ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ãà ¢­¥­¨©

"hy0(t; ") = (�m;r+1(t; ") + "m+1�rF1m;r+1(t; "))y(t; ") + "m�rFm;r+1(t; s; "); (8)

£¤¥

Fm;r+1(t; s; ") = B(t; ")U�1
m;r+1(t; ")

�
F2m;r+1(t; ") + F3m;r+1(t; s; ") +

rX
i=1

F4im;r+1(t; ") +

+
rX

j=1

r+1�jX
i=1

F5ijm;r+1(t; s; ") +
rX

j=1

F6j;r+2�j;m;r+1(t; s; ")
�
:

� ¬¥­¨¬ á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (8) íª¢¨¢ «¥­â­®© á¨áâ¥¬®© ¨­â¥£à «ì­ëå
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ãà ¢­¥­¨© ¨ ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï

Re
hX

r=0

"r�(r)
m1(t; ") � 0

¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨© ¤®ª ¦¥¬, çâ® y(t; ") ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

y(t; ") = exp
�
"�h

Z t

r�
�m;r+1(s; ")ds

�
cr+1 + "m�r�h�0m;r+1(t; s; "); (9)

£¤¥ cr+1 | ¯®áâ®ï­­ë© ¢¥ªâ®à,

�0m;r+1(t; s; ") =
Z t

r�
exp

�
"�h

Z t

t1

�m;r+1(s; ")ds
�
("F1m;r+1(t; ") + Fm;r+1(t; s; "))dt1:

�®¤áâ ¢«ïï (9) ¢ (7), ¯à¨ r� � t � (r + 1)� ¯®«ãç¨¬ (4), £¤¥

�m;r+1(t; s; ") = Um;r+1(t; ")�0m;r+1(t; s; ") + �

Z L

0

Qm;r+1(�; s; ")�0m;r+1(s; �; ")d�:

� á«ãç ¥ ªà â­ëå ª®à­¥© ãà ¢­¥­¨© (2), (3) ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  2. �á«¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï 1){4) ¨ ãá«®¢¨ï

5) ãà ¢­¥­¨¥ (2) ¨¬¥¥â ª®à¥­ì !0(t) ªà â­®áâ¨ n á ®¤­¨¬ n-ªà â­ë¬ í«¥¬¥­â à­ë¬

¤¥«¨â¥«¥¬;
6) ãà ¢­¥­¨¥ (3) ¨¬¥¥â ª®à¥­ì !0(t) ªà â­®áâ¨ n á n-¯à®áâë¬¨ í«¥¬¥­â à­ë¬¨ ¤¥«¨â¥«ï¬¨;
7) ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï

tk + "!(t) 6= 0 8t 2 [0;L]; " 2 (0; "0]; fC(t)gn1 6= 0;

C(t) = �S1(t)A1(t)T1(t) + tkT�11 (t)T 01(t);

8) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

Re
hnX
r=0

�r�(r)
m1(t; ") � 0;

â® á¨áâ¥¬  ¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (1) ¯à¨ (r � 1)� � t � r� (r � 1) ¨¬¥¥â
à¥è¥­¨¥, ª®â®à®¥ ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

x(t; ") = Umr(t; �) exp
�
��nh

tZ
(r�1)�

�mr(t; �)dt
�
cr + �

LZ
0

Qmr(t; s; �) exp
�
��nh

sZ
(r�1)�

�mr(t; �)dt
�
crds+

+
r�1X
i=1

Kimr(t; �) exp
�
��nh

t�(r�i)�Z
(i�1)�

�mi(s; �)ds
�
ci + pmr(t; �) +

+
r�1X
j=1

r+1�jX
i=1

cj�

LZ
0

Rjimr(t; s; �) exp
�
��nh

s�(i�1)�Z
(j�1)�

�mi(�; �)d�
�
ds+ �

m�rn�hn+1

n �mr(t; s; �);

£¤¥ � = n
p
", cj (j = 1; r) | ¯®áâ®ï­­ë¥ ¢¥ªâ®àë, �mr(t; s; �) | ¢¥ªâ®à, ®£à ­¨ç¥­­ë© ¢ ®ªà¥áâ-

­®áâ¨ " = 0,   ¬ âà¨æë Rjimr(t; s; �), Kimr(t; �), �mr(t; �), Qmr(t; s; �), Umr(t; �) ¨ ¢¥ªâ®à

pmr(t; �) ¤®¯ãáª îâ ¯à¥¤áâ ¢«¥­¨¥ ¯® áâ¥¯¥­ï¬ ¯ à ¬¥âà  � ¨ ¨¬¥îâ à §«®¦¥­¨ï,  ­ «®-

£¨ç­ë¥ (5).
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