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� ¤ ®© áâ âì¥ à¥çì ¯®©¤¥â ® áãé¥áâ¢®¢ ¨¨ ®¡®¡é¥ëå ¥ã«¥¢ëå à¥è¥¨© § ¤ ç¨

P (D)u = (�+ g(x))u; x 2 Rn; u 2 L2(Rn); (1)

¢ ª®â®à®© P (iz) � 0 | á¨¬¢®« ¯á¥¢¤®¤¨ää¥à¥æ¨ «ì®£® ®¯¥à â®à  ([1], á. 57), z 2 Rn, ¥
§ ¢¨áïé¨© ®â x ¨ ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬

P (iz) = P (�iz) ¤«ï ¢á¥å z;

(P (iz) � �)�1 2 L2(Rn); ¥á«¨ � < 0;Z
jP (iz) � �j�2dz ! 0; ¥á«¨ �! �1;

Z
jzj<�

jP (iz)� �j�1dz ! +1 ¯à¨ ¬ «ëå � > 0; �! �0:

�¤¥áì ¨ ¤ «¥¥ i | ¬¨¬ ï ¥¤¨¨æ , D = (D1; : : : ;Dn), Dj | á¨¬¢®« ®¡®¡é¥®© ¯à®¨§¢®¤®©
¯® xj , � | á¯¥ªâà «ìë© ¯ à ¬¥âà, g(x) | ¢¥é¥áâ¢¥ ï, ®£à ¨ç¥ ï ¢ áãé¥áâ¢¥®¬ ¨
à ¢ ï ã«î ¢¥ ¬®¦¥áâ¢  
 äãªæ¨ï, 
 ¨§¬¥à¨¬® ¨ ä¨ªá¨à®¢ ®; ¥á«¨ ®á®¡® ¥ ®£®¢®à¥®,
â® ¨â¥£à¨à®¢ ¨¥ ¯à®¨§¢®¤¨âáï ¯® ¢á¥¬ z 2 Rn ¯®  ¯à ¢«¥¨î ®â �1 ¤® +1.

�«ï ¯à¨«®¦¥¨© ¢ ¦® § âì, ¨¬¥¥â «¨ § ¤ ç  (1) å®âï ¡ë ®¤® á®¡áâ¢¥®¥ § ç¥¨¥. �¥£ª®
áâà®ïâáï ¯à¨¬¥àë (á ª®ªà¥âë¬¨ P (D), n, 
 ¨ g(x), ¥ § ¢¨áïé¥© ®â x 2 
) ª ª ¡¥§ á®¡áâ¢¥ëå
§ ç¥¨©, â ª ¨ á  «¨ç¨¥¬ ¨å. �¤ ª® ¯à¨ á¤¥« ëå ¢ëè¥ ¯à¥¤¯®«®¦¥¨ïå ¯®áâ ¢«¥ ï
¯à®¡«¥¬  ¥ à¥è¥ .

� ¤ ç  (1) á ¬®á®¯àï¦¥  ¯à¨ ¢¥é¥áâ¢¥ëå �. �¥¬ ¥ ¬¥¥¥ íâ® ¥ ®ª §ë¢ ¥â áãé¥áâ¢¥-
®£® ¢«¨ï¨ï   ¯à®¡«¥¬ã áãé¥áâ¢®¢ ¨ï á®¡áâ¢¥ëå § ç¥¨©. �¥«® ¢ â®¬, çâ® à¥§®«ì¢¥â 
®¯¥à â®à , ¯®à®¦¤¥®£® § ¤ ç¥© (1), ¥ ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬ ®¯¥à â®à®¬.

�¥«ì áâ âì¨: ¤®ª § âì ¨¦¥ áä®à¬ã«¨à®¢ ãî â¥®à¥¬ã ¨ ¯à¨¬¥¨âì ¥¥ ª à¥è¥¨î § ¤ ç¨
¨§ â¥®à¨¨ ¢®«®¢®¤®¢.

�¥®à¥¬ . �á«¨ g(x) � 0, â® § ¤ ç  (1) ¥ ¨¬¥¥â ®âà¨æ â¥«ìëå á®¡áâ¢¥ëå § ç¥¨©.

� á«ãç ¥ g(x) > 0, x 2 
, ¨ ®£à ¨ç¥®áâ¨ ¬®¦¥áâ¢  
 § ¤ ç  (1) ¨¬¥¥â å®âï ¡ë ®¤®

®âà¨æ â¥«ì®¥ á®¡áâ¢¥®¥ § ç¥¨¥.

�à¨¬¥¨¬ â¥®à¥¬ã ª § ¤ ç¥ ¨§ â¥®à¨¨ ¢®«®¢®¤®¢. �®«®¢®¤ ï¢«ï¥âáï ª®¬¯®§¨æ¨®ë¬ ¬ -
â¥à¨ «®¬ á å à ªâ¥à¨áâ¨ª ¬¨ c1 ¢ 
 ¨ c2 ¢¥ 
. � ª ¦¤®© ¨§ ®¡« áâ¥© ¨§ãç ¥¬®£® ®¡ê¥ªâ 
¢ë¯®«ïîâáï à ¢¥áâ¢ 

��u = (�+ cj)u; x 2 
j ;

£¤¥ 
1 = 
 ¨ 
2 | ¤®¯®«¥¨¥ ª 
. �  £à ¨æ¥ � ®¡« áâ¨ 
 ¤®«¦ë ¡ëâì ¢ë¯®«¥ë â ª¨¥
ãá«®¢¨ï áâëª®¢ª¨, çâ®¡ë äãªæ¨ï u, x 2 Rn, ¡ë«  ®¡®¡é¥ë¬ à¥è¥¨¥¬ § ¤ ç¨

��u = (�+ g(x))u; x 2 Rn; u 2 L2(Rn); (2)

¢ ª®â®à®© g(x) = cj ¯à¨ x 2 
j .
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� á«ãç ¥ n = 2 ¨ á¯¥æ¨ «ì®© ®¡« áâ¨ 
 ®â¢¥â   ¢®¯à®á ® á®¡áâ¢¥ëx § ç¥¨ïå § ¤ -
ç¨ (2) ¯®«ãç¥ ¢ [2]. � ¬ ¦¥ ¬®¦® ¯®¤à®¡¥¥ ¯®§ ª®¬¨âìáï á § ¤ ç¥© ¨§ â¥®à¨¨ ¢®«®¢®¤®¢.
�ä®à¬ã«¨à®¢  ï â¥®à¥¬  ¯¥à¥ªàë¢ ¥â ãâ¢¥à¦¤¥¨¥ ¨§ [2]. �â®¡ë ¥¥ ¯à¨¬¥¨âì, ¤®áâ â®ç®
¯®«®¦¨âì P (iz) = z21 + z22 , g(x) = 0 ¢¥ 
, g(x) = c1 � c2 ¯à¨ x 2 
. �®çâ¨ ®ç¥¢¨¤®, çâ® ¢á¥
¯à¥¤¯®«®¦¥¨ï â¥®à¥¬ë ¢ë¯®«ïîâáï ¯à¨ n � 3, á«¥¤®¢ â¥«ì®, ¯à¨ c1 � c2 § ¤ ç  ¨§ â¥®à¨¨
¢®«®¢®¤®¢ ¥ ¨¬¥¥â ®âà¨æ â¥«ìëå á®¡áâ¢¥ëå § ç¥¨©, ¢ á«ãç ¥ c1 > c2 ¨ ®£à ¨ç¥®-

áâ¨ ¬®¦¥áâ¢  
 ®  ¨¬¥¥â ®âà¨æ â¥«ì®¥ á®¡áâ¢¥®¥ § ç¥¨¥. �á«¨ ®¡  ¬®¦¥áâ¢  
j

¥®£à ¨ç¥ë, â® § ¤ ç  (2) ¬®¦¥â ¥ ¨¬¥âì á®¡áâ¢¥ëå § ç¥¨©. � íâ®¬ «¥£ª® ã¡¥¤¨âìáï ¢
á«ãç ¥ 
1 = R+.

Oáâ «®áì ¤®ª § âì â¥®à¥¬ã. �à¥¤¢ à¨â¥«ì® ¤®ª ¦¥¬ àï¤ «¥¬¬. �ã¤¥¬ ¨á¯®«ì§®¢ âì ¯à¥-
®¡à §®¢ ¨¥ �ãàì¥ (Fu(x))(z) à á¯à¥¤¥«¥¨© u(x) ã¬¥à¥®£® à®áâ  ([1], á. 18). �®à®è® ¨§¢¥áâë
à ¢¥áâ¢® � àá¥¢ «ï Z

(Fu(x))(z)(Fv(x))(z)dz =
Z
u(x)v(�x)dx;

¨ â¥®à¥¬  �« è¥à¥«ï

(Fv(x))(z) 2 L2(Rn) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  v(x) 2 L2(Rn); kv(x)k = k(Fv(x))(z)k;
á¯à ¢¥¤«¨¢ë¥ ¯à¨ ¢á¥å u(x) ¨ v(x) 2 L2(Rn).

�¤¥áì ¨ ¤ «¥¥, ¥á«¨ ®á®¡® ¥ ®£®¢®à¥®, k k | ®à¬  ¢ ¯à®áâà áâ¢¥ L2(Rn).

�¥¬¬  1. �ãáâì � < 0. � ¤ ç  (1) ¨¬¥¥â ¥ã«¥¢®¥ à¥è¥¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

¥ã«¥¢®¥ à¥è¥¨¥ ¨¬¥¥â § ¤ ç 

v(x) =
Z


g(t)v(t)h(x � t; �)dt; v(x) 2 L2(
); (3)

£¤¥ h(x; �) 2 L2(Rn) | äãªæ¨ï, ¯à¥®¡à §®¢ ¨¥ �ãàì¥ ª®â®à®© á®¢¯ ¤ ¥â á (P (iz)��)�1=
p
2�.

�®ª § â¥«ìáâ¢®. �¥®¡x®¤¨¬®áâì. �¥à¥å®¤ï ¢ (1) ª ¯à¥®¡à §®¢ ¨î �ãàì¥, ¯®«ãç¨¬

(P (iz) � �)(Fu(x))(z) = (F (g(x)u(x)))(z) 2 L2(Rn):

�âáî¤  á«¥¤ã¥â, çâ® ¨â¥£à «
R
(Fu(x))(z) exp(ixz)dz  ¡á®«îâ® áå®¤¨âáï. �¤¥áì ¨ ¤ «¥¥ ixz =

(ix1z1; : : : ; ixnzn). �§ ¯®á«¥¤¨å á®®â®è¥¨© ¯®«ãç ¥¬

u(x) = (2�)�1=2
Z
(Fu(x))(z) exp(ixz)dz =

Z
(F (g(t)u(t)))(z)(Fth(x+ t; �))(z)dz;

£¤¥ § ¯¨áì Ft ®§ ç ¥â, çâ® ¯à¥®¡à §®¢ ¨¥ �ãàì¥ ¢ëç¨á«ï¥âáï ¯® t. �âáî¤  ¢ á¨«ã à ¢¥áâ¢ 
� àá¥¢ «ï á«¥¤ã¥â

u(x) =
Z
g(t)u(t)h(x � t; �)dt:

� ª ª ª g(t) = 0 ¢¥ 
, â® u(x), x 2 
, | à¥è¥¨¥ § ¤ ç¨ (3). �á«¨ ¡ë u(t) = 0 ¢ 
, â® ¯®«ãç¨«¨
¡ë g(t)u(t) = 0 ¢ Rn, ¨ ¢ á¨«ã ¯®á«¥¤¥£® à ¢¥áâ¢  u(x) = 0.

�®áâ â®ç®áâì. �ãáâì v(x) | ¥ã«¥¢®¥ à¥è¥¨¥ § ¤ ç¨ (3). � áá¬®âà¨¬ ®¢ãî § ¤ çã

P (D)u = �u+ g(x)f(x); x 2 Rn; u 2 L2(Rn); (4)

¢ ª®â®à®© f(x) = v(x) ¯à¨ x 2 
 ¨ f(x) = 0 ¢¥ 
. � ª ª ª g(x)f(x) 2 L2(Rn), â®, ¯¥à¥x®¤ï ¢ (4)
ª ¯à¥®¡à §®¢ ¨î �ãàì¥, ¯®«ãç¨¬

(P (iz)� �)(Fu(x))(z) = (F (g(x)f(x)))(z) 2 L2(Rn);

u(x) =
Z
(F (g(x)f(x)))(z)(Fth(x+ t; �))(z)dz =

Z
g(t)f(t)h(x � t; �)dt;
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â. ¥. à¥è¥¨¥ § ¤ ç¨ (4) áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥®. � ç áâ®áâ¨, ¯à¨ x 2 
 ¨¬¥¥¬

u(x) =
Z


g(t)v(t)h(x � t; �)dt = v(x):

�ç¨âë¢ ï íâ® à ¢¥áâ¢® ¨ (4), ¯®«ãç¨¬ g(x)f(x) = g(x)u(x), â. ¥. u | à¥è¥¨¥ § ¤ ç¨ (1).

�¡®§ ç¨¬ ¯à¨ � < 0 ç¥à¥§ A(�) ¨â¥£à «ìë© ®¯¥à â®à

A(�)w = (g(x))1=2
Z



(g(t))1=2w(t)h(x � t; �)dt; w 2 L2
b(
);

£¤¥ ¨¤¥ªá ãª §ë¢ ¥â   â®, çâ® à áá¬ âà¨¢ îâáï â®«ìª® ¢¥é¥áâ¢¥ë¥ äãªæ¨¨.

�¥¬¬  2. �à¨ ª ¦¤®¬ � < 0 ®¯¥à â®à A(�) ¨¬¥¥â á®¡áâ¢¥ë¥ § ç¥¨ï aj(�) :

ja1(�)j > ja2(�)j > � � � ;
ª®â®àë¬ á®®â¢¥âáâ¢ãîâ á®¡áâ¢¥ë¥ äãªæ¨¨

f(r)(x; �); r = nk�1 + 1; : : : ; nk; k = 1; 2; : : : ;

®¡à §ãîé¨¥ ®àâ®®à¬¨à®¢ ë© ¡ §¨á ¢ L2
b(R

n), £¤¥ (nk � nk�1) | ªà â®áâì á®¡áâ¢¥®£®

§ ç¥¨ï ak(�).

�®ª § â¥«ìáâ¢®. � ¯®¬¨¬, çâ® ®¯¥à â®à A(�) ®¯à¥¤¥«¥ â®«ìª® ¯à¨ � < 0. � ª ª ª
P (iz) = P (�iz), â® ¯à¥®¡à §®¢ ¨ï �ãàì¥ äãªæ¨© h(t; �), h(�t; �) á®¢¯ ¤ îâ. �®íâ®¬ã h(t; �) =
h(�t; �), ï¤à® (g(x)g(t))1=2h(x�t; �) ¨â¥£à «ì®£® ®¯¥à â®à  A(�) ¨ á ¬ ®¯¥à â®à á ¬®á®¯àï¦¥-
ë. � á¨«ã ®£à ¨ç¥®áâ¨ 
 ï¤à® ¯à¨ ¤«¥¦¨â L2

b(

2), çâ® £ à â¨àã¥â ¢¯®«¥ ¥¯à¥àë¢®áâì

®¯¥à â®à  A(�).

�¥¬¬  3. �ãáâì � < 0, g(x) > 0 ¨ 
 ®£à ¨ç¥®. �®£¤  ak(�) > 0.

�®ª § â¥«ìáâ¢®. �§ à ¢¥áâ¢ 

ak(�)f(r)(x; �) = A(�)f(r)(x; �); r = nk�1 + 1; : : : ; nk;

á«¥¤ã¥â

ak(�) =
Z


(g(x))1=2f(r)(x; �)

� Z


(g(t))1=2f(r)(t; �)h(x � t; �)dt

�
dx:

� ª ª ª g(t) = 0 ¢¥ 
, â® ¢ á¨«ã à ¢¥áâ¢  � àá¥¢ «ï ¯®«ãç¨¬

ak(�) =
Z
(g(x))1=2f(r)(x; �)

� Z
(F ((g(t))1=2f(r)(t; �)))(z)(Fth(x� t; �))(z)dz

�
dx:

�à¨ íâ®¬ ¨¤¥ªá t ãª §ë¢ ¥â   â®,çâ® ¯à¥®¡à §®¢ ¨¥ �ãàì¥ ¢ëç¨á«ï¥âáï ¯® t. �¤ ª® (Fth(x�
t; �))(z) = (P (iz) � �)�1 exp(ixz), ¯®íâ®¬ã, ãç¨âë¢ ï ¢¥é¥áâ¢¥®áâì äãªæ¨© g(x), f(r)(x; �),
¯®«ãç¨¬

ak(�) =
Z
j(F ((g(x))1=2f(r)(x; �)))(z)j2(P (iz) � �)�1dz > 0: �

�¥¬¬  4. �á«¨ 
 ®£à ¨ç¥® ¨ � < 0, â® ak(�) ¥¯à¥àë¢® § ¢¨áïâ ®â �, ¯à¨ç¥¬ ak(�)! 0
¯à¨ �! �1.

�®ª § â¥«ìáâ¢®. �§ ¨§¢¥áâëå à¥§ã«ìâ â®¢ ([3], á. 391{396) ¤«ï á ¬®á®¯àï¦¥ëå ¢¯®«¥
¥¯à¥àë¢ëå ®¯¥à â®à®¢ á«¥¤ã¥â, çâ® ak(�) ¥¯à¥àë¢® § ¢¨áïâ ®â �, ¯à¨ç¥¬

ja1(�)j = kA(�)k =
�ZZ

g(x)g(t)(h(x � t; �))2dx dt
�1=2

:
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�¤ ª® g(x) ®£à ¨ç¥  ¢ áãé¥áâ¢¥®¬, ¯®íâ®¬ã

jak(�)j2 < d1

� Z
(h(x; �))2dx

� Z
g(t)dt = d2

Z
(P (iz) � �)�2dz ! 0 ¯à¨ �! �1: �

�¥¬¬  5. �ãáâì 
 ®£à ¨ç¥®, g(x) > � > 0 ¯à¨ x 2 
 ¨ �! �0. �®£¤  a1(�)! +1.

�®ª § â¥«ìáâ¢®. � ª ª ª ®¯¥à â®à A(�) á ¬®á®¯àï¦¥ ¨ ¢¯®«¥ ¥¯à¥àë¢¥, â® ¢ á¨«ã
®¡é¨å à¥§ã«ìâ â®¢ ([3], á. 249{251)

kA(�)k = sup jhA(�)y; yij;
£¤¥ sup ¢ëç¨á«ï¥âáï ¯® ¢á¥¬ y 2 L2

b(
), ¤«ï ª®â®àëå kyk
 = 1. �âáî¤  á«¥¤ã¥â

ja1(�)j �
����
Z
(g(x))1=2y(x)

� Z
((g(t))1=2y(t))h(x � t; �)dt

�
dx

����:
� á¨«ã à ¢¥áâ¢  � àá¥¢ «ï ¨â¥£à « ¢ ª¢ ¤à âëå áª®¡ª å à ¢¥Z

(F ((g(t))1=2y(t)))(z) exp(ixz)(P (iz) � �)�1dz:

�®íâ®¬ã, ãç¨âë¢ ï ¢¥é¥áâ¢¥®áâì äãªæ¨© g(t), y(t), ¨¬¥¥¬

ja1(�)j �
Z ����

Z



(g(t))1=2y(t) exp(itz)dt
����
2

jP (iz) � �j�1dz:

�®«®¦¨¬ ¢ íâ®¬ ¥à ¢¥áâ¢¥ y(t) = d(g(t))�1=2 ¨ d ¢ë¡¥à¥¬ â ª, çâ®¡ë ky(t)k
 = 1. �®£¤ 

ja1(�)j � d

Z
jzj<�

����
Z



exp(itz)dt
����jP (iz) � �j�1dz:

�á«¨ � ¤®áâ â®ç® ¬ «®, â®
��� R



exp(ixz)dz
��� � d1 > 0. �®íâ®¬ã ja1(�)j � d2

R
jzj<�

jP (iz) � �j�1dz !
+1, ¥á«¨ �! �0.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. �  ¯¥à¢®¬ íâ ¯¥ ¯à¥¤¯®«®¦¨¬, çâ® g(x) � � > 0 ¯à¨ ¢á¥å x 2 
.
� á¨«ã «¥¬¬ 2{5 a1(�0) = 1 ¯à¨ ¥ª®â®à®¬ �0 < 0. �á«¨ f1(x) | á®¡áâ¢¥ ï äãªæ¨ï ®¯¥à â®à 
A(�0), á®®â¢¥âáâ¢ãîé ï á®¡áâ¢¥®¬ã § ç¥¨î a1(�0), â® v(x) = f1(x)(g(x))�1=2 2 L2(
) |
¥ã«¥¢®¥ à¥è¥¨¥ ãà ¢¥¨ï (3) ¯à¨ � = �0, â. ¥. �0 | á®¡áâ¢¥®¥ § ç¥¨¥ § ¤ ç¨ (1).

� ®¡é¥¬ á«ãç ¥ ¯®«®¦¨¬ g(�; x) = g(x), ¥á«¨ x 2 
 ¨ g(x) � �; g(�; x) = � ¯à¨ x 2 
 ¨
g(x) 2 (0; �). �¥ã«¥¢ë¥ à¥è¥¨ï ãà ¢¥¨ï

v(�; x) =
Z



g(�; x)h(x � t; �0(�))v(�; t)dt (5)

¢ë¡¥à¥¬ â ª, çâ®¡ë kv(�; x)k
 = 1. �â¥£à «ìë¥ ®¯¥à â®àë, ®¯à¥¤¥«ï¥¬ë¥ ¯à ¢ë¬¨ ç áâï¬¨ ¢
(3), (5), ®¡®§ ç¨¬ á®®â¢¥âáâ¢¥® B(�), B(�; �0(�)). � ª ª ª 
 ®£à ¨ç¥®, fg(�; x)g à ¢®¬¥à®
áå®¤¨âáï ª g(x) ¨ fh(x; �0(�))g ¯® ®à¬¥ áå®¤¨âáï ª h(x; �0), â®

kB(�0)�B(�; �0(�))k ! 0 ¯à¨ �0(�)! �0: (6)

�ç¨âë¢ ï ¢ë¡®à v(�; x) ¨ á¢®©áâ¢® kh(x; �)k ! 0, ¥á«¨ �! �1, «¥£ª® ¤®ª ¦¥¬ ®£à ¨ç¥®áâì
f�0(�)g. �®íâ®¬ã áãé¥áâ¢ãîâ �0 ¨ �j ! 0, ¯à¨ ª®â®àëå �0(�j) ! �0. �¯¥à â®à B(�0) ¢¯®«¥
¥¯à¥àë¢¥. � íâ®¬ á«ãç ¥, ª ª ¨§¢¥áâ®, ¬®¦¥áâ¢® fB(�0)v(�; x)g á®¤¥à¦¨â áå®¤ïéãîáï ¯®
®à¬¥ ¯®¤¯®á«¥¤®¢ â¥«ì®áâì fB(�0)v(�j1 ; x)g, ¯à¨ç¥¬ �0(�j1)! �0. �®íâ®¬ã ¨§ (5), (6) á«¥¤ã¥â,
çâ® fv(�j1 ; x)g ¯® ®à¬¥ áå®¤¨âáï ª v(x), ¯à¨ç¥¬ kv(x)k
 = 1. �®£¤  fB(�; �0(�j1))v(�j1 ; x)g ¯®
®à¬¥ áå®¤¨âáï ªB(�0)v(x) ¨ ¢ë¯®«ï¥âáï à ¢¥áâ¢® v(x) = B(�0)v(x), â. ¥. ¯à¨ � = �0 ãà ¢¥¨¥
(3) ¨¬¥¥â ¥ã«¥¢®¥ à¥è¥¨¥. �
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