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�®á«¥ ®âªàëâ¨ï ª ®¨ç¥áª¨å  ää¨®àëå áâàãªâãà [1]   à¥£ã«ïà®¬ �-¯à®áâà áâ¢¥G=H
(®¡®¡é¥®¬ á¨¬¬¥âà¨ç¥áª®¬ ¯à®áâà áâ¢¥ [2]) ¢ ¦ë¬ ï¢«ï¥âáï ¨§ãç¥¨¥ á®£« á®¢ ®áâ¨ â -
ª¨å áâàãªâãà á ¨¢ à¨ âë¬¨  ää¨ë¬¨ á¢ï§®áâï¬¨   G=H. �®à®è® ¨§¢¥áâ® [3], çâ® ¢
á«ãç ¥ ®¤®à®¤®£® �-¯à®áâà áâ¢  ¯®àï¤ª  3, ¤®¯ãáª îé¥£® ª ®¨ç¥áªãî ¯®çâ¨ ª®¬¯«¥ªá-
ãî áâàãªâãàã J , â®«ìª® ª ®¨ç¥áª ï á¢ï§®áâì 2-£® à®¤  [4] ï¢«ï¥âáï ®¤®¢à¥¬¥® á®£« á®-
¢ ®© á J (â. ¥. rJ = 0) ¨ ¨¢ à¨ â®© ª ª ®â®á¨â¥«ì® ¤¥©áâ¢¨© £àã¯¯ë G, â ª ¨ ®â®á¨-
â¥«ì® ¤¨ää¥®¬®àä¨§¬ 

D : G=H ! G=H : xH ! �(x)H;

£¤¥ � |  ¢â®¬®àä¨§¬ £àã¯¯ë G.
� ¤ ®© áâ âì¥ à áá¬ âà¨¢ îâáï ¯à®¨§¢®«ìë¥ à¥£ã«ïàë¥ �-¯à®áâà áâ¢  G=H, ¤®¯ãáª -

îé¨¥ ®¤ã ¨«¨ ¥áª®«ìª® ª ®¨ç¥áª¨å  ää¨®àëå áâàãªâãà á«¥¤ãîé¥£® â¨¯ : ¯®çâ¨ ¯à®¨§-
¢¥¤¥¨ï P , ¯®çâ¨ ª®¬¯«¥ªá ï J ¨ f -áâàãªâãà  ¢ á¬ëá«¥ �® [5]. � ª¨¥ áâàãªâãàë ¯®«®áâìî
®¯à¥¤¥«ïîâáï   G=H á¢®¨¬¨ § ç¥¨ï¬¨ ¢ â®çª¥ p0 = H,   ¨¬¥®, ®¯¥à â®à ¬¨ P0, J0 ¨ f0
á®®â¢¥âáâ¢¥® [1]. �á®, çâ® ª ®¨ç¥áª ï á¢ï§®áâì 2-£® à®¤  á®£« á®¢   á «î¡®© ¨§ ¢ëè¥ãª -
§ ëå áâàãªâãà. �ë ¨áá«¥¤ã¥¬ ãá«®¢¨ï ¨â¥£à¨àã¥¬®áâ¨ â ª¨å áâàãªâãà ¢ ¯à¥¤¯®«®¦¥¨¨,
çâ® ®  ï¢«ï¥âáï ¥¤¨áâ¢¥®© ¨¢ à¨ â®© á¢ï§®áâìî   G=H, á®£« á®¢ ®© á à áá¬ âà¨-
¢ ¥¬®© áâàãªâãà®©. �à¨ íâ®¬ ãç¨âë¢ ¥¬, çâ® à áá¬ âà¨¢ ¥¬ë¥ ¤ «¥¥ â¥§®àë¥ ¯®«ï ªàãç¥¨ï
ª ®¨ç¥áª¨å  ää¨®àëå áâàãªâãà â ª¦¥ ¨¢ à¨ âë ®â®á¨â¥«ì® G ¨ D,   ¯®â®¬ã ¯®«®-
áâìî ®¯à¥¤¥«ïîâáï á¢®¨¬¨ § ç¥¨ï¬¨ ¢ â®çª¥ p0 2 G=H.

�ãáâì �|  ¢â®¬®àä¨§¬ á¢ï§®© £àã¯¯ë�¨G. �¡®§ ç¨¬ ¤¨ää¥à¥æ¨ « íâ®£®  ¢â®¬®àä¨§-
¬  ¢ â®çª¥ e ç¥à¥§ ', â. ¥. ' = d�e [6]. �¡®§ ç¨¬ ç¥à¥§ G� ¯®¤£àã¯¯ã ¢á¥å â®ç¥ª, ¥¯®¤¢¨¦ëå
¯à¨ �, ¨ ç¥à¥§ G�

0
á¢ï§ãî ª®¬¯®¥âã ¥¤¨¨æë £àã¯¯ë G�. �ãáâì H | § ¬ªãâ ï ¯®¤£àã¯¯ 

¢ G, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î G�

0
� H � G�. �¤®à®¤®¥ ¯à®áâà áâ¢® G=H  §ë¢ îâ ®¤®-

à®¤ë¬ �-¯à®áâà áâ¢®¬ (á¬. [6], [7]). � áá¬®âà¨¬ ¢  «£¥¡à¥ �¨ g £àã¯¯ë G «¨¥©ë© ®¯¥à â®à
A' = '�id ¨ à §«®¦¥¨¥ �¨ââ¨£  g = g0+g1, á®®â¢¥âáâ¢ãîé¥¥ A', £¤¥ ç¥à¥§ g0 ¨ g1 ®¡®§ ç¥ë
0-ª®¬¯®¥â  ¨ 1-ª®¬¯®¥â  á®®â¢¥âáâ¢¥®. �¤®à®¤®¥ �-¯à®áâà áâ¢® G=H ¡ã¤¥â  §ë¢ âì-
áï à¥£ã«ïàë¬ �-¯à®áâà áâ¢®¬ [6], [7], ¥á«¨ g0 = h, £¤¥ h ï¢«ï¥âáï  «£¥¡à®© �¨ £àã¯¯ë �¨ H.
�§¢¥áâ® [6], çâ® à¥£ã«ïà®¥ �-¯à®áâà áâ¢® G=H ï¢«ï¥âáï ®¤®à®¤ë¬ à¥¤ãªâ¨¢ë¬ ¯à®áâà -
áâ¢®¬, ¨ ª ®¨ç¥áª®¥ à¥¤ãªâ¨¢®¥ à §«®¦¥¨¥  «£¥¡àë �¨ g, á®®â¢¥âáâ¢ãîé¥¥  ¢â®¬®àä¨§¬ã
', ¨¬¥¥â ¢¨¤

g = h�m; m = A'g:

1. �¡®§ ç¨¬ ç¥à¥§ � ®£à ¨ç¥¨¥ '   ¯®¤¯à®áâà áâ¢® m, ®â®¦¤¥áâ¢«¥®¥ á ª á â¥«ìë¬
¯à®áâà áâ¢®¬ ª G=H ¢ â®çª¥ p0, ¨ ç¥à¥§ Xm ¯à®¥ªæ¨î ¢¥ªâ®à  X 2 g   m ®â®á¨â¥«ì® à¥¤ãª-
â¨¢®£® à §«®¦¥¨ï. � ¯®¬¨¬, çâ®  ää¨®à ï áâàãªâãà  F   à¥£ã«ïà®¬ �-¯à®áâà áâ¢¥
G=H  §ë¢ ¥âáï ª ®¨ç¥áª®© [1], ¥á«¨  ää¨®à F0 ¢ â®çª¥ p0 ï¢«ï¥âáï ¯®«¨®¬®¬ ®â �. �â-
¬¥â¨¬ â ª¦¥ â®â ä ªâ [6], çâ® ª ®¨ç¥áª¨¥  ää¨®àë¥ áâàãªâãàë ï¢«ïîâáï ¨¢ à¨ âë¬¨
®â®á¨â¥«ì® G ¢ á¨«ã ¯¥à¥áâ ®¢®ç®áâ¨ «î¡®£®  ¢â®¬®àä¨§¬  ¨§ Ad(H) á ®¯¥à â®à®¬ �.
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�¥®à¥¬  1. �ãáâì G=H | à¥£ã«ïà®¥ ®¤®à®¤®¥ �-¯à®áâà áâ¢®, ¤®¯ãáª îé¥¥ ª ®¨-

ç¥áªãî ¯®çâ¨ ª®¬¯«¥ªáãî áâàãªâãàã J . � ®¨ç¥áª ï á¢ï§®áâì 2-£® à®¤    G=H ï¢«ï¥âáï

¥¤¨áâ¢¥®© ¯®çâ¨ ª®¬¯«¥ªá®©  ää¨®© á¢ï§®áâìî (â. ¥. rJ = 0), ¨¢ à¨ â®© ®â®-

á¨â¥«ì® G ¨ D, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï äãªæ¨¨ �®¬¨¤§ã � «î¡®© ¨¢ à¨ â®©  

G=H á¢ï§®áâ¨ r á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

�(X;Y ) = J0�(X;J0Y ) ¤«ï ¢á¥å X;Y 2 m: (1)

�®ª § â¥«ìáâ¢®. �®«ì§ãïáì á¯¥æ¨ «ìë¬¨ ¢¥ªâ®àë¬¨ ¯®«ï¬¨ ¢ ®ªà¥áâ®áâ¨ â®çª¨ p0 [4],
¬®¦® ¯®ª § âì ¯®   «®£¨¨ á [3], çâ® ¤«ï  ää¨®© á¢ï§®áâ¨ r   G=H á äãªæ¨¥© �®¬¨¤§ã
� ãá«®¢¨¥ rJ = 0 íª¢¨¢ «¥â® ãá«®¢¨î

J0�(X;Y ) = �(X;J0Y ) ¤«ï «î¡ëå X;Y 2 m: (2)

�ãáâì ª ®¨ç¥áª ï á¢ï§®áâì 2-£® à®¤  ï¢«ï¥âáï   G=H ¥¤¨áâ¢¥®© ¯®çâ¨ ª®¬¯«¥ªá-
®© á¢ï§®áâìî. � áá¬®âà¨¬   G=H ¯à®¨§¢®«ìãî ¨¢ à¨ âãî  ää¨ãî á¢ï§®áâì r á
äãªæ¨¥© �®¬¨¤§ã � ¨ ®¯à¥¤¥«¨¬   G=H ¨¢ à¨ âãî  ää¨ãî á¢ï§®áâì r0 á äãªæ¨¥©
�®¬¨¤§ã �0(X;Y ) = �(X;Y ) � J0�(X;J0Y ), £¤¥ X;Y 2 m. �¥£ª® ¯®ª § âì, çâ® á¢ï§®áâì r0

ï¢«ï¥âáï ¯®çâ¨ ª®¬¯«¥ªá®© á¢ï§®áâìî. �«¥¤®¢ â¥«ì®, �0 � f0g, ¨ ¤«ï äãªæ¨¨ �®¬¨¤§ã �
á¢ï§®áâ¨ r ¢ë¯®«ï¥âáï (1).

�¡à â®, ¯ãáâì ãá«®¢¨¥ (1) ¢ë¯®«ï¥âáï ¤«ï ¢á¥å ¨¢ à¨ âëå á¢ï§®áâ¥©   G=H. � á-
á¬®âà¨¬   G=H ¯à®¨§¢®«ìãî ¯®çâ¨ ª®¬¯«¥ªáãî á¢ï§®áâì á äãªæ¨¥© �®¬¨¤§ã �. �®£¤ 
¨§ (1) ¨ (2) á«¥¤ã¥â, çâ® �(X;Y ) = J0�(X;J0Y ) = �(X;J0(J0Y )) = ��(X;Y ) ¤«ï ¢á¥å X;Y 2 m.
�«¥¤®¢ â¥«ì®, �(X;Y ) = 0.

�¥®à¥¬  2. �ãáâì G=H | à¥£ã«ïà®¥ �-¯à®áâà áâ¢®, ¤®¯ãáª îé¥¥ ª ®¨ç¥áªãî ¯®çâ¨

ª®¬¯«¥ªáãî áâàãªâãàã J . �ãáâì ¤ «¥¥   G=H ª ®¨ç¥áª ï á¢ï§®áâì 2-£® à®¤  ï¢«ï¥âáï

¥¤¨áâ¢¥®© ¯®çâ¨ ª®¬¯«¥ªá®©  ää¨®© á¢ï§®áâìî, ¨¢ à¨ â®© ®â®á¨â¥«ì® G ¨ D.
� ®¨ç¥áª ï áâàãªâãà  J   G=H ¨â¥£à¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  G=H ï¢«ï¥âáï

«®ª «ì® á¨¬¬¥âà¨ç¥áª¨¬ ¯à®áâà áâ¢®¬ (â. ¥. [m;m] � h).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬   G=H ¨¢ à¨ âãî  ää¨ãî á¢ï§®áâì r á äãªæ¨¥©
�®¬¨¤§ã �(X;Y ) = [X;Y ]m, X;Y 2 m. �§ (1) á«¥¤ã¥â, çâ® ¤«ï «î¡ëå X;Y 2 m ¨¬¥¥â ¬¥áâ®
à ¢¥áâ¢®

J0[X;Y ]m = �[X;J0Y ]m: (3)

�á¯®«ì§ãï (3) ¤«ï ¢ëç¨á«¥¨ï â¥§®à®£® ¯®«ï ªàãç¥¨ï N(X;Y ) ª ®¨ç¥áª®© áâàãªâãàë J
¢ â®çª¥ p0, ¯®«ãç ¥¬ à ¢¥áâ¢®

N0(X;Y ) = [J0X;J0Y ]m � J0[J0X;Y ]m � J0[X;J0Y ]m � [X;Y ]m = �4[X;Y ]m;

¨§ ª®â®à®£® á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë.

� ª ã¦¥ ã¯®¬¨ «®áì ¢ëè¥, ¯à¨¬¥à®¬ à¥£ã«ïà®£® �-¯à®áâà áâ¢  á ª ®¨ç¥áª®© ¯®çâ¨
ª®¬¯«¥ªá®© áâàãªâãà®© ¨ ¥¤¨áâ¢¥®© ¨¢ à¨ â®© ¯®çâ¨ ª®¬¯«¥ªá®© á¢ï§®áâìî   ¥¬
ï¢«ï¥âáï �-¯à®áâà áâ¢® ¯®àï¤ª  3. � ª¨¬ ®¡à §®¬, â¥®à¥¬  2 ï¢«ï¥âáï ®¡®¡é¥¨¥¬ â¥®à¥¬ë
6 à ¡®âë [3]   á«ãç © ¯à®¨§¢®«ìëå à¥£ã«ïàëå �-¯à®áâà áâ¢.

�à¥¤¯®«®¦¨¬, çâ®   m áãé¥áâ¢ã¥â ¥¢ëà®¦¤¥ ï ¡¨«¨¥© ï ä®à¬  B, ¨¢ à¨ â ï
®â®á¨â¥«ì® Ad(H) ¨ ®¯¥à â®à  �. �®£¤    ¬®£®®¡à §¨¨ G=H ä®à¬  B ¨¤ãæ¨àã¥â ¨¢ à¨-
 âãî ®â®á¨â¥«ì® G ¨D (¯á¥¢¤®)à¨¬ ®¢ã áâàãªâãàã g. �§¢¥áâë¬ ¯à¨¬¥à®¬ â ª®© ¬¥âà¨ª¨
ï¢«ï¥âáï â ª  §ë¢ ¥¬ ï áâ ¤ àâ ï ¬¥âà¨ª , ®¯à¥¤¥«¥ ï ä®à¬®© �¨««¨£  B ¯®«ã¯à®áâ®©
 «£¥¡àë �¨ g. �ãáâì r | à¨¬ ®¢  á¢ï§®áâì   G=H ¬¥âà¨ª¨ g.
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�¥®à¥¬  3 ([8]). �ãáâì (G=H; g) | (¯á¥¢¤®)à¨¬ ®¢® à¥£ã«ïà®¥ �-¯à®áâà áâ¢®, ¨ ¬¥-

âà¨ª  g ¨¢ à¨ â  ®â®á¨â¥«ì® G ¨ D. �ãáâì P , J , f | ª ®¨ç¥áª¨¥ áâàãªâãàë  

G=H â ª¨¥, çâ® á®®â¢¥âáâ¢ãîé¨¥ ¯®«¨®¬ë P (�), J(�), f(�) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

a) P (�) = P (��1); ¡) J(�) = �J(��1); ¢) f(�) = �f(��1):

�®£¤  á®®â¢¥âáâ¢¥®

1) P ¥áâì (¯á¥¢¤®)à¨¬ ®¢  áâàãªâãà  ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï;
2) J ¥áâì ¯®çâ¨ íà¬¨â®¢  áâàãªâãà ;
3) f ï¢«ï¥âáï ¬¥âà¨ç¥áª®© f -áâàãªâãà®©.

�¥£ª® ¢¨¤¥âì, çâ® ¯®«¨®¬ë ®â �, § ¤ îé¨¥ ª ®¨ç¥áª¨¥ áâàãªâãàë   à¥£ã«ïà®¬ �-
¯à®áâà áâ¢¥ G=H ¯à®¨§¢®«ì®£® ¯®àï¤ª  n [1] ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬  ), ¡) ¨ ¢) â¥®à¥¬ë 3,
á«¥¤®¢ â¥«ì®, ª ®¨ç¥áª¨¥ áâàãªâãàë P , J ¨ f   ¯¥à¨®¤¨ç¥áª®¬ (¯á¥¢¤®)à¨¬ ®¢®¬ à¥£ã-
«ïà®¬ �-¯à®áâà áâ¢¥ G=H á®£« á®¢ ë á ¬¥âà¨ª®© g.

� ¯®¬¨¬ ( ¯à., [9]), çâ® ¯®çâ¨ íà¬¨â®¢  áâàãªâãà  J   (¯á¥¢¤®)à¨¬ ®¢®¬ ¬®£®®¡à §¨¨
M  §ë¢ ¥âáï ¯à¨¡«¨¦¥® ªí«¥à®¢®©, ¥á«¨ (rXJ)X = 0 ¤«ï ¢á¥å ¢¥ªâ®àëå ¯®«¥© X ¨§ M .

�¥®à¥¬  4. �ãáâì g | ¨¢ à¨ â ï ®â®á¨â¥«ì® G ¨ D (¯á¥¢¤®)à¨¬ ®¢  ¬¥âà¨ª   
à¥£ã«ïà®¬ �-¯à®áâà áâ¢¥ G=H ¨ J | ª ®¨ç¥áª ï ¯®çâ¨ ª®¬¯«¥ªá ï áâàãªâãà    ¥¬,

ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î ¡) â¥®à¥¬ë 3. �ãáâì ª ®¨ç¥áª ï á¢ï§®áâì 2-£® à®¤    G=H
ï¢«ï¥âáï ¥¤¨áâ¢¥®© ¨¢ à¨ â®© ¯®çâ¨ ª®¬¯«¥ªá®© á¢ï§®áâìî. �®£¤    G=H íª¢¨¢ -

«¥âë á«¥¤ãîé¨¥ ãá«®¢¨ï:

1) áâàãªâãà  J ¯à¨¡«¨¦¥® ªí«¥à®¢ ;
2) G=H ï¢«ï¥âáï ¥áâ¥áâ¢¥® à¥¤ãªâ¨¢ë¬ ¯à®áâà áâ¢®¬.

�®ª § â¥«ìáâ¢®. �á¯®¬¨¬ [10], çâ® ®¤®à®¤®¥ ¯à®áâà áâ¢® G=H á G-¨¢ à¨ â®©
(¯á¥¢¤®)à¨¬ ®¢®© ¬¥âà¨ª®© g  §ë¢ ¥âáï ¥áâ¥áâ¢¥® à¥¤ãªâ¨¢ë¬, ¥á«¨ Ad(H)-¨¢ à¨ â®¥
à §«®¦¥¨¥ g = h�m ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

g([X;Y ]m; Z)p0 = g(X; [Y;Z]m)p0 ¤«ï X;Y;Z 2 m: (4)

� ª ¨ ¢ â¥®à¥¬¥ 1, ¬®¦® ¯®ª § âì, çâ® ¤«ï à¨¬ ®¢®© á¢ï§®áâ¨r  G=H á äãªæ¨¥© �®¬¨¤§ã
� ãá«®¢¨¥ (rXJ)X = 0 íª¢¨¢ «¥â® ãá«®¢¨î J0�(X;X) = �(X;J0X) ¤«ï «î¡®£® X 2 m.
�ãªæ¨ï �®¬¨¤§ã � à¨¬ ®¢®© á¢ï§®áâ¨ r ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ [10]

2g(�(X;Y ); Z)p0 = g(Z; [X;Y ]m)p0 � g(X; [Y;Z]m)p0 � g(Y; [X;Z]m)p0 : (5)

�á¯®«ì§ãï (1) ¨ ãç¨âë¢ ï, çâ® áâàãªâãà  J ¯®çâ¨ íà¬¨â®¢ ,  å®¤¨¬

g(J0�(X;X) � �(X;J0X); J0Y )p0 = g(J0�(X;X); J0Y )p0 � g(�(X;J0X); J0Y )p0 = 2g(�(X;X); Y )p0 :

�âáî¤  ¨ ¨§ (5) ¯®«ãç ¥¬

2g(�(X;X); Y )p0 = �g(X; [X;Y ]m)p0 � g(X; [X;Y ]m)p0 = �2g(X; [X;Y ]m)p0 :

� ª¨¬ ®¡à §®¬,   G=H ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

g(J0�(X;X) � �(X;J0X); J0Y )p0 = �2g(X; [X;Y ]m)p0 : (6)

�à¨ ¢ë¯®«¥¨¨ (4) ¯®«ãç¨¬ ¨§ (6) g(J0�(X;X) � �(X;J0X); J0Y )p0 = 0, ®âªã¤   å®¤¨¬
J0�(X;X) = �(X;J0X).

�¡à â®, ¯ãáâì áâàãªâãà  J ¯à¨¡«¨¦¥® ªí«¥à®¢ . �®£¤  ¨§ (6) á«¥¤ã¥â, çâ® g(V; [V; Y ]m)p0 =
0 ¤«ï «î¡ëå V; Y 2 m. �ë¡¨à ï ¢¥ªâ®à V = X + Z, ¤«ï «î¡ëå X;Y;Z 2 m ¯®«ãç¨¬

g(X+Z; [X+Z; Y ]m)p0=g(X+Z; [X;Y ]m)p0+g(X+Z; [Z; Y ]m)p0=g(Z; [X;Y ]m)p0+g(X; [Z; Y ]m)p0=0;

®âªã¤  ¢¨¤®, çâ®   G=H á¯à ¢¥¤«¨¢® ãá«®¢¨¥ (4).
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�  ï â¥®à¥¬  ®¡®¡é ¥â à¥§ã«ìâ â, ¯®«ãç¥ë© ¢ [11] ¤«ï (¯á¥¢¤®)à¨¬ ®¢ëå 3-á¨¬¬¥â-
à¨ç¥áª¨å ¯à®áâà áâ¢   á«ãç ©, ¢ ç áâ®áâ¨, (¯á¥¢¤®)à¨¬ ®¢ëå à¥£ã«ïàëå �-¯à®áâà áâ¢
¯à®¨§¢®«ì®£® ¯®àï¤ª  n.

2. � áá¬®âà¨¬ â¥¯¥àì à¥£ã«ïà®¥ �-¯à®áâà áâ¢®, ¤®¯ãáª îé¥¥ ¥âà¨¢¨ «ìãî ª ®¨ç¥-
áªãî áâàãªâãàã ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï P . �®£¤  m = m1 �m2, £¤¥ m1 ¨ m2 ®â¢¥ç îâ á®¡áâ¢¥ë¬
§ ç¥¨ï¬ +1 ¨ �1 ®¯¥à â®à  P0. �á«®¢¨¬áï ®¡®§ ç âì ¨¤¥ªá ¬¨ 1 ¨ 2 ¯à®¥ªæ¨¨ ¢¥ªâ®à®¢ ¨§
m   m1 ¨ m2 á®®â¢¥âáâ¢¥®.

�¥®à¥¬  5. � ®¨ç¥áª ï áâàãªâãà  ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï P ®¤®à®¤®£® à¥£ã«ïà®£® �-
¯à®áâà áâ¢  G=H ¨â¥£à¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

[m1;m1]2 = [m2;m2]1 = f0g: (7)

�®ª § â¥«ìáâ¢®. �¥§®à ªàãç¥¨ïN0 áâàãªâãàë ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï P ¢ â®çª¥ p0 á ãç¥â®¬
à §«®¦¥¨ï m   m1 ¨ m2 ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬

N0(X;Y ) = [P0X;P0Y ]m = P0[P0X;Y ]m � P0[X;P0Y ]m + [X;Y ]
m
= [P0X;P0Y ]1 �

� [P0X;Y ]1 � [X;P0Y ]1 + [X;Y ]1 + [P0X;P0Y ]2 + [P0X;Y ]2 + [X;P0Y ]2 + [X;Y ]2: (8)

�®áª®«ìªã X = X1+X2 ¨ Y = Y1+Y2, â®, à §«®¦¨¢ ¯®¤à®¡® ª ¦¤®¥ á« £ ¥¬®¥ ¨§ (8) ¨ ¯à¨¢¥¤ï
¯®¤®¡ë¥ ç«¥ë, ®¡ àã¦¨¬, çâ®

N0(X;Y ) = 4([X1; Y1]2 + [X2; Y2]1): (9)

�§ ãá«®¢¨ï (9) á«¥¤ã¥â, çâ® N0(X;Y ) = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«ï¥âáï (7).

�¥¬¬ . �ãáâì P | ª ®¨ç¥áª ï áâàãªâãà  ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï   à¥£ã«ïà®¬ �-¯à®áâ-
à áâ¢¥ G=H. �®£¤  ¤«ï äãªæ¨¨ �®¬¨¤§ã � ¨¢ à¨ â®© á¢ï§®áâ¨ ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï r
(â. ¥. rP = 0) à¥£ã«ïà®£® �-¯à®áâà áâ¢  G=H á¯à ¢¥¤«¨¢®

�(X;Yi) 2 mi ¤«ï ¢á¥å X 2 m ¨ Yi 2 mi; i = 1; 2: (10)

�®ª § â¥«ìáâ¢®. �®«ì§ãïáì á¯¥æ¨ «ìë¬¨ ¢¥ªâ®àë¬¨ ¯®«ï¬¨ ¢ ®ªà¥áâ®áâ¨ â®çª¨ p0 [4],
¬®¦® ¯®ª § âì, çâ®  G=H ¤«ï  ää¨®© á¢ï§®áâ¨ r á äãªæ¨¥© �®¬¨¤§ã � ãá«®¢¨¥rP = 0
íª¢¨¢ «¥â® ãá«®¢¨î

P0�(X;Y ) = �(X;P0Y ) ¤«ï «î¡ëå X;Y 2 m: (11)

�áå®¤ï ¨§ á¢®©áâ¢ ®¯¥à â®à  P0, ¯®«ãç ¥¬

P0�(X;Y ) = �(X;Y )1 � �(X;Y )2 = �(X;Y1)1 + �(X;Y2)1 � �(X;Y1)2 � �(X;Y2)2:

� «¥¥,
�(X;P0Y ) = �(X;Y1 � Y2) = �(X;Y1)1 � �(X;Y2)1 + �(X;Y1)2 � �(X;Y2)2:

�à ¢¨¢ ï ®¡  ¢ëà ¦¥¨ï,  å®¤¨¬, çâ® �(X;Y1)2 = 0 ¨ �(X;Y2)1 = 0 ¤«ï «î¡ëå X 2 m ¨
Yi 2 mi, i = 1; 2. �«¥¤®¢ â¥«ì®, ¨¬¥¥â ¬¥áâ® (10), ¨ ¤«ï äãªæ¨¨ �®¬¨¤§ã � á¯à ¢¥¤«¨¢®
á®®â®è¥¨¥

�(X;Y ) = �(X;Y1)1 + �(X;Y2)2: � (12)

�¥®à¥¬  6. �ãáâì G=H | à¥£ã«ïà®¥ �-¯à®áâà áâ¢®, ¤®¯ãáª îé¥¥ ¥âà¨¢¨ «ìãî ª -

®¨ç¥áªãî áâàãªâãàã ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï P . �ãáâì ª ®¨ç¥áª ï á¢ï§®áâì 2-£® à®¤  ï¢«ï-

¥âáï ¥¤¨áâ¢¥®© ¨¢ à¨ â®© á¢ï§®áâìî ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï ®â®á¨â¥«ì® P . �®£¤   
G=H íª¢¨¢ «¥âë ãá«®¢¨ï

1) ª ®¨ç¥áª ï áâàãªâãà  P ¨â¥£à¨àã¥¬ ;
2) G=H ï¢«ï¥âáï «®ª «ì® á¨¬¬¥âà¨ç¥áª¨¬ ¯à®áâà áâ¢®¬.
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�®ª § â¥«ìáâ¢®. �ãáâì r | ¨¢ à¨ â ï  ää¨ ï á¢ï§®áâì   G=H á äãªæ¨¥©
�®¬¨¤§ã �(X;Y ) = [X;Y ]m, X;Y 2 m. �  ¯®à®¦¤ ¥â á¢ï§®áâì r á äãªæ¨¥© �®¬¨¤§ã
�(X;Y ) = 1

2
(P0�(X;Y ) + �(X;P0Y )), ª®â®à ï, ª ª «¥£ª® ¯à®¢¥à¨âì, ï¢«ï¥âáï á¢ï§®áâìî ¯®-

çâ¨ ¯à®¨§¢¥¤¥¨ï, ¨¢ à¨ â®© ®â®á¨â¥«ì® G ¨ D. �«ï � ¯®«ãç ¥¬

�(X;Y ) = 1

2
(P0[X;Y ] + [X;P0Y ]) = 1

2
([X;Y ]1 � [X;Y ]2 + [X;Y1]� [X;Y2]) =

= [X;Y1]1 � [X;Y2]2 = [X1; Y1]1 + [X2; Y1]1 � [X1; Y2]2 � [X2; Y2]2 � 0:

�®£¤  ¤«ï ¢á¥å X;Y 2 m1 �(X;Y ) = [X1; Y1]1 = 0. � ª ¦¥ ¤«ï ¢á¥å X;Y 2 m2 �(X;Y ) =
[X2; Y2]2 = 0. �«¥¤®¢ â¥«ì®,   G=H ¨¬¥¥â ¬¥áâ®

[mi;mi]i = f0g; i = 1; 2: (13)

� «®£¨ç®  å®¤¨¬

[m1;m2]m = f0g: (14)

�ç¨âë¢ ï (13) ¨ (14), ¤«ï ¢á¥å X;Y 2 m ¯®«ãç ¥¬ à ¢¥áâ¢®

[X;Y ]
m
= [X1; Y1]2 + [X2; Y2]1; (15)

ª®â®à®¥ ¢ áà ¢¥¨¨ á (7) ¤®ª §ë¢ ¥â íª¢¨¢ «¥â®áâì ãá«®¢¨© 1) ¨ 2) â¥®à¥¬ë.

�¥®à¥¬  7. �ãáâì G=H | à¥£ã«ïà®¥ ®¤®à®¤®¥ �-¯à®áâà áâ¢® ¨ P | ª ®¨ç¥áª ï

áâàãªâãà  ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï   ¥¬. �®£¤    G=H íª¢¨¢ «¥âë ãá«®¢¨ï

1) ª ®¨ç¥áª ï á¢ï§®áâì 1-£® à®¤  ï¢«ï¥âáï á¢ï§®áâìî ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï;
2) ª ®¨ç¥áª ï áâàãªâãà  P ¨â¥£à¨àã¥¬  ¨ [m1;m2]m = f0g.

�®ª § â¥«ìáâ¢®. �®£« á® «¥¬¬¥ 1, ¥á«¨ ª ®¨ç¥áª ï á¢ï§®áâì 1-£® à®¤  ï¢«ï¥âáï á¢ï§-
®áâìî ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï, â® ¤«ï ¥¥ äãªæ¨¨ �®¬¨¤§ã �( 1

2
) á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

�( 1
2
)(X;Y ) = 1

2
[X;Y ]

m
= 1

2
([X;Y1]1 + [X;Y2]2); X; Y 2 m:

�«ï ¢á¥å X;Y 2 m á¯à ¢¥¤«¨¢® [X;Y1]2 + [X;Y2]1 = 0, ¨«¨, çâ® â® ¦¥ á ¬®¥,

[X2; Y1]2 + [X1; Y1]2 = 0; (16)

[X1; Y2]1 + [X2; Y2]1 = 0: (17)

�§ (16) ¤«ï X;Y 2 m1 ¯®«ãç¨¬ [X1; Y1]2 = 0. � «¥¥ ¨§ (17) [X2; Y2]1 = 0 ¤«ï X;Y 2 m2.
�«¥¤®¢ â¥«ì®, ª ®¨ç¥áª ï áâàãªâãà  P ¨â¥£à¨àã¥¬ . � «®£¨ç®  å®¤¨¬, çâ®   G=H
[m1;m2]m = f0g. �¡à â®, ¯ãáâì ¢ë¯®«¥® ãá«®¢¨¥ 2) â¥®à¥¬ë. �®£¤  ¤«ï ¢á¥å X;Y 2 m

�( 1
2
)(X;Y ) = 1

2
[X;Y ]

m
= 1

2
([X1; Y1]1 + [X2; Y2]2):

�§ íâ®£® à ¢¥áâ¢  ¨ ¨§ (11) á«¥¤ã¥â, çâ® ª ®¨ç¥áª ï á¢ï§®áâì 1-£® à®¤    G=H ï¢«ï¥âáï
á¢ï§®áâìî ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï ®â®á¨â¥«ì® ª ®¨ç¥áª®© áâàãªâãàë P .

� â®¬ á«ãç ¥, ª®£¤  ¯®àï¤®ª ®¤®à®¤®£® �-¯à®áâà áâ¢  G=H ªà â¥ ç¥âëà¥¬ (â. ¥. �4k = id,
£¤¥ k 2 N), ¬®¦® à áá¬®âà¥âì áâàãªâãàã ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï P , ®¯à¥¤¥«ï¥¬ãî ¢ â®çª¥ p0
®¯¥à â®à®¬ P0 = �2k. �à¥¤¯®«®¦¨¬, çâ® ®¯¥à â®à � ¥ ¨¬¥¥â á®¡áâ¢¥ëå § ç¥¨© " â ª¨å, çâ®
"k = 1. �¥âàã¤® ¯®ª § âì, çâ® â®£¤  ¤«ï ¯®¤¯à®áâà áâ¢ m1 ¨ m2 ¨¬¥îâ ¬¥áâ® ¢ª«îç¥¨ï

[m1;m2] � m2; (18)

[m2;m2]m � m1; (19)

[m1;m1] � h: (20)

�¯à ¢¥¤«¨¢®áâì (18) ¨ (19) á«¥¤ã¥â ¥¯®áà¥¤áâ¢¥® ¨§ ®¯à¥¤¥«¥¨ï ®¯¥à â®à  P0,   ¤«ï ¤®ª § -
â¥«ìáâ¢  (20) ¥®¡å®¤¨¬® ¢®á¯®«ì§®¢ âìáï á¢®©áâ¢®¬ �k

�
�
m1

= � id. �ç¨âë¢ ï â¥¯¥àì ¢ª«îç¥¨ï
(18){(20),  å®¤¨¬, çâ® ¤«ï «î¡ëå X;Y 2 m [X;Y ]m = [X2; Y2]1 + [X1; Y2]2 + [X2; Y1]2, ®âªã¤ 
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¤«ï ®¤®à®¤ëå �-¯à®áâà áâ¢ ¯®àï¤ª , ªà â®£® ç¥âëà¥¬, ¯®«ãç ¥¬ á¯¥æ¨ «ìë© à¥§ã«ìâ â
â¥®à¥¬ë 7. �¬¥®, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  8. �ãáâì G=H | à¥£ã«ïà®¥ �-¯à®áâà áâ¢® ¯®àï¤ª  4k, k 2 N , â ª®¥, çâ®

®¯¥à â®à � ¥ ¨¬¥¥â á®¡áâ¢¥ëå § ç¥¨© " â ª¨å, çâ® "k = 1. � ®¨ç¥áª ï áâàãªâãà 

¯®çâ¨ ¯à®¨§¢¥¤¥¨ï, ®¯à¥¤¥«ï¥¬ ï   G=H ®¯¥à â®à®¬ P0 = �2k, ¯ à ««¥«ì  ®â®á¨â¥«ì®

ª ®¨ç¥áª®© á¢ï§®áâ¨ 1-£® à®¤  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  G=H ï¢«ï¥âáï «®ª «ì® á¨¬-

¬¥âà¨ç¥áª¨¬ ¯à®áâà áâ¢®¬.

� áá¬®âà¨¬   à¥£ã«ïà®¬ �-¯à®áâà áâ¢¥ G=H ¢ëè¥ã¯®¬ïãâãî ¨¢ à¨ âãî ®â®á¨-
â¥«ì® G ¨ D (¯á¥¢¤®)à¨¬ ®¢ã ¬¥âà¨ªã g ¨ á®®â¢¥âáâ¢ãîéãî à¨¬ ®¢ã á¢ï§®áâì r. � ®¨-
ç¥áª ï (¯á¥¢¤®)à¨¬ ®¢  áâàãªâãà  ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï P   G=H  §ë¢ ¥âáï ª¨««¨£®¢®© [8],
¥á«¨ ¤«ï à¨¬ ®¢®© á¢ï§®áâ¨ r ¨ «î¡®£® ¢¥ªâ®à®£® ¯®«ï X ¨§ G=H ¨¬¥¥â ¬¥áâ® (rXP )X=0.

�¥®à¥¬  9. �ãáâì G=H | à¥£ã«ïà®¥ �-¯à®áâà áâ¢® á ¯®«ã¯à®áâ®© £àã¯¯®© �¨ G, ¨ g
| ¬¥âà¨ª    G=H, ¨¤ãæ¨à®¢  ï ä®à¬®© �¨««¨£  B  «£¥¡àë �¨ g. �ãáâì G=H ¤®¯ãáª -

¥â ª ®¨ç¥áªãî áâàãªâãàã ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï P â ªãî, çâ® ¯®«¨®¬ P (�) ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î a) â¥®à¥¬ë 3. �®£¤    G=H á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

1) à¨¬ ®¢  á¢ï§®áâì r ï¢«ï¥âáï á¢ï§®áâìî ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï;
2) áâàãªâãà  P ¨â¥£à¨àã¥¬  ¨ ï¢«ï¥âáï ª¨««¨£®¢®©.

�®ª § â¥«ìáâ¢®. �§¢¥áâ® [6], çâ® G=H ï¢«ï¥âáï ¥áâ¥áâ¢¥® à¥¤ãªâ¨¢ë¬ ¯à®áâà áâ¢®¬.
�¨¬ ®¢  á¢ï§®áâì r â®£¤  á®¢¯ ¤ ¥â á ª ®¨ç¥áª®© á¢ï§®áâìî 1-£® à®¤  ®¤®à®¤®£® ¯à®-
áâà áâ¢  G=H. � íâ®¬ á«ãç ¥, ª ª ¯®ª § ® ¢ [8], (¯á¥¢¤®)à¨¬ ®¢  áâàãªâãà  P ¡ã¤¥â ï¢«ïâì-
áï ª¨««¨£®¢®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®£® X 2 m [X;P0X]m = 0. �¤ ª®
[X;P0X]m = [X1 + X2;X1 � X2]m = �2[X1;X2]m. �§ íâ®£® à ¢¥áâ¢  ¨ â¥®à¥¬ë 7 á«¥¤ã¥â á¯à -
¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë.

3. �à¨áâã¯¨¬ ª à áá¬®âà¥¨î à¥£ã«ïà®£® �-¯à®áâà áâ¢  G=H, ¤®¯ãáª îé¥£® ª ®¨ç¥-
áª¨¥ áâàãªâãàë ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï P ¨ ¯®çâ¨ ª®¬¯«¥ªáãî J . �§ ¯¥à¥áâ ®¢®ç®áâ¨ P ¨ J
á«¥¤ã¥â, çâ® ¯®¤¯à®áâà áâ¢  m1 ¨ m2 ¨¢ à¨ âë ®â®á¨â¥«ì® ®¯¥à â®à  J0.

�¥®à¥¬  10. �ãáâì G=H | à¥£ã«ïà®¥ ®¤®à®¤®¥ �-¯à®áâà áâ¢®, ¤®¯ãáª îé¥¥ ª ®¨-
ç¥áª¨¥ áâàãªâãàë ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï P ¨ ¯®çâ¨ ª®¬¯«¥ªáãî J . � ®¨ç¥áª ï á¢ï§®áâì 2-£®
à®¤  â®£¤  ¨ â®«ìª® â®£¤  ï¢«ï¥âáï ¥¤¨áâ¢¥®© ¨¢ à¨ â®© á¢ï§®áâìî, á®£« á®¢ ®©

á P ¨ J , ª®£¤  ¤«ï äãªæ¨¨ �®¬¨¤§ã � ¯à®¨§¢®«ì®© ¨¢ à¨ â®©  ää¨®© á¢ï§®áâ¨ r  

G=H ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

�(X;Yi)i = J0�(X; J0Yi)i; (21)

£¤¥ i = 1; 2,   X;Y 2 m.

�®ª § â¥«ìáâ¢®. �ãáâì ª ®¨ç¥áª ï á¢ï§®áâì 2-£® à®¤  ï¢«ï¥âáï ¥¤¨áâ¢¥®© ¨¢ -
à¨ â®©   G=H ¯®çâ¨ ª®¬¯«¥ªá®© á¢ï§®áâìî ¨ á¢ï§®áâìî ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï. � áá¬®-
âà¨¬ äãªæ¨î �®¬¨¤§ã � ¯à®¨§¢®«ì®© ¨¢ à¨ â®©  ää¨®© á¢ï§®áâ¨   G=H. � 
¯®à®¦¤ ¥â á¢ï§®áâ¨ r0 ¨ r00 á äãªæ¨ï¬¨ �®¬¨¤§ã �0(X;Y ) = �(X;Y1)1 � J0�(X;J0Y1)1 ¨
�00(X;Y ) = �(X;Y2)2 � J0�(X;J0Y2)2 á®®â¢¥âáâ¢¥®. �¥£ª® ¯®ª § âì, çâ® r0 ¨ r00 ï¢«ïîâáï
¯®çâ¨ ª®¬¯«¥ªáë¬¨ á¢ï§®áâï¬¨   G=H. �ç¨âë¢ ï ¯¥à¥áâ ®¢®ç®áâì P ¨ J , â ª¦¥ ¥-
âàã¤® ã¡¥¤¨âìáï, çâ® r0 ¨ r00 ï¢«ïîâáï ¨ á¢ï§®áâï¬¨ ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï. �«¥¤®¢ â¥«ì®,
�0 = �00 = 0, ®âªã¤  á«¥¤ã¥â (21). �¡à â®, ¯ãáâì ¢ë¯®«¥® (21). � áá¬®âà¨¬ ¯à®¨§¢®«ìãî
¨¢ à¨ âãî ®â®á¨â¥«ì® G ¨ D á¢ï§®áâì r, á®£« á®¢ ãî á P ¨ J . � á¨«ã «¥¬¬ë 1 ¤«ï
¥¥ äãªæ¨¨ �®¬¨¤§ã � ¨ ¤«ï ¢á¥å X;Y 2 m ¨¬¥¥â ¬¥áâ® (10). � ª ª ª r ï¢«ï¥âáï ¯®çâ¨ ª®¬-
¯«¥ªá®© á¢ï§®áâìî, â® ¢ á¨«ã (21) ¨ (2) ¤«ï «î¡ëå X;Y 2 m ¯®«ãç¨¬

J0�(X;Y )� �(X;J0Y ) = J0�(X;Y1)1 + J0�(X;Y2)2 � �(X; (J0Y )1)1 � �(X; (J0Y )2)2 =

= 2�(X;J0Y1)1 � 2�(X;J0Y2)2 = 0:
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�§ íâ®£® à ¢¥áâ¢  ¨ ¨§ (21) «¥£ª® ¯®«ãç¨âì, çâ® �(X;Yi)i, i = 1; 2,   â®£¤  ¢ á¨«ã (12) �(X;Y ) =
0 ¤«ï ¢á¥å X;Y 2 m.

�«¥¤áâ¢¨¥. �á«¨ à¥£ã«ïà®¥ ®¤®à®¤®¥ �-¯à®áâà áâ¢® G=H ¤®¯ãáª ¥â ª ®¨ç¥áª¨¥
áâàãªâãàë ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï P ¨ ¯®çâ¨ ª®¬¯«¥ªáãî J , ¨ ª ®¨ç¥áª ï á¢ï§®áâì 2-£® à®¤ 
ï¢«ï¥âáï ¥¤¨áâ¢¥®© ¨¢ à¨ â®© á¢ï§®áâìî, á®£« á®¢ ®© á P ¨ J , â® ¤«ï ¢á¥å X;Y 2 m

á¯à ¢¥¤«¨¢®

[X;Yi]i = J0[X;J0Yi]i; i = 1; 2: (22)

�®ª § â¥«ìáâ¢®. �®áâ â®ç® à áá¬®âà¥âì  ää¨ãî á¢ï§®áâì r á äãªæ¨¥© �®¬¨¤§ã
�(X;Y ) = [X;Y ]

m
, X;Y 2 m.

�¥®à¥¬  11. �ãáâì G=H | à¥£ã«ïà®¥ ®¤®à®¤®¥ �-¯à®áâà áâ¢®, ¤®¯ãáª îé¥¥ ª ®¨-
ç¥áª¨¥ áâàãªâãàë ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï P ¨ ¯®çâ¨ ª®¬¯«¥ªáãî J . �ãáâì ª ®¨ç¥áª ï á¢ï§-

®áâì 2-£® à®¤  ï¢«ï¥âáï ¥¤¨áâ¢¥®© ¨¢ à¨ â®© á¢ï§®áâìî, á®£« á®¢ ®© á P ¨ J .
�á«¨ áâàãªâãà  P   G=H ¨â¥£à¨àã¥¬ , â® ¯®çâ¨ ª®¬¯«¥ªá ï áâàãªâãà  J ¨â¥£à¨àã¥¬ 

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï ¢á¥å X;Y 2 m ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

[J0X;J0Y ]m = [X;Y ]m:

�®ª § â¥«ìáâ¢®. �ë¯¨è¥¬ ¯®¤à®¡¥¥ ª ¦¤®¥ á« £ ¥¬®¥, ¢å®¤ïé¥¥ ¢ á®áâ ¢ â¥§®à  ªàã-
ç¥¨ï N0(X;Y ) áâàãªâãàë J ¢ â®çª¥ p0, ãç¨âë¢ ï, çâ®   G=H á¯à ¢¥¤«¨¢ë à ¢¥áâ¢  (7) ¨
(22),

[J0X; J0Y ]m = [J0X1; J0Y1]1 + [J0X1; J0Y2]1 + [J0X1; J0Y2]2 + [J0X2; J0Y1]1 + [J0X2; J0Y1]2 +

+ [J0X2; J0Y2]2 = �[X1; Y1]1 � J0[X1; J0Y2]1 � J0[J0X1; Y2]2 � J0[J0X2; Y1]1 �

� J0[X2; J0Y1]2 � [X2; Y2]2;

J0[X; J0Y ]m = [X1; Y1]1 + J0[X1; J0Y2]1 + [X1; Y2]2 + [X2; Y1]1 + J0[X2; J0Y1]2 + [X2; Y2]2;

J0[J0X;Y ]m = [X1; Y1]1 + [X1; Y2]1 + J0[J0X1; Y2]2 + J0[J0X2; Y1]1 + [X2; Y1]2 + [X2; Y2]2;

[X;Y ]m = [X1; Y1]1 + [X1; Y2]1 + [X1; Y2]2 + [X2; Y1]1 + [X2; Y1]2 + [X2; Y2]2:

�à¨¢¥¤ï ¯®¤®¡ë¥ ç«¥ë, ¯®«ãç¨¬ ¤«ï â¥§®à  ªàãç¥¨ï N0(X;Y ) à ¢¥áâ¢®

N0(X;Y ) = �4[X1; Y1]1 � 2J0[X1; J0Y2]1 � 2J0[J0X1; Y2]2 � 2J0[J0X2; Y1]1 � 2J0[X2; J0Y1]2 �

� 2[X1; Y2]2 � 2[X1; Y2]1 � 2[X2; Y1]2 � 2[X2; Y1]1 � 4[X2; Y2]2:

�á¯®«ì§ãï (22),  å®¤¨¬

N0(X;Y ) = �2[X1; Y1]1 + 2[J0X1; J0Y1]1 + 2[J0X1; J0Y2]1 +

+ 2[J0X1; J0Y2]2 + 2[J0X2; J0Y1]1 + 2[J0X2; J0Y1]2 + 2[J0X2; J0Y2]2 �

� 2[X1; Y2]2 � 2[X1; Y2]1 � 2[X2; Y1]2 � 2[X2; Y1]1 � 2[X2; Y2]2:

�§ ¯®á«¥¤¥£® à ¢¥áâ¢  ¯®«ãç ¥¬

N0(X;Y ) = 2[J0X1; J0Y1]m + 2[J0X1; J0Y2]m + 2[J0X2; J0Y1]m +

+ 2[J0X2; J0Y2]m � 2[X1; Y2]m � 2[X1; Y1]m � 2[X2; Y1]m � 2[X2; Y2]m:

�ç¨âë¢ ï, çâ® m = m1 �m2, ®ª®ç â¥«ì®  å®¤¨¬ N0(X;Y ) = 2[J0X;J0Y ]m � 2[X;Y ]m.

�à¨¬¥à®¬ à¥£ã«ïà®£® �-¯à®áâà áâ¢ , ¤®¯ãáª îé¥£® ®¤®¢à¥¬¥® ª ®¨ç¥áª¨¥ ¯®çâ¨
ª®¬¯«¥ªáãî áâàãªâãàã ¨ áâàãªâãàã ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï á ¥¤¨áâ¢¥®© ¨¢ à¨ â®© á¢ï§-
®áâìî, á®£« á®¢ ®© á ¤ ë¬¨ áâàãªâãà ¬¨   ¥¬, ï¢«ï¥âáï �-¯à®áâà áâ¢® ¯®àï¤ª  5,
¨áá«¥¤®¢ ®¥ ¢ [12], [13].

4. � áá¬®âà¨¬ ª ®¨ç¥áªãî f -áâàãªâãàã   à¥£ã«ïà®¬ �-¯à®áâà áâ¢¥ G=H. �ãáâì f0
| ®¯¥à â®à, ®¯à¥¤¥«ïîé¨© § ç¥¨¥ f -áâàãªâãàë ¢ â®çª¥ p0. �¡®§ ç¨¬ ¤«ï «î¡®£® X 2 m
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¯à®¥ªæ¨î ¥£®   Ker f0 ç¥à¥§X1,   ç¥à¥§X2 | ¥£® ¯à®¥ªæ¨î   Im f0. �à®¥ªâ¨àãîé¨¥ ®¯¥à â®àë
  Ker f0 ¨ Im f0 ®¡®§ ç¨¬ ç¥à¥§m0 ¨ l0 á®®â¢¥âáâ¢¥®. � ¯®¬¨¬ [5], çâ®m0 = f0+id, l0 = �f 20 .

�¥®à¥¬  12. �ãáâì G=H | à¥£ã«ïà®¥ ®¤®à®¤®¥ �-¯à®áâà áâ¢®, ¤®¯ãáª îé¥¥ ª ®¨-
ç¥áªãî f -áâàãªâãàã. �á«¨ ª ®¨ç¥áª ï á¢ï§®áâì 2-£® à®¤  ï¢«ï¥âáï ¥¤¨áâ¢¥®© á®£« -

á®¢ ®© á f -áâàãªâãà®© (â. ¥. rf = 0) ¨¢ à¨ â®© á¢ï§®áâìî, â® â¥§®à ªàãç¥¨ï f -
áâàãªâãàë N0(X;Y ) ¢ â®çª¥ p0 ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

N0(X;Y ) = [f0X; f0Y ]1 � [X2; Y2]2 � [X;Y2]2 � [X2; Y ]2 � [X;Y ]2: (23)

�®ª § â¥«ìáâ¢®. �®«ì§ãïáì á¯¥æ¨ «ìë¬¨ ¢¥ªâ®àë¬¨ ¯®«ï¬¨ ¢ ®ªà¥áâ®áâ¨ â®çª¨ p0 [4],
¬®¦® ¯®ª § âì, çâ® ¤«ï  ää¨®© á¢ï§®áâ¨ r   G=H á äãªæ¨¥© �®¬¨¤§ã � ãá«®¢¨¥ rf = 0
íª¢¨¢ «¥â® ãá«®¢¨î

f0�(X;Y ) = �(X; f0Y ) ¤«ï «î¡ëå X;Y 2 m: (24)

� áá¬®âà¨¬   m ¡¨«¨¥©®¥ ®â®¡à ¦¥¨¥ �(X;Y ) = f0[X; f0Y ]m � [X;Y2]2, X;Y 2 m. � á¨«ã
¨¢ à¨ â®áâ¨ ®â®á¨â¥«ì® Ad(H) � ï¢«ï¥âáï äãªæ¨¥© �®¬¨¤§ã ¥ª®â®à®© ¨¢ à¨ â®©
  G=H  ää¨®© á¢ï§®áâ¨ r. � ª ª ª � ¨¢ à¨ â® ®â®á¨â¥«ì® �, ®® ¨¢ à¨ â® ®â-
®á¨â¥«ì® D [6] ¨, ªà®¬¥ â®£®, ¤«ï ¢á¥å X;Y 2 m

f0�(X;Y ) = �[X; f0Y2]2 � f0[X;Y2]2; (25)

�(X; f0Y ) = �f0[X;Y2]2 � [X; f0Y2]2: (26)

�§ (25) ¨ (26) á«¥¤ã¥â, çâ® r á®£« á®¢   á f -áâàãªâãà®©,   § ç¨â á®£« á® ¯à¥¤¯®«®¦¥¨î
â¥®à¥¬ë ¤«ï ¢á¥å X;Y 2 m á¯à ¢¥¤«¨¢®

f0[X; f0Y ]m = [X;Y2]2: (27)

�à¨¬¥¨¬ (27) ª ¢ëç¨á«¥¨î â¥§®à  ªàãç¥¨ï f -áâàãªâãàë N0(X;Y ) [5] ¢ â®çª¥ p0

N0(X;Y ) = [f0X; f0Y ]m � f0[X; f0Y ]m � f0[f0X;Y ]m � l0[X;Y ]m: (28)

� §«®¦¨¬ ª ¦¤®¥ á« £ ¥¬®¥ ¨§ (28)

[f0X; f0Y ]m = [f0X; f0Y ]1 + [f0X; f0Y ]2 = [f0X; f0Y ]1 + f0[f0X; f 20Y ]2 = [f0X; f0Y ]1 +

+ f0[Y2; f0X]2 = [f0X; f0Y ]1 � [X2; Y2]2; (29)

f0[X; f0Y ]m = [X;Y2]2; (30)

f0[f0X;Y ]m = �f0[Y; f0X]m = [X2; Y ]2; (31)

l0[X;Y ]m = [X;Y ]2: (32)

�§ à ¢¥áâ¢ (29){(32) á«¥¤ã¥â â¥¯¥àì ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë.

�®¢®àïâ [5], çâ® f -áâàãªâãà  ç áâ¨ç® ¨â¥£à¨àã¥¬ , ¥á«¨ ¨â¥£à¨àã¥¬® à á¯à¥¤¥«¥¨¥ Im f
¨ ¥á«¨ ¯®çâ¨ ª®¬¯«¥ªá ï áâàãªâãà  f 0, ¨¤ãæ¨àã¥¬ ï f -áâàãªâãà®©   ª ¦¤®¬ ¨â¥£à «ì®¬
¬®£®®¡à §¨¨ à á¯à¥¤¥«¥¨ï Im f , ¨â¥£à¨àã¥¬ .

�¥®à¥¬  13. �ãáâì G=H | à¥£ã«ïà®¥ ®¤®à®¤®¥ �-¯à®áâà áâ¢®, ¤®¯ãáª îé¥¥ ª ®¨-
ç¥áªãî f -áâàãªâãàã. �á«¨ ª ®¨ç¥áª ï á¢ï§®áâì 2-£® à®¤  ï¢«ï¥âáï ¥¤¨áâ¢¥®© á®£« á®-

¢ ®© á f -áâàãªâãà®© ¨¢ à¨ â®© á¢ï§®áâìî, â® f -áâàãªâãà  ï¢«ï¥âáï ç áâ¨ç® ¨â¥-
£à¨àã¥¬®© [5] â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

[X2; Y2]m = 0

¤«ï «î¡ëå ¢¥ªâ®à®¢ X;Y 2 m.

30



�®ª § â¥«ìáâ¢®. �á«®¢¨¥ ç áâ¨ç®© ¨â¥£à¨àã¥¬®áâ¨ f -áâàãªâãàë à ¢®á¨«ì® ¢ë¯®«¥-
¨î ¢ â®çª¥ p0 ¤«ï ¢á¥å X;Y 2 m à ¢¥áâ¢  N0(f0X; f0Y ) = 0. �§ ®¯à¥¤¥«¥¨ï â¥§®à  ªàãç¥¨ï
f -áâàãªâãàë á«¥¤ã¥â

N0(f0X; f0Y ) = [X2; Y2]m + f0[f0X;Y2]m + f0[X2; f0Y ]m � [f0X; f0Y ]2:

�ç¨âë¢ ï (27), ¯®«ãç¨¬ à ¢¥áâ¢® N0(f0X; f0Y ) = [X2; Y2]1 + 4[X2; Y2]2, ª®â®à®¥ ¤®ª §ë¢ ¥â
á¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë.

�â¬¥â¨¬, çâ® à¥£ã«ïà®¥ �-¯à®áâà áâ¢® 4-£® ¯®àï¤ª , ¨áá«¥¤®¢ ®¥ ¢ [14], ï¢«ï¥âáï ¯à¨-
¬¥à®¬ à¥£ã«ïà®£® �-¯à®áâà áâ¢  á ª ®¨ç¥áª®© f -áâàãªâãà®© ¨ ¥¤¨áâ¢¥®© ¨¢ à¨ â®©
á¢ï§®áâìî   ¥¬, á®£« á®¢ ®© á f -áâàãªâãà®©.
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