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1. �¢¥¤¥¨¥

� ¤ ®© à ¡®â¥ ¨§ãç ¥âáï ¯®¢¥¤¥¨¥ à¥è¥¨© áâ æ¨® à®£® ãà ¢¥¨ï �à�¥¤¨£¥à    ¥-
ª®¬¯ ªâëå à¨¬ ®¢ëå ¬®£®®¡à §¨ïå ¥ª®â®à®£® á¯¥æ¨ «ì®£® ¢¨¤ . �« áá¨ç¥áª ï ä®à¬ã«¨-
à®¢ª  â¥®à¥¬ë �¨ã¢¨««ï ãâ¢¥à¦¤ ¥â, çâ® ¢áïª ï ®£à ¨ç¥ ï £ à¬®¨ç¥áª ï ¢ Rn äãªæ¨ï
ï¢«ï¥âáï â®¦¤¥áâ¢¥®© ¯®áâ®ï®©. �®à®è® ¨§¢¥áâ  á¯à ¢¥¤«¨¢®áâì á«¥¤ãîé¨å ãâ¢¥à¦¤¥-
¨©, ®áïé¨å  §¢ ¨¥ â¥®à¥¬ â¨¯  �¨ã¢¨««ï.

1. �á«¨ £ à¬®¨ç¥áª ï äãªæ¨ï u ¢ Rn ¨¬¥¥â ª®¥çë© ¨â¥£à « �¨p¨å«¥, â® u � const.
2. �á«¨ u 2 Lp(Rn) ï¢«ï¥âáï £ à¬®¨ç¥áª®© äãªæ¨¥© ¨ 1 � p <1, â® u � 0.
3. �á«¨ äãªæ¨ï u £ à¬®¨ç¥áª ï ¢ Rn ¨ ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã ju(x)j � C(1 + jxj)m,

â® u | £ à¬®¨ç¥áª¨© ¯®«¨®¬ áâ¥¯¥¨, ¥ ¯p¥¢ëè îé¥© m.

� ¯®á«¥¤¥¥ ¢à¥¬ï ®áãé¥áâ¢«ï¥âáï á«¥¤ãîé¨© ¯®¤å®¤ ª â¥®à¥¬ ¬ â¨¯  �¨ã¢¨««ï. �ãáâì  
à¨¬ ®¢®¬ ¬®£®®¡à §¨¨ M § ¤  ª« áá äãªæ¨© A ¨ í««¨¯â¨ç¥áª¨© ®¯¥à â®à L. �ã¤¥¬ £®¢®-
à¨âì, çâ®   M ¢ë¯®«¥® ®¡®¡é¥®¥ (A;L)-«¨ã¢¨««¥¢® á¢®©áâ¢®, ¥á«¨ ¯à®áâà áâ¢® à¥è¥¨©
ãà ¢¥¨ï Lu = 0, ¯à¨ ¤«¥¦ é¨å äãªæ¨® «ì®¬ã ª« ááã A, ¨¬¥¥â ª®¥çãî à §¬¥à®áâì.
�æ¥ª¨ à §¬¥à®áâ¥© à §«¨çëå ¯à®áâà áâ¢ £ à¬®¨ç¥áª¨å äãªæ¨© ¨ à¥è¥¨© áâ æ¨® à®-
£® ãà ¢¥¨ï �à�¥¤¨£¥à    ¥ª®¬¯ ªâëå à¨¬ ®¢ëå ¬®£®®¡à §¨ïå ¡ë«¨ ¯®«ãç¥ë ¢ [1]{[6].
�ï¤ à ¡®â ¡ë« ¯®á¢ïé¥ ¨§ãç¥¨î £ à¬®¨ç¥áª¨å äãªæ¨© ¨ à¥è¥¨© áâ æ¨® à®£® ãà ¢¥-
¨ï �à�¥¤¨£¥à    ¬®¤¥«ìëå ¨«¨ áä¥à¨ç¥áª¨-á¨¬¬¥âà¨çëå ¬®£®®¡à §¨ïå ¨ ¨å ®¡®¡é¥¨-
ïå. � ç áâ®áâ¨, ¡ë«¨ ¯®«ãç¥ë â®çë¥ ãá«®¢¨ï à §à¥è¨¬®áâ¨ § ¤ ç¨ �¨à¨å«¥ á ¥¯à¥àë¢-
ë¬¨ £à ¨çë¬¨ ¤ ë¬¨   \¡¥áª®¥ç®áâ¨", ãá«®¢¨ï ¢ë¯®«¥¨ï â¥®à¥¬ â¨¯  �¨ã¢¨««ï
¤«ï ®£à ¨ç¥ëå £ à¬®¨ç¥áª¨å äãªæ¨© ¨ ®£à ¨ç¥ëå à¥è¥¨© áâ æ¨® à®£® ãà ¢¥¨ï
�à�¥¤¨£¥à  (á¬.,  ¯à., [2]{[4]). �¯¨è¥¬ áä¥à¨ç¥áª¨-á¨¬¬¥âà¨çë¥ ¬®£®®¡à §¨ï ¯®¤à®¡¥¥.

�¨ªá¨àã¥¬  ç «® ª®®à¤¨ â O 2 Rn ¨ ¥ª®â®àãî £« ¤ªãî äãªæ¨î q   ¨â¥à¢ «¥ [0; R0)
(R0 ¬®¦¥â ¡ëâì +1) â ªãî, çâ® q(0) = 0 ¨ q0(0) = 1. �¯à¥¤¥«¨¬ ¬®¤¥«ì®¥ à¨¬ ®¢® ¬®£®-
®¡à §¨¥ Mq á«¥¤ãîé¨¬ ®¡à §®¬:

1) ¬®¦¥áâ¢® â®ç¥ª Mq ï¢«ï¥âáï ®âªàëâë¬ è à®¬ ¢ Rn à ¤¨ãá  R0 á æ¥âà®¬ ¢ O (¥á«¨
R0 = +1, â® ¢á¥ Rn);

2) ¢ ¯®«ïàëå ª®®à¤¨ â å (r; �) (£¤¥ r 2 (0; R0) ¨ � 2 Sn�1) à¨¬ ®¢  ¬¥âà¨ª    Mq n fOg
®¯à¥¤¥«ï¥âáï ª ª

ds2 = dr2 + q2(r)d�2; (1)

£¤¥ d� | áâ ¤ àâ ï à¨¬ ®¢  ¬¥âà¨ª    áä¥à¥ Sn�1;
3) à¨¬ ®¢  ¬¥âà¨ª  ¢ O ï¢«ï¥âáï £« ¤ª¨¬ ¯à®¤®«¦¥¨¥¬ (1).
�à¨¬¥à ¬¨ â ª¨å ¬®£®®¡à §¨© ¬®£ãâ á«ã¦¨âì ¥¢ª«¨¤®¢® ¯à®áâà áâ¢® Rn, £¨¯¥à¡®«¨ç¥-

áª®¥ ¯à®áâà áâ¢® Hn, ¯®¢¥àå®áâ¨ ¢à é¥¨ï ¨ â. ¤.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 03-01-00304.
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� «¥¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì ¬®£®®¡à §¨ï ¡®«¥¥ ®¡é¥£® ¢¨¤ ,  §ë¢ ¥¬ë¥ â ª¦¥ ¬®¤¥«ìë-
¬¨. �ãáâì M | ¯®«®¥ à¨¬ ®¢® ¬®£®®¡à §¨¥, ¯à¥¤áâ ¢¨¬®¥ ¢ ¢¨¤¥ ®¡ê¥¤¨¥¨ï B [D, £¤¥ B
| ¥ª®â®àë© ¯à¥¤ª®¬¯ ªâ á ¥¯ãáâ®© ¢ãâà¥®áâìî,   D ¨§®¬¥âà¨ç® ¯àï¬®¬ã ¯à®¨§¢¥¤¥¨î
[r0;+1)� S (£¤¥ r0 > 0, S | ª®¬¯ ªâ®¥ à¨¬ ®¢® ¬®£®®¡à §¨¥ ¡¥§ ªà ï) á ¬¥âà¨ª®©

ds2 = dr2 + g2(r)d�2:

�¤¥áì g(r) | ¯®«®¦¨â¥«ì ï, £« ¤ª ï   [r0;+1) äãªæ¨ï,   d�2 | ¬¥âà¨ª    S.
� áá¬®âà¨¬   M à¥è¥¨ï áâ æ¨® à®£® ãà ¢¥¨ï �à�¥¤¨£¥à 

Lu � �u� c(x)u = 0; (2)

£¤¥ c(x) | £« ¤ª ï, ¥®âà¨æ â¥«ì ï äãªæ¨ï. � ¤ «ì¥©è¥¬ áç¨â ¥¬, çâ®   D ¢ë¯®«¥®
ãá«®¢¨¥ c(r; �) � c(r), c(x) 6� 0   M .

�¢¥¤¥¬ ®¡®§ ç¥¨ï J =
1R
r0

dt

gn�1(t)

R t
r0
c(�)gn�1(�)d�, K =

1R
r0

dt

gn�1(t)
, £¤¥ n = dimM .

�ãáâì äãªæ¨ï v0l (r) ï¢«ï¥âáï à¥è¥¨¥¬ ®¡ëª®¢¥®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï

v00l (r) + (n� 1)
g0(r)
g(r)

v0l(r)� [�lg
�2(r) + c(r)]vl(r) = 0;

£¤¥ �l | l-¥ á®¡áâ¢¥®¥ ç¨á«® ®¯¥à â®à  � ¯« á {�¥«ìâà ¬¨   S á £à ¨çë¬¨ ãá«®¢¨ï¬¨
v0l (r0) = 1 ¨ (v0l )

0(r0) = 0. � ®¥ ãà ¢¥¨¥ ¨£à ¥â ¢ ¦ãî à®«ì ¯à¨ ¨§ãç¥¨¨ á¢®©áâ¢ à¥è¥¨©
ãà ¢¥¨ï (2). � ¤ «ì¥©è¥¬ ¡ã¤¥¬  §ë¢ âì ¥£® á¯¥ªâà «ìë¬.

�¥®à¥¬ . �ãáâì à¨¬ ®¢® ¬®£®®¡à §¨¥ M â ª®¢®, çâ®   D ¢ë¯®«¥® J = 1 ¨
lim
r!1

c(r)g2(r) = �, 0 � � <1. �®£¤  à §¬¥à®áâì ¯à®áâà áâ¢  à¥è¥¨© áâ æ¨® à®£® ãà ¢-

¥¨ï �à�¥¤¨£¥à  (2), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î u = o(v0l ) ¯à¨ r !1, ¥ ¯à¥¢ëè ¥â l.

� ¬¥ç ¨¥ 1. � «®£¨çë¥ ãâ¢¥à¦¤¥¨ï ¤«ï £ à¬®¨ç¥áª¨å äãªæ¨©   ¬®¤¥«ìëå ¬®-
£®®¡à §¨ïå ¨ ¤«ï à¥è¥¨© áâ æ¨® à®£® ãà ¢¥¨ï �à�¥¤¨£¥à  ¢ ¯à®áâà áâ¢¥ Rn ¤®ª § ë
¢ à ¡®â å [2] ¨ [5] á®®â¢¥âáâ¢¥®.

2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë

� ª®®à¤¨ â å (r; �)   D ®¯¥à â®à L = �� c(r) ¨¬¥¥â ¢¨¤

L =
@2

@r2
+ (n� 1)

g0(r)
g(r)

@

@r
+

1
g2(r)

�� � c(r); (3)

£¤¥ �� | ¢ãâà¥¨© « ¯« á¨    S. �®à¬ã«  (3) ¯à®¢¥àï¥âáï ¥¯®áà¥¤áâ¢¥® ¯® ®¯à¥¤¥«¥¨î
®¯¥à â®à  � ¯« á {�¥«ìâà ¬¨ (á¬.,  ¯à., [7], á. 357).

�ãáâì wk | ®àâ®®à¬¨à®¢ ë© ¡ §¨á ¢ L2(S) ¨§ á®¡áâ¢¥ëå äãªæ¨© ®¯¥à â®à  ���,  

�k | á®®â¢¥âáâ¢ãîé¨¥ á®¡áâ¢¥ë¥ ç¨á« . �®£¤  ¤«ï «î¡®£® r ¨¬¥¥¬ u(r; �)
L2(S)
=

1P
k=0

vk(r)wk(�),

£¤¥ vk(r) =
R
S

u(r; �)wk(�)d�, ��wk(�) + �kwk(�) = 0.

�§ (3) á«¥¤ã¥â, çâ® ¤«ï «î¡®£® ¨¤¥ªá  k äãªæ¨ï vk(r) ï¢«ï¥âáï à¥è¥¨¥¬ á¯¥ªâà «ì®£®
ãà ¢¥¨ï

v00k (r) + (n� 1)
g0(r)
g(r)

v0k(r)� [�kg�2(r) + c(r)]vk(r) = 0: (4)

�à ¢¥¨¥ (4) íª¢¨¢ «¥â® ãà ¢¥¨î (gn�1(r)v0k(r))
0 = [�kgn�3(r)+ c(r)gn�1(r)]vk(r). �à®¨â¥-

£à¨àã¥¬ ¤ ®¥ á®®â®è¥¨¥ ®â r0 ¤® r. � à¥§ã«ìâ â¥ ¯®«ãç¨¬

v0k(r) =
1

gn�1(r)

Z r

r0

[�k + c(�)g2(�)]gn�3(�)vk(�) d� +
v0k(r0)g

n�1(r0)
gn�1(r)

; (5)
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®âªã¤ 

vk(r) =
Z r

r0

dt

gn�1(t)

Z t

r0

[�k + c(�)g2(�)]gn�3(�)vk(�) d� + v0k(r0)g
n�1(r0)

Z r

r0

dt

gn�1(t)
+ vk(r0): (6)

� ¯à¥¤«®¦¥¨¨ 3 ¯®ª § ®1, çâ® ¥á«¨ �l > �l�1, â® lim
r!1

vl(r)

vl�1(r)
=1. �®£¤  ¨§ ãá«®¢¨ï u = o(v0l )

¢ëâ¥ª ¥â, çâ® ¬®¦¥áâ¢® ®¬¥à®¢ k â ª¨å, çâ® vk(r)!1 ¯à¨ r !1, ®£à ¨ç¥®, ¨, ¡®«¥¥ â®£®,
k < l. �âáî¤  ¤«ï «î¡®£® r > r0 ¢ D

u(r; �) = v0(r) +
l�1X
k=1

vk(r)wk(�) +
1X
k=l

vk(r)wk(�); (7)

£¤¥ ¯à¨ k � l ¢ë¯®«¥® lim
r!1

vk(r) = 0 (á¬. ¯à¥¤«®¦¥¨¥ 1).

�®áâà®¨¬ ¡ §¨áë¥ äãªæ¨¨ f'igl�1i=0 ¨áá«¥¤ã¥¬®£® ¢ â¥®à¥¬¥ ¯à®áâà áâ¢  à¥è¥¨© ãà ¢¥-
¨ï (2)   ¢á¥¬ M . �ãáâì fBkg

1
k=1 | £« ¤ª®¥ ¨áç¥à¯ ¨¥ ¬®£®®¡à §¨ï M , â. ¥. ¯®á«¥¤®¢ â¥«ì-

®áâì ¯àe¤ª®¬¯ ªâëå ®âªàëâëå ¯®¤¬®¦¥áâ¢ à¨¬ ®¢  ¬®£®®¡à §¨ï M á £« ¤ª¨¬¨ £à ¨-
æ ¬¨ @Bk â ª¨å, çâ® Bk � Bk+1, M =

1

[
k=1

Bk. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® áç¨â âì, çâ®

B � Bk ¤«ï ¢á¥å k.
� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨© 'ik â ª¨å, çâ®

L'ik = 0 ¢ Bk; 'ikj@Bk
= uij@Bk

;

£¤¥ ui áâà®¨âáï á ¯®¬®éìî £« ¤ª®£® ¯à®¤®«¦¥¨ï   B äãªæ¨© ¢¨¤  v0i (r)wi(�), £¤¥ 0 � i < l.
�ãáâì á ç «  u1 = v01(r)w1(�)   M n B ¨ ¥ª®â®àë¬ £« ¤ª¨¬ ®¡à §®¬ ¯à®¤®«¦¥    B.

�¥ ã¬ «ïï ®¡é®áâ¨, ¬®¦® áç¨â âì c(x) 6= 0   B nB0, £¤¥ B0 | ¥ª®â®à®¥ ¯à¥¤ª®¬¯ ªâ®¥
¯®¤¬®¦¥áâ¢® ¢ B. �ãáâì '0 | ä¨¨â ï äãªæ¨ï â ª ï, çâ® '0 = 0   B0 ¨ '0 = 1   M n B.
�®«®¦¨¬ U = u1'0, â®£¤  LU = �(u1'0) � c(x)(u1'0) = f . �à¨ íâ®¬ f = 0 ¢ B0 ¨   M n B.
�®£¤  
 := suppf | ª®¬¯ ªâ ¨ 
 � B nB0.

� «¥¥ à áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨©  k = '1k � U , ¤«ï ª®â®àëå

L k = �f ¢ Bk;  kj@Bk
= 0:

�§ ¯à¥¤«®¦¥¨ï 5 á«¥¤ã¥â, çâ® ¤«ï ¢á¥å k ¯à¨ x 2 Bk

j kj � sup
Bk

j kj � sup
@Bk

j kj+ sup



jf(x)j
c(x)

= sup



jf(x)j
c(x)

:

�«¥¤®¢ â¥«ì®, á¥¬¥©áâ¢® äãªæ¨©  k à ¢®¬¥à® ®£à ¨ç¥®,   § ç¨â, ª®¬¯ ªâ® ¢ ª« áá¥
C2;�(G) ¤«ï «î¡®£® ª®¬¯ ªâ®£® ¯®¤¬®¦¥áâ¢  G � M (á¬.,  ¯à., ¯à¥¤«®¦¥¨¥ 6). �®£¤   
M áãé¥áâ¢ã¥â lim

k!1
 k =  â ª®©, çâ® L = �f   M . �§ áãé¥áâ¢®¢ ¨ï äãªæ¨¨  á«¥¤ã¥â

áãé¥áâ¢®¢ ¨¥ ¯à¥¤¥«ì®© äãªæ¨¨ '1 = lim
k!1

'1k, ¯à¨ç¥¬ L'1 = 0   M .

�  M n B äãªæ¨ï  (r; �) ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï L = 0. � ª ª ª @B | ª®¬¯ ªâ,
â® ¢ á¨«ã ¥¯à¥àë¢®áâ¨ äãªæ¨¨  (r; �) áãé¥áâ¢ã¥â A = max

@B
j (r; �)j. �®£¤  �A �  j@B � A ¨

¤«ï ¤®áâ â®ç® ¡®«ìè¨å k �(A+ 1) �  kj@B � A+ 1.

� «¥¥ à áá¬®âà¨¬ ¤¢  á«ãç ï. �ãáâì á ç «  ¨â¥£à « K =1 ¨
1R
r0

c(t)gn�1(t)dt <1. �®£¤ 

¨§ ¯à¥¤«®¦¥¨ï 4 á«¥¤ã¥â, çâ® ¤«ï ¥ª®â®à®© ª®áâ âë 0 � m < 1   M n B áãé¥áâ¢ã¥â
à¥è¥¨¥ ãà ¢¥¨ï (2) v(r; �) â ª®¥, çâ® vj@B = 1 ¨ lim

r!1
v(r; �) = m. � áá¬®âà¨¬   M n B

1�¥§¤¥ ¤ «¥¥ ¯à¨ ááë«ª å   ¯à¥¤«®¦¥¨ï á¬. ¯. 3 \�à¨«®¦¥¨¥".
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äãªæ¨¨  = (A + 1)v ¨  = �(A + 1)v. �ãªæ¨¨  ¨  ï¢«ïîâáï à¥è¥¨ï¬¨ ãà ¢¥¨ï (2) ¨
ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

 j@B = A+ 1; 0 �  � A+ 1; lim
r!1

 (r; �) = (A+ 1)m;

 j@B = �(A+ 1); � (A+ 1) �  � 0; lim
r!1

 (r; �) = �(A+ 1)m:

�®£¤    M nB ¢ë¯®«¥®  �  . � ª ª ª   Bk n B

L = L k = L = 0;  j@Bk
�  kj@Bk

�  j@Bk
¨  j@B �  kj@B �  j@B ;

â® á ãç¥â®¬ ¯à¨æ¨¯  áà ¢¥¨ï (á¬. [8], á. 41) ¤«ï ¤®áâ â®ç® ¡®«ìè¨å k   ¬®¦¥áâ¢¥ Bk n B
 �  k �  . �¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ k ! 1, ¯®«ãç ¥¬  �  �  . � ª ª ª lim

r!1
 (r; �) =

�(A+ 1)m ¨ lim
r!1

 (r; �) = (A+ 1)m, â® ¯à¨ r !1 j (r; �)j � (A+ 1)m.

� ¬¥â¨¬, çâ® ¯à¨ m = 0 ¤«ï äãªæ¨¨  (r; �) áãé¥áâ¢ã¥â ¯à¥¤¥« lim
r!1

 (r; �) = 0 ¢ á«ãç ¥,

ª®£¤  ¨â¥£à « K < 1 ¨«¨ ®¤®¢à¥¬¥® K = 1 ¨
1R
r0

c(t)gn�1(t)dt = 1. �®£¤  lim
r!1

['1(r; �) �

u1(r; �)] = 0.
� ª¨¬ ®¡à §®¬, äãªæ¨ï '1�u1 ï¢«ï¥âáï ®£à ¨ç¥ë¬ à¥è¥¨¥¬ ãà ¢¥¨ï (2)   M nB.

� [3] ¯®ª § ®, çâ® ¥á«¨ ¨â¥£à « K =1, â® lim
r!1

('1 � u1) = C, £¤¥ C | ¥ª®â®à ï ª®áâ â .

� «®£¨ç® áâà®ïâáï ®áâ «ìë¥ ¡ §¨áë¥ äãªæ¨¨ ¯® ¢á¥¬ v0i (r)wi(�), i < l.
�®ª ¦¥¬, çâ®  ¡®à ¯®áâà®¥ëå äãªæ¨© f'igl�1i=0 ¤¥©áâ¢¨â¥«ì® ®¡à §ã¥â ¡ §¨á. �§ ¯à¥¤-

«®¦¥¨ï 3 á«¥¤ã¥â «¨¥© ï ¥§ ¢¨á¨¬®áâì ¢á¥å íâ¨å äãªæ¨©. � «¥¥ ¢®§ì¬¥¬ ¯à®¨§¢®«ì®¥
à¥è¥¨¥ áâ æ¨® à®£® ãà ¢¥¨ï �à�¥¤¨£¥à  (2), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î u = o(v0l ) ¯à¨
r ! 1. �  M n B ®® ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ (7), £¤¥ lim

r!1
vk(r) = 0 ¯à¨ k � l. �®«¥¥ â®£®, ¢ [3]

¯®ª § ®, çâ® ¢â®à®© àï¤ ¢ à §«®¦¥¨¨ (7) áå®¤¨âáï à ¢®¬¥à®   M nB ¨, á«¥¤®¢ â¥«ì®,

lim
r!1

1X
k=l

vk(r)wk(�) = 0:

�à®¬¥ â®£®, ¢ ¯à¥¤«®¦¥¨¨ 2 ¯®ª § ®, çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë ¤«ï «î¡®£® à¥è¥¨ï vk(r)
áãé¥áâ¢ã¥â ª®áâ â  ak â ª ï, çâ®

lim
r!1

(vk(r)� akv
0
k(r)) = m (k < l);

£¤¥ m = 0 ¯à¨ 0 < k < l.

�¥£ª® ¤®ª § âì, çâ® à §®áâì u�
l�1P
k=0

ak'
k ï¢«ï¥âáï ®£à ¨ç¥ë¬ à¥è¥¨¥¬ ãà ¢¥¨ï (2)

  ¢á¥¬ ¬®£®®¡à §¨¨ M . � ¤àã£®© áâ®à®ë, ¢áïª®¥ ®£à ¨ç¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (2)   M
â®¦¤¥áâ¢¥® à ¢® ã«î (á¬.,  ¯à., [4]). � ª¨¬ ®¡à §®¬, ¯®áâà®¥ ï á¨áâ¥¬  äãªæ¨© ¤¥©-
áâ¢¨â¥«ì® ®¡à §ã¥â ¡ §¨á ¢ ¯à®áâà áâ¢¥ à¥è¥¨© ãà ¢¥¨ï (2), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î
u = o(v0l ) ¯à¨ r !1. �

3. �à¨«®¦¥¨¥

�à¥¤«®¦¥¨¥ 1. �ãáâì J =1 ¨ lim
r!1

c(r)g2(r) = � <1. �®£¤  ¤«ï à¥è¥¨ï á¯¥ªâà «ì®£®

ãà ¢¥¨ï (4) vk(r) á¯à ¢¥¤«¨¢® ®¤® ¨§ á«¥¤ãîé¨å ãâ¢¥à¦¤¥¨©:

1. ¥á«¨ k + � > 0, â® jvk(r)j ! 1 ¯à¨ r !1 ¨«¨ lim
r!1

vk(r) = 0;

2. ¥á«¨ k + � = 0 ¨, ªà®¬¥ â®£®, ¨â¥£à « K < 1 ¨«¨ ®¤®¢à¥¬¥® K = 1 ¨
1R
r0

c(t)gn�1(t)dt =1, â® jv0(r)j ! 1 ¯à¨ r !1 ¨«¨ lim
r!1

v0(r) = 0;
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3. ¥á«¨ k + � = 0 ¨, ªà®¬¥ â®£®, K = 1 ¨
1R
r0

c(t)gn�1(t)dt < 1, â® jv0(r)j ! 1 ¯à¨ r ! 1

¨«¨ áãé¥áâ¢ã¥â â ª ï ª®áâ â  m, çâ® lim
r!1

v0(r) = m.

�®ª § â¥«ìáâ¢®. �á«¨ ¯à¨ ª ª®¬-â® r1 � r0 ¢ë¯®«¥® v0k(r1)vk(r1) � 0, ¯à¨ç¥¬ v0k(r1) ¨
vk(r1) ¥ à ¢ë ã«î ®¤®¢à¥¬¥®, â® ¨§ (6) ¨ à áå®¤¨¬®áâ¨ ¨â¥£à «  J á«¥¤ã¥â jvk(r)j ! 1
¯à¨ r ! 1. �¥©áâ¢¨â¥«ì®, ¯ãáâì,  ¯à¨¬¥à, v0k(r1) � 0, vk(r1) � 0 ¨ ®¤® ¨§ íâ¨å ç¨á¥«
¯®«®¦¨â¥«ì®. �®£¤  ¢ ¥ª®â®à®¬ ¨â¥à¢ «¥ (r1; r2) (£¤¥ r2 > r1) vk(r) ¯®«®¦¨â¥«ì . �®§ì¬¥¬
¬ ªá¨¬ «ìë© ¨â¥à¢ « (r1; r2), ¢ ª®â®à®¬ vk(r) > 0. �§ (5) ¢¨¤®, çâ®   íâ®¬ ¨â¥à¢ «¥
vk(r) áâà®£® ¢®§à áâ ¥â, ¯®íâ®¬ã ¥á«¨ r2 <1, â® vk(r2) > 0, çâ® ¯à®â¨¢®à¥ç¨â ¬ ªá¨¬ «ì®áâ¨
¨â¥à¢ «  (r1; r2). � ç¨â, ¥®¡å®¤¨¬® r2 = 1, â. ¥. äãªæ¨ï vk(r) ¯®«®¦¨â¥«ì  ¨ ¢®§à áâ ¥â
  (r1;1). �®£¤  ¨§ (6) ¨ à áå®¤¨¬®áâ¨ ¨â¥£à «  J á«¥¤ã¥â vk(r) !1 ¯à¨ r ! 1. �®ç® â ª
¦¥ à áá¬ âà¨¢ ¥âáï á«ãç © v0k(r1) � 0; vk(r1) � 0.

�á«¨ ¤«ï ª ª®£®-â® r1 2 (r0;1) vk(r1) = v0k(r1) = 0, â® ¯® â¥®à¥¬¥ ¥¤¨áâ¢¥®áâ¨ ¨¬¥¥¬
vk(r) � 0.

�®ª ¦¥¬, çâ® ¢ á«ãç ¥ v0k(r)vk(r) < 0 ¤«ï ¢á¥å r > r0 ¢ ãá«®¢¨ïå ¯¯. 1 ¨ 2 ¤ ®£® ¯à¥¤«®-
¦¥¨ï ¢ë¯®«¥® lim

r!1
vk(r) = 0 ¤«ï ¢á¥å k � 0 ¨ lim

r!1
v0(r) = m ¢ ãá«®¢¨ïå ¯. 3.

�®¬®¦¨¢ ¯à¨ ¥®¡å®¤¨¬®áâ¨   �1, ¬®¦® áç¨â âì, çâ® ¯à¨ ¢á¥å r 2 (r0;1)

vk(r) < 0; v0k(r) > 0:

�®£¤  vk(r) ¬®®â®® ¢®§à áâ ¥â ¨ lim
r!1

vk(r) � 0. � ¬¥â¨¬, çâ® ¯à¨ íâ®¬ jvk(r)j ¬®®â®®

ã¡ë¢ ¥â ¨, á«¥¤®¢ â¥«ì®, äãªæ¨ï vk(r) ®£à ¨ç¥    (r0;1).
�ãáâì ¢ë¯®«¥ë ãá«®¢¨ï ¯. 1 ¨«¨ ¯. 2. �à¥¤¯®«®¦¨¬, çâ® lim

r!1
vk(r) < 0. �®£¤  ¯à¨ ¥ª®â®-

à®¬ " > 0 ¨ ¢á¥å r > r0 ¨¬¥¥¬

vk(r) � �": (8)

�®ª ¦¥¬, çâ® (8) ¯à®â¨¢®à¥ç¨â ãá«®¢¨î J =1. � áá¬®âà¨¬ ¤¢  á«ãç ï.
�ãáâì á ç «  Z 1

r0

dt

gn�1(t)
<1:

�®£¤  ¨§ (6) á«¥¤ã¥â

vk(r) � �"
Z r

r0

dt

gn�1(t)

Z t

r0

[�k + c(�)g2(�)]gn�3(�)d� + v0k(r0)g
n�1(r0)

Z r

r0

dt

gn�1(t)
+ vk(r0);

£¤¥ ¯à ¢ ï ç áâì ¯à¨ r ! 1 áâà¥¬¨âáï ª �1 ¢ á¨«ã à áå®¤¨¬®áâ¨ J , çâ® ¯à®â¨¢®à¥ç¨â ®£à -
¨ç¥®áâ¨ vk(r).

�ãáâì â¥¯¥àì Z 1

r0

dt

gn�1(t)
=1: (9)

�¥à¥¯¨è¥¬ (6) ¢ ¢¨¤¥

vk(r) =
Z r

r0

g1�n(t)F (t)dt + vk(r0); (10)

£¤¥ F (t) =
tR
r0

[�k + c(�)g2(�)]gn�3(�)vk(�)d� + v0k(r0)g
n�1(r0) | ¬®®â®® ã¡ë¢ îé ï äãª-

æ¨ï ¢ á¨«ã ®âà¨æ â¥«ì®áâ¨ vk(r). �«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â ¯à¥¤¥« lim
t!1

F (t). �®ª ¦¥¬, çâ®

lim
t!1

F (t) = 0.
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�®¯ãáâ¨¬, çâ® lim
t!1

F (t) > 0. �®£¤ , ãç¨âë¢ ï (10), ¯®«ãç ¥¬ lim
r!1

vk(r) = +1, çâ® ¯à®â¨¢®-

à¥ç¨â ®âà¨æ â¥«ì®áâ¨ äãªæ¨¨ vk(r)   (r0;+1). �á«¨ lim
t!1

F (t) = F < 0, â®  ©¤¥âáï â®çª 

r1 > r0 â ª ï, çâ® ¤«ï ¢á¥å t � r1 ¢ë¯®«¥® F (t) � F

2
. �®£¤  ¨§ (10) ¨¬¥¥¬

vk(r) �
Z r1

r0

g1�n(t)F (t)dt+
F

2

Z r

r1

g1�n(t)dt+ vk(r0):

� á¨«ã
1R
r0

g1�n(t)dt =1, ¯®«ãç ¥¬ lim
r!1

vk(r) = �1, çâ® ¯à®â¨¢®à¥ç¨â ®£à ¨ç¥®áâ¨ äãªæ¨¨

vk(r)   (r0;+1). � ª¨¬ ®¡à §®¬, lim
t!1

F (t) = 0, ¨, á«¥¤®¢ â¥«ì®,

v0k(r0)g
n�1(r0) = �

Z 1

r0

[�k + c(�)g2(�)]gn�3(�)vk(�)d�:

�®¤áâ ¢«ïï  ©¤¥®¥ § ç¥¨¥ v0k(r0)g
n�1(r0) ¢ (10), ¯®«ãç ¥¬

vk(r) = �
Z r

r0

dt

gn�1(t)

Z 1

t

[�k + c(�)g2(�)]gn�3(�)vk(�)d� + vk(r0): (11)

�ãáâì á ç «  k + � > 0. � ª ¤®ª § ® ¢ [2], ¥á«¨
1R
r0

g1�n(t)dt =1, â® ¨

Z 1

r0

g1�n(t)
�Z 1

t

gn�3(�)d�
�
dt =1:

�®£¤  ¤«ï «î¡®£® k � 1 ¢ë¯®«¥®Z 1

r0

dt

gn�1(t)

Z 1

t

[�k + c(�)g2(�)]gn�3(�)d� =1:

�«ï k = 0 ¨§ ãá«®¢¨ï lim
r!1

c(r)g2(r) = � > 0 á«¥¤ã¥â, çâ® ¤«ï «î¡®£® "1 > 0 áãé¥áâ¢ã¥â â ª®¥

r1 � r0, çâ® ¤«ï ¢á¥å r > r1 ¢ë¯®«¥® c(r)g2(r) > �� "1. �®£¤  á ¥ª®â®à®£® r1Z 1

r1

dt

gn�1(t)

Z 1

t

c(�)gn�1(�)d� > (�� "1)
Z 1

r1

dt

gn�1(t)

Z 1

t

gn�3(�)d� =1

¨ ¨§ ¯à¥¤¯®«®¦¥¨ï (8) ¨ (11) ¯®«ãç ¥¬ vk(r)! +1 ¯à¨ r!1 ¤«ï ¢á¥å k � 0, çâ® ¯à®â¨¢®à¥ç¨â
®âà¨æ â¥«ì®áâ¨ vk(r). �«¥¤®¢ â¥«ì®, lim

r!1
vk(r) = 0.

�ãáâì â¥¯¥àì k + � = 0 ¨
1R
r0

c(�)gn�1(�)d� =1. �§ (8) ¨ (11) á«¥¤ã¥â

v0(r) = v0(r0)�
Z r

r0

dt

gn�1(t)

Z 1

t

c(�)gn�1(�)v0(�)d� � v0(r0) + "

Z r

r0

dt

gn�1(t)

Z 1

t

c(�)gn�1(�)d�:

� ç¨â, v0(r)! +1 ¯à¨ r !1, çâ® ¯à®â¨¢®à¥ç¨â ®âà¨æ â¥«ì®áâ¨ äãªæ¨¨ v0(r)   (r0;+1).
�«¥¤®¢ â¥«ì®, lim

r!1
v0(r) = 0.

�ãáâì k + � = 0 ¨
1R
r0

c(�)gn�1(�)d� < 1, â. ¥. ¢ë¯®«¥ë ãá«®¢¨ï ¯. 3 ¤ ®£® ¯à¥¤«®¦¥¨ï.

� ª ª ª v0(r) < 0 ¨ ¬®®â®® ¢®§à áâ ¥â, â® áãé¥áâ¢ã¥â ª®¥çë© ¯à¥¤¥« lim
r!1

v0(r) = m � 0.

� ¬¥ç ¨¥ 2. � â®¬ á«ãç ¥, ª®£¤ 
1R
r0

c(�)gn�1(�)d� < 1 ¢¥«¨ç¨  lim
r!1

v0(r) ¬®¦¥â ¡ëâì

®â«¨ç  ®â ã«ï. �¥©áâ¢¨â¥«ì®, ¯ãáâì n = 3 ¨ ¢ ãà ¢¥¨¨ (2) c(r) = e�r

2�e�r ¢ ®¡« áâ¨ D.
� ¤ ¤¨¬   D ¬¥âà¨ªã ds2 á ¯®¬®éìî äãªæ¨¨ g(r) = 2� e�r.
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�ãªæ¨ï v0(r)   R+ ï¢«ï¥âáï à¥è¥¨¥¬ ®¡ëª®¢¥®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï

v00 + 2
g0(r)
g(r)

v0 +
g00(r)
g(r)

v = 0: (12)

�£à ¨ç¥ë¥ à¥è¥¨ï íâ®£® ãà ¢¥¨ï á ãç¥â®¬ § ¤ ®© äãªæ¨¨ g(r) ¨¬¥îâ ¢¨¤ v(r) = c1
2�e�r

( ¯à., [9], á. 458). � lim
r!+1

v(r) = c1
2
. � ª¨¬ ®¡à §®¬, ¥á«¨ äãªæ¨ï v0(r) 6� 0, â® lim

r!1
v0(r) 6= 0.

�ãáâì â¥¯¥àì ¢ ®¡« áâ¨ D ¢ë¯®«¥® c(r) = q(1�q)

(r+1)2
. �§¬¥¨¬ ¬¥âà¨ªã   D á«¥¤ãîé¨¬

®¡à §®¬. �®«®¦¨¬ g(r) = (r + 1)q , £¤¥ 0 < q < 1
2
. �®£¤  ®£à ¨ç¥ë¬¨ à¥è¥¨ï¬¨ ãà ¢¥¨ï

(12) ï¢«ïîâáï à¥è¥¨ï ¢¨¤ 

v(r) = (c1 � c2)(r + 1)�q ¨ lim
r!+1

v(r) = 0:

�à¥¤«®¦¥¨¥ 2. �ãáâì J = 1 ¨ lim
r!1

c(r)g2(r) = �, 0 � � < 1. �«ï «î¡®£® à¥è¥¨ï

á¯¥ªâà «ì®£® ãà ¢¥¨ï (4) vk(r) â ª®£®, çâ® vk(r) ! 1 ¯à¨ r ! 1, áãé¥áâ¢ã¥â à¥è¥¨¥
íâ®£® ¦¥ ãà ¢¥¨ï v0k(r) á (v

0
k)
0(r0) = 0 â ª®¥, çâ®

lim
r!1

(vk(r)� v0k(r)) =m;

£¤¥ m = 0 ¤«ï k > 0.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® á¯¥ªâà «ì®¥ ãà ¢¥¨¥ (4) ¯à¨ �k � 0 ¤«ï «î¡®£® ç¨á« 
c ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥ ®¤® ®£à ¨ç¥®¥ à¥è¥¨¥ evk(r) â ª®¥, çâ® ev0k(r0) = c. �ãáâì c < 0.
� ¬¥â¨¬ á ç « , çâ®   «î¡®¬ ®âà¥§ª¥ [r0; r1] ¤«ï ãà ¢¥¨ï (4) áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥
à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ á £à ¨çë¬¨ ãá«®¢¨ï¬¨

evk(r0) = v0; evk(r1) = v1; (13)

£¤¥ v0, v1 | ¯à®¨§¢®«ìë¥ ç¨á« .
�¥©áâ¢¨â¥«ì®, «¨¥©®© § ¬¥®© ¯¥à¥¬¥ëå z(r) = evk(r)� v1�v0

r1�r0
(r�r0)�v0 ªà ¥¢ë¥ ãá«®¢¨ï

(13) á¢®¤ïâáï ª ã«¥¢ë¬

z(r0) = z(r1) = 0; (14)

  ãà ¢¥¨¥ (4) á¢®¤¨âáï ª ãà ¢¥¨î ¢¨¤ 

z00(r) + (n� 1)
g0(r)
g(r)

z0(r)� [�kg
�2(r) + c(r)]z(r) = f(r); (15)

£¤¥ f(r) = [�kg�2(r) + c(r)]
�
v1�v0
r1�r0

(r � r0) + v0
�
� (n� 1) g

0(r)
g(r)

v1�v0
r1�r0

.
�§¢¥áâ®, çâ® ªà ¥¢ ï § ¤ ç  (15), (14) ¨¬¥¥â ¨ ¯à¨â®¬ ¥¤¨áâ¢¥®¥ à¥è¥¨¥, ¥á«¨ ¥ áã-

é¥áâ¢ã¥â ¥âà¨¢¨ «ì®£® à¥è¥¨ï z(r) ®¤®à®¤®£® ãà ¢¥¨ï (15) á ã«¥¢ë¬¨ £à ¨çë¬¨
¤ ë¬¨ (14) ( ¯à., [10], á. 164). �ë¯®«¥¨¥ ¯®á«¥¤¥£® ãá«®¢¨ï £ à â¨àã¥âáï á¢®©áâ¢®¬ à¥-
è¥¨© á¯¥ªâà «ì®£® ãà ¢¥¨ï (4) ¥ ¨¬¥âì ¢ãâà¥¨å â®ç¥ª ¥¯®«®¦¨â¥«ì®£® ¬¨¨¬ã¬  ¨
¥®âà¨æ â¥«ì®£® ¬ ªá¨¬ã¬ .

�ãáâì evk(r) | à¥è¥¨¥ ãà ¢¥¨ï (4) â ª®¥, çâ® ev0k(r0) = c ¨ evk(r0) > 0. �«ãç © evk(r0) � 0 ¥
à áá¬ âà¨¢ ¥âáï, â. ª. ¯à¨ ãá«®¢¨¨ ev0k(r0) < 0 äãªæ¨ï evk(r) ¡ã¤¥â ¥®£à ¨ç¥® ã¡ë¢ âì ¯à¨
r ! +1. � áá¬®âà¨¬ ¤¢  ¥¯¥à¥á¥ª îé¨åáï ¯®¤¬®¦¥áâ¢  ¢ R+:

A =fx 2 R+ : à¥è¥¨¥ evk(r) á evk(r0) = x ã¤®¢«¥â¢®àï¥â ãá«®¢¨î evk(r)! +1 ¯à¨ r ! +1g;

B =fx 2 R+ : à¥è¥¨¥ evk(r) á evk(r0) = x ã¤®¢«¥â¢®àï¥â ãá«®¢¨î evk(r)! �1 ¯à¨ r ! +1g:

�®¯ãáâ¨¬, çâ® á¯¥ªâà «ì®¥ ãà ¢¥¨¥ (4) ¥ ¨¬¥¥â ®£à ¨ç¥ëå à¥è¥¨©, ã¤®¢«¥â¢®àïîé¨å
ãá«®¢¨î ev0k(r0) = c < 0, â. ¥. R+ = A [ B. � ¬¥â¨¬, çâ® ¤«ï «î¡®£® x 2 A á®®â¢¥âáâ¢ãîé¥¥
à¥è¥¨¥ evk(r) ¨¬¥¥â â®çªã rmin > r0 ¯®«®¦¨â¥«ì®£® ¬¨¨¬ã¬  ¨ evk(r) > 0 ¤«ï ¢á¥å r � r0,  
¤«ï «î¡®£® x 2 B á®®â¢¥âáâ¢ãîé¥¥ à¥è¥¨¥ ¨¬¥¥â â®çªã er0 > r0, ¢ ª®â®à®© evk(er0) = 0, ev0k(r) < 0
¤«ï ¢á¥å r � r0.
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�®¦¥áâ¢  A ¨ B ¥ ¯ãáâë. �¥©áâ¢¨â¥«ì®, ¥á«¨ B = ;, â®£¤  ¤«ï á¯¥ªâà «ì®£® ãà ¢¥¨ï
(4) ¥ áãé¥áâ¢ã¥â à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ á £à ¨çë¬¨ ¤ ë¬¨ evk(r0) = x > 0, evk(r1) = 0, çâ®
¯à®â¨¢®à¥ç¨â ¤®ª § ®© à ¥¥ à §à¥è¨¬®áâ¨ ªà ¥¢®© § ¤ ç¨ (4), (13) ¤«ï «î¡ëå £à ¨çëå
¤ ëå. �á«¨ A = ;, â® ¤«ï ãà ¢¥¨ï (4) ¥ áãé¥áâ¢ã¥â à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ á £à ¨çë¬¨
¤ ë¬¨ evk(r0) = x > 0, evk(r1) = x > 0, çâ® â ª¦¥ ¯à®â¨¢®à¥ç¨â à §à¥è¨¬®áâ¨ ªà ¥¢®© § ¤ ç¨
¤«ï «î¡ëå £à ¨çëå ¤ ëå.

�â ª, ¬®¦¥áâ¢® A 6= ; ¨ ®£à ¨ç¥® á¨§ã,   ¬®¦¥áâ¢® B 6= ; ¨ ®£à ¨ç¥® á¢¥àåã. � ç¨â,
áãé¥áâ¢ãîâ a = inf A ¨ b = supB. �ç¥¢¨¤®, 0 < b � a ¨, á«¥¤®¢ â¥«ì®, a; b 2 R+.

�®§¬®¦ë á«¥¤ãîé¨¥ ¢ à¨ âë: 1) a; b 2 B, 2) a; b 2 A, 3) a 2 A; b 2 B.
�®¯ãáâ¨¬, ¨¬¥¥â ¬¥áâ® 1). �®£¤  à¥è¥¨¥ v(r) á¯¥ªâà «ì®£® ãà ¢¥¨ï (4) á v0(r0) = c ¨

v(r0) = a ¨¬¥¥â â®çªã er0 > r0, £¤¥ v(er0) = 0 ¨ v0(r) < 0 ¤«ï ¢á¥å r � r0. � íâ®¬ á«ãç ¥ ¥
áãé¥áâ¢ã¥â à¥è¥¨ï ãà ¢¥¨ï (4) á £à ¨çë¬¨ ¤ ë¬¨ vk(r0) = a, evk(r1) = 0, £¤¥ r1 > er0,
â. ª. ¢á¥ à¥è¥¨ï á evk(r0) 2 A ¯®«®¦¨â¥«ìë,   ¢á¥ à¥è¥¨ï á evk(r0) 2 B ¥ ¡ã¤ãâ ¯à¥¢®áå®¤¨âì
à¥è¥¨ï á evk(r0) = b, çâ® ¯à®â¨¢®à¥ç¨â à §à¥è¨¬®áâ¨ ªà ¥¢®© § ¤ ç¨ (4), (13).

� «¥¥ ¯ãáâì ¨¬¥¥â ¬¥áâ® 2). �®£¤  à¥è¥¨¥ v(r) á¯¥ªâà «ì®£® ãà ¢¥¨ï (4) c v0(r0) = c ¨
v(r0) = b ¨¬¥¥â â®çªã rmin > r0 ¯®«®¦¨â¥«ì®£® ¬¨¨¬ã¬ . �à¨ íâ®¬ ¤«ï ¢á¥å à¥è¥¨© evk(r)
ãà ¢¥¨ï (4) á  ç «ìë¬¨ § ç¥¨ï¬¨ ¨§ ¬®¦¥áâ¢  B ¢ë¯®«¥® evk(r) < v(rmin) ¤«ï ¢á¥å
r > rmin. � íâ®¬ á«ãç ¥ ¥ áãé¥áâ¢ã¥â à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ á £à ¨çë¬¨ ¤ ë¬¨ evk(r0) = b,evk(r1) = v(rmin), £¤¥ r1 > rmin, çâ® ¯à®â¨¢®à¥ç¨â ¤®ª § ®¬ã à ¥¥.

� ª¨¬ ®¡à §®¬, ¢®§¬®¦¥ «¨èì á«ãç © 3), â. ¥. a 2 A, b 2 B. �®£¤  à¥è¥¨¥ á¯¥ªâà «ì®£®
ãà ¢¥¨ï (4) v(r) c v0(r0) = c ¨ v(r0) = a ¨¬¥¥â â®çªã rmin > r0 ¯®«®¦¨â¥«ì®£® ¬¨¨¬ã¬ 
¨ v(rmin) > v(rmin), £¤¥ v(r) | à¥è¥¨¥ ãà ¢¥¨ï (4) c v0(r0) = c, v(r0) = b. �¥£ª® ¢¨¤¥âì,
çâ® ¢ íâ®¬ á«ãç ¥ ¥ áãé¥áâ¢ã¥â à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ ¤«ï á¯¥ªâà «ì®£® ãà ¢¥¨ï (4) á
£à ¨çë¬¨ ¤ ë¬¨

evk(r0) = a+ b

2
; evk(rmin) =

v(rmin) + v(rmin)
2

;

çâ® ¯à®â¨¢®à¥ç¨â à §à¥è¨¬®áâ¨ ªà ¥¢®© § ¤ ç¨ (4), (13)   «î¡®¬ ®âà¥§ª¥ [r0; r1]. � ª¨¬ ®¡à -
§®¬, ¯à¥¤¯®«®¦¥¨¥ ® â®¬, çâ® R+ = A [ B ¥¢¥à®, ¨ áà¥¤¨ à¥è¥¨© ãà ¢¥¨ï (4), ã¤®¢«¥-
â¢®àïîé¨å  ç «ìë¬ ãá«®¢¨ï¬ ev0k(r0) = c < 0 ¨ evk(r0) > 0, áãé¥áâ¢ã¥â ®£à ¨ç¥®¥ à¥è¥¨¥,
ª®â®à®¥, ª ª ¤®ª § ® à ¥¥ (á¬. ¯à¥¤«®¦¥¨¥ 1), ¯à¨ k � 1 áâà¥¬¨âáï ª ã«î ¯à¨ r!1 ¨ ¯à¨
k = 0 áâà¥¬¨âáï ª ¥ª®â®à®© ª®áâ â¥ m, ¥ ®¡ï§ â¥«ì® à ¢®© ã«î.

�«ãç © c > 0 à áá¬ âà¨¢ ¥âáï   «®£¨ç®.
�á«¨ c = 0, â® ¥¤¨áâ¢¥ë¬ ®£à ¨ç¥ë¬ à¥è¥¨¥¬ á¯¥ªâà «ì®£® ãà ¢¥¨ï (4), ã¤®-

¢«¥â¢®àïîé¨¬ ãá«®¢¨î ev0k(r0) = 0, ¡ã¤¥â ã«¥¢®¥ à¥è¥¨¥. �¥©áâ¢¨â¥«ì®, ¥á«¨ evk(r0) 6= 0, â®,
ª ª ¤®ª § ® à ¥¥, äãªæ¨ï jevk(r)j ¬®®â®® ¢®§à áâ ¥â   (r0;+1) ¨ lim

r!1
jevk(r)j = +1, çâ®

¯à®â¨¢®à¥ç¨â ®£à ¨ç¥®áâ¨ à¥è¥¨ï.
�âáî¤  «¥£ª® ¯®ª § âì, çâ® ¤«ï «î¡®£® à¥è¥¨ï ãà ¢¥¨ï (4) vk(r)  ©¤¥âáï â ª®¥ à¥-

è¥¨¥ ãà ¢¥¨ï v0k(r) á ã«¥¢®© ¯à®¨§¢®¤®© ¢ â®çª¥ r = r0, çâ® à §®áâì vk(r) � v0k(r) ¡ã¤¥â
®£à ¨ç¥ë¬ à¥è¥¨¥¬ á¯¥ªâà «ì®£® ãà ¢¥¨ï (4) ¨, á«¥¤®¢ â¥«ì®, lim

r!1
(vk(r)� v0k(r)) = m,

£¤¥ m = 0 ¯à¨ k > 0.

�à¥¤«®¦¥¨¥ 3. �ãáâì J = 1, lim
r!1

c(r)g2(r) = �, 0 � � < 1,   v�1 ¨ v�2 | à¥è¥¨ï

á¯¥ªâà «ì®£® ãà ¢¥¨ï (4) á � = �1 ¨ � = �2 á®®â¢¥âáâ¢¥® ¨ £à ¨çë¬¨ ãá«®¢¨ï¬¨
v0�1(r0) = v0�2(r0) = 0, v�1(r0) = v�2(r0) = 1. �®£¤  ¥á«¨ �2 > �1 � 0, â®

lim
r!1

v�2(r)
v�1(r)

=1: (16)

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ ¢ ç «¥, çâ® á ¥ª®â®à®£® r1 ¢ë¯®«¥® v�2(r) > bv�1(r), £¤¥
b = 5�2+12�+7�1

4(�2+3�+2�1)
> 1. �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥, â. ¥. ¤«ï «î¡®£® r ¢ë¯®«¥® v�2(r) � bv�1(r).
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�®£¤  ¨§ (6) ¯®«ãç ¥¬

Z r

r0

dt

gn�1(t)

Z t

r0

[�2 + c(�)g2(�)]gn�3(�)v�2(�) d� + 1 �

� b

Z r

r0

dt

gn�1(t)

Z t

r0

[�1 + c(�)g2(�)]gn�3(�)v�1(�)d� + b:

� ª ª ª lim
r!1

c(r)g2(r) = �, â® ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â â ª®¥ r1 > r0,  ç¨ ï á ª®â®à®£®

¢ë¯®«¥® �" < c(r)g2(r)� � < ". �ë¡¨à ï " = (�2 � �1)=3, ¯®«ãç ¥¬

��
�2 � �1

3
< c(r)g2(r) < �+

�2 � �1
3

:

�®£¤  á ¥ª®â®à®£® r1 ¢ë¯®«¥® ¥à ¢¥áâ¢®Z r

r1

dt

gn�1(t)

Z t

r1

�
�2 + ��

�2 � �1
3

�
gn�3(�)v�2(�) d� �

�
Z r

r1

dt

gn�1(t)

Z t

r1

b

�
�1 + �+

�2 � �1
3

�
gn�3(�)v�1(�)d� < b� 1:

�®¤áâ ¢«ïï ¢ íâ® ¥à ¢¥áâ¢® § ç¥¨¥ b, ¯®«ãç ¥¬

�2 � �1
4

Z r

r1

dt

gn�1(t)

Z t

r1

gn�3(�)(v�2(�)� v�1(�))d� <
�2 � �1

4(�2 + 2�1 + 3�)
: (17)

�®§ì¬¥¬ ¥ª®â®à®¥ r� > r0. �¬¥¥¬ v�2(r
�) � v�1(r

�) = c1 > 0. �§ ãá«®¢¨© J = 1 ¨

lim
r!1

c(r)g2(r) = � á«¥¤ã¥â, çâ® ¨â¥£à «
1R
r0

dt

gn�1(t)

tR
r0

gn�3(�)d� à áå®¤¨âáï. �®£¤  á ¥ª®â®à®£® r1

¥à ¢¥áâ¢® (17) ¥ ¢ë¯®«ï¥âáï, â. ¥. v�2(r) > bv�1(r) ¯à¨ r > r1.
�ãáâì v�2(r) > bkv�1(r),  ç¨ ï á ¥ª®â®à®£® rk. �®ª ¦¥¬, çâ® v�2(r) > bk+1v�1(r),  ç¨ ï á

¥ª®â®à®£® rk+1. �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥, â. ¥. ¤«ï ¢á¥å r ¢ë¯®«¥® v�2(r) � bk+1v�1(r). �âáî¤ ,
ª ª ¨ ¢ëè¥, ¯®«ãç ¥¬

�2 � �1
4

Z r

rk+1

dt

gn�1(t)

Z t

rk+1

gn�3(�)(v�2(�)� bkv�1(�))d� < bk+1 � 1: (18)

�®§ì¬¥¬ ¥ª®â®à®¥ r� > rk. �¬¥¥¬ v�2(r
�) � bkv�1(r

�) = c2 > 0. �«ï ¢á¥å r > r� ¢ë¯®«¥®
v�2(r

�) � bkv�1(r
�) > c2. � ª ª ª J = 1, â® á ¥ª®â®à®£® r1 ¥à ¢¥áâ¢® (18) ¥ ¢ë¯®«ï¥âáï.

�«¥¤®¢ â¥«ì®, v�2(r) > bkv�1(r) ¤«ï «î¡®£® k 2 N.

�à¥¤«®¦¥¨¥ 4. �ãáâì J =1 ¨ lim
r!1

c(r)g2(r) = � <1. �®£¤ 

1: ¥á«¨ K < 1 ¨«¨ ®¤®¢à¥¬¥® K = 1 ¨
1R
r0

c(t)gn�1(t) dt = 1, â®   D áãé¥áâ¢ã¥â

®£à ¨ç¥®¥ à¥è¥¨¥ u(r; �) ãà ¢¥¨ï (2) â ª®¥, çâ®

u(r0; �) = 1 ¨ lim
r!1

u(r; �) = 0;

2: ¥á«¨ K = 1 ¨
1R
r0

c(t)gn�1(t)dt < 1, â® ¤«ï ¥ª®â®à®© ª®áâ âë 0 � m < 1   D

áãé¥áâ¢ã¥â ®£à ¨ç¥®¥ à¥è¥¨¥ u(r; �) ãà ¢¥¨ï (2) â ª®¥, çâ®

u(r0; �) = 1 ¨ lim
r!1

u(r; �) = m:

54



�®ª § â¥«ìáâ¢®. � ª ç¥áâ¢¥ ¨áª®¬®£® ®£à ¨ç¥®£® à¥è¥¨ï § ¤ ç¨ ¢®§ì¬¥¬ äãªæ¨î
v0(r) | à¥è¥¨¥ ãà ¢¥¨ï (4) ¯à¨ k = 0 â ªãî, çâ® v0(r0) = 1 ¨ v00(r0) < 0. �ãé¥áâ¢®¢ ¨¥ â -
ª®£® à¥è¥¨ï «¥£ª® ¤®ª §ë¢ ¥âáï ¬¥â®¤®¬, ¨§«®¦¥ë¬ ¢ ¯à¥¤«®¦¥¨¨ 2. �à®¬¥ â®£®, äãªæ¨ï
v0(r) ¡ã¤¥â ¬®®â®® ã¡ë¢ îé¥©   (r0;+1).

� ¯à¥¤«®¦¥¨¨ 1 ¯®ª § ®, çâ® ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© 1 ¨ 2 ¤ ®£® ¯à¥¤«®¦¥¨ï á®®â-
¢¥âáâ¢¥® lim

r!1
v0(r) = 0 ¨«¨ áãé¥áâ¢ã¥â â ª ï ª®áâ â  m, çâ® lim

r!1
v0(r) = m. �à¨ íâ®¬ ¢

á¨«ã ¬®®â®®£® ã¡ë¢ ¨ï äãªæ¨¨ v0(r) ¢ë¯®«¥® 0 � m < 1.
�á®, çâ® v0(r) ï¢«ï¥âáï à ¤¨ «ì®-¯®áâ®ïë¬ à¥è¥¨¥¬ ãà ¢¥¨ï (2)   D.

�à¥¤«®¦¥¨¥ 5. �ãáâì G b M | ¯à¥¤ª®¬¯ ªâ®¥ ¯®¤¬®¦¥áâ¢® ¢ M , äãªæ¨ï u 2
C(G) \ C2;�(G) ã¤®¢«¥â¢®àï¥â ¢ G ãà ¢¥¨î Lu = f(x), £¤¥ f(x) 2 C(G), 
 := suppf(x) ¨

 b G, c(x) � 0 ¢ G ¨ c(x) 6= 0 ¢ 
. �®£¤ 

sup
G

juj � sup
@G

juj+ sup



jf(x)j
c(x)

:

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ a+ = maxf0; ag ¨ a� = �minf0; ag. � áá¬®âà¨¬ ª®áâ âã
v = sup

@G

u+ + sup



f�

c(x)
. �®£¤  ¯®«ãç¨¬   ¬®¦¥áâ¢¥ G n 


L(v � u) = Lv � Lu = Lv = �c(x)v = �c(x)
�
sup
@G

u+ + sup



f�

c(x)

�
� 0

¨ ¢ ®¡« áâ¨ 
:

L(v � u) = Lv � Lu = �c(x)
�
sup
@G

u+ + sup



f�

c(x)

�
� f(x) = �c(x)

�
sup
@G

u+ + sup



f�

c(x)
+
f(x)
c(x)

�
� 0:

� ª¨¬ ®¡à §®¬, L(v � u) � 0 ¢áî¤ã   ¬®¦¥áâ¢¥ G. �à®¬¥ â®£®, v � u � 0   @G. �®£¤  u � v
¢ G ¨

sup
G

u � sup
G

v = sup
@G

u+ + sup



f�

c(x)
: (19)

� ¬¥ïï u   �u, ¯®«ãç ¥¬ ¥à ¢¥áâ¢®

sup
G

(�u) � sup
@G

(�u)+ + sup



(�f)�

c(x)

¨«¨

sup
G

(�u) � sup
@G

u� + sup



f+

c(x)
: (20)

�¡ê¥¤¨ïï (19) ¨ (20), ¯®«ãç ¥¬ âà¥¡ã¥¬®¥.

� ¬¥â¨¬, çâ®   «®£¨ç®¥ ãâ¢¥à¦¤¥¨¥ ¤«ï ®£à ¨ç¥®© ®¡« áâ¨ ¢ Rn ¬®¦®  ©â¨,  -
¯à¨¬¥à, ¢ ([8], á. 55).

�à¥¤«®¦¥¨¥ 6. �ãáâì G � M | ¯à®¨§¢®«ì®¥ ¯à¥¤ª®¬¯ ªâ®¥ ®âªàëâ®¥ ¯®¤¬®¦¥-
áâ¢®, f�ig

1
i=1 | à ¢®¬¥à® ®£à ¨ç¥®¥   G á¥¬¥©áâ¢® à¥è¥¨© ãà ¢¥¨ï (2), �i 2 C2;�(G).

�®£¤  á¥¬¥©áâ¢® äãªæ¨© f�ig
1
i=1 ª®¬¯ ªâ® ¢¬¥áâ¥ á á¥¬¥©áâ¢®¬ ¨å ¯¥à¢ëå ¨ ¢â®àëå ¯à®-

¨§¢®¤ëå   «î¡®¬ ª®¬¯ ªâ®¬ ¯®¤¬®¦¥áâ¢¥ G0 � G.

�®ª § â¥«ìáâ¢®. �«ï ª ¦¤®© â®çª¨ x 2M áãé¥áâ¢ã¥â ®ªà¥áâ®áâì O(x) �M , £®¬¥®¬®àä-
 ï Rn. � ª ª ª G0 | ª®¬¯ ªâ®¥ ¯®¤¬®¦¥áâ¢® ¢ G, â® áãé¥áâ¢ã¥â ª®¥ç®¥ ç¨á«® ®ªà¥áâ®-

áâ¥© Os â ª¨å, çâ® G0 �
p

[
s=1

Os � G. �à®¬¥ â®£®, ®¯¥à â®à L ï¢«ï¥âáï áâà®£® í««¨¯â¨ç¥áª¨¬,

  ¥£® ª®íää¨æ¨¥âë | £« ¤ª¨¥ äãªæ¨¨. �®£¤  ¤«ï «î¡®£® ¯à¥¤ª®¬¯ ªâ®£® ¯®¤¬®¦¥áâ¢ 
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O0s � Os â ª®£®, çâ® dist (O0s; @Os) � ds > 0, ¤«ï ¢á¥å äãªæ¨© �i ¢ë¯®«¥ë ¢ãâà¥¨¥ ®æ¥ª¨
� ã¤¥à  ([8], á. 94{95):

ds sup
k

sup
O0

s

���� @�i@xk
(x)

����+ d2s sup
k;j

sup
O0

s

���� @2�i
@xk@xj

(x)
����+

+ d2+�s sup
k;j

sup
x;y2O0

s

x6=y

�� @2�i
@xk@xj

(x)� @2�i
@xk@xj

(y)
��

jx� yj�
� Cs sup

Os

j�i(x)j;

£¤¥ Cs | ª®áâ â , § ¢¨áïé ï ®â á¢®©áâ¢ ®¯¥à â®à  L, n ¨ ®¡« áâ¨ Os.

� ¬¥â¨¬, çâ® ¬®¦¥áâ¢  O0s ¬®¦¥¬ ¢ë¡à âì â ª, çâ® G0 �
p

[
s=1

O0s � G. �¥©áâ¢¨â¥«ì®, ¢®§ì-

¬¥¬ ¢ ª ¦¤®© ®¡« áâ¨ Os ¢®§à áâ îéãî ¯®á«¥¤®¢ â¥«ì®áâì ®âªàëâëå ¯®¤¬®¦¥áâ¢ O1
s b O2

s b

� � � b Os â ª¨å, çâ® Os =
1

[
k=1

Ok
s . �®£¤  G

0 �
p

[
s=1

Os =
p

[
s=1

1

[
k=1

Ok
s =

1

[
k=1

p

[
s=1

Ok
s � G, â. ¥. ¬®¦¥-

áâ¢  Ok =
p

[
s=1

Ok
s ®¡à §ãîâ ®âªàëâ®¥ ¯®ªàëâ¨¥ ¬®¦¥áâ¢  G0. �à¨ç¥¬ O1

b O2
b � � � b

p

[
s=1

Os.

� ª ª ª G0 | ª®¬¯ ªâ®¥ ¯®¤¬®¦¥áâ¢® ¢ G, â® ¨§ íâ®£® ®âªàëâ®£® ¯®ªàëâ¨ï ¬®¦¥¬ ¢ë¡à âì
ª®¥ç®¥ ¯®¤¯®ªàëâ¨¥ O1; O2; : : : ; Or. �ç¨âë¢ ï ¢®§à áâ ¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ Ok, ¯®«ãç¨¬

G0 � Or =
p

[
s=1

Or
s � G. �®íâ®¬ã ¬®¦¥¬ ¢§ïâì O0s = Or

s .

� «¥¥ ¢ë¡¥à¥¬ d = min
s=1;:::;p

ds, C = max
s=1;:::;p

Cs. �®£¤    G0 ¡ã¤ãâ ¢ë¯®«¥ë ¢ãâà¥¨¥ ®æ¥ª¨

� ã¤¥à  á ª®áâ â ¬¨ d ¨ C, £¤¥ C § ¢¨á¨â ®â L, n ¨ G.
�§ ¤ ®© ®æ¥ª¨ á ãç¥â®¬ à ¢®¬¥à®© ®£à ¨ç¥®áâ¨ á¥¬¥©áâ¢  äãªæ¨© f�ig1i=1   G

á«¥¤ã¥â à ¢®áâ¥¯¥ ï ¥¯à¥àë¢®áâì íâ®£® á¥¬¥©áâ¢ ,   â ª ¦¥ à ¢®¬¥à ï ®£à ¨ç¥®áâì ¨
à ¢®áâ¥¯¥ ï ¥¯à¥àë¢®áâì á¥¬¥©áâ¢ ¯¥à¢ëå ¨ ¢â®àëå ¯à®¨§¢®¤ëå íâ¨å äãªæ¨©   G0.
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