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� ¤ ®© áâ âì¥ ¯®ª § ® ¨á¯®«ì§®¢ ¨¥ ¬¥â®¤  ¢®§¬ãé¥¨© ¯à¨ ¨â¥£à¨à®¢ ¨¨ ãà ¢¥¨©
¨§£¨¡  ¬®£®á«®©®© ª®áâàãªæ¨¨ ¯® ¬®¤¥«¨ �®«®â¨ {�®¢¨çª®¢ .

�à¨ à áç¥â¥ ¬®£®á«®©ëå ª®áâàãªæ¨© ç áâ® ¨á¯®«ì§ã¥âáï â¥®à¨ï �®«®â¨ {�®¢¨çª®¢  [1],
¢ ª®â®à®© ¤«ï ¦¥áâª¨å á«®¥¢ ¯à¨¨¬ îâáï £¨¯®â¥§ë ª« áá¨ç¥áª®© â¥®à¨¨ ¯« áâ¨ ¨ ®¡®«®ç¥ª,
  ¤«ï ¬ï£ª¨å | £¨¯®â¥§ë, ãç¨âë¢ îé¨¥ «¨¥©ë© § ª® ¨§¬¥¥¨ï á¤¢¨£  ¨ ®¡¦ â¨ï ¯® ¯®¯¥-
à¥ç®© ª®®à¤¨ â¥. � ª¨¬ ®¡à §®¬, ¬ï£ª¨© á«®© ¢ë¯®«ï¥â äãªæ¨î á¢ï§¨ ¬¥¦¤ã ¦¥áâª¨¬¨
á«®ï¬¨. �®«ãç¥ë¥   ®á®¢¥ íâ¨å ¯à¥¤¯®«®¦¥¨© ®á®¢ë¥ ãà ¢¥¨ï ¬¥å ¨ª¨ ¬®£®á«®©-
ëå ª®áâàãªæ¨© ï¢«ïîâáï ¤¨ää¥à¥æ¨ «ìë¬¨ ¯® ª®®à¤¨ â ¬ ¢ ¯«®áª®áâ¨ á«®¥¢ ¨ ª®¥ç®-
à §®áâë¬¨ ¯® ª®®à¤¨ â¥, ®âáç¨âë¢ ¥¬®© ¯® ®à¬ «¨ ª íâ®© ¯«®áª®áâ¨. �®á«¥¤ïï ª®®à-
¤¨ â  ¯à¨¨¬ ¥â ¤¨áªà¥âë¥ § ç¥¨ï á ãç¥â®¬ ¯à¨ïâ®© ã¬¥à æ¨¨ á«®¥¢. �â¥£à¨à®¢ ¨¥
â ª®© á¨áâ¥¬ë ãà ¢¥¨© ¯à¥¤áâ ¢«ï¥â ®¯à¥¤¥«¥ë¥ âàã¤®áâ¨. �à¨ ¥ª®â®àëå ®£à ¨ç¥¨ïå
  £¥®¬¥âà¨î ª®áâàãªæ¨¨ ¨ £à ¨çë¥ ãá«®¢¨ï ã¤ ¥âáï à §¤¥«¨âì ¥¯à¥àë¢ë¥ ¨ ¤¨áªà¥âë¥
¯¥à¥¬¥ë¥. � ª¨¥ ¥¬®£®ç¨á«¥ë¥ á«ãç ¨ ®â®áïâáï ª ª« ááã â®çëå ¬¥â®¤®¢ à áç¥â . �
®¡é¥¬ ¢¨¤¥ à §¤¥«¥¨¥ ¯¥à¥¬¥ëå ã¤ ¥âáï ¯à®¢¥áâ¨ «¨èì ¯à¨¡«¨¦¥ë¬¨ ¬¥â®¤ ¬¨. �ç¥ì
¯«®¤®â¢®àë¬ ¢ íâ®¬  ¯à ¢«¥¨¨ ï¢«ï¥âáï ¬¥â®¤ ¢®§¬ãé¥¨© ¯® ¬ «®¬ã ¯ à ¬¥âàã [2], [3]. �
áâ âì¥ à §à ¡®â ® ¯à¨¬¥¥¨¥ íâ®£® ¬¥â®¤ , ª®â®àë© ¨á¯®«ì§®¢  ¢ à áç¥â¥ âà¥åá«®©®© ¯« -
áâ¨ë á ¤¢ã¬ï ¦¥áâª¨¬¨ ¨ ®¤¨¬ ¬ï£ª¨¬ á«®ï¬¨. � ª ï ª®áâàãªæ¨ï ®¯¨áë¢ ¥âáï ãà ¢¥¨ï¬¨
[1]

A1�
(1)
1 (u(1); v(1)) +B(u(2) � u(1)) +Bc1

@

@x
(w(2) + w(1)) + q

(1)
1 = 0;

A2�
(2)
1 (u(2); v(2))�B(u(2) � u(1))�Bc2

@

@x
(w(2) + w(1)) + q

(2)
1 = 0;

A1�
(1)
2 (u(1); v(1)) +B(v(2) � v(1)) +Bc1

@

@y
(w(2) + w(1)) + q

(1)
2 = 0;

A2�
(2)
2 (u(2); v(2))�B(v(2) � v(1))�Bc2

@

@y
(w(2) + w(1)) + q

(2)
2 = 0; (1)

D1��w(1) � C(w(2) � w(1))� c1B

�
@

@x
(u(2) � u(1))�

@

@y
(v(2) � v(1))� c1�(w(2) + w(1))

�
= q

(1)
3 ;

D2��w(2) + C(w(2) �w(1))� c2B

�
@

@x
(u(2) � u(1))�

@

@y
(v(2) � v(1))� c2�(w(2) + w(1))

�
= q

(2)
3 :

�¤¥áì u(�), v(�), w(�), � = 1; 2, | â £¥æ¨ «ìë¥ ¨ ®à¬ «ìë¥ ¯¥à¥¬¥é¥¨ï á«®ï � ¢¤®«ì ®á¥©
x, y, z á®®â¢¥âáâ¢¥®;

A� =
E�h�
1� v2

�

; D� =
E�h

3
�

12(1 � v2
�
)
; B =

G00

s1
; C =

E00

z

s1
;

c� = h�+s1
2

, h�, s1 | â®«é¨ë ¦¥áâª¨å á«®¥¢ ¨ § ¯®«¨â¥«ï; E�, E00 | ¬®¤ã«¨ ã¯àã£®áâ¨ ¦¥áâ-
ª¨å á«®¥¢ ¨ § ¯®«¨â¥«ï; G00 | ¬®¤ã«ì á¤¢¨£  § ¯®«¨â¥«ï ¢ âà á¢¥àá «ì®¬  ¯à ¢«¥¨¨;
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v� | ª®íää¨æ¨¥â �ã áá®  ¦¥áâª¨å á«®¥¢; q(�)1 , q(�)2 , q(�)3 | ¨â¥á¨¢®áâ¨ ª á â¥«ìëå ¨
®à¬ «ì®©  £àã§®ª, ¯à¨«®¦¥ëå ª ¦¥áâª®¬ã á«®î �;

�(�)
1 (u(�); v(�)) =

@2u(�)

@x2
+
1� v�
2

@2u(�)

@y2
+
1 + v�
2

@2v(�)

@x@y
;

�(�)
2 (u(�); v(�)) =

@2v(�)

@y2
+
1� v�
2

@2v(�)

@x2
+
1 + v�
2

@2u(�)

@x@y
; � =

@2

@x2
+

@2

@y2
:

�¨áâ¥¬  ãà ¢¥¨© (1) è¥áâ ¤æ â®£® ¯®àï¤ª  ¤®«¦  ¡ëâì ¯à®¨â¥£à¨à®¢   á á®¡«î¤¥¨¥¬
¢®áì¬¨ ªà ¥¢ëå ãá«®¢¨©, ª®â®àë¥   ªà®¬ª å x = const ¨¬¥îâ ¢¨¤

�
A�

�
@u(�)

@x
+ v1

@v(�)

@y

�
�N (�)

�

�
�u(�) = 0;

�
A�

1� v�
2

�
@u(�)

@y
+
@v(�)

@x

�
�N

(�)
12

�
�u(�) = 0;

�
D�

�
@2w(�)

@x2
+ v�

@2w(�)

@y2

�
�M (�)

�

�
�

�
@w(�)

@x

�
= 0; (2)

�
D�

�
@3w(�)

@x3
+ (2� v�)

@3w(�)

@x@y2

�
�Bc�

�
u(2) � u(1) + c�

@

@x
(w(1) + w(2))

�
�

�Q(�)
�
�
@M

(�)
12

@y

�
�w(�) = 0;

£¤¥ N (�)
�
, N (�)

12 , Q
(�)
�

| § ¤ ë¥   ªà®¬ª¥ ¢¥è¨¥ ¯à®¤®«ì ï, á¤¢¨£ îé ï, ¯¥à¥à¥§ë¢ îé ï
á¨«ë, M (�)

�
, M (�)

12 | ¨§£¨¡ îé¨© ¨ ªàãâïé¨© ¬®¬¥âë, ¯à¨«®¦¥ë¥ ª á«®î � (� = 1; 2).
� «¨§ á¨áâ¥¬ë ãà ¢¥¨© (1) ¨ ªà ¥¢ëå ãá«®¢¨© (2) ¯®ª §ë¢ ¥â, çâ® ¢ ¨å ¢å®¤ïâ á« £ ¥¬ë¥

à §ëå ¯®àï¤ª®¢ ¬ «®áâ¨ ¯® ®â®è¥¨î ª £¥®¬¥âà¨ç¥áª¨¬ ¯ à ¬¥âà ¬. �â® «¥£ª® ®¡ àã¦¨âì,
¥á«¨ ¢ ãà ¢¥¨ïå (1) ¨ ªà ¥¢ëå ãá«®¢¨ïå (2) ¯¥à¥©â¨ ª ¡¥§à §¬¥àë¬ ª®®à¤¨ â ¬ ¨ ¯¥à¥¬¥-
é¥¨ï¬. �à¨ íâ®¬ ¯¥à¥å®¤¥ ¯®ï¢¨âáï ¡¥§à §¬¥àë© ¬ «ë© ¯ à ¬¥âà c = H

a
(H = h1 + s1 + h2,

a | å à ªâ¥àë© à §¬¥à ¢ ¯« ¥ ¯« áâ¨ë), ¯®íâ®¬ã ª®íää¨æ¨¥â c� = cah�+s1
2H

¬®¦® ®â®-
¦¤¥áâ¢«ïâì á ¬ «ë¬ ¯ à ¬¥âà®¬. �® ®â®è¥¨î ª íâ¨¬ ¢¥«¨ç¨ ¬ ¢á¥ á« £ ¥¬ë¥ ¯¥à¢ëå ç¥-
âëà¥å ãà ¢¥¨© ï¢«ïîâáï á« £ ¥¬ë¬¨ ®¤®£® ¯®àï¤ª  ¬ «®áâ¨,   ¢ ãà ¢¥¨ï ¨§£¨¡  íâ¨ á« -
£ ¥¬ë¥ ¢å®¤ïâ á ¬®¦¨â¥«¥¬ c� (� = 1; 2) ¨, á«¥¤®¢ â¥«ì®, ï¢«ïîâáï á« £ ¥¬ë¬¨ á«¥¤ãîé¥£®
¯®àï¤ª  ¬ «®áâ¨. � «®£¨ç®¥ ¨¬¥¥â ¬¥áâ® ¨ ¢ ªà ¥¢ëå ãá«®¢¨ïå. T ª, áâ â¨ç¥áª¨¥ ªà ¥¢ë¥
ãá«®¢¨ï ¨§£¨¡  ¯à¨ �w(�) á®¤¥à¦ â á« £ ¥¬ë¥ à §ëå ¯®àï¤ª®¢ ¬ «®áâ¨. � ç¥¨¥ ¯ à ¬¥âà  c
§ ç¨â¥«ì® ¬¥ìè¥ ¥¤¨¨æë, ¯®íâ®¬ã à¥è¥¨¥ § ¤ ç¨ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ à §«®¦¥¨ï
¯® íâ®¬ã ¯ à ¬¥âàã:

u(�)(x; y; c) =
X
s=0

csu(�)s(x; y); v(�)(x; y; c) =
X
s=0

csv(�)s(x; y);

w(�)(x; y; c) =
X
s=0

csw(�)s(x; y):
(3)

� ãç¥â®¬ (3) á¨áâ¥¬  ãà ¢¥¨© (1) ¯à¨¨¬ ¥â ¢¨¤

D1��w(1)s � C(w(2)s � w(1)s)� c1B

�
@

@x
(u(2)s�1 � u(1)s�1)�

�
@

@y
(v(2)s�1 � v(1)s�1)� c1�(w(2)s�1 � w(1)s�1)

�
= q

(1)s
3 ; (4)

D2��w
(2)s + C(w(2)s � w(1)s)� c2B

�
@

@x
(u(2)s�1 � u(1)s�1)�
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�
@

@y
(v(2)s�1 � v(1)s�1)� c2�(w

(2)s�1 � w(1)s�1)
�
= q

(2)s
3 ;

A1�
(1)
1 (u(1)s; v(1)s) +B(u(2)s � u(1)s) = �q(1)s1 �Bc1

@

@x
(w(2)s + w(1)s);

A2�
(2)
1 (u(2)s; v(2)s)�B(u(2)s � u(1)s) = �q(2)s1 +Bc2

@

@x
(w(2)s + w(1)s); (5)

A1�
(1)
2 (u(1)s; v(1)s) +B(v(2)s � v(1)s) = �q(1)s2 �Bc1

@

@y
(w(2)s + w(1)s);

A2�
(2)
2 (u(2)s; v(2)s)�B(v(2)s � v(1)s) = �q(2)s2 +Bc2

@

@y
(w(2)s + w(1)s):

�à¨ s < 0 ¢á¥ ¯¥à¥¬¥é¥¨ï Q(�)s � 0, ¯à¨ s = 0 q
(�)0
1 = q

(�)
1 , q(�)02 = q

(�)
2 , q(�)03 = q

(�)
3 (� = 1; 2),

¯à¨ s � 1 q
(�)s
1 = q

(�)s
2 = q

(�)s
3 = 0.

�¨áâ¥¬ë ãà ¢¥¨© (4), (5) ¨¬¥îâ à¥ªãàà¥âë© å à ªâ¥à ¨ à¥è îâáï ¯à¨ ª ¦¤®¬ s,  ç¨-
 ï á s = 0.

� ª¨¬ ®¡à §®¬, ¯à¨ «î¡®¬ s á¨áâ¥¬  ãà ¢¥¨© (4), (5) à á¯ ¤ ¥âáï   ¤¢¥ á¨áâ¥¬ë ãà ¢-
¥¨©. �¥à¢® ç «ì® à¥è ¥âáï § ¤ ç  ¨§£¨¡  âà¥åá«®©®© ¯« áâ¨ë (4) ®â®á¨â¥«ì® ¤¢ãå
¨áª®¬ëå äãªæ¨© w(1) ¨ w(2),   § â¥¬ ¯® ¨¬  å®¤ïâáï â £¥æ¨ «ìë¥ ¯¥à¥¬¥ë¥ u(�), v(�)

(� = 1; 2).
�¨áâ¥¬ë ãà ¢¥¨© (4), (5) à¥è îâáï ¯à¨ ªà ¥¢ëå ãá«®¢¨ïå (2), ª®â®àë¥ á ãç¥â®¬ (3) ¯à¥¤-

áâ ¢«ïîâáï ¢ ¢¨¤¥
�
A�

�
@u(�)s

@x
+ v1

@v(�)s

@y

�
�N (�)s

�

�
�u(�)s = 0;

�
A�

1� v�
2

�
@u(�)s

@y
+
@v(�)s

@x

�
�N

(�)s
12

�
�v(�)s = 0;

�
D�

�
@2w(�)s

@x2
+ v�

@2w(�)s

@y2

�
�M (�)s

�

�
�

�
@w(�)s

@x

�
= 0; (6)

�
D�

�
@3w(�)s

@x3
+ (2� v�)

@3w(�)s

@x@y2

�
�Bc�

�
u(2)s�1 � u(1)s�1 +

+c�
@

@x
(w(1)s�1 +w(2)s�1)

�
�Q(�)s

�
�
@M

(�)s
12

@y

�
�w(�)s = 0;

£¤¥ ¯à¨ s = 0 N (�)0
�

= N (�)
�

, N (�)0
12 = N

(�)
12 , M

(�)0
�

= M (�)
�

, Q(�)0
�

= Q(�)
�
, M (�)0

12 = M
(�)
12 , ¯à¨ s � 1

N (�)s
�

= N
(�)s
12 =M (�)s

�
= Q(�)s

�
=M

(�)s
12 = 0.

�§ (4){(6) ¢¨¤®, çâ® § ¤ ç  à áç¥â  âà¥åá«®©®© ¯« áâ¨ë ã¯à®áâ¨« áì §  áç¥â § ç¨â¥«ì-
®£® á®ªà é¥¨ï ç¨á«  ®¤®¢à¥¬¥® ®¯à¥¤¥«ï¥¬ëå ¨áª®¬ëå äãªæ¨©. �â® ¨¬¥¥â ¡®«ìè®¥ § -
ç¥¨¥ ¢ § ¤ ç å à áç¥â  ¬®£®á«®©ëå ª®áâàãªæ¨©, ãáâ®©ç¨¢®áâ¨ ¯« áâ¨ ¨ ®¡®«®ç¥ª.

�à¥¤«®¦¥ ï ¬¥â®¤¨ª  ¡ë«  ¯à®¢¥à¥    ¯à¨¬¥à¥ ¨§£¨¡  âà¥åá«®©®£® áâ¥à¦ï à¥£ã«ïà-
®£® áâà®¥¨ï (h1 = h2 = h, E1 = E2 = E), ¬¥å ¨ª  ¤¥ä®à¬¨à®¢ ¨ï ª®â®à®£® ¨áá«¥¤®¢   ¢
[4]   ®á®¢¥ â®ç®£® à¥è¥¨ï ¯«®áª®© § ¤ ç¨ â¥®à¨¨ ã¯àã£®áâ¨ ¤«ï âà¥åá«®©®© áà¥¤ë. �®«ìª®
 «¨ç¨¥ íâ®© à ¡®âë á â®çë¬ à¥è¥¨¥¬ ï¢«ï¥âáï ®á®¢ ¨¥¬ ¤«ï ¢ë¡®à  ¯à¨¬¥à . �ã¬¥à -
æ¨ï á«®¥¢ ¢¥¤¥âáï ®â ¨¦¥© ªà®¬ª¨. �®à¬ «ì ï  £àã§ª  ¯à¨«®¦¥  ª ¢¥àå¥© ¯«®áª®áâ¨
q
(2)
3 = �q sin�x, � = �=l, q(1)3 = q

(�)
1 = 0. �à¨¬¥¬ ¤«ï ¡ «ª¨ £à ¨çë¥ ãá«®¢¨ï â¨¯  � ¢ì¥

w(�) =M (�)
x

= N (�)
x

= 0; x = 0; x = l; � = 1; 2:

�«ï ¬ï£ª®£® á«®ï ¨ ª®áâàãªæ¨¨ ¢ æ¥«®¬ ¯à¨¨¬ ¥¬

s1 = 2h; E = 500E00; G00 =
E00

2:6
; l = 2H; H = h1 + h2 + s1 = 4h:
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�¥è¥¨¥ ¢ë¡¨à ¥¬ ¢ ¢¨¤¥

u(�)s = Ks

�
cos �x; w(�)s = Bs

�
sin�x:

� â®ç®áâìî c2 ¨¬¥¥¬

K1 = (�15:89 + 4:24 � 0:57)
ql

E
= �12:22

ql

E
;

K2 = (�47:32 + 4:24 � 0:57)
ql

E
= �43:65

ql

E
;

B1 = (�0:0924 + 0:0124 � 0:00166)
ql

E
= �0:08166

ql

E
;

B2 = (0:0924 � 0:0124 + 0:00166)
ql

E
= 0:08166

ql

E
:

�â® ç¨á«¥®¥ à¥è¥¨¥   âà¥âì¥¬ è £¥ ¯®«®áâìî á®¢¯ ¤ ¥â áo § ç¥¨ï¬¨, ¯®«ãç¥ë¬¨
á ¨á¯®«ì§®¢ ¨¥¬ á¨áâ¥¬ë ãà ¢¥¨© (1), çâ® á¢¨¤¥â¥«ìáâ¢ã¥â ® ¡ëáâà®© áå®¤¨¬®áâ¨  á¨¬¯â®-
â¨ç¥áª®£® ¯à¥¤áâ ¢«¥¨ï (3).

� áá¬®âà¥  § ¤ ç  ¨§£¨¡  áâ¥à¦ï (q(2)3 6= 0, q(�)1 = q
(1)
3 = 0), ®   «®£¨ç ï ¬¥â®¤¨ª 

¨¬¥¥â ¬¥áâ® ¨ ¤«ï § ¤ ç¨ à áâï¦¥¨ï-á¦ â¨ï áâ¥à¦ï (q(�)1 6= 0, q(�)3 = 0). � íâ®¬ á«ãç ¥
w(�)0 = 0 ¨ ®á®¢ë¬¨ ¥¨§¢¥áâë¬¨ § ¤ ç¨ ï¢«ïîâáï u(�)0 6= 0, ®¯à¥¤¥«ï¥¬ë¥ ¢â®à®© á¨áâ¥¬®©
ãà ¢¥¨©. � «¥¥ ¢®§¢à é ¥¬áï ª ®¡ëç®¬ã ¯à®æ¥ááã ¢ëç¨á«¥¨© w(�)1 6= 0. �¨áâ¥¬  à¥è¥¨©
¡ëáâà® áå®¤¨âáï ª â®ç®¬ã à¥è¥¨î.
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