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� à ¡®â¥ ¨áá«¥¤ã¥âáï  á¨¬¯â®â¨ç¥áª®¥ ¯®¢¥¤¥­¨¥ ªà ©­¨å á®¡áâ¢¥­­ëå §­ ç¥­¨© ®¯¥à â®à 
ãá¥ç¥­­®© ª®­â¨­ã «ì­®© á¢¥àâª¨

[Ayf ](t) =
Z y

0

k(t� s)f(s)ds; y > 0; t 2 [0; y]; (0.1)

á ¢¥é¥áâ¢¥­­®§­ ç­ë¬ á¨¬¢®«®¬ K(x), ¤®áâ¨£ îé¨¬ á¢®¥£® ¬ ªá¨¬ã¬  ¢ ®¤­®© ¨«¨ ¢ ª®­¥ç­®¬
ç¨á«¥ â®ç¥ª.

�á­®¢­ë¬¨ à¥§ã«ìâ â ¬¨ ¤ ­­®© à ¡®âë ï¢«ïîâáï â¥®à¥¬ë 2.1 ¨ 2.2, ¢ ª®â®àëå ãáâ ­®¢«¥­®,
çâ® áâ àè¨¥ á®¡áâ¢¥­­ë¥ ç¨á«  ®¯¥à â®à  Ay ¯à¨ y ! +1 áâà¥¬ïâáï ª M = max

x2R
K(x) á®

áª®à®áâìî 1=y� , £¤¥ � > 0 | ¯®àï¤®ª ­ã«ï äã­ªæ¨¨ M �K(x).
�áá«¥¤®¢ ­¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ª ª ¡ë ®â¢¥â ­  à ¡®âã [1], £¤¥  ­ «®£¨ç­ë© à¥§ã«ìâ â ¤«ï

®¯¥à â®à  ãá¥ç¥­­®© ¤¨áªà¥â­®© á¢¥àâª¨ ¡ë« ¯®«ãç¥­ «¨èì ¤«ï ç¥â­ëå �,   ¢ ¤àã£¨å á«ãç ïå
¤®ª § ­ë ®æ¥­ª¨, ¨á¯®«ì§ãîé¨¥ ®ª ©¬«ïîé¨¥ � ç¥â­ë¥ ç¨á« . �à¨ íâ®¬  ¢â®à ®¯¨à «áï ­ 
®á­®¢®¯®« £ îé¨¥ à¥§ã«ìâ âë à ¡®â [2]{[4], á®¤¥à¦ é¨¥áï â ª¦¥ ¢ [5] (àãááª¨© ¯¥à¥¢®¤ ¯à¥¤ë-
¤ãé¥£® ¨§¤ ­¨ï íâ®© ª­¨£¨ | [6]). � è ¬¥â®¤ ­¥ ¨á¯®«ì§ã¥â ¨å ¨ ¯®§¢®«ï¥â ¯®«ãç¨âì â®ç­ë¥
¯® ¯®àï¤ªã ®æ¥­ª¨ á¢¥àåã ¨ á­¨§ã ¤«ï «î¡ëå � > 0.

1. �¡®§­ ç¥­¨ï

�ã¤¥¬ ¯®«ì§®¢ âìáï á«¥¤ãîé¨¬¨ ®¡®§­ ç¥­¨ï¬¨: N | ¬­®¦¥áâ¢® ­ âãà «ì­ëå ç¨á¥«; R, C
|¯®«ï ¢¥é¥áâ¢¥­­ëå ¨ ª®¬¯«¥ªá­ëå ç¨á¥« á®®â¢¥âáâ¢¥­­®; i|¬­¨¬ ï ¥¤¨­¨æ , e| ®á­®¢ ­¨¥
­ âãà «ì­®£® «®£ à¨ä¬ ; � | ¬¥à  �¥¡¥£  ­  R.

�¥à¥§ F ®¡®§­ ç¨¬ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥, ¤¥©áâ¢ãîé¥¥ ­  äã­ªæ¨î f 2 L2(R) á«¥¤ãîé¨¬
®¡à §®¬: [Ff ](x) = 1p

2�

R
R

f(t)e�ixtdt. �®à®è® ¨§¢¥áâ­®, çâ® ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ®¡à â¨¬® ¨

kfk
L2
= kFfk

L2
.

�«ï «î¡®£® ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  X � R ¢¢¥¤¥¬ ¯®«ãâ®à «¨­¥©­ãî ä®à¬ã (\áª «ïà­®¥
¯à®¨§¢¥¤¥­¨¥") (f; g)X =

R
X

f(x)g(x)dx ¤«ï äã­ªæ¨© f; g 2 L2(R),   â ª¦¥ ¯®«ã­®à¬ã kfk
X
=p

(f; f)X .
�ãáâì I, Iy | â®¦¤¥áâ¢¥­­ë¥ ®¯¥à â®àë ¢ ¯à®áâà ­áâ¢  L2(R) ¨ L2(0; y) á®®â¢¥âáâ¢¥­­®.

�¯à¥¤¥«¥­¨¥. �ãáâì X � R, f : X ! R. �ã¤¥¬ £®¢®à¨âì, çâ® äã­ªæ¨ï f ¨¬¥¥â ¢ â®çª¥ x0
­ã«ì ¯®àï¤ª  � > 0, ¥á«¨ áãé¥áâ¢ãîâ â ª ï ®ªà¥áâ­®áâì U â®çª¨ x0 ¨ â ª¨¥ ¯®«®¦¨â¥«ì­ë¥
ç¨á«  C1 ¨ C2, çâ® ¤«ï «î¡®£® x 2 U � fx0g ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢  C1 6

jf(x)j
jx�x0j� 6 C2.
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2. �á­®¢­ë¥ à¥§ã«ìâ âë

�ãáâì ¢áî¤ã ¤ «¥¥ k 2 L1(R) | ï¤à® ®¯¥à â®à  Ay, ®¯à¥¤¥«¥­­®£® à ¢¥­áâ¢®¬ (0.1) ¨ ¤¥©-
áâ¢ãîé¥£® ¢ ¯à®áâà ­áâ¢¥ L2(0; y), K =

p
2�Fk | ¥£® á¨¬¢®«, K | ¢¥é¥áâ¢¥­­®§­ ç­ ï äã­ª-

æ¨ï, max
x2R

K(x) = 1. �ãáâì, ªà®¬¥ â®£®, N(y) | ç¨á«® ¯®«®¦¨â¥«ì­ëå á®¡áâ¢¥­­ëå ç¨á¥« ®¯¥-

à â®à  Ay á ãç¥â®¬ ¨å ªà â­®áâ¨; �n(y) (n 2 N, n 6 N(y)) | ã¯®àï¤®ç¥­­ë© ­ ¡®à íâ¨å ç¨á¥«,
§ ­ã¬¥à®¢ ­­ëå ¢ ¯®àï¤ª¥ ã¡ë¢ ­¨ï. �¢¥¤¥¬ â ª¦¥ ®¯¥à â®à [Af ](t) =

R
R

k(t� s)f(s)ds á¢¥àâª¨
A, ¤¥©áâ¢ãîé¨© ¢ ¯à®áâà ­áâ¢¥ L2(R).

� íâ®¬ à §¤¥«¥ áä®à¬ã«¨àã¥¬ ®á­®¢­ë¥ à¥§ã«ìâ âë à ¡®âë, ¤®ª § â¥«ìáâ¢® ª®â®àëå ¡ã¤¥â
¤ ­® ¢ à §¤¥« å 3{5.

�¥®à¥¬  2.1. �ãáâì äã­ªæ¨ï 1�K(x) ¨¬¥¥â ­  ¢¥é¥áâ¢¥­­®© ¯àï¬®© ¥¤¨­áâ¢¥­­ë© ­ã«ì

¢ â®çª¥ x = 0 ¨ ¥£® ¯®àï¤®ª à ¢¥­ � > 0. �®£¤  ¤«ï «î¡®£® j 2 N áãé¥áâ¢ãîâ â ª¨¥ ¯®«®¦¨-

â¥«ì­ë¥ ª®­áâ ­âë y0, C� ¨ C+, çâ® ¯à¨ ¢á¥å y > y0 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® N(y) > j ¨

¤«ï á®¡áâ¢¥­­®£® ç¨á«  �j(y) ¨¬¥îâ ¬¥áâ® ®æ¥­ª¨

1� C�
y�
6 �j(y) 6 1� C+

y�
:

�¥®à¥¬  2.2. �ãáâì äã­ªæ¨ï 1�K(x) ¨¬¥¥â ­  ¢¥é¥áâ¢¥­­®© ¯àï¬®© ­ã«¨ ¢ â®çª å xl,
l 2 f1; 2; : : : ; ng, ¨ â®«ìª® ¢ ­¨å ; ¯®àï¤ª¨ íâ¨å ­ã«¥© à ¢­ë �l > 0. �¡®§­ ç¨¬ �max = max

l2f1;2;:::;ng
�l.

�®£¤  ¤«ï «î¡®£® j 2 N áãé¥áâ¢ãîâ â ª¨¥ ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë y0, C� ¨ C+, çâ® ¯à¨

¢á¥å y > y0 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® N(y) > j ¨ ¤«ï á®¡áâ¢¥­­®£® ç¨á«  �j(y) ¨¬¥îâ ¬¥áâ®

®æ¥­ª¨

1� C�
y�max

6 �j(y) 6 1� C+

y�max
:

� à §¤¥« å 3 ¨ 4 ¡ã¤¥¬ áç¨â âì, çâ® á¨¬¢®« K ã¤®¢«¥â¢®àï¥â ãá«®¢¨î â¥®à¥¬ë 2.1.

3. �æ¥­ª  á­¨§ã

�¥¬¬  3.1. �ãé¥áâ¢ãîâ â ª¨¥ ª®­áâ ­âë y0 > 0 ¨ eC� > 0, çâ® ¯à¨ ¢á¥å y > y0 ¢ë¯®«-
­ï¥âáï ­¥à ¢¥­áâ¢® N(y) > 1 ¨ ¤«ï áâ àè¥£® á®¡áâ¢¥­­®£® ç¨á«  �1(y) ®¯¥à â®à  Ay ¨¬¥¥â

¬¥áâ® ®æ¥­ª 

1�
eC�
y�
6 �1(y):

�®ª § â¥«ìáâ¢®. �ãáâì C > 0 | â ª®¥ ç¨á«®, çâ® ¤«ï «î¡®£® x 2 R ¢ë¯®«­ï¥âáï ­¥à ¢¥­-
áâ¢® 1�K(x) 6 C jxj� . �ãáâì m 2 N, m > �+1

2
, � = y

2m
. �¢¥¤¥¬ äã­ªæ¨¨ �m(x) = Cm

�
sinx
x

�m
, £¤¥

Cm > 0 | ­®à¬¨à®¢®ç­ ï ª®­áâ ­â , â. ¥. Cm | â ª®¥ ç¨á«®, çâ® k�mk = 1. �ãáâì 'm = F�1�m,
 m = 1p

�
'm
�
x

�
�m

�
, 	m = F m.

� ¬¥â¨¬, çâ® 2'1 | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï á¥£¬¥­â  [�1; 1], ¯®íâ®¬ã supp'm �
[�m;m], supp m � [0; y]. � á¨«ã á¢®©áâ¢ ¯à¥®¡à §®¢ ­¨ï �ãàì¥ 	m(x) =

p
�e�i�mx�m(�x),

k	mk = k mk = k'mk = k�mk = 1.
� «¥¥ ¨¬¥¥¬�
(Iy �Ay)( mj[0;y]);  mj[0;y]

�
[0;y]

=
�
[(I �A) m]j[0;y];  mj[0;y]

�
[0;y]

=

=
�
(I �A) m;  m

�
R
=
Z
R

(1�K(x)) j	m(x)j2 dx 6 �C

Z
R

jxj� j�m(�x)j2 dx =

=
C

��

Z
R

jxj� j�m(x)j2 dx = C2�m�C2
m

y�

Z
R

jxj�
����sinxx

����2m dx = eC�
y�
;

£¤¥ eC� = C2�m�C2
m

R
R

jxj� �� sinx
x

��2mdx.
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�âáî¤  á«¥¤ã¥â, çâ® ®¯¥à â®à Iy�Ay ¨¬¥¥â á®¡áâ¢¥­­®¥ ç¨á«® ­  ®âà¥§ª¥ [0;
~C
�

y�
],   ®¯¥à â®à

Ay | ­  ®âà¥§ª¥ [1� ~C
�

y�
; 1]. �ë¡¥à¥¬ y0 â ª, çâ®¡ë 1� ~C

�

y�
0

> 0. �®£¤  ¯à¨ ¢á¥å y > y0 ®¯¥à â®à Ay

¡ã¤¥â ¨¬¥âì ¯®«®¦¨â¥«ì­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥, ¤«ï ª®â®à®£® ¡ã¤¥â ¢ë¯®«­ïâìáï ãª § ­­ ï
®æ¥­ª .

�¥¬¬  3.2. �«ï «î¡®£® j 2 N áãé¥áâ¢ãîâ â ª¨¥ ª®­áâ ­âë y0 > 0 ¨ C� > 0, çâ® ¯à¨

¢á¥å y > y0 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® N(y) > j ¨ ¤«ï á®¡áâ¢¥­­®£® ç¨á«  �j(y) ®¯¥à â®à  Ay

¨¬¥¥â ¬¥áâ® ®æ¥­ª 

1� C�
y�
6 �j(y):

�®ª § â¥«ìáâ¢®. �ãáâì C,m, �m, Cm, 'm, eC� | â¥ ¦¥, çâ® ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 3.1,

� =
y

2mj
. �¢¥¤¥¬ äã­ªæ¨¨  m;l = 1p

�
'm
�
x

�
� (2l � 1)m

�
, 	m;l = F m;l ¤«ï l 2 f1; 2; : : : ; jg. �®£¤ 

supp m;l � [ l�1
j
y;
l

j
y], 	m;l(x) =

p
�e�i�(2l�1)mx�m(�x), k	m;lk = k m;lk = k'mk = k�mk = 1.

� ¬¥â¨¬, çâ® ­®á¨â¥«¨ äã­ªæ¨©  m;l ¯à¨ à §­ëå l ¨¬¥îâ ­¥ ¡®«¥¥ ®¤­®© ®¡é¥© â®çª¨,   §­ ç¨â,
íâ¨ äã­ªæ¨¨ ®¡à §ãîâ ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ j-¬¥à­®¬ ¯®¤¯à®áâà ­áâ¢¥ ¯à®áâà ­áâ¢ 
L2(0; y).

�ãáâì 
1; 
2; : : : ; 
j 2 C ,  =
jP

l=1

l m;l, k k = 1, 	 = F . �¥©áâ¢ãï â ª ¦¥, ª ª ¨ ¢ «¥¬¬¥ 3.1,

¯®«ãç ¥¬�
(Iy �Ay)( j[0;y]);  j[0;y]

�
[0;y]

=
Z
R

(1�K(x)) j	(x)j2 dx 6

6 C

Z
R

jxj�
���� jX
l=1


l	m;l(x)
����2dx = C

jX
l=1

j
lj2
Z
R

jxj� j	m;l(x)j2 dx =

= �C

Z
R

jxj� j�m(�x)j2 dx = C2�m�j�C2
m

y�

Z
R

jxj�
����sinxx

����2mdx = j� eC�
y�

=
C�
y�
;

£¤¥ C� = j� eC�.
� ª¨¬ ®¡à §®¬, áãé¥áâ¢ã¥â â ª®¥ ¯®¤¯à®áâà ­áâ¢® ¯à®áâà ­áâ¢  L2(0; y) à §¬¥à­®áâ¨ j, çâ®

¤«ï «î¡®© ­®à¬¨à®¢ ­­®© äã­ªæ¨¨  ¨¬¥¥¬ ((Iy�Ay) ; ) 6
C
�

y�
. �§ íâ®£® á«¥¤ã¥â, çâ® ®¯¥à â®à

Iy � Ay ¨¬¥¥â ­  ®âà¥§ª¥ [0; C�
y�
] ­¥ ¬¥­¥¥ j á®¡áâ¢¥­­ëå ç¨á¥«,   ®¯¥à â®à Ay | ­¥ ¬¥­¥¥ j

á®¡áâ¢¥­­ëå ç¨á¥« ­  ®âà¥§ª¥ [1 � C
�

y�
; 1]. �ë¡¥à¥¬ y0 â ª, çâ®¡ë 1 � C

�

y�
0

> 0. �®£¤  ¯à¨ ¢á¥å
y > y0 ®¯¥à â®à Ay ¡ã¤¥â ¨¬¥âì ­¥ ¬¥­¥¥ j ¯®«®¦¨â¥«ì­ëå á®¡áâ¢¥­­®å §­ ç¥­¨© ¨ ¤«ï �j(y)
¡ã¤¥â ¢ë¯®«­ïâìáï ãª § ­­ ï ®æ¥­ª .

4. �æ¥­ª  á¢¥àåã

�¤¥áì á­ ç «  ¤®ª ¦¥¬ ­¥áª®«ìª® âà¥¡ã¥¬ëå ¢ ¤ «ì­¥©è¥¬ ¢á¯®¬®£ â¥«ì­ëå ¯®«®¦¥­¨©,
¯à¥¤áâ ¢«ïîé¨å, ¢®§¬®¦­®, ¨ ­¥ª®â®àë© á ¬®áâ®ïâ¥«ì­ë© ¨­â¥à¥á.

�¥®à¥¬  4.1. �ãáâì f 2 L2(R), m = �(suppf) < +1; F = Ff . �®£¤  ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

sup
x2R

jF (x)j 6
r
m

2�
kFk

L2
:

�®ª § â¥«ìáâ¢®. �ãáâì x 2 R, â®£¤ 

jF (x)j = 1p
2�

���� Z
R

f(t)e�ixtdt

���� 6 1p
2�

Z
supp f

jf(t)j ��e�ixt
�� dt:
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�à¨¬¥­¨¬ ­¥à ¢¥­áâ¢® �®è¨{�ã­ïª®¢áª®£®

jF (x)j 6 1p
2�

q
�(supp f)

sZ
supp f

jf(t)j2 dt =
r
m

2�
kfk

L2
=
r
m

2�
kFk

L2
: �

�¥®à¥¬  4.2. �ãáâì X � R, X ¨§¬¥à¨¬®, 0 < �(X) < +1, m = �

�(X)
. �®£¤  ¤«ï «î¡®©

â ª®© äã­ªæ¨¨ F 2 L2(R), çâ® �(suppF�1F ) 6 m, ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

1p
2
kFk

L2
6 kFk

RnX :

�®ª § â¥«ìâáâ¢®. �®á¯®«ì§®¢ ¢è¨áì â¥®à¥¬®© 4.1, ¯®«ãç ¥¬

kFk2
L2
= kFk2

RnX +
Z
X

jF (x)j2 dx 6 kFk2
RnX + �(X)

m

2�
kFk2

L2
;�

1� �(X)
m

2�

�
kFk2

L2
6 kFk2

RnX ;
1
2
kFk2

L2
6 kFk2

RnX : �

�¥¬¬  4.1. �«ï «î¡®£® y0 > 0 áãé¥áâ¢ã¥â â ª ï ª®­áâ ­â  C+ > 0, çâ® ¯à¨ ¢á¥å y > y0
¤«ï «î¡®£® á®¡áâ¢¥­­®£® ç¨á«  � ®¯¥à â®à  Ay ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

� 6 1� C+

y�
:

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ª®­áâ ­âã C > 0 â ª, çâ®¡ë ¤«ï ¢á¥å x 2 R ¢ë¯®«­ï«®áì ­¥à -
¢¥­áâ¢®

1�K(x) > Cmin
�
jxj� ;

�
�

2y0

���
:

�ãáâì y > y0, f 2 L2(R), suppf � [0; y], kfk = 1, F = Ff , � = �

2y
, X = [��; �]. �®á¯®«ì§®¢ ¢è¨áì

â¥®à¥¬®© 4.2, ¯®«ãç¨¬ ®æ¥­ªã

�
(Iy �Ay)(f j[0;y]); f j[0;y]

�
[0;y]

=
Z
R

(1�K(x)) jF (x)j2 dx >

> C��
Z
jxj>�

jF (x)j2 dx = C�� kFk2
RnX > C

�
�

2y

�� 1
2
kFk2

L2
>
C+

y�
;

£¤¥ C+ = C��

2�+1
. �«¥¤®¢ â¥«ì­®, áâ àè¥¥ á®¡áâ¢¥­­®¥ ç¨á«® ®¯¥à â®à  Ay ­¥ ¯à¥¢ëè ¥â 1 � C+

y�
,

­® â®£¤  íâ  ®æ¥­ª  ¢¥à­  ¨ ¤«ï ¢á¥å ®áâ «ì­ëå á®¡áâ¢¥­­ëå ç¨á¥«.

5. �®ª § â¥«ìáâ¢® â¥®à¥¬ 2.1 ¨ 2.2

�¥®à¥¬  2.1 ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ «¥¬¬ 3.2 ¨ 4.1.
�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.2 ®â«¨ç ¥âáï ®â ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2.1 «¨èì â¥å­¨ç¥áª¨¬¨

¤¥â «ï¬¨. �«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë,  ­ «®£¨ç­®© «¥¬¬¥ 3.2, ¤®áâ â®ç­® ¢ë¡à âì «î¡ãî â®ç-
ªã, ¢ ª®â®à®© äã­ªæ¨ï 1 �K(x) ¨¬¥¥â ­ã«ì ¯®àï¤ª  �max, ¨ á¤¢¨­ãâì äã­ªæ¨¨ �m â ª, çâ®¡ë
®­¨ ¤®áâ¨£ «¨ ¬ ªá¨¬ã¬  ¢ íâ®© â®çª¥. �«ï ¯®«ãç¥­¨ï ®æ¥­ª¨ á¢¥àåã ( ­ «®£  «¥¬¬ë 4.1) á«¥-
¤ã¥â ¢ ª ç¥áâ¢¥ ¬­®¦¥áâ¢  X ¢§ïâì ®¡ê¥¤¨­¥­¨¥ ¤®áâ â®ç­® ¬ «ëå ®ªà¥áâ­®áâ¥© ¢á¥å ­ã«¥©
äã­ªæ¨¨ 1�K(x).
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