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d�

dt
= p+ q sin 2� + r sin(4� � '); �(0) = �; (1)

à¥è¥­¨¥ ª®â®à®© ®¯¨áë¢ ¥â ¤à¥©äë ¢®«­®¢®£® â¢¥à¤®â¥«ì­®£® £¨à®áª®¯  [1]{[3], £¤¥ p; q; r; '
| ¯®áâ®ï­­ë¥ ¢¥«¨ç¨­ë, t 2 [0;1), � 2 R. �§ãç¥­  § ¢¨á¨¬®áâì ®â ¯ à ¬¥âà®¢ á¢®©áâ¢ à¥-
è¥­¨ï íâ®© § ¤ ç¨, ¢ ¦­ëå ¤«ï ¯®­¨¬ ­¨ï å à ªâ¥à  äã­ªæ¨®­¨à®¢ ­¨ï £¨à®áª®¯ ,   â ª¦¥
®¯à¥¤¥«¥­ë §­ ç¥­¨ï ¯ à ¬¥âà®¢, à §¤¥«ïîé¨¥ à¥¦¨¬ë äã­ªæ¨®­¨à®¢ ­¨ï £¨à®áª®¯  ¨ ®¯à¥-
¤¥«ïîé¨¥ ¥£® ¯¥à¥å®¤ ¢ à¥¦¨¬ ¯®«­®£® ã£«  (à¥¦¨¬ ¨­â¥£à¨àãîé¥£® £¨à®áª®¯ ) [4].

� ¤ ç  (1) ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ¡®«¥¥ ®¡é¥© § ¤ ç¨ ¢¨¤ 

d�

dt
= f(�); �(0) = �; t 2 [0;1); � 2 R; (2)

£¤¥ f(�) | à¥£ã«ïà­ ï ¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï á ¯¥à¨®¤®¬ �.

�¥®à¥¬  1. �ãáâì f(�) | à¥£ã«ïà­ ï ¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï á ¯¥à¨®¤®¬ �. �®£¤ 

a) ¥á«¨ äã­ªæ¨ï f(�) 6= 0 ¤«ï ¢á¥å � 2 [0; �), â® à¥è¥­¨¥ § ¤ ç¨ (2) ¨¬¥¥â ¢¨¤

�(t) = kt+ h(t); (3)

£¤¥ h(t) | ¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï á ¯¥à¨®¤®¬ T =
�R
0

d�

f(�)
,   ª®íää¨æ¨¥­â k ®¯à¥¤¥«ï¥âáï à ¢¥­-

áâ¢®¬ k = �

T
;

b) ¥á«¨ äã­ªæ¨ï f(�) ®¡à é ¥âáï ¢ ­ã«ì ­  [0; �) ¨ �1 < �2 < � � � < �m | ¢á¥ ­ã«¨ íâ®©

äã­ªæ¨¨ ­  ¯à®¬¥¦ãâª¥ [0; �), � 2 (�j�1; �j), j 2 f1; : : : ;m+ 1g (£¤¥ �0 = �m� �, �m+1 = �1 + �),
â® ¢ á«ãç ¥ f(�) > 0 à¥è¥­¨¥ �(t) ¢®§à áâ ¥â ¨ �(t) ! �j ¯à¨ t ! 1,   ¢ á«ãç ¥ f(�) < 0
à¥è¥­¨¥ �(t) ã¡ë¢ ¥â ¨ �(t) ! �j�1 ¯à¨ t ! 1. �á«¨ � = �j ¯à¨ ­¥ª®â®à®¬ j, â® �(t) � �j.

�­ «®£¨ç­®¥ ¯®¢¥¤¥­¨¥ à¥è¥­¨ï á¯à ¢¥¤«¨¢® ¨ ¯à¨ � 2 [�n; �n+ �), n 2 Z.

�®ª § â¥«ìáâ¢®. � á«ãç ¥  ) (¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ® f(�) > 0

¤«ï ¢á¥å � 2 [0; �)) ¨§ à ¢¥­áâ¢  t =
�(t)R
�

d�

f(�)
, á¯à ¢¥¤«¨¢®£® ¤«ï à¥è¥­¨ï �(t) § ¤ ç¨ (2), �-

¯¥à¨®¤¨ç­®áâ¨ äã­ªæ¨¨ f(�) ¨ ¢®§à áâ ­¨ï äã­ªæ¨¨ �(t) ¢ëâ¥ª ¥â, çâ® �(T ) = � + �. �âáî¤ 
á«¥¤ã¥â, çâ® äã­ªæ¨ï e�(t) = �(t+ T ) � � â ª¦¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ § ¤ ç¨ (2) ¨ ¯®íâ®¬ãe�(t) � �(t). � «¥¥, äã­ªæ¨ï h(t) = �(t)� kt ï¢«ï¥âáï ¯¥à¨®¤¨ç¥áª®© á ¯¥à¨®¤®¬ T , â. ª.

h(t+ T )� h(t) = �(t+ T )� �(t)� � � 0:

� á«ãç ¥ b) ¯à¨ f(�) > 0 (f(�) < 0) ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â ¨§

à áå®¤¨¬®áâ¨ ¨­â¥£à « 
�jR
�

d�

f(�)
(äã­ªæ¨ï f(�) à¥£ã«ïà­  ¨ ¨¬¥¥â ­ã«ì ªà â­®áâ¨ ­¥ ¬¥­ìè¥
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¥¤¨­¨æë ¢ â®çª¥ �j) ¨ ¢®§à áâ ­¨ï (ã¡ë¢ ­¨ï) äã­ªæ¨¨ �(t). �à¨ � = �j ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬
ãà ¢­¥­¨ï (2) ï¢«ï¥âáï à¥è¥­¨¥ �(t) � �j . �

� áá¬®âà¨¬ â¥¯¥àì á«¥¤ãîé¨© ¢®¯à®á: ¯à¨ ª ª¨å á®®â­®è¥­¨ïå ¬¥¦¤ã ¯ à ¬¥âà ¬¨ p, q, r,
' äã­ªæ¨ï f(�) = p+q sin 2�+r sin(4��') ®¡à é ¥âáï ¢ ­ã«ì ­  ®âà¥§ª¥ [0; �]. �ãáâì g(�; q; r; ') =
�q sin(2�)� r sin(4� � '). �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:

p+(q; r; ') = max
�2[0;�]

g(�; q; r; '); p�(q; r; ') = min
�2[0;�]

g(�; q; r; ');

£¤¥ (q; r; ') 2 R
3 . �®£¤  ¬­®¦¥áâ¢® G � R

4 â¥å §­ ç¥­¨© ¯ à ¬¥âà®¢ (p; q; r; '), ¯à¨ ª®â®àëå
äã­ªæ¨ï f(�) = f(�; p; q; r; ') ­¥ ®¡à é ¥âáï ¢ ­ã«ì ­  ®âà¥§ª¥ [0; �], ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

G = f(p; q; r; ') 2 R4 j p > p+(q; r; ')g [ f(p; q; r; ') 2 R
4 j p < p�(q; r; ')g:

� áá¬®âà¨¬ ®â®¡à ¦¥­¨¥ R3 ! CR[0; �] (CR[0; �] | ¢¥é¥áâ¢¥­­®¥ ¯à®áâà ­áâ¢® ­¥¯à¥àë¢-
­ëå ­  [0; �] äã­ªæ¨© á ­®à¬®© kgk = max

�2[0;�]
jg(�)j), § ¤ ¢ ¥¬®¥ ª ª (q; r; ') 7! g(�; q; r; '). � ª

ª ª íâ® ®â®¡à ¦¥­¨¥ ­¥¯à¥àë¢­® ¨ äã­ªæ¨®­ «ë F+(g) = max
�2[0;�]

g(�) ¨ F�(g) = min
�2[0;�]

g(�) â ª-

¦¥ ­¥¯à¥àë¢­ë ¢ CR[0; �], â® äã­ªæ¨¨ p�(q; r; ') ­¥¯à¥àë¢­ë ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå ¢
R
3 ,   G | ®âªàëâ®¥ ¬­®¦¥áâ¢®. � ¤ «ì­¥©è¥¬ ¯®ª ¦¥¬, çâ® äã­ªæ¨¨ p�(q; r; ') ï¢«ïîâáï

(ªà®¬¥ ­¥ª®â®àëå ¨áª«îç¨â¥«ì­ëå á«ãç ¥¢) á®®â¢¥âáâ¢¥­­® ­ ¨¡®«ìè¨¬ ¨ ­ ¨¬¥­ìè¨¬ ª®à-
­ï¬¨ ¬­®£®ç«¥­  áâ¥¯¥­¨ ­¥ ¢ëè¥ ç¥âëà¥å á ª®íää¨æ¨¥­â ¬¨, § ¢¨áïé¨¬¨ ®â (q; r; '). � ª®¥
¯à¥¤áâ ¢«¥­¨¥ äã­ªæ¨© p�(q; r; ') ª ª ª®à­¥© ¬­®£®ç«¥­  ã¤®¡­® ¢ àï¤¥ ¢®¯à®á®¢, á¢ï§ ­­ëå á
§ ¤ ç¥© (1), ­ ¯à¨¬¥à, ¯à¨ ­ å®¦¤¥­¨¨ á § ¤ ­­ë¬¨ §­ ç¥­¨ï¬¨ p ¨ ­¥ª®â®àëå ¨§ ¯ à ¬¥âà®¢
q, r, ' §­ ç¥­¨© ®áâ «ì­ëå ¯ à ¬¥âà®¢, ¤«ï ª®â®àëå ¢ â¥®à¥¬¥ 1 ¨¬¥¥â ¬¥áâ® á«ãç ©  ).

�§ ®¯à¥¤¥«¥­¨ï äã­ªæ¨© p = p�(q; r; ') á«¥¤ã¥â, çâ® äã­ªæ¨ï f(�) ¯à¨ p = p�(q; r; ') ¨¬¥¥â
ªà â­ë¥ ­ã«¨. B ¢ëà ¦¥­¨¨ f(�; p; q; r; ') = p+q sin 2�+r sin(4��') á¤¥« ¥¬ § ¬¥­ã ¯¥à¥¬¥­­®£®
s = ctg �, � 2 (0; �). �®«ãç¨¬ ¯à¥¤áâ ¢«¥­¨¥ f(�; p; q; r; ') = Q(s; p; q; r; ')(1 + s2)�2, £¤¥

Q(s; p; q; r; ') = (p� b)s4 + 2(q + 2a)s3 + 2(p+ 3b)s2 + 2(q � 2a)s+ (p� b);

a = r cos', b = r sin'. �®çª  � 2 (0; �) ï¢«ï¥âáï ªà â­ë¬ ­ã«¥¬ äã­ªæ¨¨ f(�) â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  á®®â¢¥âáâ¢ãîé ï ¥© â®çª  s 2 R ï¢«ï¥âáï ªà â­ë¬ ­ã«¥¬ äã­ªæ¨¨ Q(s). �­®£®-
ç«¥­ Q(s) á ­¥­ã«¥¢ë¬ áâ àè¨¬ ª®íää¨æ¨¥­â®¬ ¨¬¥eâ ªà â­ë© ª®à¥­ì â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ¤¨áªà¨¬¨­ ­â íâ®£® ¬­®£®ç«¥­ 

D(p; q; r; ') = 128[2(p2 � q2)q4 + (128p4�160p2q2�3q4)r2 �

� 32(8p2 + 3q2)r4 + 128r6 + q2r(27q2r cos(2')� 32p3 sin'+ 36p(q2 + 8r2) sin')] (4)

à ¢¥­ ­ã«î ([5], £«. 5, x 34, á. 126). �á«¨ ¦¥ p�r sin' = 0,   q+2r cos' 6= 0, â® ã ¬­®£®ç«¥­  Q(s)
áâ àè¨© ª®íää¨æ¨¥­â ¨ á¢®¡®¤­ë© ç«¥­ à ¢­ë ­ã«î, ¨ ¢ íâ®¬ á«ãç ¥ Q(s) ï¢«ï¥âáï ¬­®£®-
ç«¥­®¬ âà¥âì¥© áâ¥¯¥­¨ á ­¥­ã«¥¢ë¬ áâ àè¨¬ ª®íää¨æ¨¥­â®¬ q+ 2r cos': �¥¯®áà¥¤áâ¢¥­­® ¨§
ä®à¬ã«ë ¤«ï ¤¨áªà¨¬¨­ ­â  ¬­®£®ç«¥­  ç¥â¢¥àâ®© áâ¥¯¥­¨ á«¥¤ã¥â, çâ® ¯à¨ ®¡à é¥­¨¨ ¢ ­ã«ì
®¤­®¢à¥¬¥­­® áâ àè¥£® ª®íää¨æ¨¥­â  ¨ á¢®¡®¤­®£® ç«¥­  ¯®«ãç¨âáï ¤¨áªà¨¬¨­ ­â íâ®£® ¦¥
¬­®£®ç«¥­ , ­® ã¦¥ à áá¬ âà¨¢ ¥¬®£® ª ª ¬­®£®ç«¥­ âà¥âì¥© áâ¥¯¥­¨, ã¬­®¦¥­­ë© ­  ª¢ ¤à â
ª®íää¨æ¨¥­â  ¯à¨ s3. � ª¨¬ ®¡à §®¬, ¨ ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© p�b = 0, q+2a 6= 0 ®¡à é¥­¨¥
¢ ­ã«ì ¤¨áªà¨¬¨­ ­â  ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ­¨ï ªà â­ëå
ª®à­¥© ¬­®£®ç«¥­  Q(s).

�«ãç ©, ª®£¤  ªà â­ë¬¨ ­ã«ï¬¨ äã­ªæ¨¨ f(�) ï¢«ïîâáï â®çª¨ � = 0, � = �, ­¥ ®å¢ âë¢ ¥âáï
ãª § ­­®© § ¬¥­®©, ­® ®­ á¢®¤¨âáï ª à áá¬®âà¥­­®¬ã ¢ëè¥, ¯®áª®«ìªã f(�; p; q; r; ') = f(� +
�

2
; p;�q; r; '),   ¯®íâ®¬ã p�(q; r; ') = p�(�q; r; ') ¨, ªà®¬¥ â®£®, ¨§ (4) á«¥¤ã¥â

D(p; q; r; ') = D(p;�q; r; '): �

� «¥¥ à áá¬®âà¨¬ ¢®¯à®á ® ­¥¢¥é¥áâ¢¥­­ëå ªà â­ëå ­ã«ïå ¬­®£®ç«¥­  Q(s). � ¬¥â¨¬, çâ® ã
¬­®£®ç«¥­  âà¥âì¥© áâ¥¯¥­¨ á ¢¥é¥áâ¢¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ­¥ ¬®¦¥â ¡ëâì ­¥¢¥é¥áâ¢¥­­ëå
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ªà â­ëå ª®à­¥©. �á«®¢¨ï, ª®£¤  ¬­®£®ç«¥­ Q(s) á ­¥­ã«¥¢ë¬ áâ àè¨¬ ª®íää¨æ¨¥­â®¬ ¨¬¥¥â
­¥¢¥é¥áâ¢¥­­ë¥ ªà â­ë¥ ª®à­¨, ¤ ¥â

�¥¬¬ . �à¨ q2 + r2 6= 0 ¨ p 6= r sin' ¬­®£®ç«¥­ Q(s; p; q; r; '), ª ª ¬­®£®ç«¥­ ®â s, ¨¬¥¥â

­¥¢¥é¥áâ¢¥­­ë¥ ªà â­ë¥ ª®à­¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­ï¥âáï ®¤­  ¨§ ¤¢ãå á¨áâ¥¬

á®®â­®è¥­¨©

' =
�

2
+ 2�k; k 2 Z; q2 � 8pr + 8r2 = 0; jqj > 4jrj

¨«¨

' = �
�

2
+ 2�k; k 2 Z; q2 + 8pr + 8r2 = 0; jqj > 4jrj:

�®ª § â¥«ìáâ¢®. � ª ª ª ª®íää¨æ¨¥­âë ¬­®£®ç«¥­  Q(s) | ¢¥é¥áâ¢¥­­ë¥ ç¨á« , â® ¢¬¥-
áâ¥ á ª ¦¤ë¬ ª®à­¥¬ ªà â­®áâ¨ ¤¢  íâ®£® ¬­®£®ç«¥­  ª®à­¥¬ ¬­®£®ç«¥­  ï¢«ï¥âáï ¨ ª®¬-
¯«¥ªá­® á®¯àï¦¥­­®¥ ç¨á«®, ¯à¨ç¥¬ ®­® ¨¬¥¥â â ª¦¥ ªà â­®áâì ¤¢ . �®íâ®¬ã ­¥¢¥é¥áâ¢¥­­ë¥
ªà â­ë¥ ª®à­¨ áãé¥áâ¢ãîâ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥

A(s2 + �s+ �)2 = As4 +Bs3 + Cs2 +Ds+E; �2 � 4� < 0;

¢ ª®â®à®¬ A, B, C, D, E | ª®íää¨æ¨¥­âë ¬­®£®ç«¥­  Q(s),   �; � 2 R. �§ ¯®á«¥¤­¥£® à ¢¥­áâ¢ 
¯®«ãç¨¬ á¨áâ¥¬ã á®®â­®è¥­¨©

2A� = B;

A(�2 + 2�) = C;

2A�� = D;

A�2 = E;

�2 � 4� < 0:

� ¬¥â¨¬, çâ® ¯® ãá«®¢¨î «¥¬¬ë A = E = p� r sin' 6= 0, ®âªã¤  á«¥¤ã¥â, çâ® � = 1, B = D.
� ª ª ª B = 2(q+2r cos'), D = 2(q�2r cos'), â® íâ® ®§­ ç ¥â, çâ® «¨¡® r = 0, «¨¡® ' = ��

2
+2�k,

k 2 Z. �ç¨âë¢ ï, çâ® A = p� r sin', ¢ ¯¥à¢®¬ á«ãç ¥ ¯®«ãç ¥¬ q = 0, r = 0, çâ® ¨áª«îç ¥âáï
ãá«®¢¨ï¬¨ «¥¬¬ë. �ãáâì ' = �

2
+ 2�k, k 2 Z. � íâ®¬ á«ãç ¥ A = p � r, C = 2(p + 3r). �¥è ï

á¨áâ¥¬ã, ­ å®¤¨¬, çâ® ¢ë¯®«­¥­® á®®â­®è¥­¨¥ q2�8pr+8r2 = 0. � ª ª ª p�r 6= 0, â® � = q

p�r
, ¨

­¥à ¢¥­áâ¢® �2�4 < 0 ¢¬¥áâ¥ á ¯à¥¤ë¤ãé¨¬ á®®â­®è¥­¨¥¬ ¤ îâ ãá«®¢¨¥ q2 = 8pr�8r2 < 4(p�r)2,
®âªã¤  á«¥¤ã¥â, çâ® (p� r)(p� 3r) > 0. �á«¨ r > 0, â® p > 3r ¨«¨ p < r, â. ¥. q2

8r
+ r > 3r, çâ® ¤ ¥â

ãá«®¢¨¥ jqj > 4r,   ¥á«¨ r < 0, â® p < 3r ¨«¨ p > r, â. ¥. q2

8r
+ r < 3r, çâ® ¤ ¥â ãá«®¢¨¥ jqj > �4r.

� ¨â®£¥ ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢® jqj > 4jrj ­¥§ ¢¨á¨¬® ®â §­ ª  r. �«ãç © ' = ��

2
+ 2�k, k 2 Z,

à áá¬ âà¨¢ ¥âáï  ­ «®£¨ç­®. �

�®ª ¦¥¬ â¥¯¥àì â¥®à¥¬ã, ¯®§¢®«ïîéãî ­ å®¤¨âì äã­ªæ¨¨ p�(q; r; ') ª ª ­ã«¨ ¬­®£®ç«¥­ 
D(p).

�¥®à¥¬  2. �à¨ ãá«®¢¨¨ q2+r2 6= 0 §­ ç¥­¨¥ äã­ªæ¨¨ p+(q; r; ') (p�(q; r; ')) à ¢­® ­ ¨¡®«ì-
è¥¬ã (­ ¨¬¥­ìè¥¬ã) ª®à­î ¬­®£®ç«¥­  D(p; q; r; '), ª ª äã­ªæ¨¨ ®â p, ¤«ï ¢á¥å â®ç¥ª (q; r; '),
ªà®¬¥ â¥å, ¤«ï ª®â®àëå ¢ë¯®«­¥­ë á®®â­®è¥­¨ï

' = �
�

2
+ 2�k; k 2 Z; jqj > 4jrj: (5)

�«ï â®ç¥ª (q; r; '), ¤«ï ª®â®àëå ¢ë¯®«­¥­ë ãá«®¢¨ï (5), á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

p�(q; r; ') = �r sin'� jqj:

�®ª § â¥«ìáâ¢®. �ãáâì q2+ r2 6= 0 ¨ q+2r cos' 6= 0. � ª á«¥¤ã¥â ¨§ § ¬¥ç ­¨ï, ¬­®£®ç«¥­
Q(s) ¯à¨ p = p�(q; r; ') ¨¬¥¥â ªà â­ë¥ ª®à­¨. �®íâ®¬ã ¯à¨ ¢ë¯®«­¥­¨¨ ãª § ­­ëå ãá«®¢¨©
¤¨áªà¨¬¨­ ­â D(p) ®¡à é ¥âáï ¢ ­ã«ì ¯à¨ p = p�(q; r; '). � ¤àã£®© áâ®à®­ë, ¯à¨ p > p+(q; r; ')
¨«¨ ¯à¨ p < p�(q; r; ') ã ¬­®£®ç«¥­  Q(s), ¢ á¨«ã ¥£® ®¯à¥¤¥«¥­¨ï, ­¥â ¢¥é¥áâ¢¥­­ëå ª®à­¥©. �§
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«¥¬¬ë ¨ § ¬¥ç ­¨ï á«¥¤ã¥â, çâ® ¥á«¨ ­¥ ¢ë¯®«­¥­ë ãá«®¢¨ï (5), â® ã íâ®£® ¬­®£®ç«¥­  ­¥â ¨
­¥¢¥é¥áâ¢¥­­ëå ªà â­ëå ª®à­¥©. �â® ®§­ ç ¥â, çâ® p+(q; r; ') ­ ¨¡®«ìè¨©,   p�(q; r; ') ­ ¨¬¥­ì-
è¨© ¨§ ª®à­¥© D(p). � «¥¥, ¥á«¨ q + 2r cos' = 0, â® áà¥¤¨ ª®à­¥© ¬­®£®ç«¥­  D(p) ¥áâì ª®à¥­ì
p = r sin', çâ® ­¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï¥âáï ¨§ ä®à¬ã«ë ¤«ï ¤¨áªà¨¬¨­ ­â . �®¤áâ ¢«ïï íâ®
§­ ç¥­¨¥ p ¨ §­ ç¥­¨¥ q = �2r cos' ¢ ä®à¬ã«ã ¤«ï Q(s), ­ å®¤¨¬, çâ® ¬­®£®ç«¥­ Q(s) ¨¬¥¥â
ªà â­ë¥ ª®à­¨, â®«ìª® ¥á«¨ q = 2r cos'. �§ ãá«®¢¨© q2 + r2 6= 0 á«¥¤ã¥â, çâ® íâ® ¢®§¬®¦­®
â®«ìª® ¯à¨ ' = ��

2
+ 2�k, k 2 Z. � íâ®¬ á«ãç ¥ ª®à­¨ ¬­®£®ç«¥­  D(p) à ¢­ë �r ¨ á®¢¯ ¤ îâ

á® §­ ç¥­¨ï¬¨ p�(q; r; '). �à¨ ' 6= ��

2
+ 2�k, k 2 Z, §­ ç¥­¨ï p�(q; r; ') ï¢«ïîâáï ª®à­ï¬¨

D(p), ®â«¨ç­ë¬¨ ®â ª®à­ï p = r sin', â. ª. ¯à¨ íâ¨å §­ ç¥­¨ïå ¬­®£®ç«¥­ Q(s), ª ª á«¥¤ã¥â ¨§
§ ¬¥ç ­¨ï, ¨¬¥¥â ªà â­ë¥ ª®à­¨,   ¯à¨ p = r sin'| ­¥â. �à¨ §­ ç¥­¨ïå p = p�(q; r; ') áâ àè¨©
ª®íää¨æ¨¥­â ¬­®£®ç«¥­  Q(s) ®â«¨ç¥­ ®â ­ã«ï ¨ ¢ á¨«ã «¥¬¬ë íâ¨ §­ ç¥­¨ï ï¢«ïîâáï ­ ¨-
¡®«ìè¨¬¨ ¨ ­ ¨¬¥­ìè¨¬¨ ª®à­ï¬¨ D(p). � ª®­¥æ, ¢ á«ãç ¥ (5) ¬¨­¨¬ã¬ ¨ ¬ ªá¨¬ã¬ äã­ªæ¨¨
�q sin(2�) � r sin(4� � ') = �q sin(2�) � r cos(4�) = �qt � r(1 � 2t2), £¤¥ t = sin(2�) 2 [�1; 1],
­ å®¤ïâáï ­¥¯®áà¥¤áâ¢¥­­®.

� áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã, ¨­â¥à¥á­ãî á â®çª¨ §à¥­¨ï ¯à¨«®¦¥­¨©: ¯à¨ ª ª¨å ãá«®¢¨-
ïå, ­ ª« ¤ë¢ ¥¬ëå ­  ¯ à ¬¥âàë (p; q; r; '), ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

p� k(p; q; r; ') < �; (6)

£¤¥ k = k(p; q; r; ') | ª®íää¨æ¨¥­â ¢ (3), � | ¬ ªá¨¬ «ì­® ¤®¯ãáâ¨¬ë© ¤à¥©ä £¨à®áª®¯ ,
p > 0. �ã¤¥¬ à áá¬ âà¨¢ âì ¢¥«¨ç¨­ë q, r, ' ª ª ¯¥à¥¬¥­­ë¥ ¨ á¤¥« ¥¬ § ¬¥­ã q = � cos ,
r = � sin , � = �

p
, £¤¥ p > 0, � � 0. � íâ¨å ®¡®§­ ç¥­¨ïå f(�; p; q; r; ') = p�(�; �;  ; '), £¤¥

�(�; �;  ; ') = 1+ � [cos sin(2�) + sin cos(4��')]. �á«¨ j� j < 1
2
, â® äã­ªæ¨ï f(�) ­¥ ®¡à é ¥âáï

¢ ­ã«ì, â. ¥. ¢ â¥®à¥¬¥ 1 ¨¬¥¥â ¬¥áâ® á«ãç © a). �ãáâì

"(� ; ;') =
�
1
�

Z �

0

d�

�(�; �;  ; ')

��1
: (7)

� íâ¨å ®¡®§­ ç¥­¨ïå ­¥à ¢¥­áâ¢® (6) ¯à¨ ãá«®¢¨¨ j� j < 1
2
¯à¨­¨¬ ¥â ¢¨¤ "(� ; ;') > 1 � �� ,

� = �

�
. �ãáâì ª®­áâ ­â  c â ª®¢ , çâ® 0 < c < 1

2
. �®£¤  äã­ªæ¨ï �(�; �;  ; ')�1 à áª« ¤ë¢ ¥âáï

¢ à ¢­®¬¥à­® áå®¤ïé¨©áï ¯® (�; �;  ; ') ¯à¨ � 2 [0; �], j� j � c,  2 [0; 2�], ' 2 [0; 2�] àï¤ ¯®
áâ¥¯¥­ï¬ � , ¯®¤áâ ¢«ïï ª®â®àë© ¢ (7), ¯®«ãç¨¬

"(� ; ;') =
�
1 +

1X
k=1

dk( ;')�
k

��1
;

£¤¥

d1( ;') = �
1
�

Z �

0

(cos sin(2�) + sin sin(4� � '))d� = 0;

d2( ;') =
1
�

Z �

0

(cos sin(2�) + sin sin(4� � '))2d� =
1
2
:

�âáî¤  á«¥¤ã¥â ¯à¥¤áâ ¢«¥­¨¥ "(� ; ;') = 1� �2

2
+O(� 3), à ¢­®¬¥à­oe ¯® ( ;').

� ª¨¬ ®¡à §®¬, ­¥à ¢¥­áâ¢® (6) ¬®¦­® § ¯¨á âì ª ª � < 2� +O(�2) ¨«¨ ®ª®­ç â¥«ì­®

p >
�2

2�
[1 +O(�

�
)]; � =

p
q2 + r2: (8)

�â ª, ¤®ª § ­®

�à¥¤«®¦¥­¨¥. �ãáâì ª®­áâ ­â  c â ª®¢ , çâ® 0 < c < 1
2
, ¨ � > 0, p > 0. �®£¤  ¯à¨

ãá«®¢¨¨, çâ® q2 + r2 � cp2, ­¥à ¢¥­áâ¢® (6) íª¢¨¢ «¥­â­® ­¥à ¢¥­áâ¢ã (8).
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