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� «¨§ ¥«¨¥©ëå ¥ ¢â®®¬ëå á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¯à¥¤áâ ¢«ï¥â á®-
¡®© ¥¯à®áâãî ¬ â¥¬ â¨ç¥áªãî § ¤ çã ¨§-§  âàã¤®áâ¥©  å®¦¤¥¨ï á¢®©áâ¢ £«®¡ «ì®£® ®â®-
¡à ¦¥¨ï �ã ª à¥ (á¤¢¨£-®â®¡à ¦¥¨¥ §  ¯¥à¨®¤). � ¤ ®© à ¡®â¥ ¯à¥¤«®¦¥ ¨ ®¡®á®¢ 
¯à¨æ¨¯  á«¥¤®¢ ¨ï «®ª «ìëå á¢®©áâ¢ £«®¡ «ìë¬ ®â®¡à ¦¥¨¥¬ �ã ª à¥ ¤«ï ¥ ¢â®-
®¬ëå ¤¨ ¬¨ç¥áª¨å á¨áâ¥¬. � ¨¬¥®, ¥á«¨ ¥ª®â®à®¥ á¢®©áâ¢® ï¢«ï¥âáï £àã¡ë¬, «®ª «ì®
ã¨¢¥àá «ìë¬ ¨ ¯®«ã£àã¯¯®¢ë¬, â® íâ¨¬ á¢®©áâ¢®¬ ®¡« ¤ ¥â ¨ £«®¡ «ì®¥ ®â®¡à ¦¥¨¥ �ã-
 ª à¥. �®«¥¥ ä®à¬ «ì®, ¯ãáâì § ¤   á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

_X = F (X; t) (0.1)

á £« ¤ª®© ¯à ¢®© ç áâìî, £¤¥ F (X; t) = F (X; t + T ) ¤«ï ¢á¥å (X; t); T | ¯¥à¨®¤; X | ¢¥ªâ®à
á ª®¬¯®¥â ¬¨ (x1; : : : ; xn). �à¥¤¯®« £ ¥¬, çâ® ¯à¨ ª ¦¤®¬  ç «ì®¬ X0 à¥è¥¨ï (0.1) ¯à®-
¤®«¦ îâáï ¢¯¥à¥¤ ¥®£à ¨ç¥®. �à¨ ¨áá«¥¤®¢ ¨¨ ¤¨ ¬¨ª¨ â ª¨å ¥¯à¥àë¢ëå ¬®¤¥«¥©
ª«îç¥¢ãî à®«ì ¨£à ¥â á¤¢¨£-®â®¡à ¦¥¨¥ Xh = G(X; t; h) ¯® âà ¥ªâ®à¨ï¬ (0.1) á  ç «®¬ ¢
â®çª¥ X   ¢à¥¬¥�®¬ ¨â¥à¢ «¥ [t; t+h], £¤¥ h > 0. �§¢¥áâ® [1], çâ® ¥á«¨ F | £« ¤ª ï ¢¥ªâ®à-
äãªæ¨ï, â® G| £« ¤ª®¥ ®â®¡à ¦¥¨¥. �â®¡à ¦¥¨¥ (�ã ª à¥) | á¤¢¨£ §  ¢à¥¬ï [0; T ] ¡ã¤¥¬
§ ¤ ¢ âì ª ª ¢ ¢¥ªâ®à®© ä®à¬¥ XT = P (X0), â ª ¨ ¢ ª®®à¤¨ â®©

xT1 = P1(x1; : : : ; xn); : : : ; x
T
n = Pn(x1; : : : ; xn):

� §ã¬¥¥âáï, á¢®©áâ¢  ®â®¡à ¦¥¨ï �ã ª à¥ ®¯à¥¤¥«ïîâ ®á®¡¥®áâ¨ ¯®¢¥¤¥¨ï á¨áâ¥¬ë (0.1).
� ¯à¨¬¥à, § ª¨ ®â¤¥«ìëå í«¥¬¥â®¢ ¬ âà¨æë DP (¤¨ää¥à¥æ¨ «  P ) ¤®áâ ¢«ïîâ æ¥ãî
¨ä®à¬ æ¨î ® å à ªâ¥à¥ ¬®®â®®áâ¨ á®®â¢¥âáâ¢ãîé¨å ª®®à¤¨ âëå äãªæ¨©. �¤ ª®  -
å®¦¤¥¨¥ â ª¨å, ¯® áãâ¨, £«®¡ «ìëå á¢®©áâ¢ ¯à¥¤áâ ¢«ï¥â á®¡®© ¥¯à®áâãî § ¤ çã. � ¯à®â¨¢,
á®¢á¥¬ ¯à®áâ®  å®¤ïâáï á¢®©áâ¢  (í©«¥à®¢®©)  ¯¯à®ªá¨¬ æ¨¨ «®ª «ìëå ®â®¡à ¦¥¨© (0.1)

Xh = L(X; t; h) = X + hF (X; t);

£¤¥ h ¬ «®. �ç¥¢¨¤®, ¯à¨ ä¨ªá¨à®¢ ®¬ h ¨¬¥¥¬ L | £« ¤ª®¥, T | ¯¥à¨®¤¨ç¥áª®¥ ®â®¡à -
¦¥¨ï Rn �R ¢ á¥¡ï. �à®¬¥ â®£®, ¨¬¥¥â ¬¥áâ®

DL(X; t; h) = E + hDF (X; t): (0.2)

�¤¥áì  ªâã «ì  § ¤ ç : ª ª¨¥ á¢®©áâ¢  ®â®¡à ¦¥¨ï DL  á«¥¤ãîâáï £«®¡ «ìë¬ ®â®¡à -

¦¥¨¥¬ DP ?
�â¤¥«ìë¥ ¯à¨¬¥àë â ª¨å á¢®©áâ¢ ¡ë«¨ ¯à¨¢¥¤¥ë ¢ [2]. � ®¡é¥¬ ¦¥ á«ãç ¥ ¥®¡å®¤¨¬®

§ ¤ âì ¥ª®â®àãî ¬ â¥¬ â¨ç¥áªãî ¢¥àá¨î ¯®ïâ¨ï á¢®©áâ¢ . �¤¥áì ¯®«¥§® ¯à¥¤¢ à¨â¥«ì®
à áá¬®âà¥âì ¤¨áªà¥âë© ¢ à¨ â   «®£¨ç®© ¯à®¡«¥¬ë  á«¥¤®¢ ¨ï á¢®©áâ¢. �ª §ë¢ ¥âáï,

� ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©, £à â ò00-01-

00725.
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çâ® ¥¥ à¥è¥¨¥ ¯®çâ¨ âà¨¢¨ «ì®, ® ¯®§¢®«ï¥â ¢ëï¢¨âì àï¤ íää¥ªâ¨¢ëå ¯®ïâ¨© ¨ ¤«ï ¥-
¯à¥àë¢ëå ¬®¤¥«¥©.

1. � á«¥¤ã¥¬ë¥ á¢®©áâ¢  ¢ ¤¨áªà¥âëå ¬®¤¥«ïå

�¤¥áì «®ª «ì®¥ ¯®¢¥¤¥¨¥ ä §®¢®£® ¢¥ªâ®à  X § ¤ ¥âáï £« ¤ª®© á¨áâ¥¬®©

Xt+1 = G(Xt; t); (1.1)

£¤¥G(X; t) = G(X; t+T ) ¤«ï ¢á¥åX ¨§ Rn ¨ t � 0;  âãà «ì®¥ T > 1. �  ï ¬®¤¥«ì ¨¤ãæ¨àã¥â
(£«®¡ «ì®¥) £« ¤ª®¥ ®â®¡à ¦¥¨¥ §  ¯¥à¨®¤ XT = P (X0).

�ãáâì � | ¯à®¨§¢®«ì ï (¢®§¬®¦® à §àë¢ ï) ç¨á«®¢ ï äãªæ¨ï, § ¤  ï   ¬®¦¥áâ¢¥
¢á¥å ¬ âà¨æ à §¬¥à  n � n (ä ªâ¨ç¥áª¨ � § ¢¨á¨â ®â n2 ¯¥à¥¬¥ëå). � ¯®¬®éìî äãªæ¨¨ �
¡ã¤¥¬ § ¤ ¢ âì â ª  §ë¢ ¥¬ë¥ �-á¢®©áâ¢ . � ¨¬¥®, ¡ã¤¥¬ £®¢®à¨âì: ¬ âà¨æ  A ®¡« ¤ ¥â
�-á¢®©áâ¢®¬, ¥á«¨ ¢ë¯®«ï¥âáï áâà®£®¥ ¥à ¢¥áâ¢® �(A) > 0. � ¯à¨¬¥à, ¥á«¨ �(A) = detA, â®
¤ ë¬ �-á¢®©áâ¢®¬ ®¡« ¤ îâ ¢á¥ ¬ âà¨æë á ¯®«®¦¨â¥«ìë¬ ®¯à¥¤¥«¨â¥«¥¬.

� «¥¥,  §®¢¥¬ �-á¢®©áâ¢® ¯®«ã£àã¯¯®¢ë¬, ¥á«¨ ¬®¦¥áâ¢® ¢á¥å n� n ¬ âà¨æ, ®¡« ¤ îé¨å
�-á¢®©áâ¢®¬, ®¡à §ã¥â ¬ã«ìâ¨¯«¨ª â¨¢ãî ¯®«ã£àã¯¯ã. �ë¬¨ á«®¢ ¬¨, ¨§ �(A) > 0 ¨ �(B) > 0
á«¥¤ã¥â �(AB) > 0.

� ª®¥æ,  §®¢¥¬ �-á¢®©áâ¢® ã¨¢¥àá «ìë¬ ¤«ï DG (¤¨ää¥à¥æ¨ «  G), ¥á«¨ ¥à ¢¥áâ¢®
�[DG(X; t)] > 0 ¢ë¯®«ï¥âáï ¯à¨ ¢á¥å X ¨ t � 0. �¨¢¥àá «ì®áâì �-á¢®©áâ¢  ¤«ï DP ®§ ç ¥â,
çâ® �[DP (X)] > 0 ¯à¨ ¢á¥å X.

�ç¥¢¨¤®, ¨¬¥¥â ¬¥áâ® ª®¬¯®§¨æ¨ï ®â®¡à ¦¥¨© P = G1�� � ��GT , ¢ ª®â®à®© Gt = G(Xt; t) ¤«ï
æ¥«ëå t = 1; : : : ; T . �®íâ®¬ã ¢®§¨ª ¥â ¯à®¨§¢¥¤¥¨¥ á®®â¢¥âáâ¢ãîé¨å ¬ âà¨æ DP = DG1�� � ��
DGT . �âáî¤  ¯®«ãç ¥¬ á«¥¤ãîé¨© ¯à¨æ¨¯  á«¥¤®¢ ¨ï «®ª «ìëå á¢®©áâ¢ DG £«®¡ «ìë¬
®â®¡à ¦¥¨¥¬ DP .

�¥®à¥¬  1. �ãáâì á¢®©áâ¢® � ï¢«ï¥âáï ¯®«ã£àã¯¯®¢ë¬ ¨ ã¨¢¥àá «ìë¬ ¤«ï DG, â®£¤ 
®® ã¨¢¥àá «ì® ¨ ¤«ï DP .

�à¨¬¥à 1. �ãáâì ¤«ï ¥ª®â®à®© âà¥å¬¥à®© á¨áâ¥¬ë (1.1) § ª®¢ ï áâàãªâãà  DG ¨¬¥¥â
¢¨¤ S (á¬. ¨¦¥). �®âï á¥¬¥©áâ¢® â ª¨å ¬ âà¨æ ¥ § ¬ªãâ® ®â®á¨â¥«ì® ®¯¥à æ¨¨ ã¬®¦¥¨ï,
®¤ ª® ®® ¯®à®¦¤ ¥â ¬ã«ìâ¨¯«¨ª â¨¢ãî ¯®«ã£àã¯¯ã â¨¯  Z,

S =

0
@+1 �1 0
0 +1 �1
0 0 +1

1
A ¨ Z =

0
@+1 �1 +1
0 1 �1
0 0 +1

1
A : (1.2)

�¡ê¥¤¨¥¨¥ á¥¬¥©áâ¢ S ¨ Z â ª¦¥ ®¡à §ãeâ ¯®«ã£àã¯¯ã (SZ) ¯® ã¬®¦¥¨î. � á¨«ã ¯à¨-
æ¨¯  ¯¥à¥®á  DP ¯à¨ ¤«¥¦¨â SZ. �  á ¬®¬ ¤¥«¥ DP «¥¦¨â ¢ ¡®«¥¥ ã§ª®© ¯®«ã£àã¯¯¥ Z.
�¥©áâ¢¨â¥«ì®, ¯à¥¤áâ ¢¨¬ P ¢ ¢¨¤¥ ª®¬¯®§¨æ¨¨ ¤¢ãå ®â®¡à ¦¥¨© Q1 ¨ Q2, ®¯à¥¤¥«¥ëå  
[0; 1] ¨ [0; T ] á®®â¢¥âáâ¢¥®. �®£¤  DQ1 ¨ DQ2  å®¤ïâáï ¢ SZ, ¨, § ç¨â, ¤«ï ª ¦¤®£® ¨§ ¨å
¢®§¬®¦ë ¤¢  ¢ à¨ â : DQi «¥¦¨â ¨«¨ ¢ S ¨«¨ ¢ Z. �¥¯®áà¥¤áâ¢¥® ã¡¥¦¤ ¥¬áï, çâ® ¢® ¢á¥å
ç¥âëà¥å ¢ à¨ â å DQ1 �DQ2 ¯à¨ ¤«¥¦¨â Z.

� íâ®© á¢ï§¨ ¯à¥¤áâ ¢«ï¥â ¨â¥à¥á § ¤ ç  ®¯¨á ¨ï ¢á¥å ¯®«ã£àã¯¯ ¬ âà¨æ (à §¬¥à  n� n)
á ®¯¥à æ¨¥© ã¬®¦¥¨ï. �ª ¦¥¬ ¤®¢®«ì® ¯®¯ã«ïàë© á¯®á®¡ ¨å ¯®áâà®¥¨ï. �ãáâì V | ¥-
ª®â®à®¥ ¯®¤¬®¦¥áâ¢® ¢ Rn. �®£¤  á¥¬¥©áâ¢® (M) ¢á¥å ¬ âà¨æ, ¯¥à¥¢®¤ïé¨å V ¢ á¥¡ï, ï¢«ï¥âáï
¯®«ã£àã¯¯®© ¯® ã¬®¦¥¨î. �á«¨ V ®â«¨ç® ®â ã«¥¢®£® ¢¥ªâ®à  ¨ ®â ¢á¥£® Rn, â® ¡ã¤¥¬ £®¢®-
à¨âì: M ¤®¯ãáª ¥â (¥âà¨¢¨ «ì®¥) £¥®¬¥âà¨ç¥áª®¥ ¯à¥¤áâ ¢«¥¨¥ V . �® á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥¨¥ 1. �®«ã£àã¯¯  ¢ëà®¦¤¥ëå ¬ âà¨æ ¥ ¤®¯ãáª ¥â £¥®¬¥âà¨ç¥áª®£® ¯à¥¤-

áâ ¢«¥¨ï.

�®ª § â¥«ìáâ¢®. �ãáâì x| ¥ã«¥¢®© ¢¥ªâ®à ¨§ V . �®£¤  ¤«ï «î¡®£® y ¨§ Rn ¢ë¯®«ï¥âáï
á®®â®è¥¨¥ y =Mx ¤«ï ¥ª®â®à®© ¢ëà®¦¤¥®© ¬ âà¨æëM . � ç¨â, V á®¢¯ ¤ ¥â á® ¢á¥¬ Rn.
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2. � á«¥¤ã¥¬ë¥ á¢®©áâ¢  ¢ ¥¯à¥àë¢ëå ¬®¤¥«ïå

� ¤ ®© á¨âã æ¨¨ ¯¥à¥å®¤ ®â á¢®©áâ¢ DL ª á¢®©áâ¢ ¬ DP âà¥¡ã¥â ¥ â®«ìª® ¬®¤¨ä¨ª æ¨¨
¢ëè¥¯à¨¢¥¤¥ëå ¯®ïâ¨©, ® ¨ ¯à¨¢«¥ç¥¨ï ®¢ëå.

�¨¦¥ ç áâ® ¡ã¤¥â ¨á¯®«ì§®¢ âìáï

�¥¬¬  �¤ ¬ à  [1]. �ãáâì u(h) | £« ¤ª ï äãªæ¨ï ¨ u(0) = 0. �®£¤  u(h) = hw(h), £¤¥
w(h) | ¥ª®â®à ï £« ¤ª ï äãªæ¨ï.

�âáî¤  ¬®¦® ¯®«ãç âì áª®«ì ã£®¤® ¤«¨ë¥  ¤ ¬ à®¢áª¨¥ ¯à¥¤áâ ¢«¥¨ï ¤«ï ¯à®¨§¢®«ì-
®© £« ¤ª®© äãªæ¨¨ u(h). � ¯à¨¬¥à,

 ) u(h) = u(0) + hw1(h), £¤¥ w1 | £« ¤ª ï äãªæ¨ï;
¡) u(h) = u(0) + hu0(0) + h2w2(h), £¤¥ w2 | £« ¤ª ï äãªæ¨ï.
�à®¬¥¦ãâ®ç®¥ ¯®«®¦¥¨¥ ¬¥¦¤ã ®â®¡à ¦¥¨ï¬¨ L ¨ P § ¨¬ ¥â �(X; t; h) | «®ª «ì®¥

á¤¢¨£-®â®¡à ¦¥¨¥   ¬ «®¬ ¢à¥¬¥�®¬ ¨â¥à¢ «¥ [t; t + h] ¯® âà ¥ªâ®à¨ï¬ á¨áâ¥¬ë (0.1) á
 ç «®¬ ¢ â®çª¥ X. �â¬¥â¨¬, çâ® ¨§ «¥¬¬ë �¤ ¬ à  ¢ëâ¥ª ¥â ¯à¥¤áâ ¢«¥¨¥

�(X; t; h) = L(X; t; h) + h2W (X; t; h); (2.1)

£¤¥ W (X; t; h) | ¥ª®â®à®¥ £« ¤ª®¥ ®â®¡à ¦¥¨¥.
1. �¯à¥¤¥«¨¬ ¯®ïâ¨¥ á¢®©áâ¢  ¤«ï ¤¨ää¥à¥æ¨ «  ¯à®¨§¢®«ì®£® ®â®¡à ¦¥¨ï Q(X; t).

�ã¤¥¬ £®¢®à¨âì: DQ ®¡« ¤ ¥â á¢®©áâ¢®¬ � ¢ â®çª¥ (X; t), ¥á«¨ ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

�(DQ) > 0: (2.2)

�¤¥áì � | £« ¤ª ï äãªæ¨ï ®â n2  à£ã¬¥â®¢,   ¬ âà¨æ  DQ = (@Q=@xj) | ¤¨ää¥à¥æ¨ «
®â®¡à ¦¥¨ï Q = (Q1; : : : ; Qn) ¢ â®çª¥ (X; t).

� ç áâ®áâ¨, á¢®©áâ¢® � ®â®¡à ¦¥¨ï DL § ¤ ¥âáï ¥à ¢¥áâ¢®¬ (2.2), ¢ ª®â®à®¬ í«¥¬¥âë
¬ âà¨æë DQ = (qij) ¨¬¥îâ ¢¨¤ qii = 1 + h@Fi(X; t)=@xi ¨ qij = h@Fi(X; t)=@xj ¤«ï i 6= j.

� «®£¨ç® ®¯à¥¤¥«ï¥âáï á¢®©áâ¢® � ¨ ¤«ï ®â®¡à ¦¥¨ï D�.
� §ã¬¥¥âáï, ¤«ï DP à¥ «¨§ æ¨ï á¢®©áâ¢  � ¢ â®çª¥ X á®®â¢¥âáâ¢ã¥â ¥à ¢¥áâ¢ã

�[DP (X)] > 0.
�ãáâì ¢ ä §®¢®¬ ¯à®áâà áâ¢¥ á¨áâ¥¬ë (0.1) ¢ë¡à ® ¥ª®â®à®¥ ¬®¦¥áâ¢® ¢®§¬®¦ëå  -

ç «ìëå â®ç¥ª N . �§ ª ¦¤®© â®çª¨ X0 ¬®¦¥áâ¢  N ¢ë¯ãáâ¨¬ âà ¥ªâ®à¨î á¨áâ¥¬ë (0.1) ¯à¨
¨§¬¥¥¨¨ ¢à¥¬¥¨ ¢ ¨â¥à¢ «¥ [0; T ]. �®«ãç¥®¥ ¬®¦¥áâ¢® ¢ à áè¨à¥®¬ ä §®¢®¬ ¯à®áâà -
áâ¢¥ ®¡®§ ç¨¬ ç¥à¥§ M = Tr(N). �à¨¢¥¤¥¬ ¯®ïâ¨ï, å à ªâ¥à¨§ãîé¨¥ á¢®©áâ¢® � ¤«ï ®â®¡à -
¦¥¨© DL ¨ D� á¨áâ¥¬ë (0.1) ¢ § à ¥¥ ¢ë¡à ®¬ M ¨§ Rn+1.

2. �¢®©áâ¢® �  §®¢¥¬ «®ª «ì® ã¨¢¥àá «ìë¬ ¤«ï DL   M , ¥á«¨ �(DL) > 0 ¢ë¯®«ï¥âáï
¢ ª ¦¤®© â®çª¥ M ¯à¨ ¢á¥å ¤®áâ â®ç® ¬ «ëå h (0 < h < �). � §ã¬¥¥âáï, § ç¥¨¥ � ¬®¦¥â
§ ¢¨á¥âì ®â (X; t). �¤¥áì ¡ã¤¥¬ £®¢®à¨âì: � à ¢®¬¥à® «®ª «ì® ã¨¢¥àá «ì® ¤«ï DL   M ,
¥á«¨ ã¤ ¥âáï ¢ë¡à âì ®¡éãî ¤«ï ¢á¥å (X; t) ¨§ M £à ¨æã ��.

� «®£¨ç® ®¯à¥¤¥«ï¥âáï à ¢®¬¥à ï «®ª «ì ï ã¨¢¥àá «ì®áâì � ¨ ¤«ï ®â®¡à ¦¥¨ï
D�   M .

�«ï ®â®¡à ¦¥¨ïDP ã¨¢¥àá «ì®áâì �   ¬®¦¥áâ¢¥M ®§ ç ¥â, çâ® ¥à ¢¥áâ¢® �(DP )>0
¢ë¯®«ï¥âáï ¢ ª ¦¤®© â®çª¥ X ¨§ M .

3. �¢®©áâ¢® �  §®¢¥¬ ¯®«ã£àã¯¯®¢ë¬, ¥á«¨ ¢á¥ n � n ¬ âà¨æë, ®¡« ¤ îé¨¥ á¢®©áâ¢®¬ �,
®¡à §ãîâ ¬ã«ìâ¨¯«¨ª â¨¢ãî ¯®«ã£àã¯¯ã.

�¥à¥å®¤ ®â á¢®©áâ¢ D� ª á¢®©áâ¢ ¬ DP á®¢á¥¬ ¯à®áâ.

�¥®à¥¬  2. �ãáâì á¢®©áâ¢® � ï¢«ï¥âáï ¯®«ã£àã¯¯®¢ë¬ ¨ à ¢®¬¥à® «®ª «ì® ã¨¢¥àá «ì-

ë¬ ¤«ï D�   Tr(N). �®£¤  � ã¨¢¥àá «ì® ¤«ï DP   N .

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã X0 ¨§ N . �§ à ¢®¬¥à®© «®ª «ì®© ã¨-
¢¥àá «ì®áâ¨ � ¤«ïD�   Tr(X0) á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ â ª®£® ��, çâ® ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®
�(D�(X; t; h)) > 0 ¤«ï ¢á¥å (X; t) ¨§ Tr(X0) ¨ ¢á¥å h ¨§ (0; ��).
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� «¥¥, à §®¡ì¥¬ [0; T ]   k à ¢ëå ¢à¥¬¥�ëå ãç áâª®¢ â ª, çâ®¡ë T=k < ��. �®íâ®¬ã  
ª ¦¤®¬ i-®¬ ãç áâª¥ á®®â¢¥âáâ¢ãîé¥¥ «®ª «ì®¥ ®â®¡à ¦¥¨¥ D�i ®¡« ¤ ¥â á¢®©áâ¢®¬ �. �®-
áª®«ìªã DP = D�1 � � � � �D�k ¨ � | ¯®«ã£àã¯¯®¢®¥ á¢®©áâ¢®, â® ¨ DP ®¡« ¤ ¥â á¢®©áâ¢®¬ � ¢
â®çª¥ X0. � ª ª ª X0 | ¯à®¨§¢®«ì ï â®çª  ¨§ N , â® DP ®¡« ¤ ¥â á¢®©áâ¢®¬ � ¢® ¢á¥å â®çª å
N .

�¡áã¤¨¬ ¯¥à¥å®¤ ®â á¢®©áâ¢ DL ª á¢®©áâ¢ ¬ D�. �â¥à¥á®© ¯à¥¤áâ ¢«ï¥âáï £¨¯®â¥§ : ¥á«¨
� «®ª «ì® ã¨¢¥àá «ì® ¤«ï DL   Tr(X0), â® � à ¢®¬¥à® «®ª «ì® ã¨¢¥àá «ì® ¤«ï D�  
Tr(X0). �¤ ª® ¡¥§ ¤®¯®«¨â¥«ìëå ®£à ¨ç¥¨©   äãªæ¨î � íâ  £¨¯®â¥§  á®¬¨â¥«ì . �«ï
¯®ïá¥¨ï à áá¬®âà¨¬ ¡«¨§ªãî § ¤ çã ¨§ ¬ â¥¬ â¨ç¥áª®£®   «¨§ . �ãáâì u(x; h) | £« ¤ª ï
äãªæ¨ï ¨ ¤«ï ª ¦¤®£® x ¨§ [0; 1] áãé¥áâ¢ã¥â â ª®¥ «®ª «ì®¥ �(x) > 0, çâ® u(x; h) > 0 ¤«ï ¢á¥å
h ¨§ (0; �(x)). �®áª®«ìªã ¥à ¢¥áâ¢® u(x; h) = h(h�x)(h�2x) > 0 ¢ë¯®«ï¥âáï ¯à¨ �(x) = x ¤«ï
x > 0,   ¯à¨ x = 0 ¢ ª ç¥áâ¢¥ � ¬®¦® ¢§ïâì,  ¯à¨¬¥à, 1, â® ã¨¢¥àá «ì®£® �� ¥ áãé¥áâ¢ã¥â.

�à¨¢¥¤¥¬ ®¤¨ ¨§ ¢®§¬®¦ëå ¢ à¨ â®¢ ¤®¯®«¨â¥«ìëå ãá«®¢¨©, £ à â¨àãîé¨å à ¢®-
¬¥àãî «®ª «ìãî ã¨¢¥àá «ì®áâì. �«ï  £«ï¤®áâ¨ ¢®§ì¬¥¬ n = 2 ¨ ®¡®§ ç¨¬ ç¥à¥§ E
¥¤¨¨çãî ¬ âà¨æã ¨ kij = @Fi(X; t)=@xj ¤«ï ¢á¥å 1 � i; j � 2. � ãç¥â®¬ (0.2) ¯®áâà®¨¬ ¯à®áâ¥©-
è¥¥  ¤ ¬ à®¢áª®¥ ¯à¥¤áâ ¢«¥¨¥

�(DL) = �(1 + hk11; hk12; hk21; 1 + hk22) = a+ hb(X; t; h): (2.3)

�¤¥áì ª®áâ â  a à ¢  �(1; 0; 0; 1); b(X; t; h) | £« ¤ª ï ¯® ¢á¥¬ ¯¥à¥¬¥ë¬äãªæ¨ï. �â¬¥â¨¬,
çâ® b(X; t; 0) ï¢«ï¥âáï áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ ¢¥ªâ®à  (k11; k12; k21; k22) ¨ £à ¤¨¥â  äãªæ¨¨
� ¢ â®çª¥ E.

4. � íâ®© á¢ï§¨ ¡ã¤¥¬  §ë¢ âì � £àã¡ë¬ á¢®©áâ¢®¬ ¤«ï DL   Tr(X0), ¥á«¨ ¤«ï í«¥¬¥â®¢
¯à¥¤áâ ¢«¥¨ï (2.3) ¢ë¯®«ï¥âáï å®âï ¡ë ®¤® ¨§ ¤¢ãå ãá«®¢¨©: �1) a > 0; �2) ¥á«¨ a = 0, â®
b(X; t; 0) > 0 ¤«ï ¢á¥å (X; t) ¨§ Tr(X0).

� ¯®¬¨¬, çâ® a = �(1; 0; 0; 1). �®íâ®¬ã ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï �1) á¢®©áâ¢® � ¡ã¤¥â £àã¡ë¬
¤«ï «î¡ëå DL (â. ¥. � £àã¡® ¢  ¡á®«îâ®¬ á¬ëá«¥). � ¯à®â¨¢, ¯à¨ à¥ «¨§ æ¨¨ ãá«®¢¨ï �2)
£àã¡®áâì � ®â®á¨â¥«ì , ¯®áª®«ìªã § ¢¨á¨â ¥é¥ ¨ ®â DL.

�¥¬¬  1. �ãáâì á¢®©áâ¢® � «®ª «ì® ã¨¢¥àá «ì® ¨ £àã¡® ¤«ï DL   Tr(X0), â®£¤  ®®

à ¢®¬¥à® «®ª «ì® ã¨¢¥àá «ì® ¨ ¤«ï DL, ¨ ¤«ï D�   Tr(X0).

�®ª § â¥«ìáâ¢®. 1�. � ç «  ¤®ª ¦¥¬ ãâ¢¥à¦¤¥¨¥ ¤«ï DL. � ª ¨§ «®ª «ì®© ã¨¢¥à-
á «ì®áâ¨ DL á«¥¤ã¥â a + hb(X; t; h) > 0 ¤«ï ¢á¥å 0 < h < �(X; t). � á¨«ã £àã¡®áâ¨ � §¤¥áì
¤®«¦¥ ¢ë¯®«ïâìáï ®¤¨ ¨§ á«¥¤ãîé¨å ¤¢ãå ¢ à¨ â®¢.

�1) a > 0. �¡®§ ç¨¬ B = min[b(X; t; h)] ¯® ¢á¥¬ (X; t; h) ¨§ ª®¬¯ ªâ  Tr(X0)�[0; 1]. �®£¤  ¯à¨
h > 0 ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® a+ hb(X; t; h) � a+ hB. �à¨ B � 0 ¯®«®¦¨¬ � = 1. �á«¨ B < 0,
â® ¯®«®¦¨¬ � = min(1;�a=b). �á®, çâ® ¯à¨ ¢á¥å h ¨§ (0;�) ¯à ¢ ï ç áâì ¤ ®£® ¥à ¢¥áâ¢ 
¯®«®¦¨â¥«ì . � ç¨â, ¡ã¤¥â ¯®«®¦¨â¥«ì  ¨ «¥¢ ï ç áâì.

�2) a = 0 ¨ b(X; t; h) > 0 ¤«ï ¢á¥å (X; t) ¨§ Tr(X0). �®á¯®«ì§ã¥¬áï à §«®¦¥¨¥¬ �¤ ¬ à 
¤«ï äãªæ¨¨ b(X; t; h) = b(X; t; 0) + hc(X; t; h), £¤¥ c(X; t; h) | £« ¤ª ï äãªæ¨ï. �ãáâì � |
¬¨¨¬ «ì®¥ § ç¥¨¥ äãªæ¨¨ b(X; t; 0) ¯à¨ (X; t) ¨§ Tr(X0). �®£¤  � > 0 á®£« á® ¤®¯ãé¥¨î.
�ãáâì  | ¬¨¨¬ «ì®¥ § ç¥¨¥ c(X; t; h) ¯® ¢á¥¬ (X; t) ¨§ Tr(X0) ¨ 0 � h � 1. �«ï â ª¨å
h ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® b(X; t; h) � � + h. �ç¥¢¨¤®, ¯à¨  � 0 ¨¬¥¥â ¬¥áâ® b(X; t; h) > 0
à ¢®¬¥à® ¤«ï ¢á¥å h � 1. �à¨  < 0 á¯à ¢¥¤«¨¢® b(X; t; h) > 0 à ¢®¬¥à® ¤«ï ¢á¥å h � �=jj.

2�. �¥¯¥àì á ãç¥â®¬ ®æ¥®ª ¨§ ¯à¥¤ë¤ãé¥£® ¯ãªâ  ¤®ª ¦¥¬ ãâ¢¥à¦¤¥¨¥ «¥¬¬ë ¤«ï D�.
� ¨¬¥®, ¯®áâà®¨¬  ¤ ¬ à®¢áª®¥ ¯à¥¤áâ ¢«¥¨¥ (¤® ç«¥®¢ ¯®àï¤ª  h3)

�(h) = �(D�(X; t; h)) = a+ hb(X; t; 0) + h2c(X; t; h):

�®áª®«ìªã D� á®¢¯ ¤ ¥â á DL á â®ç®áâìî ¤® h2, â® ¢ íâ®¬ ¯à¥¤áâ ¢«¥¨¨ a ¨ b ¨¬¥îâ ¯à¥¦¨©
á¬ëá«,   c | ¥ª®â®à ï £« ¤ª ï ¯® ¢á¥¬ ¯¥à¥¬¥ë¬ äãªæ¨ï.
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�¡®§ ç¨¬ ç¥à¥§ B ¨ C ¬¨¨¬ «ìë¥ § ç¥¨ï £« ¤ª¨å äãªæ¨© b(X; t; 0) ¨ c(X; t; h) ¯®
¢á¥¬ (X; t) ¨§ ª®¬¯ ªâ  Tr(X0) ¨ 0 � h � 1. � «¥¥ ¯®áâà®¨¬ á¯¥æ¨ «ìãî ª¢ ¤à â¨çãî ä®à¬ã
�(h) = a+hB+h2C. �ç¥¢¨¤®, �(h) > �(h) ¤«ï ¢á¥å h > 0. �æ¥¨¬ á¨§ã � ¯à¨ ¬ «ëå h. �¤¥áì
¢®§¨ª îâ á«¥¤ãîé¨¥ ¢ à¨ âë.

�1) a > 0. �®£¤   ©¤¥âáï â ª®¥ ¬ «®¥ � > 0, çâ® ¯à¨ ¢á¥å h ¨§ (0;�) ¨¬¥¥â ¬¥áâ® �(h) > 0.
� ç¨â, â¥¬ ¡®«¥¥ �(h) > 0 ¤«ï â ª¨å h;

�2) a = 0. �®áª®«ìªã b(X; t; 0) > 0 ¤«ï ¢á¥å (X; t) ¨§ Tr(X0), â® B > 0. � ç¨â,  ©¤¥âáï
â ª®¥ � > 0, çâ® ¯à¨ ¢á¥å h ¨§ (0;�) ¨¬¥¥â ¬¥áâ® �(h) = h(B+hC) > 0. �®íâ®¬ã ¨ �(h) > 0 ¤«ï
â ª¨å h.

�à¨¬¥à 2. � áá¬®âà¨¬ T -¯¥à¨®¤¨ç¥áª®¥ ®¤®¬¥à®¥ ãà ¢¥¨¥

dx=dt = f(x; t): (2.4)

�«ï ª ¦¤®© ¯ àë (x; t) ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® @L=@x = 1 + h@f(x; t)=@x > 0 ¯à¨ ¬ «ëå h.
�¤¥áì �(@L=@x) � @L=@x > 0 ï¢«ï¥âáï £àã¡ë¬ á¢®©áâ¢®¬ á®£« á® ãá«®¢¨î �1. � ª ª ª ¯®«®-
¦¨â¥«ìë¥ ç¨á«  ®¡à §ãîâ ¬ã«ìâ¨¯«¨ª â¨¢ãî ¯®«ã£àã¯¯ã, â® @P=@x > 0. �®íâ®¬ã äãªæ¨ï
P (x) ¨ «î¡®¥ á¤¢¨£-®â®¡à ¦¥¨¥, ¯®à®¦¤¥®¥ ãà ¢¥¨¥¬ (2.4), ®ª §ë¢ ¥âáï ¢®§à áâ îé¥©
äãªæ¨¥©.

�âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â, çâ® ¨§¢¥áâ ï ¤¨áªà¥â ï ¬®¤¥«ì ¯®¯ã«ïæ¨¨ [3], [4] xt+1 =
xt exp(�xt) ¥ ¬®¦¥â ¡ëâì ¯®«ãç¥  ª ª ®â®¡à ¦¥¨¥ �ã ª à¥ ¤«ï ¥ª®â®à®£® ãà ¢¥¨ï
(2.4).

�à¨¬¥à 3. �à®¢¥¤¥¬   «¨§ ®¡é¥© ¬®¤¥«¨ [5] ¤¨ ¬¨ª¨ ç¨á«¥®áâ¨ ®¤®© ¯®¯ã«ïæ¨¨ (x)
¢ T -¯¥à¨®¤¨ç¥áª®© áà¥¤¥

dx=dt = xf(x; t); (2.5)

£¤¥ f(x; t) | £« ¤ª ï, T -¯¥à¨®¤¨ç¥áª ï äãªæ¨ï; @f=@x < 0 ¨ ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å x ¢ë-
¯®«ï¥âáï ¥à ¢¥áâ¢® f(x; t) < 0; x(0) > 0, ¯®íâ®¬ã x(t) > 0 ¯à¨ ¢á¥å t > 0. � ¯®¬¨¬, çâ®
P (x) | ®â®¡à ¦¥¨¥ �ã ª à¥, ¨¤ãæ¨à®¢ ®¥ (2.5). �ç¥¢¨¤®, P (0) = 0. �¥¥¥ âà¨¢¨ «ìë¥
á¢®©áâ¢  ¬®¦® ®¡ àã¦¨âì á ¯®¬®éìî ¯à¨æ¨¯   á«¥¤®¢ ¨ï.

�¢®©áâ¢® P 0(x0) < 1 ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å x0. �á«¨  ç «ì®¥ § ç¥¨¥ x0 ¢¥«¨ª®, â®
x(t) ¢¥«¨ª® ¤«ï ¢á¥å t ¨§ [0; T ]. �®íâ®¬ã §¤¥áì f(x; t) < 0. �à®¬¥ â®£®, ¢á¥£¤  f 0x < 0, § ç¨â,

�(@L=@x) = 1� @L=@x = h[�f(x; t)� xf 0x(x; t)] > 0

®ª §ë¢ ¥âáï £àã¡ë¬ á¢®©áâ¢®¬ á®£« á® ãá«®¢¨î �2). �«¥¤®¢ â¥«ì®, 0 < @P=@x < 1 ¯à¨ ¡®«ì-
è¨å x.

�¢®©áâ¢® «®£ à¨ä¬¨ç¥áª®© á¦¨¬ ¥¬®áâ¨. �®á«¥ § ¬¥ë y = lnx ãà ¢¥¨¥ (2.4) ¯à¨®¡à¥-
â ¥â ¢¨¤ dy=dt = f(exp y; t). � íâ®¬ á«ãç ¥ @L�=@y = 1 + hf 0x(exp y; t) exp y. �§ f

0

x < 0 á«¥¤ã¥â
0 < @L�=@y < 1 ¯à¨ ¬ «ëå h > 0. �®áª®«ìªã ç¨á«  ¨§ ¨â¥à¢ «  (0; 1) ®¡à §ãîâ ¯®«ã£àã¯-
¯ã ¯® ã¬®¦¥¨î ¨ á¢®©áâ¢® �(@L�=@y) = 1 � @L�=@y > 0 ï¢«ï¥âáï £àã¡ë¬ (á¬. ¢ëè¥), â® ¨
0 < @P �=@y < 1. �®íâ®¬ã ¥á«¨ ¢ ¤ ®¬ ãà ¢¥¨¨ áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì®¥ à ¢®¢¥á¨¥, â®
®® ¥¤¨áâ¢¥® ¨ £«®¡ «ì® ãáâ®©ç¨¢®.

�á«®¢¨ï ¥¢ëà®¦¤¥¨ï. �¡®§ ç¨¬ ç¥à¥§ � § ç¥¨¥ ¨â¥£à «  ®â f(0; t)   I = [0; T ]. �¥«¨-
ç¨  �=T ¯à¥¤áâ ¢«ï¥â á®¡®© áà¥¤îî §  ¯¥à¨®¤ à §®áâì ¬¥¦¤ã à®áâ®¬ ¨ á¬¥àâ®áâìî ¯®¯ã-
«ïæ¨¨ (¯à¨ ¥¥ \¡¥áª®¥ç® ¬ «®©" ç¨á«¥®áâ¨). �â¬¥â¨¬, çâ® ¯à¨ � < 0 ¨â¥£à « ®â f(x(t); t)
¯® I ¨ ¯®¤ ¢® ¡ã¤¥â ®âà¨æ â¥«¥. �®íâ®¬ã � > 0 ¥áâì ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ¥¢ë¬¨à ¨ï ¯®¯ã-
«ïæ¨¨. �ª §ë¢ ¥âáï, ®® ¨ ¤®áâ â®ç®. �¥©áâ¢¨â¥«ì®, á ®¤®© áâ®à®ë P 0(0) = exp � > 1,   á
¤àã£®© | P 0(1) < 1 (á¬. ¢ëè¥). �®íâ®¬ã £à ä¨ª P ¯¥à¥á¥ª ¥â ¡¨áá¥ªâà¨áã ¢ ¥ª®â®à®© ¯®«®-
¦¨â¥«ì®© â®çª¥ (x�). � ãç¥â®¬ á¢®©áâ¢  á¦¨¬ ¥¬®áâ¨ § ª«îç ¥¬, çâ® à ¢®¢¥á¨¥ x� £«®¡ «ì®
ãáâ®©ç¨¢® ¢ R+.
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�§«®¦¥ë© ¢ëè¥ ¯®¤å®¤ ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢  ¨ ¤«ï   «¨§   á«¥¤ã¥¬ëå á¢®©áâ¢,
ª®â®àë¥ ®¯¨áë¢ îâáï ¢â®àë¬¨ (¨ ¢ëè¥) ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ ª®¬¯®¥â «®ª «ìëå ¨ £«®-
¡ «ìëå ®â®¡à ¦¥¨©.

3. � á«¥¤ã¥¬®áâì § ª-¨¢ à¨ âëå áâàãªâãà

� áè¨à¨¬ ¬®¦¥áâ¢® £« ¤ª¨å  á«¥¤ã¥¬ëå á¢®©áâ¢ ¤® ª« áá  ¥¯à¥àë¢ëå  á«¥¤ã¥¬ëå
á¢®©áâ¢. � ª, á¯à ¢¥¤«¨¢ 

�¥¬¬  2. �ãáâì ª ¦¤®¥ ¨§ á¢®©áâ¢ �1; : : : ; �n «®ª «ì® ã¨¢¥àá «ì® ¨ £àã¡® ¤«ï DL  

Tr(N). �á«¨ � = minf�1; : : : ; �ng | ¯®«ã£àã¯¯®¢®¥ á¢®©áâ¢®, â® � ã¨¢¥àá «ì® ¤«ï DP   N .

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ â®çªã X0 ¨§ N . � ãç¥â®¬ ¯¥à¢®£® ¤®¯ãé¥¨ï ¨ «¥¬¬ë 1 ª ¦¤®¥
�i à ¢®¬¥à® «®ª «ì® ã¨¢¥àá «ì®   Tr(X0). �¡®§ ç¨¬ ç¥à¥§ �i à ¢®¬¥àãî ®æ¥ªã, ¯à¨
ª®â®à®© ¤«ï ¢á¥å (X; t) ¨§ Tr(X0) ¨ 0 < h < �i ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

�i(DL) > 0; (3.1)

£¤¥ DL = DL(X; t; h). �®«®¦¨¬ � = min(�1; : : : ; �n), â®£¤  ¯à¨ ¢á¥å 0 < h < � à¥ «¨§ã¥âáï (3.1)
¤«ï ª ¦¤®£® i. � ç¨â, ¤«ï â ª¨å h ¨ ¢á¥å (X; t) ¨§ Tr(X0) ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® �(DL) > 0,
£¤¥ � = minf�1; : : : ; �ng. �®íâ®¬ã � à ¢®¬¥à® «®ª «ì® ã¨¢¥àá «ì® ¤«ï DL   Tr(X0). � ª
ª ª � | ¯®«ã£àã¯¯®¢®¥ á¢®©áâ¢®, â® á ãç¥â®¬ ¯à¥¤ë¤ãé¥£® § ª«îç ¥¬: �(DP ) > 0 ¢ ¯à®¨§¢®«ì-
®© â®çª¥ X0 ¨§ N . �®íâ®¬ã � ã¨¢¥àá «ì® ¤«ï DP   ¢á¥¬ N .

� ª¨¥ ªãá®ç®-£« ¤ª¨¥ á¢®©áâ¢  ¢®§¨ª îâ ¯à¨ ®¯¨á ¨¨ å à ªâ¥à  ¬®®â®®áâ¨ ª®¬¯®-
¥â ¬®£®¬¥àëå á¤¢¨£-®â®¡à ¦¥¨© ¤«ï á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©.

�à¨¬¥à 4. �ãáâì ã ¢á¥å «®ª «ìëå ¤¨ää¥à¥æ¨ «®¢ DL = (lij) ¥ª®â®à®© ¤¢ã¬¥à®© á¨-
áâ¥¬ë (0.1) ¢¥¤¨ £® «ìë¥ í«¥¬¥âë lij = h@Fi(X; t)=@xj ®âà¨æ â¥«ìë ¯à¨ ¢á¥å (X; t). �â¬¥-
â¨¬, çâ® ¤¨ £® «ìë¥ í«¥¬¥âë lii = 1+h@Fi(X; t)=@xi ¯®«®¦¨â¥«ìë ¯à¨ ¬ «ëå h. �¯à¥¤¥«¨¬
§¤¥áì ç¥âëà¥ £« ¤ª¨¥ äãªæ¨¨

�11(DL) = l11; �22(DL) = l22; �12(DL) = �l12; �21(DL) = �l21:

� ¦¤®¥ ¨§ ¯à¨¢¥¤¥ëå ç¥âëà¥å á¢®©áâ¢ �ij(DL) > 0 ï¢«ï¥âáï £àã¡ë¬. � á ¬®¬ ¤¥«¥, �11 ¨ �22
£àã¡ë¥ á®£« á® ãá«®¢¨î �1); �12 ¨ �21 £àã¡ë¥ á®£« á® ãá«®¢¨î �2). � «¥¥, ¢á¥ ¬ âà¨æë (DL),
ã¤®¢«¥â¢®àïîé¨¥ ¥à ¢¥áâ¢ã

�(DL) = minfl11; l22;�l12;�l21g > 0;

®¡à §ãîâ ¬ã«ìâ¨¯«¨ª â¨¢ãî ¯®«ã£àã¯¯ã (¢ DL ¤¨ £® «ìë¥ í«¥¬¥âë ¯®«®¦¨â¥«ìë,   ¢¥-
¤¨ £® «ìë¥ ®âà¨æ â¥«ìë). �¢¨¤ã «¥¬¬ë 2 § ª®¢ ï áâàãªâãà  DP ¨¬¥¥â â®â ¦¥ ¢¨¤.

�à¨¬¥à 5. �ãáâì ã ¢á¥å «®ª «ìëå ¤¨ää¥à¥æ¨ «®¢ DL = (lij) ¥ª®â®à®© ¤¢ã¬¥à®© á¨-
áâ¥¬ë (0.1) ¢¥¤¨ £® «ìë¥ í«¥¬¥âë ¯®«®¦¨â¥«ìë,   ¤¨ £® «ìë¥ í«¥¬¥âë ¬ âà¨æë DL
áâà®£® ¡®«ìè¥ ¥¤¨¨æë. � ª¨¥ ¬ âà¨æë ®¡à §ãîâ ¬ã«ìâ¨¯«¨ª â¨¢ãî ¯®«ã£àã¯¯ã, a á®®â¢¥â-
áâ¢ãîé¥¥ á¢®©áâ¢® ¢ëà §¨¬® ¢ ä®à¬¥

�(DL) = minfl11 � 1; l22 � 1; l12; l21g > 0:

�®£« á® «¥¬¬¥ 2 ®â®¡à ¦¥¨¥ DP ®¡« ¤ ¥â á¢®©áâ¢®¬ �: ¤¨ £® «ìë¥ í«¥¬¥âë ¯®«®¦¨â¥«ì-
®© ¬ âà¨æë DP áâà®£® ¡®«ìè¥ ¥¤¨¨æë.

�®áâ ¢¨¬ ¢®¯à®á: ¥á«¨ ¢á¥ DL ¯à¥¤áâ ¢«ïîâáï ®¤®© ¨ â®© ¦¥ § ª®¢®© ¬ âà¨æ¥© � ¤«ï
¢á¥å (X; t), â® ª®£¤  DP ®¯¨áë¢ ¥âáï â®© ¦¥ ¬ âà¨æ¥© �?

�«ï ã¤®¡áâ¢  ¢¬¥áâ® § ª®¢ + ¨ � ¡ã¤¥¬ ¯¨á âì +1 ¨ �1 á®®â¢¥âáâ¢¥®. �á¥ â ª¨¥
(§ ª-¨¢ à¨ âë¥) ¬ âà¨æë ¤®¯ãáª îâ ¯®«®¥ ®¯¨á ¨¥ [6], [7]. �¨ § ¤ îâáï â ¡«¨æ¥©
�(c1; : : : ; cn) = (�ij), í«¥¬¥âë ª®â®à®© à ¢ë �ij = cicj . �¤¥áì ª ¦¤ë© ¯ à ¬¥âà ci ¬®¦¥â
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¯à¨¨¬ âì ®¤® ¨§ ¤¢ãå § ç¥¨© �1. � ¯à¨¬¥à, ¯à¨ n = 2 áãé¥áâ¢ãîâ â®«ìª® ¤¢¥ à §ë¥
§ ª-¨¢ à¨ âë¥ ¬ âà¨æë

�(1; 1) = �(�1;�1) =
�
+1 +1
+1 +1

�
¨ �(�1; 1) = �(1;�1) =

�
+1 �1
�1 +1

�
:

�ç¥¢¨¤®, ¬ âà¨æë á ä¨ªá¨à®¢ ®© § ª-¨¢ à¨ â®© áâàãªâãà®© �(c1; : : : ; cn) ®¡à §ãîâ ¯®-
«ã£àã¯¯ã ¯® ã¬®¦¥¨î.

�§ «¥¬¬ë 2 á ¨á¯®«ì§®¢ ¨¥¬ á¢®©áâ¢ 

�(DL) = minf�11l11; : : : ; �ij lij ; : : : ; �nnlnng > 0

ãáâ  ¢«¨¢ ¥âáï

�¥®à¥¬  3. �á«¨ ¢á¥ DL ¯à¨ ¤«¥¦ â ®¤®© ¨ â®© ¦¥ § ª-¨¢ à¨ â®© áâàãªâãà¥ �,
â® ¨ DP ¯à¨ ¤«¥¦¨â �.

�ãáâì ¨¦¥ ¤¨ää¥à¥æ¨ « ®â®¡à ¦¥¨ï P ®¯¨áë¢ ¥âáï § ª-¨¢ à¨ â®© áâàãªâãà®©
�(c1; : : : ; cn). �®£¤    â®çª å A = (a1; : : : ; an) ¨ B = (b1; : : : ; bn) ®¯à¥¤¥«¨¬ á¯¥æ¨ «ì®¥ ®â-
®è¥¨¥ ç áâ¨ç®£® ¯®àï¤ª . � ¨¬¥®, ¯®«®¦¨¬ A� B, ¥á«¨ aici � bici ¤«ï ¢á¥å i = 1; : : : ; n.
�ª §ë¢ ¥âáï, â ª¨¥ ®â®¡à ¦¥¨ï P ¨ ®â®è¥¨¥ ¯®àï¤ª  á®£« á®¢ ë. �®¢á¥¬ ¯à®áâ® ®¡®á®-
¢ë¢ ¥âáï ¬®®â®®áâì P .

�¢®©áâ¢® 1. �§ A� B á«¥¤ã¥â P (A)� P (B).

�à¥¤¯®«®¦¨¬, çâ® â®çª¨ A ¨ B á¢ï§ ë ®â®è¥¨¥¬ A � B. �®£¤  \ª®ãáë© ®âà¥§®ª"
�(A;B) | íâ® ¬®¦¥áâ¢® \¯à®¬¥¦ãâ®çëå" â®ç¥ª X, ã¤®¢«¥â¢®àïîé¨å ®¤®¢à¥¬¥® ãá«®¢¨-
ï¬ A� X ¨ X � B [8]. �¥®¬¥âà¨ç¥áª¨ �(A;B) | ¯àï¬®ã£®«ì¨ª, ¢ ª®â®à®¬ â®çª  A  å®¤¨âáï
  á¥¢¥à®-§ ¯ ¤¥,   â®çª  B «¥¦¨â   î£®-¢®áâ®ª¥.

�¢®©áâ¢® 2. �®¤ ¤¥©áâ¢¨¥¬ P ®¡à § ª®ãá®£® ®âà¥§ª  �(A;B) ¢«®¦¥ ¢ ª®ãáë© ®âà¥-

§®ª �(P (A); P (B)).

�ã¤¥¬ £®¢®à¨âì: ®â®¡à ¦¥¨¥ P áâï£¨¢ ¥â ª®¬¯ ªâ D, ¥á«¨ ®¡à § P (D) ¢«®¦¥ ¢ D. � á¨«ã
á¢®©áâ¢  2 ¤«ï ¯à®¢¥àª¨ \áâï£¨¢ ¨ï" ª®ãá®£® ®âà¥§ª  � = �(A;B) ¤®áâ â®ç® ãáâ ®¢¨âì,
çâ® \íªáâà¥¬ «ìë¥" â®çª¨ A ¨ B ®â®¡à ¦ îâáï ¢ãâàì �.

4. � á«¥¤ã¥¬ë¥ á¢®©áâ¢  ¢ ¬®¤¥«ïå ª®ªãà¥æ¨¨

�® ¬®£¨å á«ãç ïå ª®ªãà¥æ¨ï ¤¢ãå ãç áâ¨ª®¢ § ¤ ¥âáï á¨áâ¥¬®©

_x1 = x1f1(x1; x2; t); _x2 = x2f2(x1; x2; t); (4.1)

£¤¥ ª ¦¤ ï äãªæ¨ï fi £« ¤ª ï ¨ ã¡ë¢ ¥â ¯® ¯¥à¥¬¥ë¬ xi ¨ xj ; ¯®  à£ã¬¥âã t äãªæ¨ï fi
ï¢«ï¥âáï T -¯¥à¨®¤¨ç¥áª®©; ¯à¨ ¡®«ìè¨å x1 ¨ x2 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® fi(x1; x2; t) < 0 ¤«ï
¢á¥å t ¨ i = 1; 2. � ç «ìë¥ § ç¥¨ï ¯¥à¥¬¥ëå ¯®«®¦¨â¥«ìë, ¯®íâ®¬ã ¢ á¨«ã á¯¥æ¨ä¨ª¨
¯à ¢ëå ç áâ¥© (4.1) ®¨ ®áâ îâáï ¯®«®¦¨â¥«ìë¬¨ ¢á¥ ¢à¥¬ï. �¥è¥¨ï (4.1) à áâãâ ¥ ¡ëáâà¥¥
íªá¯®¥âë, § ç¨â, ®¨ ¯à®¤®«¦ îâáï ¢¯¥à¥¤ ¥®£à ¨ç¥®.

� ¬®¥ £« ¢®¥, ¤¨ää¥à¥æ¨ « «®ª «ì®£® ®â®¡à ¦¥¨ï (4.1) ¯à¥¤áâ ¢«ï¥âáï § ª-¨¢ à¨-
 â®© áâàãªâãà®© �(1;�1). � ç¨â, ¢ á¨«ã ¯à¨§ ª   á«¥¤®¢ ¨ï § ª®¢ ï áâàãªâãà  ¤¨ä-
ä¥à¥æ¨ «  £«®¡ «ì®£® ®â®¡à ¦¥¨ï �ã ª à¥ P = (P1; P2) â ª¦¥ ¨¬¥¥â ¢¨¤ �(1;�1). �ë¬¨
á«®¢ ¬¨, ª ¦¤ ï äãªæ¨ï Pi ¬®®â®® ¢®§à áâ ¥â ¯® \á¢®¥©" ¯¥à¥¬¥®© (xi) ¨ ã¡ë¢ ¥â ¯®
\çã¦®©" ¯¥à¥¬¥®©.

�®£« á® ¯à¥¤ë¤ãé¥¬ã à §¤¥«ã ¤«ï â®ç¥ª A = (a1; a2) ¨ B = (b1; b2) ¥áâ¥áâ¢¥® ¯®«®¦¨âì
A � B, ª®£¤  ¢ë¯®«ïîâáï ¥à ¢¥áâ¢  a1 � b1 ¨ �a2 � �b2. �â¬¥â¨¬, çâ®   «®£¨ç®¥ ®â®-
è¥¨¥ ¯®àï¤ª  ¨á¯®«ì§ã¥âáï ¢ à ¡®â¥ [9]. � íâ®¬ á«ãç ¥ ¢ë¯®«ïîâáï á¢®©áâ¢  1 ¨ 2.

� «ì¥©è¨©   «¨§ ª®ªãà¥æ¨¨ ¤¢ãå ãç áâ¨ª®¢ ®á®¢ë¢ ¥âáï   å à ªâ¥à¥ ¢§ ¨¬®£®
à á¯®«®¦¥¨ï ¨§®ª«¨ E1 ¨ E2 ¢ R2

+
, £¤¥ Ei = f(x0

1
; x0

2
) j x0i = xTi > 0g. �¡®§ ç¨¬ ç¥à¥§ �i
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¢¥«¨ç¨ã ¨â¥£à «  ®â äãªæ¨¨ fi(0; 0; t)   [0; T ]. � ãç¥â®¬ ¯à¨¬¥à  3 (ãá«®¢¨¥ ¥¢ëà®¦¤¥¨ï)
á®¢á¥¬ ¯à®áâ® ãáâ  ¢«¨¢ ¥âáï: ¬®¦¥áâ¢® Ei ¥¯ãáâ® ¯à¨ ¨ â®«ìª® ¯à¨ �i > 0.

�¨¦¥ ¯à¥¤¯®« £ ¥¬, çâ® �1 > 0 ¨ �2 > 0. � íâ®¬ á«ãç ¥ ®¡¥ ¨§®ª«¨ë áãé¥áâ¢ãîâ. �®«¥¥
á®¤¥à¦ â¥«ìë© á¯®á®¡ § ¤ ¨ï ¨§®ª«¨ë Ei ¤®áâ ¢«ï¥â ãà ¢¥¨¥

xi = Pi(x1; x2): (4.2)

�®áª®«ìªã @Pi=@xj 6= 0 ¤«ï i 6= j, â® ãà ¢¥¨¥ (4.2) ¨¬¥¥â £« ¤ª®¥ à¥è¥¨¥ xj = Ei(xi). � ¦¤ ï
¨§ äãªæ¨© Ei ®¯à¥¤¥«¥    á¢®¥¬ ¯®«ã¨â¥à¢ «¥ (0; ri], ¯à¨ íâ®¬ Ei(ri) = 0. � ç áâ®áâ¨, r1
| ¥¯®¤¢¨¦ ï â®çª  ®â®¡à ¦¥¨ï �ã ª à¥, ¯®à®¦¤¥®£® ãà ¢¥¨¥¬

dx1=dt = x1f1(x1; 0; t): (4.3)

�¥á¬®âàï   ¬ «ãî ¨ä®à¬ æ¨î ® Pi, ¨¬¥¥âáï ¢®§¬®¦®áâì ¨áá«¥¤®¢ âì áãé¥áâ¢¥ë¥  á¯¥ªâë
¯®¢¥¤¥¨ï ¨§®ª«¨. � ª, ¯ãáâì ¢ ¯à ¢ãî ç áâì ¬®¤¥«¨ ª®ªãà¥æ¨¨ ¢ª«îç¥ (£« ¤ª®) ¥ª®â®àë©
¯ à ¬¥âà ":

_x1 = x1f1(x1; x2; t); _x2 = x2f2(x1; x2; t; "): (4.4)

�ç¨â ¥¬, çâ® ¯à¨ " = 0 á¨áâ¥¬  (4.4) á®¢¯ ¤ ¥â á ¨áå®¤®© (4.1). �ª §ë¢ ¥âáï, ¥ª®â®àë¥ «®ª «ì-
ë¥ "-á¢®©áâ¢  á¥¬¥©áâ¢  (4.4) £«®¡ «ì®  á«¥¤ãîâáï. �¡®§ ç¨¬ §¤¥áì ª®®à¤¨ âë¥ äãªæ¨¨
xT1 = P1(x01; x

0
2; ") ¨ x

T
2 = P2(x01; x

0
2; "). �ãáâì

@f2=@" < 0 ¤«ï ¢á¥å x1, x2 ¨ t; (4.5)

â®£¤  á¯à ¢¥¤«¨¢ 

�¥¬¬  3. �à¨ x0
1
> 0, x0

2
> 0 ¨ ãá«®¢¨¨ (4:5) ¢ë¯®«ïîâáï ¥à ¢¥áâ¢  @P1=@" > 0 ¨

@P2=@" < 0.

�®ª § â¥«ìáâ¢®. �«ï i = 1; 2 ¯®«®¦¨¬ ui(t) = @xi(t; ")=@". �®á«¥ ¤¨ää¥à¥æ¨à®¢ ¨ï
®¡®¨å ãà ¢¥¨© (4.4) ¯® " ¯®«ãç ¥¬

du1=dt = Au1 �Bu2; du2=dt = �Cu1 +Du2 �R;

£¤¥ u1(0) = 0 ¨ u2(0) = 0. �à¨ ¯®«®¦¨â¥«ìëå x1(t) ¨ x2(t) ¯¥à¥¬¥ë¥ ª®íää¨æ¨¥âë B, C, R
¯®«®¦¨â¥«ìë,   ª®íää¨æ¨¥âëA ¨D ¥ ï¢«ïîâáï § ª®®¯à¥¤¥«¥ë¬¨.�¥£ª® ãáâ  ¢«¨¢ ¥¬
á«¥¤ãîé¨¥ à¥§ã«ìâ âë:

 ) du1=dt = 0 ¨ du2=dt < 0 ¯à¨ t = 0, ¯®íâ®¬ã, á¯ãáâï \¯¥à¢®¥ ¬£®¢¥¨¥" (t = +0), ¯®«ãç ¥¬
u1 = 0 ¨ u2 < 0;

¡) du1=dt > 0 ¨ du2=dt < 0 ¯à¨ t = +0, ¯®íâ®¬ã, á¯ãáâï \¢â®à®¥ ¬£®¢¥¨¥" (t = + + 0),
¯®«ãç ¥¬ u1 > 0 ¨ u2 < 0.

�â ª, â®çª  U = hu1; u2i ®ª §ë¢ ¥âáï áâà®£® ¢ãâà¨ ç¥â¢¥àâ®£® ª¢ ¤à â  K (¢ ª®â®à®¬
u1 > 0 ¨ u2 < 0). � «¥¥, ¤«ï â®ç¥ª ¨§ K ¢ë¯®«ïîâáï ®æ¥ª¨ du1=dt � Au1 ¨ du2=dt � Du2.
�®íâ®¬ã â®çª  U ¥ ¬®¦¥â ¤®áâ¨çì £à ¨æëK (£¤¥ u1 = 0 ¨«¨ u2 = 0) ¨ ®áâ ¥âáï ¢ ¥¬  ¢¥ç®.
� ç áâ®áâ¨, ¨¬¥îâ ¬¥áâ® u1(T ) > 0 ¨ u2(T ) < 0. �â¨ ¥à ¢¥áâ¢  ¨ ¤®ª §ë¢ îâ âà¥¡ã¥¬®¥.

�à¨ ä¨ªá¨à®¢ ®¬ x1 à¥è¥¨¥ (x2) ãà ¢¥¨ï x1 = P1(x1; x2; ") £« ¤ª® § ¢¨á¨â ®â ".
�¡®§ ç¨¬ z = @x2=@" ¨ ¯®á«¥ ¤¨ää¥à¥æ¨à®¢ ¨ï ¤ ®£® ãà ¢¥¨ï ¯® " ¯®«ãç ¥¬ 0 =
z[@P1=@x2] + [@P1=@"]. �¤¥áì ¯¥à¢ ï ª¢ ¤à â ï áª®¡ª  ®âà¨æ â¥«ì ,   ¢â®à ï ¯®«®¦¨â¥«ì ,
¯®íâ®¬ã z = @E1(x1; ")=@" > 0. �â® ®§ ç ¥â, çâ® á à®áâ®¬ " £à ä¨ª ¨§®ª«¨ë E1(") ¥¯à¥àë¢-
® ¯®¤¨¬ ¥âáï. �â¬¥â¨¬, çâ® ¢¥«¨ç¨  r1 ®¯à¥¤¥«ï¥âáï ãà ¢¥¨¥¬ (4.3) ¨ ¥ § ¢¨á¨â ®â ".
�®íâ®¬ã ¢á¥ ¤ ë¥ ¨§®ª«¨ë ¯à®å®¤ïâ ç¥à¥§ ®¤ã ¨ âã ¦¥ â®çªã (r1; 0).

� «®£¨ç® ¯®ª §ë¢ ¥¬, çâ® á à®áâ®¬ " £à ä¨ª ¨§®ª«¨ë E2(") ¥¯à¥àë¢® ®¯ãáª ¥âáï. �
®â«¨ç¨¥ ®â ¯à¥¤ë¤ãé¥£® á«ãç ï §¤¥áì â®çª  (0; r2) ®¯ãáª ¥âáï ¯® ®á¨ ®à¤¨ â ¯à¨ ã¢¥«¨ç¥¨¨ ".
Eá«¨ ¨â¥£à « ®â äãªæ¨¨ f2(0; 0; t; ")   ®âà¥§ª¥ [0; T ] áâ ®¢¨âáï ®âà¨æ â¥«ìë¬, â® ¨§®ª«¨ 
E2 ¢®®¡é¥ ¨áç¥§ ¥â. �áâ ®¢«¥®
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�à¥¤«®¦¥¨¥ 2. �à¨ ãá«®¢¨¨ (4:5) £à ä¨ª E1(") ¥¯à¥àë¢® ¯®¤¨¬ ¥âáï,   £à ä¨ª E2(")
¥¯à¥àë¢® ®¯ãáª ¥âáï á à®áâ®¬ ".

� «¥¥, ¢¢¨¤ã ¬®®â®®áâ¨ ®¯¥à â®à  P ¢ (4.1) à¥ «¨§ãîâáï ¤®áâ â®ç® ¯à®áâë¥ ¤¨ ¬¨ç¥-
áª¨¥ à¥¦¨¬ë. �¨ ®¯à¥¤¥«ïîâáï ¢§ ¨¬ë¬ à á¯®«®¦¥¨¥¬ ¨§®ª«¨. �ã¤¥¬ £®¢®à¨âì, çâ® â®çª 
(x1; x2)  å®¤¨âáï ¨¦¥ Ei, ¥á«¨ xi < Pi(x1; x2). �¥¯¥àì, ¨£®à¨àãï ¤¥â «¨, ®¡áã¤¨¬ ¢®§¬®¦ë¥
¢ à¨ âë ¯®¢¥¤¥¨ï ¯¥à¥¬¥ëå ¢ (4.1).

1. �§®ª«¨ë ¥ ¯¥à¥á¥ª îâáï ¢ R2
+
(á¬. à¨á.). � ¯à¨¬¥à, ¯ãáâì E2 à á¯®«®¦¥  ¨¦¥ E1.

�®£¤  ¢ (4.1) ¯¥à¢ë© ª®ªãà¥â ¢ëâ¥áï¥â ¢â®à®£®. �¥©áâ¢¨â¥«ì®, ¯ãáâì � | ¯à®¨§¢®«ì ï
¯®«®¦¨â¥«ì ï ª®áâ â . �®áâà®¨¬ k-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ª®ãáëå ®âà¥§ª®¢ �(k) =
�(Ak; B), áâï£¨¢ îé¨åáï ª \á ¬®© á¨«ì®©" â®çª¥ B = hr1+�; 0i. �¤¥áì \á ¬ ï á« ¡ ï" ¢¥àè¨ 
Ak = hkr1; E1(kr1)i à á¯®« £ ¥âáï   ¨§®ª«¨¥ E1 ¯à¨ k ¨§ [0; 1]. �¥¬ ¡®«ìè¥ ®¬¥à k, â¥¬
¬¥ìè¥ á®®â¢¥âáâ¢ãîé¨© ª®ãáë© ®âà¥§®ª. � ª, �(1) á®¢¯ ¤ ¥â á ¯à®¬¥¦ãâª®¬ [r1; r1 + �]  
®á¨  ¡áæ¨áá. �®¤ ¤¥©áâ¢¨¥¬ ª®¬¯®§¨æ¨¨ Q = P � P â®çª  Ak ¯¥à¥å®¤¨â ¢ãâàì ¯àï¬®ã£®«ì¨ª 
�(k),   â®çª  B ¥ ¯®ª¨¤ ¥â £à ¨æë �(k). �®£¤  á®£« á® á¢®©áâ¢ã 2 ®¡à § Q(�(k)) ¢«®¦¥ ¢
�(k), ¨, § ç¨â, Q(�(k)) ¯à¨ ¤«¥¦¨â ¯àï¬®ã£®«ì¨ªã á ¡�®«ìè¨¬ ®¬¥à®¬. �âáî¤  § ª«îç ¥¬,
çâ® ¯®¤ ¤¥©áâ¢¨¥¬ \¡¥áª®¥ç®£® ç¨á« " ¨â¥à æ¨© Q ¢áïª ï ä §®¢ ï â®çª  ®ª §ë¢ ¥âáï ¢ �(1).
� á¨«ã ¯à®¨§¢®«ì®áâ¨ � â®çª  hr1; 0i £«®¡ «ì® ãáâ®©ç¨¢  ¢ R2

+.

�¨á. � ®¡®á®¢ ¨î £«®¡ «ì®© ãáâ®©ç¨¢®áâ¨ â®çª¨ (r1; 0) ¢ á¨áâ¥¬¥ (4.1),
ª®£¤  ¨§®ª«¨  E2 «¥¦¨â ¨¦¥ ¨§®ª«¨ë E1.

2. �§®ª«¨ë ¯¥à¥á¥ª îâáï ¢ R2
+. �®£¤  ¢®§¬®¦® ª ª ãáâ®©ç¨¢®¥, â ª ¨ ¥ãáâ®©ç¨¢®¥ á®áã-

é¥áâ¢®¢ ¨¥ ª®ªãà¥â®¢.
�®íâ®¬ã  ªâã «ì  ¯à®¡«¥¬   å®¦¤¥¨ï ãá«®¢¨©, ª®â®àë¥ £ à â¨àãîâ à¥ «¨§ æ¨î ª ª®-

£®-«¨¡® ¨§ ¯à¨¢¥¤¥ëå ¢ à¨ â®¢. �¤¥áì ¤«ï ¯®«ãç¥¨ï á®¤¥à¦ â¥«ìëå à¥§ã«ìâ â®¢ á«¥¤ã¥â
¥áª®«ìª® ª®ªà¥â¨§¨à®¢ âì á¨áâ¥¬ã (4.1). � áá¬®âà¨¬ á«¥¤ãîéãî íª®«®£¨ç¥áªãî ¢¥àá¨î ¬®-
¤¥«¨ ª®ªãà¥æ¨¨, ¢ ª®â®à®© à §¤¥«¥ë ¯à®æ¥ááë à®áâ  ¨ á¬¥àâ®áâ¨:

_x1 = x1[�1 + �1(t)=V ]; _x2 = x2[�1 + �2(t)=V ]; (4.6)

£¤¥ �i(t) | £« ¤ª ï, T -¯¥à¨®¤¨ç¥áª ï, ¥®âà¨æ â¥«ì ï äãªæ¨¨ à®áâ ; £« ¤ª ï äãªæ¨ï V =
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v(x1; x2) ¢®§à áâ ¥â ¯® ª ¦¤®© ¯¥à¥¬¥®© x1 ¨ x2; v(0; 0) = 1. �ç¨â ¥¬ v ¬¥¤«¥® à áâãé¥©
äãªæ¨¥©: ¤«ï ¢á¥å x1 > 0, x2 > 0 ¨ ¢á¥å k ¨§ (0; 1) á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

kv(x1; x2) � v(kx1; kx2): (4.7)

� ¯à¨¬¥à, ¢áïª ï ¢®£ãâ ï äãªæ¨ï ï¢«ï¥âáï ¬¥¤«¥® à áâãé¥©.
�ãáâì �i | ¢¥«¨ç¨  ¨â¥£à «  ®â �i(t)   [0; T ]. � ë© ¯ à ¬¥âà (å à ªâ¥à¨áâ¨ª  ç¨áâ®£®

à®áâ ) á¢ï§  á ¢¢¥¤¥ë¬ à ¥¥ �i á®®â®è¥¨¥¬ �i = �i�T . �®íâ®¬ã ¯à¥¤¯®« £ ¥¬, çâ® �i > T
(¨ ç¥ i-ï ¯®¯ã«ïæ¨ï ¢ë¬¨à ¥â ¤ ¦¥ ¯à¨ ®âáãâáâ¢¨¨ ª®ªãà¥â ).

� «¥¥, ¯ãáâì ¢ (4.6) ¨§®ª«¨ë ¯¥à¥á¥ª îâáï. �®£¤  áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì®¥, T -¯¥à¨®¤¨-
ç¥áª®¥ à¥è¥¨¥ hx1(t); x2(t)i. �ãáâì Mi | ¬ ªá¨¬ «ì®¥ § ç¥¨¥ xi(t)   [0; T ]. �¥§ ¢¨á¨¬® ®â
¨¤¥ªá  i = 1; 2 á¯à ¢¥¤«¨¢ 

�¥¬¬  4. �¥«¨ç¨  T�(M1;M2) ¯à¨ ¤«¥¦¨â Ii = [�i; �i expT ].

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ç¥à¥§ mi ¬¨¨¬ «ì®¥ § ç¥¨¥ ¤ ®£® xi(t)   [0; T ]. �à¥¤-
¢ à¨â¥«ì® ãáâ ®¢¨¬ ¥à ¢¥áâ¢ 

Tv(m1;m2) � �i ¨ Tv(M1;M2) � �i: (4.8)

�¡®áã¥¬ â®«ìª® «¥¢ãî ®æ¥ªã. �ç¥¢¨¤®, ¤«ï ¤ ®£® ¯¥à¨®¤¨ç¥áª®£® à¥è¥¨ï ¢ë¯®«ï¥âáï
¥à ¢¥áâ¢® v(x1; x2) � v(m1;m2). � «¥¥, ¨§ ãà ¢¥¨ï (4.6) ¢ëâ¥ª ¥â

dxi=xi � [�1 + �i(t)=v(m1;m2)]dt:

�®á«¥ ¨â¥£à¨à®¢ ¨ï ¯® ¨â¥à¢ «ã [0; T ] ¨ á ãç¥â®¬ xi(0) = xi(T )  å®¤¨¬ 0 � �T +
�i=v(m1;m2). � ç¨â, Tv(m1;m2) � �i.

� «®£¨ç®, ¨áå®¤ï ¨§ ¥à ¢¥áâ¢  v(x1; x2) � v(M1;M2), ãáâ  ¢«¨¢ ¥¬ ¯à ¢ãî ®æ¥ªã
(4.8).

� «¥¥, ¢¢¨¤ã ¥®âà¨æ â¥«ì®áâ¨ �j(t) ¤«ï ®¡¥¨å ¯¥à¥¬¥ëå ¬®¤¥«¨ (4.6) ¢ë¯®«ï¥âáï ¥-
à ¢¥áâ¢® dxj=dt � �xj . �®íâ®¬ã

mj �Mj exp(�T ) (4.9)

¯à¨ ¢á¥å j. �¥¯¥àì á ãç¥â®¬ (4.7), (4.9) ¨ (4.8) ¯®«ãç ¥¬

Tv(M1;M2)e
�T � Tv(M1e

�T ;M2e
�T ) � Tv(m1;m2) � �i:

�âáî¤  ¨ ¨§ ¯à ¢®£® ¥à ¢¥áâ¢  (4.8) § ª«îç ¥¬: ¢¥«¨ç¨  Tv(M1;M2) «¥¦¨â ¢ ®âà¥§ª¥
Ii = [�i; �i expT ] ¯à¨ «î¡®¬ i.

�§ «¥¬¬ë 4 ¢ëâ¥ª ¥â, çâ® ¯à¨ ãá«®¢¨¨ (§ ¯ á )

�1 > �2 expT (4.10)

®âà¥§ª¨ I1 ¨ I2 ¥ ¯¥à¥á¥ª îâáï. �®íâ®¬ã ®¤¨ ª®ªãà¥â ¢ëâ¥áï¥â ¤àã£®£®. �áâ «®áì â®«ìª®
¢ëïá¨âì, ª ª ï ¨§®ª«¨  «¥¦¨â ¢ëè¥.

�¥¬¬  5. �à¨ ãá«®¢¨¨ (4:10) ¨§®ª«¨  E2  å®¤¨âáï ¨¦¥ E1.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥: E1 «¥¦¨â ¨¦¥ E2. �®£¤  ¨§ (4.6) ¯®áâà®¨¬
¢á¯®¬®£ â¥«ìãî á¨áâ¥¬ã

_x1 = x1[�1 + �1(t)=V ]; _x2 = x2[�1 + (1� ")�2(t)=V ]; (4.11)

£¤¥ " 2 [0; 1]. �®«®¦¥¨¥ ¨§®ª«¨ (4.11) ¥¯à¥àë¢® § ¢¨á¨â ®â ". �â¬¥â¨¬, çâ® ¨§®ª«¨  E1(")
áãé¥áâ¢ã¥â ¯à¨ ¢á¥å ",   ¨§®ª«¨  E2(") | â®«ìª® ¯à¨ (1 � ")�2 > T . �¡áã¤¨¬ í¢®«îæ¨î
¢§ ¨¬®£® à á¯®«®¦¥¨ï ¨§®ª«¨ ¯à¨ ã¢¥«¨ç¥¨¨ ¯ à ¬¥âà  " ®â 0 ¤® 1.

�à¨ " = 0 ¨§®ª«¨ë E1(0) ¨ E2(0) á®¢¯ ¤ îâ á ¨áå®¤ë¬¨, ¯®íâ®¬ã ªà¨¢ ï E1(0) «¥¦¨â
¨¦¥ ªà¨¢®© E2(0).
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�à¨ " 2 (0; 1) á®£« á® ¯à¥¤«®¦¥¨î 2 £à ä¨ª ¨¦¥© ªà¨¢®© E1(") ¯®¤¨¬ ¥âáï,   £à ä¨ª
¢¥àå¥© ªà¨¢®© E2(") ®¯ãáª ¥âáï.

�à¨ " = 1 ªà¨¢ ï E1(1) áãé¥áâ¢ã¥â,   ªà¨¢ ï E2(1) ¤ ¢® ã¦¥ ¨áç¥§«  (¯à¨ " = 1�T=�2 ® 
¯à®¢ «¨¢ ¥âáï ¢  ç «® ª®®à¤¨ â).

�«¥¤®¢ â¥«ì®, ¯à¨ ¥ª®â®à®¬ ¯à®¬¥¦ãâ®ç®¬ 0 < "� < 1 ¨§®ª«¨ë ¯¥à¥á¥ª îâáï ¢® ¢ã-
âà¥¥© â®çª¥ ¯¥à¢®£® ª¢ ¤à â . �® ¢ íâ®¬ á«ãç ¥ ¤«ï å à ªâ¥à¨áâ¨ª ç¨áâ®£® à®áâ  á ãç¥â®¬
(4.10) ¨¬¥¥¬ �1 > (1 � "��2) exp T . � ª ï á¨âã æ¨ï (ãá«®¢¨¥ § ¯ á  ¨ ¯¥à¥á¥ç¥¨¥ ¨§®ª«¨)
¥¢®§¬®¦ . �®íâ®¬ã E2 «¥¦¨â ¨¦¥ E1.

�¥®à¥¬  4. �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï § ¯ á  (4:10) ¢ á¨áâ¥¬¥ (4:6) ¯¥à¢ë© ª®ªãà¥â ¢ë-

â¥áï¥â ¢â®à®£®.

� ª«îç¥¨¥

�à¨¢¥¤¥ ï ¢¥àá¨ï ¯®ïâ¨ï á¢®©áâ¢  � § ª«îç « áì ¢ ¢ë¯®«¥¨¨ áâà®£®£® ¥à ¢¥áâ¢ 
�(A) > 0, £¤¥ A | ¬ âà¨æ  ¨ � | £« ¤ª ï äãªæ¨ï. �¤ ª® ¥ª®â®àë¥ ï¢®  á«¥¤ã¥¬ë¥
á¢®©áâ¢  ¥¢ëà §¨¬ë ¢ â ª®© ä®à¬¥. � ¯à¨¬¥à, ¥á«¨ ¢ á¢®©áâ¢¥ � ¢ ¦ãî à®«ì ¨£à îâ ã«¥¢ë¥
í«¥¬¥âë â¨¯ : A | âà¥ã£®«ì ï ¬ âà¨æ  (¨ â. ¤.).

�®íâ®¬ã ¯à¥¤áâ ¢«ï¥â ¨â¥à¥á à §à ¡®âª  ¯à¨§ ª®¢  á«¥¤®¢ ¨ï, ª®£¤  á¢®©áâ¢® � § ¤ -
¥âáï ¥áâà®£¨¬ ¥à ¢¥áâ¢®¬ �(A) � 0. � íâ®¬ á«ãç ¥ àï¤ (£à®¬®§¤ª® ¤®ª §ë¢ ¥¬ëå) ãâ¢¥à-
¦¤¥¨© ¬®¦® á®¢á¥¬ ¯à®áâ® ãáâ ®¢¨âì. � ª, ¯à¨¢¥¤¥¬ £¨¯®â¥â¨ç¥áª®¥ ®¡®á®¢ ¨¥ «¥¬¬ë 3
® ¤¥©áâ¢¨¨ ¯ à ¬¥âà  ", a ¨¬¥®, à áè¨à¨¬ ¤¢ã¬¥àãî á¨áâ¥¬ã (4.4) ¤® âà¥å¬¥à®©

_x1 = x1f1(x1; x2; t); _x2 = x2f2(x1; x2; t; "); _" = 0:

� ãç¥â®¬ ª®ªãà¥æ¨¨ ¨ ®£à ¨ç¥¨ï (4.5) § ª®¢ ï áâàãªâãà  DL ¢ ¯à®áâà áâ¢¥ (x1; x2; ")
¨¬¥¥â ¢¨¤ S ¨§ (1.2). �®íâ®¬ã § ª®¢ ï áâàãªâãà  DP ¨¬¥¥â ¢¨¤ Z ¨§ (1.2). �®£« á® ¯®á«¥¤¥¬ã
áâ®«¡æã ¬ âà¨æë Z ãáâ  ¢«¨¢ ¥¬ âà¥¡ã¥¬®¥ @P1=@" > 0 ¨ @P2=@" < 0. B¥áì¬  ¯¥àá¯¥ªâ¨¢a
à §à ¡®âª  ¯à¨§ ª®¢  á«¥¤®¢ ¨ï ¢ ¤ ®© á¨âã æ¨¨.
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