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� áá¬®âà¨¬ ¤¢ã¬¥à®¥ á« ¡®á¨£ã«ïà®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ ¯¥à¢®£® à®¤  ¢¨¤ 

Ax � Kx+Rx � K1x+K2x+K12x+Rx = y; (1)

£¤¥ y = y(s; t) | ¨§¢¥áâ ï 2�-¯¥à¨®¤¨ç¥áª ï äãªæ¨ï, x = x(s; t) | ¨áª®¬ ï 2�-¯¥à¨®¤¨ç¥áª ï
äãªæ¨ï (0 � s; t � 2�); §¤¥áì Kix = Ki(x; s; t),

K1(x; s; t) = �
1
2�

Z 2�

0
ln
���� sin s� �

2

����x(�; t)d�;
K2(x; s; t) = �

1
2�

Z 2�

0

ln
���� sin t� �

2

����x(s; �)d�;
K12(x; s; t) =

1
4�2

Z 2�

0

Z 2�

0

ln
���� sin s� �

2

���� ln
���� sin t� �

2

����x(�; �)d� d�
| á« ¡®á¨£ã«ïàë¥ ¨â¥£à «ë, ¯®¨¬ ¥¬ë¥ ª ª ¥á®¡áâ¢¥ë¥,   R | ¢¯®«¥ ¥¯à¥àë¢ë©
®¯¥à â®à.

�¢¥¤¥¬ ¯à®áâà áâ¢  X ¨ Y ¨áª®¬ëå äãªæ¨© ¨ ¯à ¢ëå ç áâ¥© ãà ¢¥¨ï á«¥¤ãîé¨¬ ®¡à -
§®¬:

X = fx(s; t) 2 L2 : 9x
0
s; x

0
t 2 L2g;

Y = fy(s; t) 2 L2 : 9y
00
st 2 L2g;

£¤¥ L2 = L2[0; 2�]2. �®à¬ë ¢ ãª § ëå ¯à®áâà áâ¢ å § ¤ îâáï ¯® ¯à ¢¨«ã

kxkX = kxk2 + kx0sk2 + kx
0
tk2; x 2 X;

kykY = kyk2 + ky00stk2; y 2 Y;

£¤¥

kzk2 =
�

1
4�2

Z 2�

0

Z 2�

0

jz(s; t)j2ds dt
�1=2

| ®à¬  ¢ ¯à®áâà áâ¢¥ L2. �¨¦¥ ¢áî¤ã ç¥à¥§

ckj(z) =
1
4�2

Z 2�

0

Z 2�

0

z(s; t)e�i(ks+jt)ds dt; z 2 L1; k; j = 0;�1; : : : ;

¡ã¤¥¬ ®¡®§ ç âì ª®¬¯«¥ªáë¥ ª®íää¨æ¨¥âë �ãàì¥ äãªæ¨¨ z 2 L1 = L1[0; 2�]2.
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�¥®à¥¬  1. �¯¥à â®à K : X ! Y ¥¯à¥àë¢® ®¡à â¨¬. �¡à âë© ®¯¥à â®à ®¯à¥¤¥«ï¥âáï

¯® ä®à¬ã«¥

K�1(y; s; t) =
c00(y)

ln2 2 + 2 ln 2
� 2i

1X
jkj=1

sgn(k)ck0(y0s)e
iks

2 ln jkj+ ln2 + 1
�

� 2i
1X

jjj=1

sgn(j)c0j(y0t)e
ijt

2 ln jjj + ln2 + 1
� 4

1X
jkj=1

1X
jjj=1

sgn(kj)ckj(y00st)e
i(ks+jt)

2jkj + 2jjj+ 1
; y 2 Y; (2)

¯à¨ íâ®¬

kK�1k � 4; K�1 : Y ! X:

�®ª § â¥«ìáâ¢®. � ãá«®¢¨ïå â¥®à¥¬ë äãªæ¨¨ x 2 X ¨ y 2 Y ¬®¦® à §«®¦¨âì ¢ àï¤ë
�ãàì¥:

x(s; t) =
1X

k=�1

1X
y=�1

ckj(x)ei(ks+jt); y(s; t) =
1X

k=�1

1X
j=�1

ckj(y)ei(ks+jt):

�®£¤  ¨¬¥¥¬ (á¬.,  ¯à., [1])

K1(x; s; t) =
1X

k=�1

1X
j=�1

ckj(x)ck(g)e
i(ks+jt) ; (3)

K2(x; s; t) =
1X

k=�1

1X
j=�1

ckj(x)cj(g)ei(ks+jt) ; (4)

K12(x; s; t) =
1X

k=�1

1X
j=�1

ckj(x)ckj(g12)ei(ks+jt); (5)

£¤¥

g(�) = � ln
���� sin �2

����; g12(�; �) = ln
���� sin �2

���� ln
���� sin �2

����:
� ª ¨§¢¥áâ®,

cr(g) =

(
ln 2; r = 0;
1

2jrj
; r 6= 0;

ckj(g12) =

8>>>><
>>>>:

ln2 2; k = j = 0;
ln 2
2jkj

; k 6= 0; j = 0;
ln 2
2jjj
; k = 0; j 6= 0;

1
4jkj jjj

; k; j 6= 0:

�âáî¤  á ãç¥â®¬ «¨¥©®© ¥§ ¢¨á¨¬®áâ¨ á¨áâ¥¬ë äãªæ¨© fei(ks+jt)g ¨¬¥¥¬

ckj(x) =
ckj(y)

ckj(g12) + ck(g) + cj(g)
� ckj(x�):

�®«ì§ãïáì ¨§¢¥áâë¬¨ á®®â®è¥¨ï¬¨ ¤«ï ª®íää¨æ¨¥â®¢ �ãàì¥

ckj(') =
ckj( )
�k�j

;

£¤¥

 =

8>>>><
>>>>:

'; k = j = 0;

'0s; k 6= 0; j = 0;

'0t; k = 0; j 6= 0;

'00st; k; j 6= 0;

�r =

(
1; r = 0;

ir; r = �1;�2; : : : ;
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¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

x�(s; t) =
1X

k=�1

1X
j=�1

ckj(y)
ckj(g12) + ck(g) + cj(g)

ei(ks+jt) =
c00(y)

ln2 2 + 2 ln 2
+

+ 2
1X

jkj=1

jkjck0(y)eiks

2 ln jkj+ ln2 + 1
+ 2

1X
jjj=1

jjjc0j(y)eijt

2 ln jjj+ ln2 + 1
+ 4

1X
jkj=1

1X
jjj=1

jkj jjjckj (y)ei(ks+jt)

2jkj+ 2jjj + 1
=

=
c00(y)

ln2 2 + 2 ln 2
� 2i

1X
jkj=1

sgn(k)ck0(y0s)e
iks

2 ln jkj+ ln2 + 1
� 2i

1X
jjj=1

sgn(j)c0j(y0t)e
ijt

2 ln jjj + ln2 + 1
�

� 4
1X

jkj=1

1X
jjj=1

sgn(kj)ckj (y00st)e
i(ks+jt)

2jkj+ 2jjj + 1
= K�1(y; s; t):

�æ¥¨¬ ®à¬ã ®¯¥à â®à  K�1 ¢ à áá¬ âà¨¢ ¥¬ëå ¯à®áâà áâ¢ å. �«ï «î¡®£® z 2 X ¨¬¥¥¬

kKzkY = kKzk2 + k(Kz)00stk2 � k(K1z)00stk2 + k(K2z)00stk2 + k(K12z)00stk2 =

=
1
2
kI1z

0
tk2 +

1
2
kI2z

0
sk2 +

1
4
kI12zk2 �

1
4
(kz0tk2 + kz

0
sk2 + kzk2) =

1
4
kzkX ;

£¤¥

I1(x; s; t) =
1
2�

Z 2�

0

ctg
s� �

2
x(�; t)d�;

I2(x; s; t) =
1
2�

Z 2�

0
ctg

t� �

2
x(s; �)d�;

I12(x; s; t) =
1
4�2

Z 2�

0

Z 2�

0

ctg
s� �

2
ctg

t� �

2
x(�; t)d� d�

| á¨£ã«ïàë¥ ¨â¥£à «ë, ¯®¨¬ ¥¬ë¥ ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï ¯® �®è¨{�¥¡¥£ã, ¯à¨ç¥¬
(á¬.,  ¯à., [2]) kI1k = 1, kI2k = 1, kI12k = 1, Ik : L2 ! L2 (k = 1; 2; 12).

�§ ¤®ª § ëå á®®â®è¥¨© á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â «¥¢ë© ®¡à âë© ®¯¥à â®à K�1
` : Y ! X

¨ ® ®£à ¨ç¥ kK�1
` k � 4.

�ãé¥áâ¢®¢ ¨¥ ¯à ¢®£® ®¡à â®£® ®¯¥à â®à  á«¥¤ã¥â ¨§ ä®à¬ã«ë (2).

�«¥¤áâ¢¨¥. �ãáâì ®¯¥à â®à

R(x; s; t) =
1
4�2

Z 2�

0

Z 2�

0

h(s; t; �; �)x(�; �)d� d�; R : X ! Y;

¢¯®«¥ ¥¯à¥àë¢¥. �á«¨ ®¤®à®¤®¥ ãà ¢¥¨¥, á®®â¢¥âáâ¢ãîé¥¥ ãà ¢¥¨î (1), ¨¬¥¥â â®«ìª®
ã«¥¢®¥ à¥è¥¨¥, â® ®¯¥à â®à K : X ! Y ¥¯à¥àë¢® ®¡à â¨¬.

� ¬¥ç ¨¥. �«ï ¯®«®© ¥¯à¥àë¢®áâ¨ ®¯¥à â®à  R : X ! Y ¤®áâ â®ç®,  ¯à¨¬¥à, çâ®-
¡ë h(s; t; �; �) 2 L2 ¯® ¯¥à¥¬¥ë¬ � ¨ � , h(s; t; �; �) 2 C[0; 2�]2 ¨ áãé¥áâ¢®¢ «  h00st 2 L2 ¯®
¯¥à¥¬¥ë¬ s ¨ t.

�à¨¡«¨¦¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ âà¨£®®¬¥âà¨ç¥áª®£® ¬®£®ç«¥ 

xnm(s; t) =
nX

k=�n

mX
j=�m

�kje
i(ks+jt); n;m 2 N; (6)

ª®íää¨æ¨¥âë ª®â®à®£® ®¯à¥¤¥«¨¬ ¬¥â®¤®¬ � «�¥àª¨ 

cr`(Axnm) = cr`(y); r = �n; n; ` = �m;m: (7)
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� á¨«ã (3){(5) ¤«ï í«¥¬¥â®¢ (6) ¨¬¥¥¬

K1(xnm; s; t) =
nX

k=�n

mX
j=�m

�kjck(g)ei(ks+jt) ;

K2(xnm; s; t) =
nX

k=�n

mX
j=�m

�kjcj(g)e
i(ks+jt) ;

K12(xnm; s; t) =
nX

k=�n

mX
j=�m

�kjckj(g12)e
i(ks+jt):

�®íâ®¬ã ãá«®¢¨ï (7) íª¢¨¢ «¥âë á«¥¤ãîé¥© á¨áâ¥¬¥ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©
(����):

�r`fcr`(g12) + cr(g) + c`(g)g +
nX

k=�n

mX
j=�m

�kjhkjr` = cr`(y); r = �n; n; ` = �m;m; (8)

£¤¥

hkjr` =
1
4�2

Z 2�

0

Z 2�

0

Z 2�

0

Z 2�

0

h(s; t; �; �)ei(k�+j��rs�`t)d� d� ds dt:

�¡®§ ç¨¬ ç¥à¥§ Enm(z)2  ¨«ãçè¥¥ áà¥¤¥ª¢ ¤à â¨ç¥áª®¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨
z(s; t) 2 L2 ¬®£®ç«¥ ¬¨ ¢¨¤  (6). �¥à¥§ Xnm � X ¨ Ynm � Y ¡ã¤¥¬ ®¡®§ ç âì ¬®¦¥áâ¢®
¢á¥å âà¨£®®¬¥âà¨ç¥áª¨å ¬®£®ç«¥®¢ ¢¨¤  (6),  ¤¥«¥®¥ ®à¬ ¬¨ ¯à®áâà áâ¢ á®®â¢¥âáâ¢¥-
® X ¨ Y .

�¥®à¥¬  2. �ãáâì ï¤à® h(s; t; �; �) â ª®¢®, çâ® ®¯¥à â®à R : X ! Y ¢¯®«¥ ¥¯à¥àë¢¥.

�á«¨ ãà ¢¥¨¥ (1) ®¤®§ ç® à §à¥è¨¬® ¢ ¯à®áâà áâ¢¥ X ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ y 2 Y ,

â® ¯à¨ ¢á¥å n � n0, m � m0 ���� (8) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ��kj , k = �n; n, j = �m;m.
�à¨¡«¨¦¥ë¥ à¥è¥¨ï x�nm(s; t) (â. ¥. (6) ¯à¨ �kj = ��kj) áå®¤ïâáï ª â®ç®¬ã à¥è¥¨î x�(s; t)
á® áª®à®áâìî

kx� � x�nmk2 = OfEnm((Kx�)00st)2g:

�®ª § â¥«ìáâ¢®. ���� (8) íª¢¨¢ «¥â  «¨¥©®¬ã ®¯¥à â®à®¬ã ãà ¢¥¨î

Anmxnm � �nmAxnm = �nmy (xnm 2 Xnm; �nmy 2 Ynm);

£¤¥

�nm(z; s; t) =
nX

r=�n

mX
`=�m

cr`(z)ei(rs+`t)ds dt:

� ª ª ª �2
nm = �nm, â® �nmKixnm = Kixnm (i = 1; 2; 12) ¤«ï «î¡®£® xnm 2 Xnm ¨ ���� (8)

íª¢¨¢ «¥â  ®¯¥à â®à®¬ã ãà ¢¥¨î

Anmxnm � K1xnm +K2xnm +K12xnm +�nmRxnm = �nmy (xnm 2 Xnm; y 2 Ynm): (9)

�§ ãà ¢¥¨© (1) ¨ (9) ¤«ï «î¡®£® xnm 2 Xnm  å®¤¨¬

kAxnm �AnmxnmkY = kRxnm � �nmRxnmkY = kxnmkXkRznm � �nmRznmkY �

� kxnmkX supfk'� �nm'kY : ' 2 R�g; znm =
xnm

kxnmk
; (10)

£¤¥ � =�(0; 1) | ¥¤¨¨çë© è à ¯à®áâà áâ¢  X.
�«ï «î¡®£® ' 2 Y á ãç¥â®¬ k�nmk = 1, �nm : L2 ! L2, ¨¬¥¥¬

k�nm'kY = k�nm'k2 + k�nm'
00
stk2 � k'k2 + k'

00
stk2 = k'kY ;

â. ¥. k�nmk � 1, �nm : Y ! Y . � â ª ª ª �2
nm = �nm, â®

k�nmk = 1; �nm : Y ! Y:
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�à®¬¥ â®£®, ¤«ï «î¡®£® ' 2 Y  å®¤¨¬

k'� �nm'kY = k'� �nm'k2 + k'
00
st ��nm'

00
stk2 = Enm(')2 +Enm('

00
st)2: (11)

� ª ª ª

Enm(')2 �
Enm('00st)2

(n+ 1)(m+ 1)
; ' 2 Y; n+ 1;m+ 1 2 N;

â® ¨§ (11) ¤«ï «î¡®£® ' 2 Y ¯®«ãç ¥¬ á®®â®è¥¨ï

Enm('00st)2 � k'� �nm'kY � 2Enm('00st)2 ! 0 ¯à¨ n;m!1: (12)

� ª ª ª ®¯¥à â®à R : X ! Y ¢¯®«¥ ¥¯à¥àë¢¥, â® ¬®¦¥áâ¢® R� ª®¬¯ ªâ® ¢ ¯à®áâà -
áâ¢¥ Y . �®íâ®¬ã ¨§ (12) ¢ á¨«ã ¨§¢¥áâëå à¥§ã«ìâ â®¢ (á¬.,  ¯à., [3]) á«¥¤ã¥â

"0nm � supfk'� �nm'kY : ' 2 R�g ! 0 ¯à¨ n;m!1:

�âáî¤  ¨ ¨§ (10) ¯®«ãç ¥¬ ®æ¥ªã

"nm � kA�AnmkXnm!Y � "0nm ! 0 ¯à¨ n;m!1; (13)

£¤¥ "0nm = 0 ¯à¨ R = 0.
� á¨«ã (12) ¤«ï ¯à ¢ëå ç áâ¥© ãà ¢¥¨© (1) ¨ (9) á¯à ¢¥¤«¨¢  ®æ¥ª 

�nm � ky � �nmykY ! 0 ¯à¨ n;m!1: (14)

� ãá«®¢¨ïå â¥®à¥¬ë ®¯¥à â®à K : X ! Y ¥¯à¥àë¢® ®¡à â¨¬. � ª¨¬ ®¡à §®¬, ¢ á¨«ã (13)
¨ (14) ¤«ï ãà ¢¥¨© (1) ¨ (9) ¢ë¯®«¥ë ¢á¥ ãá«®¢¨ï â¥®à¥¬ 2.1 ¨ 2.2 ([1], á. 17{18). �®£¤  ¯à¨
¢á¥å n � n0, m � m0 ���� (8) ®¤®§ ç® à §à¥è¨¬ , ¨ ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï x�nm áå®¤ïâáï
ª â®ç®¬ã à¥è¥¨î x� á® áª®à®áâìî

kx� � x�nmk2 = OfEnm((Kx�)st)2g:

�¨â¥à âãà 
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