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�  ï à ¡®â  ï¢«ï¥âáï ¢â®à®© ç áâìî à ¡®âë [1], ¢ ª®â®à®© ¨§ãç «¨áì ãá«®¢¨ï â®ç®©
¨¢ à¨ â®áâ¨ ãà ¢¥¨©, ®¯¨áë¢ îé¨å ¤¨ ¬¨ªã ¯®¢¥àå®áâ¨ ¥ìîâ®®¢áª®© ¦¨¤ª®áâ¨ á
à¥®«®£¨ç¥áª¨¬ § ª®®¬ �áâ¢ «ì¤ -¤¥ �¨«ï. �¤¥áì á ¯®¬®éìî ¬¥â®¤®¢ ª ç¥áâ¢¥®© â¥®à¨¨ ¤¨-
 ¬¨ç¥áª¨å á¨áâ¥¬ [2] ¨§ãç îâáï ¨¢ à¨ âë¥ à¥è¥¨ï íâ¨å ãà ¢¥¨©, ¯à®¤¥¬®áâà¨à®¢ ®
¨ ¯à¨¬¥¥¨¥ ¯®«ãç¥ëå à¥§ã«ìâ â®¢ ª ç¥áâ¢¥®£®   «¨§  ¤«ï à¥è¥¨ï ªà ¥¢ëå § ¤ ç á
¨¢ à¨ âë¬¨ à¥è¥¨ï¬¨. �®åà ¥ë ¢á¥ ®¡®§ ç¥¨ï ¨§ [1], ã¬¥à æ¨ï à §¤¥«®¢ ¨ ä®à¬ã«
¯à®¤®«¦ ¥â ¯à¨ïâãî â ¬ ã¬¥à æ¨î.

4. �à¨¬¥¨¬ ¬¥â®¤¨ªã ª ç¥áâ¢¥®£® ¨áá«¥¤®¢ ¨ï ¤¨ ¬¨ç¥áª¨å á¨áâ¥¬   ¯«®áª®áâ¨ (á¬.
[2], £¤¥ â ª¦¥ ¯à¨¢¥¤¥® ¬®£® ¯à¨¬¥à®¢; ¤àã£¨¥ ¯à¨¬¥àë ¨¬¥îâáï,  ¯à., ¢ [3] ¨ [4]) ª ãà ¢¥¨î
(2.17). � íâ®© æ¥«ìî ¥®¡å®¤¨¬® ¨áá«¥¤®¢ âì ¥£® ®á®¡ë¥ â®çª¨, ¨§®ª«¨ã ã«ï ¨ ¡¥áª®¥ç®áâ¨,
 á¨¬¯â®â¨ªã ¨â¥£à «ìëå ªà¨¢ëå ¢ ®ªà¥áâ®áâ¨ ®á®¡ëå â®ç¥ª ¨   ¡¥áª®¥ç®áâ¨. �¡®§ ç¨¬
V = d2�pd1. �á«¨ (d1; d2) =2 V = 0, â® ¨¬¥¥¬ ¤¢¥ ª®¥çë¥ ®á®¡ë¥ â®çª¨: O(0; 0) ¨ T (z1; 0), z

2n+1
1 =

�rp�nd2. � ¯®¬®éìî áâ ¤ àâ®© ¬¥â®¤¨ª¨ ¨áá«¥¤®¢ ¨ï ®á®¡ëå â®ç¥ª [2]  å®¤¨¬ O(0; 0) |
á«®¦ë© á¥¤«®-ã§¥« á ¥ãáâ®©ç¨¢ë¬ ã§«®¢ë¬ á¥ªâ®à®¬, ¨â¥£à «ìë¥ ªà¨¢ë¥ ¢ëå®¤ïâ ¨§ â®çª¨
O ¢  ¯à ¢«¥¨¨ á ã£«®¢ë¬ ª®íää¨æ¨¥â®¬ k = �d2=d1. � á«ãç ¥ (d1; d2) 2 V = 0 ®á®¡ ï â®çª 
¨áç¥§ ¥â,   ãà ¢¥¨¥ (2.17) ¯à¨¨¬ ¥â ¢¨¤

dy

dz
=
P1(z; y)
Q1(z; y)

;

P1 = y[(n+ 2)zn+1wn�1 + npzn+2wn�2] + r�1zn+2wn�1 + d1;

Q1 = �nyzn+2wn�2; w = y + pz:

�¡®§ ç¨¬

an =
(7n2 + 10n+ 4)r

p(2n+ 1)2
; bn =

nrq

p
; �1;2 = (an � 2

p
bn )q

�1 > 0:

�ã¤¥¬ ¨¬¥âì T | ¯à®áâ®© ã§¥«, ¥á«¨ d1
d2
< �2 ¨«¨ d1

d2
> �1, T | ¯à®áâ®© ä®ªãá ¯à¨ �2 < d1

d2
< �1.

�à ¥ªâ®à¨¨ ¢å®¤ïâ (¢ëå®¤ïâ) ¢ ã§¥« ¢  ¯à ¢«¥¨ïå á ã£«®¢ë¬¨ ª®íää¨æ¨¥â ¬¨

K1;2 = (2bn)
�1

�
d1
d2
q � an �

q
(an � d1

d2
q)2 � 4bn

�
; 0 > K1 > K2:

�  ¡¥áª®¥ç®áâ¨ ¨¬¥¥¬ ¯à®áâ®¥ á¥¤«® ¢  ¯à ¢«¥¨¨ á ã£«®¢ë¬ ª®íää¨æ¨¥â®¬ K3 = � 1
2(n+1)r

¨ á«®¦ë¥ ã§«ë ¢  ¯à ¢«¥¨¨ ¯àï¬®© z = 0 ¨ w = 0. �à¨ ¨áá«¥¤®¢ ¨¨ ¢¥â¢¥© ¨§®ª«¨ë ã«ï
( «£¥¡à ¨ç¥áª ï ªà¨¢ ï P (z; y) = 0) ¥®¡å®¤¨¬® ãç¨âë¢ âì, çâ® ®  ¯¥à¥á¥ª ¥â ª®®à¤¨ âë¥
®á¨ (¢ á«ãç ¥ (d1; d2) =2 V = 0) «¨èì ¢ â®çª å O ¨ T ¨ ¥ ¯¥à¥á¥ª ¥â ¢ â®çª å, ®â«¨çëå ®â O,
¯àï¬ãî w = 0. �¥â¢¨ ¨§®ª«¨ë ¡¥áª®¥ç®áâ¨ | ¯àï¬ë¥ z = 0, y = 0, w = 0.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ ò00-01-00128).
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�¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® ¯ à ¬¥âà¨ç¥áª ï ¯«®áª®áâì d1, d2 à §¡¨¢ ¥âáï   àï¤ ®¡« áâ¥©,
®£à ¨ç¥ëå ¡¨äãàª æ¨®ë¬¨ ªà¨¢ë¬¨, ¯à¨ç¥¬ ¤«ï â®ç¥ª (d1; d2), ¯à¨ ¤«¥¦ é¨å ®¤®© ¨
â®© ¦¥ ®¡« áâ¨, ª ç¥áâ¢¥®¥ ¯®¢¥¤¥¨¥ ¨â¥£à «ìëå ªà¨¢ëå ®¤® ¨ â® ¦¥,   ¤«ï â®ç¥ª (d1; d2)
¨§ à §ëå ®¡« áâ¥© à §«¨ç®. �«ï ãà ¢¥¨ï (2.17) ¡¨äãàª æ¨®ë¬¨ ªà¨¢ë¬¨ ï¢«ïîâáï ¯àï-
¬ë¥ V = 0, d1 = 0, d2 = 0, d1 � �1d2 = 0, d1 � �2d2 = 0.

�à¨¢¥¤¥¬ à¥§ã«ìâ âë ª ç¥áâ¢¥®£®   «¨§  ¨â¥£à «ìëå ªà¨¢ëå ãà ¢¥¨ï (2.17) ¢ á«ã-
ç ¥

(d1; d2) 2 A1 = f(d1; d2) : V > 0; d1 > 0; d2 > 0; d1 � �1d2 > 0g:
�á¨¬¯â®â¨ª  ¢¥â¢¥© ¨§®ª«¨ë ã«ï ¨¬¥¥â ¢¨¤

y1 � �d2z
d1

; z ! 0; y2 � �
�

d1
n+ 2

�1=n

z�
n+1

n ; z ! 0;

w(y3; z) � �
�
V

nq2

� 1
n�1

z�
n+2

n�1 ; z ! +1;

y4;5 � m1;2z; z ! �1; m1;2 = �2n
2 + 11n+ 8�p4n4 + 24n3 + 57n2 + 32n

2p
q2;

m2 < �p < m1 < 0:

� ¯®¬®éìî íâ¨å  á¨¬¯â®â¨ª ¨ á¤¥« ®£® ¢ëè¥ § ¬¥ç ¨ï ® â®çª å ¯¥à¥á¥ç¥¨ï ¨§®ª«¨ë ã«ï
á ª®®à¤¨ âë¬¨ ®áï¬¨ ¨ ¯àï¬®© w = 0 ¥âàã¤® § ª«îç¨âì, çâ® ¢ ¤ ®¬ á«ãç ¥ (d1; d2) 2 A1

¢®§¬®¦ë «¨èì âà¨ á«ãç ï à á¯®«®¦¥¨ï ¢¥â¢¥© ¨§®ª«¨ë ã«ï, ¨§®¡à ¦¥ëå á®®â¢¥âáâ¢¥-
®   à¨á. 1{3. �à®¨§¢®¤ ï dy

dz
¢ á¨«ã ãà ¢¥¨ï (2.17) ¬¥ï¥â § ª, «¨èì ª®£¤  ¨â¥£à «ì ï

ªà¨¢ ï ¯¥à¥á¥ª ¥â ¢¥â¢ì ¨§®ª«¨ë ã«ï ¨«¨ ¡¥áª®¥ç®áâ¨ (ªà®¬¥ ¯àï¬®© w = 0, â. ª. n ¥-
ç¥â®). �  à¨á. 1{3 ãª § ë § ª¨ dy

dz
¢ ª ¦¤®© ¨§ ®¡« áâ¥©,   ª®â®àë¥ íâ¨ ¢¥â¢¨ à §¡¨¢ îâ

¯«®áª®áâì z, y.

�¨á. 1 �¨á. 2

�â¬¥â¨¬  á¨¬¯â®â¨ªã ¨â¥£à «ìëå ªà¨¢ëå ¯à¨ z ! 0 ¨ z !1:
1) ¯ãç®ª á  á¨¬¯â®â¨ª®© y � Az�

n+2

n , z ! 0, A «î¡®¥;
2) ¨â¥£à «ì ï ªà¨¢ ï á  á¨¬¯â®â¨ª®© y � �d1=n1 z�

n+1

n , z ! 0;
3) ¯ãç®ª á  á¨¬¯â®â¨ª®© w(y; z) � Bz�

n�1

n+2 , z ! �1, B «î¡®¥;
4) ¨â¥£à «ì ï ªà¨¢ ï á  á¨¬¯â®â¨ª®© w(y; z) � �(V

2
)1=nz�

n+1

n , z ! �1.
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�¡ê¥¤¨¨¢ ¢á¥ ¯®«ãç¥ë¥ à¥§ã«ìâ âë, â¥¯¥àì ¥âàã¤® ®¯¨á âì ª ç¥áâ¢¥®¥ ¯®¢¥¤¥¨¥
¨â¥£à «ìëå ªà¨¢ëå ãà ¢¥¨ï (2.17) ¢ á«ãç ¥ (d1; d2) 2 A1. �ª §ë¢ ¥âáï, çâ® íâ® ¯®¢¥¤¥¨¥
®¤® ¨ â® ¦¥ ¥§ ¢¨á¨¬® ®â ¢®§¬®¦®£® à §«¨ç¨ï ¢ à á¯®«®¦¥¨¨ ¢¥â¢¥© ¨§®ª«¨ë ã«ï (à¨á. 1{
3). �® ¯à¨¢¥¤¥®   à¨á. 4.

�¨á. 3 �¨á. 4

�à¨¢¥¤¥¬ ¯à¨¬¥à ¯à¨¬¥¥¨ï à¥§ã«ìâ â®¢ ª ç¥áâ¢¥®£® ¨áá«¥¤®¢ ¨ï. � áá¬®âà¨¬ ®¡« áâì

D = f(x; t) : x1(t) < x < x0(t)g;
x1 = C�1

2 �3("�1�1 � '�02); x0 = �3(J0 + C�1
2 ("�1�1 � '�02)):

(4.1)

�ã¤¥¬ ¨áª âì ¢ ®¡« áâ¨ D à¥è¥¨¥ ãà ¢¥¨ï (2.1) á äãªæ¨¥©  (2.12), ã¤®¢«¥â¢®àïîé¥¥
£à ¨çë¬ ãá«®¢¨ï¬

u
��
x=x1(t)

= �4; u
��
x=x0(t)

= 0; u2�n
��
x=x0(t)

= 0 (4.2)

(x0(t) | «¨¨ï äà®â  à¥è¥¨ï). �¨¨î äà®â  ¡ã¤¥¬ áç¨â âì ¥¨§¢¥áâ®© (á«¥¤®¢ â¥«ì®,
¥¨§¢¥áâ® § ç¥¨¥ J0 > 0, ®® ¤®«¦® ¡ëâì ®¯à¥¤¥«¥® ¢ ¯à®æ¥áá¥ à¥è¥¨ï ¯®áâ ¢«¥®©
§ ¤ ç¨, ª®â®à ï â¨¯¨ç  ¤«ï ¤¨ ¬¨ª¨ ¥ìîâ®®¢áª®© ¦¨¤ª®áâ¨). �¥è¥¨¥ ¡ã¤¥¬ ¨áª âì ¢
¢¨¤¥ (2.4), (2.5) (¨¬¥® á íâ®© æ¥«ìî ¢ë¡à «¨ £à ¨æãD ¢ ¢¨¤¥ (4.1)). �«ï äãªæ¨¨ �1 ¯®«ãç¨¬
ãà ¢¥¨¥ (2.13) ¨ £à ¨çë¥ ãá«®¢¨ï

�1
��
J=0

= 1; �1
��
J=J0

= 0; �n+2
1 �01

n
��
J=J0

= 0: (4.3)

�®áâà®¨¬ ¬®®â®® ã¡ë¢ îé¥¥ ¯® J à¥è¥¨¥ �1 íâ®© § ¤ ç¨ (â. ¥. ¬®®â®® ã¡ë¢ îé¥¥ ¯®
x à¥è¥¨¥ u(x; t) £à ¨ç®© § ¤ ç¨ (2.1), (4.2)). � íâ®© æ¥«ìî à áá¬®âà¨¬ ®¤®¯ à ¬¥âà¨ç¥áª®¥
á¥¬¥©áâ¢® �1(J; J0) (¯ à ¬¥âà á¥¬¥©áâ¢  ®¡®§ ç¨¬ ç¥à¥§ J0 > 0), ¯®à®¦¤¥®¥ ¨â¥£à «ì®©
ªà¨¢®© L ãà ¢¥¨ï (2.17) á  á¨¬¯â®â¨ª®©

y � �d1=n1 z�
n+1

n ; z ! 0; w(y; z) � �
�
V

2

�1=n

z�
n+1

n ; z !1: (4.4)
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� ãç¥â®¬ ãà ¢¥¨ï J�1dJ = y�1dz, á®®â®è¥¨© �1 = Jpz, �01 = J�(n�1)qw ¨  á¨¬¯â®â¨ª¨ (4.4)
¯à¨ z ! 0 ¯®«ãç¨¬

�1 � Cn(J0 � J)nq; �01 � �nqCn(J0 � J)�(n+1)q; (4.5)

Cn =
�
1
nq
(d1J

2
0 )

1=n

�nq

; J ! J0 � 0:

�¨á. 5 �¨á. 6

�¨á. 7 �¨á. 8

�§ (4.5) á«¥¤ã¥â, çâ® äãªæ¨ï �1 ã¤®¢«¥â¢®àï¥â £à ¨çë¬ ãá«®¢¨ï¬ ¯à¨ J = J0. � «®£¨ç®,
á ¯®¬®éìî  á¨¬¯â®â¨ª¨ (4.4) ¤«ï w ¯à¨ z ! 1 ¡¥§ âàã¤   å®¤¨¬, çâ® z � ( J

J1
)�p, J ! 0,

£¤¥ J1 = J1(J0) > 0 ï¢«ï¥âáï ®¤®§ ç®© äãªæ¨¥© ¯ à ¬¥âà  J0 ¨ ¬®¦¥â ¡ëâì ¯à¨ ª ¦¤®¬
§ ¤ ®¬ § ç¥¨¨ J0 > 0 ®¯à¥¤¥«¥® ç¨á«¥®. �®«ãç ¥¬ �1(0) = Jp

1 . �à ¨ç®¥ ãá«®¢¨¥ (4.3)
¢ â®çª¥ J = 0 ¡ã¤¥â ¢ë¯®«¥®, ¥á«¨ â¥¯¥àì J0 ®¯à¥¤¥«¨âì ¨§ ãà ¢¥¨ï J1(J0) = 1. �®áâà®¥®¥
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à¥è¥¨¥ �1 ¬®®â®® ã¡ë¢ ¥â ¯® J , â. ª. ªà¨¢ ï L ¯à¨ ¤«¥¦¨â á¥ªâ®àã, ¢ ª®â®à®¬ w,   ¢¬¥áâ¥ á
¨¬ �01, ®âà¨æ â¥«ìë. �¬¥áâ¥ á �1 ¬®®â®® ã¡ë¢ ¥â ¯® x ¨ à¥è¥¨¥ u(x; t) £à ¨ç®© § ¤ ç¨
(4.2) ¤«ï ãà ¢¥¨ï (2.1). �â¬¥â¨¬, çâ® £à ¨ç®¥ ãá«®¢¨¥ (4.2)   äà®â¥ ¬®¦® § ¬¥¨âì
ãá«®¢¨¥¬ u(1; t) = 0, u2�n

��
x=1

= 0, â®£¤  á«¥¤ã¥â ¯à¨ x � x0(t) ¯®«®¦¨âì u = 0.

� ¬¥ç ¨¥ 1. �«ï ¯®â®ª  u2�n ¯®«ãç ¥¬ u2�n
��
x=x1

= 0.

� ¬¥ç ¨¥ 2. �à¨¬¥àë à¥è¥¨ï £à ¨ç®© § ¤ ç¨ (2.1), (4.2) á ®â«¨çë¬ ®â ã«ï ¯®â®ª®¬
u2�n ¯à¨ x = x0(t) (  äà®â¥) ¬®¦® ¯®«ãç¨âì á ¯®¬®éìî à¥è¥¨© ãà ¢¥¨ï (2.1), ¯®à®¦¤¥-
ëå ¨â¥£à «ìë¬¨ ªà¨¢ë¬¨ ãà ¢¥¨ï (2.17), ¯à¨ ¤«¥¦ é¨¬¨ á¥¬¥©áâ¢ã L1 (á¬. à¨á. 4).

� á«ãç ¥ (d1; d2) 2 A2 = f(d1; d2) : V > 0; d1 > 0; d2 > 0; d1 � �2d2 < 0g ª ç¥áâ¢¥®¥
¯®¢¥¤¥¨¥ ¨â¥£à «ìëå ªà¨¢ëå á®åà ï¥âáï,   ¥á«¨ (d1; d2) 2 A3 = f(d1; d2) : V > 0, d1 > 0,
d2 > 0, d1 � �1d2 < 0, d1 � �2d2 > 0g, â® ã§¥« T ¯à¥¢à é ¥âáï ¢ ä®ªãá ¨ ¨â¥£à «ìë¥ ªà¨¢ë¥
§ ªàãç¨¢ îâáï ¢®ªàã£ ¥£®, ¢ ®áâ «ì®¬ ¢á¥ ®áâ ¥âáï ¡¥§ ¨§¬¥¥¨©. � áá¬®âà¨¬ â¥¯¥àì á«ãç ©
(d1; d2) 2 B1 = f(d1; d2) : d1 < 0, d2 > 0g. �¥§ã«ìâ âë ¨áá«¥¤®¢ ¨ï ¢¥â¢¥© ¨§®ª«¨ë ã«ï ¤«ï
íâ®£® á«ãç ï ¯à¥¤áâ ¢«¥ë   à¨á. 5,   ª ç¥áâ¢¥®£® ¯®¢¥¤¥¨ï ¨â¥£à «ìëå ªà¨¢ëå |  
à¨á. 6.

�  à¨á. 7, 8 ¯à¥¤áâ ¢«¥ë à¥§ã«ìâ âë ¨áá«¥¤®¢ ¨ï ¢¥â¢¥© ¨§®ª«¨ë ã«ï ¨ ¨â¥£à «ìëå
ªà¨¢ëå ¢ á«ãç ¥ (d1; d2) 2 B2 = f(d1; d2) : d1 > 0, d2 < 0g.

� «®£¨ç® ¬®¦® à áá¬®âà¥âì ¨ ®áâ «ìë¥ á«ãç ¨ (¢ â®¬ ç¨á«¥ ¨ â¥, ª®£¤  â®çª  (d1; d2)
¯à¨ ¤«¥¦¨â ®¤®© ¨§ ¡¨äãàª æ¨®ëå ¯àï¬ëå).
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