
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2003 ���������� ò 9 (496)

��� 515.124

�.�. �����

� ��������� N-����� ������������ ���������

�������� �������� � ����������� �����������

������������

� á¯¥æ¨ «ì­®¬ ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ ¯®«ãç¥­ë ®¡®¡é¥­¨ï ­¥ª®â®àëå à¥§ã«ìâ â®¢
�.�.�¥«®¡à®¢  [1], [2] ¨ �.�. � àª ¢¨ [3] ® ­ ¨«ãçè¨å N -á¥âïå ­¥¯ãáâëå ®£à ­¨ç¥­­ëå § ¬ª­ã-
âëå ¢ë¯ãª«ëå ¬­®¦¥áâ¢ ¢ £¨«ì¡¥àâ®¢®¬ ¨ ¢ á¯¥æ¨ «ì­®¬ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢ å.

1. �¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥­¨ï ¨ â¥®à¥¬ë

�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï ¨ ®¯à¥¤¥«¥­¨ï:
B(X) | ¬­®¦¥áâ¢® ¢á¥å ­¥¯ãáâëå ®£à ­¨ç¥­­ëå ¬­®¦¥áâ¢ ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢ 

(X; �);
[x; y] | á¥£¬¥­â á ª®­æ ¬¨ x, y (â. ¥. ®¡à § ­¥¯à¥àë¢­®© ªà¨¢®©, ¤«¨­  ª®â®à®© à ¢­  à á-

áâ®ï­¨î ¬¥¦¤ã ¥¥ ª®­æ ¬¨ ([4], c. 42));
�[x;W ] = inf

y2W
�[x; y];

B[x; r] | § ¬ª­ãâë© è à á æ¥­âà®¬ ¢ â®çª¥ x 2 X à ¤¨ãá  r � 0;
�[M;W ] = sup

x2M

�[x;W ] | ¯®«ã®âª«®­¥­¨¥ ¬­®¦¥áâ¢  M 2 B(X) ®â ¬­®¦¥áâ¢  W � X [5];

� : B(X) � B(X) ! R, �[M;W ] = maxf�[M;W ];�[W;M ]g | ¯á¥¢¤®¬¥âà¨ª  � ãá¤®àä  ­ 
¬­®¦¥áâ¢¥ B(X) ([6], á. 223);

�N(X) | ¬­®¦¥áâ¢® ¢á¥å ­¥¯ãáâëå N -á¥â¥©, á®áâ®ïé¨å ­¥ ¡®«¥¥ ç¥¬ ¨§ N â®ç¥ª ¯à®áâà ­-
áâ¢  X [7].

�á«¨ M \B[x; �[x;M ]] 6= ; ¤«ï ª ¦¤®£® x 2 X, â® PM : X ! B(X), PM [x] =M \B[x; �[x;M ]]
­ §ë¢ ¥âáï ®¯¥à â®à®¬ ¬¥âà¨ç¥áª®£® ¯à®¥ªâ¨à®¢ ­¨ï [5]. � ¤ «ì­¥©è¥¬ ¢¬¥áâ®

S
x2W

PM [x] ¡ã¤¥¬

¯¨á âì PM [W ], £¤¥ W � X.
�ãáâì � | á¥¬¥©áâ¢® ­¥¯ãáâëå ¯®¤¬­®¦¥áâ¢ ¢ X. �­®¦¥áâ¢® S� 2 � ­ §ë¢ ¥âáï ­ ¨«ãçè¨¬

 ¯¯à®ªá¨¬¨àãîé¨¬ ¬­®¦¥áâ¢®¬ ¨§ á¥¬¥©áâ¢  � ¤«ï ¬­®¦¥áâ¢  M 2 B(X), ¥á«¨ �[M;S�] =
R�[M ], £¤¥ R�[M ] = inff�[M;S] : S 2 �g ([8], c. 15).

� ¤¨ãá®¬ ¯®ªàëâ¨ï ¬­®¦¥áâ¢ M 2 B(X) N -á¥âìî SN 2 �N ­ §ë¢ ¥âáï ç¨á«® �[M;SN ] [7].
N -á¥âì S�N ­ §ë¢ ¥âáï ­ ¨«ãçè¥© N -á¥âìî ¬­®¦¥áâ¢  M 2 B(X), ¥á«¨ �[M;S�N ] = RN [M ], £¤¥
RN [M ] = inff�[M;SN ] : SN 2 �Ng [7]. � ç áâ­®áâ¨, ­ ¨«ãçè ï 1-á¥âì ­ §ë¢ ¥âáï ç¥¡ëè¥¢áª¨¬
æ¥­âà®¬,   ç¨á«® R1[M ] | ç¥¡ëè¥¢áª¨¬ à ¤¨ãá®¬ ¬­®¦¥áâ¢  M 2 B(X) [7].

� ¤ «ì­¥©è¥¬ ­  ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ¡ã¤¥¬ ­ « £ âì ­¥ª®â®àë¥ ¨§ á«¥¤ãîé¨å
ãá«®¢¨©.

�á«®¢¨¥ 1. �«ï «î¡ëå ¤¢ãå à §«¨ç­ëå â®ç¥ª ¨§ X ­ ©¤¥âáï ¥¤¨­áâ¢¥­­ ï ¯àï¬ ï (®¡à §
¬­®¦¥áâ¢  ¢á¥å ¢¥é¥áâ¢¥­­ëå ç¨á¥« á® áâ ­¤ àâ­®© ¬¥âà¨ª®© ¯à¨ ¨§®¬¥âà¨ç¥áª®¬ ®â®¡à ¦¥­¨¨
¢ ¯à®áâà ­áâ¢® (X; �) ([4], c. 52)), á®¤¥à¦ é ï íâ¨ â®çª¨.

�á«®¢¨¥ 2. �«ï «î¡ëå x, y, p ¨§ X ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® 2�[![p; x]; ![p; y]] � �[x; y], £¤¥
![p; x] | á¥à¥¤¨­  á¥£¬¥­â  [p; x] ([4], c. 304).

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 00-01-00308.
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�á«®¢¨¥ 3. �«ï ª ¦¤®£® r > 0 ¨ ¤«ï «î¡ëå ®£à ­¨ç¥­­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© (pn),
(xn), (yn) ¯à®áâà ­áâ¢  X, ã¤®¢«¥â¢®àïîé¨å á®®â­®è¥­¨ï¬ �[pn; xn] � r, �[pn; yn] � r,
lim
n!1

�[pn; ![xn; yn]] = r ¤«ï ª ¦¤®£® ­ âãà «ì­®£® n, ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® lim
n!1

�[xn; yn] = 0.

�á«®¢¨¥ 4. �«ï ª ¦¤®£® p 2 X, ¤«ï ª ¦¤®© ¯àï¬®© L � X, á®¤¥à¦ é¥© â®çªã p 2 X, ¤«ï
ª ¦¤®£® x 2 X ¨¬¥¥¬ �[p; PL[x]] � �[p; x].

�à®áâë¬¨ ¯à¨¬¥à ¬¨ ¬¥âà¨ç¥áª¨å ¯à®áâà ­áâ¢, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ 1{4, ï¢«ïîâáï
¢¥é¥áâ¢¥­­®¥ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® ¨ ¯à®áâà ­áâ¢® �®¡ ç¥¢áª®£® (¢®§¬®¦­®, ¡¥áª®­¥ç­®-
¬¥à­®¥).

�ãáâì ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 1. �­®¦¥áâ¢® M ¢ â ª®¬ ¯à®-
áâà ­áâ¢¥ ­ §ë¢ ¥âáï ¢ë¯ãª«ë¬, ¥á«¨ [x; y] �M ¤«ï «î¡ëå à §«¨ç­ëå x; y 2M .

co[M ] | ¢ë¯ãª« ï ®¡®«®çª  ¬­®¦¥áâ¢  M (â. ¥. ¯¥à¥á¥ç¥­¨¥ ¢á¥å ¢ë¯ãª«ëå ¬­®¦¥áâ¢, á®-
¤¥à¦ é¨å ¬­®¦¥áâ¢® M).

�ä®à¬ã«¨àã¥¬ ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë.

�¥¬¬  1. �«ï ¢á¥å M;W 2 B(X) ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® jR�(M) � R�(W )j � �[M;W ]
(¯à¨ � = fXg ­¥à ¢¥­áâ¢® ¨§¢¥áâ­® [1]).

�¥¬¬  2. �ãáâì ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1{4, W | ­¥¯ã-

áâ®¥ ¯®¤¬­®¦¥áâ¢® ¢ X, M | ­¥¯ãáâ®¥ § ¬ª­ãâ®¥ ®£à ­¨ç¥­­®¥ ¢ë¯ãª«®¥ ¬­®¦¥áâ¢® ¢ X.

�®£¤  ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 

(i) �[x; PM [W ]] � �[x;W ] ¤«ï ª ¦¤®£® x 2M ;
(ii) �[M;PM [W ]] � �[M;W ].

�«¥¤áâ¢¨¥ 1. �ãáâì ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1{4, Z | ­ ¨-
«ãçè¥¥  ¯¯à®ªá¨¬¨àãîé¥¥ ¬­®¦¥áâ¢® ¨§ á¥¬¥©áâ¢  � ¤«ï ­¥¯ãáâ®£® § ¬ª­ãâ®£® ®£à ­¨ç¥­­®£®
¢ë¯ãª«®£® ¬­®¦¥áâ¢  M � X ¨ PM [Z] 2 �. �®£¤  PM [Z] | ­ ¨«ãçè¥¥  ¯¯à®ªá¨¬¨àãîé¥¥ ¬­®-
¦¥áâ¢® ¤«ï ¬­®¦¥áâ¢  M .

�¥®à¥¬ã 2 ¨§ [3], â¥®à¥¬ë 1, 2 ¨§ [2] ®¡®¡é ¥â

�¥¬¬  3. �ãáâì ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1{4, M 2 B(X).
�®£¤  áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ë© ç¥¡ëè¥¢áª¨© æ¥­âà ¬­®¦¥áâ¢  M , ¯à¨­ ¤«¥¦ é¨© § ¬ë-

ª ­¨î ¢ë¯ãª«®© ®¡®«®çª¨ ¬­®¦¥áâ¢  M , á®¢¯ ¤ îé¨© á ç¥¡ëè¥¢áª¨¬¨ æ¥­âà ¬¨ § ¬ëª ­¨ï

¢ë¯ãª«®© ®¡®«®çª¨ ¬­®¦¥áâ¢  M ¨ ¢ë¯ãª«®© ®¡®«®çª¨ ¬­®¦¥áâ¢  M .

�¥¬¬  4. �ãáâì ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1{4, M | ­¥¯ã-

áâ®¥ ®£à ­¨ç¥­­®¥ § ¬ª­ãâ®¥ ¢ë¯ãª«®¥ ¬­®¦¥áâ¢® ¯à®áâà ­áâ¢  X, (Wn) | ¯®á«¥¤®¢ â¥«ì-

­®áâì ­¥¯ãáâëå ®£à ­¨ç¥­­ëå § ¬ª­ãâëå ¬­®¦¥áâ¢ ¯à®áâà ­áâ¢  X, áå®¤ïé ïáï ¢ ¬¥âà¨ª¥

� ãá¤®àä  ª ­¥ª®â®à®¬ã ª®¬¯ ªâã W � X. �®£¤  �[PM [Wn]; PM [W ]]! 0 (n!1).

�¥¬¬  5. �ãáâì ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1{3, B = B[p; r].
�®£¤  ®â®¡à ¦¥­¨¥ PB ï¢«ï¥âáï «¨¯è¨æ¥¢ë¬ ®â®¡à ¦¥­¨¥¬ á «¨¯è¨æ¥¢®© ª®­áâ ­â®©

Lip[P ] � 2. �á«¨, ªà®¬¥ â®£®, ¢ë¯®«­ï¥âáï ãá«®¢¨¥ 4, â® Lip[P ] = 1.

�¥®à¥¬ . �ãáâì ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1{ 4, (Mn) | ¯®-

á«¥¤®¢ â¥«ì­®áâì ­¥¯ãáâëå ®£à ­¨ç¥­­ëå § ¬ª­ãâëå ¬­®¦¥áâ¢ ¯à®áâà ­áâ¢  X. �®£¤ 

A. eá«¨ M 2 �, �[Mn;M ] ! 0 (n ! 1), (Kn) � � | ¯®á«¥¤®¢ â¥«ì­®áâì ­ ¨«ãçè¨å

 ¯¯à®ªá¨¬¨àãîé¨å ¬­®¦¥áâ¢ ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ (Mn) â ª ï, çâ® Kn �Mn ¤«ï

ª ¦¤®£® ­ âãà «ì­®£® n, â® �[Kn;M ]! 0 (n!1);
B. eá«¨ M | ª®¬¯ ªâ ¢ X, �[Mn;M ] ! 0 (n ! 1), (SnN) | ¯®á«¥¤®¢ â¥«ì­®áâì ­ ¨«ãç-

è¨å N -á¥â¥© ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ (Mn) â ª ï, çâ® ¤«ï ª ¦¤®£® ­ âãà «ì­®£® n

SnN � Mn, â® ­ ©¤¥âáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ (SnN), áå®¤ïé ïáï
¢ ¬¥âà¨ª¥ � ãá¤®àä  ª ­¥ª®â®à®© ­ ¨«ãçè¥© N -á¥â¨ ¬­®¦¥áâ¢  M .

�§ á«¥¤áâ¢¨ï 1 ¨ â¥®à¥¬ë ¢ëâ¥ª ¥â ®¡®¡é îé¥¥ â¥®à¥¬ã 3 ¨§ [1]
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�«¥¤áâ¢¨¥ 2. �ãáâì ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1{4, (Mn) |
¯®á«¥¤®¢ â¥«ì­®áâì ­¥¯ãáâëå ®£à ­¨ç¥­­ëå § ¬ª­ãâëå ¢ë¯ãª«ëå ¬­®¦¥áâ¢ ¯à®áâà ­áâ¢  X,
áå®¤ïé ïáï ¢ ¬¥âà¨ª¥ � ãá¤®àä  ª ­¥ª®â®à®¬ã ª®¬¯ ªâã M � X. �®£¤ 

A. eá«¨ (Kn) | ¯®á«¥¤®¢ â¥«ì­®áâì ­ ¨«ãçè¨å  ¯¯à®ªá¨¬¨àãîé¨å ª®¬¯ ªâ®¢ ¤«ï ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ (Mn), â® ­ ©¤¥âáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì (Mm) � (Mn), ¤«ï ª®â®à®© ­ ©-
¤¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì (K̂m) ­ ¨«ãçè¨å  ¯¯à®ªá¨¬¨àãîé¨å ª®¬¯ ªâ®¢, áå®¤ïé ïáï
¢ ¬¥âà¨ª¥ � ãá¤®àä  ª ¬­®¦¥áâ¢ã M ;

B. eá«¨ (SnN) | ¯®á«¥¤®¢ â¥«ì­®áâì ­ ¨«ãçè¨å N -á¥â¥© ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ (Mn), â®
­ ©¤¥âáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì (Mm) � (Mn), ¤«ï ª®â®à®© ­ ©¤¥âáï ¯®á«¥¤®¢ â¥«ì-
­®áâì ( bSmN ) ­ ¨«ãçè¨å N -á¥â¥©, áå®¤ïé ïáï ¢ ¬¥âà¨ª¥ � ãá¤®àä  ª ­¥ª®â®à®© ­ ¨«ãç-
è¥© N -á¥â¨ ¬­®¦¥áâ¢  M .

2. �®ª § â¥«ìáâ¢  ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢

�®ª § â¥«ìáâ¢® «¥¬¬ë 1. �ãáâì x 2 M ¨ � > 0. �®£¤  ­ ©¤¥âáï â®çª  z 2 W â -
ª ï, çâ® �[x; z] � �[x;W ] + � . �à®¬¥ â®£®, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢  �[x; S] � �[x; z] + �[z; S] �
�[x;W ] + �[z; S] + � � sup

x2M

�[x;W ] + sup
z2W

�[z; S] + � � �[M;W ] + sup
z2W

�[z; S] + � ¤«ï S 2 �.

�âáî¤  á«¥¤ã¥â inf
S2�

sup
x2M

�[x; S] � �[M;W ] + sup
z2W

�[z; S] + � . �¥à¥å®¤ï ª â®ç­®© ­¨¦­¥© £à ­¨

¢ ¯à ¢®© ç áâ¨ ¨ ¨á¯®«ì§ãï ¯à®¨§¢®«ì­®áâì ¢ë¡®à  � > 0, ¨¬¥¥¬ R�[M ] = inf
S2�

sup
x2M

�[x; S] �

�[M;W ]+ inf
S2�

sup
z2W

�[z; S] = �[M;W ]+R�[W ]. �¥à ¢¥­áâ¢® R�[W ] � �[M;W ]+R�[M ] ¯®«ãç ¥âáï

 ­ «®£¨ç­®.

�®ª § â¥«ìáâ¢® «¥¬¬ë 2. �§ ãá«®¢¨© 1{3 ¨ â¥®à¥¬ë 1 ¢ [9] á«¥¤ã¥â, çâ® ®¯¥à â®à PM
ï¢«ï¥âáï ®¤­®§­ ç­ë¬ ¨ ­¥¯à¥àë¢­ë¬ ¢ ¯à®áâà ­áâ¢¥ X. �®ª ¦¥¬ «¥¬¬ã 2 ¬¥â®¤®¬ ®â ¯à®-
â¨¢­®£®.

�«ï ¤®ª § â¥«ìáâ¢  ­¥à ¢¥­áâ¢  (i) ¯®«®¦¨¬ �[x;W ] < �[x; PM [W ]] ¤«ï ­¥ª®â®à®£® x 2 M .
�®£¤  ­ ©¤¥âáï â®çª  y 2 W â ª ï, çâ® �[x; y] < �[x; PM [y]]. �á«¨ y 2 PM [W ], â® ¯®«ãç -
¥¬ ¯à®â¨¢®à¥ç¨¥. �ãáâì y 2 W n M , l | «ãç á ­ ç «®¬ ¢ â®çª¥ x, á®¤¥à¦ é¨© í«¥¬¥­â
PM [y], ¨ z = z[t] { ¯ à ¬¥âà¨§ æ¨ï íâ®£® «ãç  ¤«¨­®© ¤ã£¨. � á¨«ã ¢ë¯ãª«®áâ¨ äã­ªæ¨¨
f = �[y; z[t]] (¤®ª § â¥«ìáâ¢® ¢ë¯ãª«®áâ¨ ­¥âàã¤­® ¯®«ãç¨âì, ¨á¯®«ì§ãï ¤®ª § â¥«ìáâ¢  â¥®à¥¬
(36.4){(36.6) ¨§ ([4], c. 304{307)) ¬¥âà¨ç¥áª ï ¯à®¥ªæ¨ï â®çª¨ y ­  «ãç l «¥¦¨â ¢­¥ ®à¨¥­â¨à®-
¢ ­­®£® á¥£¬¥­â  [x; PM [y]]. �«¥¤®¢ â¥«ì­®, ¢ á¨«ã ãá«®¢¨ï 4 �[x; PM [y]] � �[x; Pl[y]] � �[x; y].
�® �[x; y] < �[x; PM [y]]. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥.

�¥à ¢¥­áâ¢® (ii) ¤®ª §ë¢ ¥âáï ¯¥à¥å®¤®¬ ª â®ç­®© ¢¥àå­¥© £à ­¨ ¯® ¢á¥¬ x 2 M á­ ç «  ¢
¯à ¢®© ç áâ¨ ­¥à ¢¥­áâ¢  (i),   § â¥¬ ¢ «¥¢®© ç áâ¨ ¯®«ãç¥­­®£® ­¥à ¢¥­áâ¢ .

�®ª § â¥«ìáâ¢® «¥¬¬ë 3. �ãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì ç¥¡ëè¥¢áª®£® æ¥­âà  Cheb[M ]
­¥¯ãáâ®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  M ¤®ª § ­ë ¤«ï ¡®«¥¥ ®¡é¥£® á«ãç ï ¢ [10]. �§ ãá«®¢¨©
1, 2 á«¥¤ã¥â, çâ® § ¬ª­ãâë¥ è àë ¯à®áâà ­áâ¢  X ¢ë¯ãª«ë¥. �®£¤  M � co[M ] � co[M ] �
B[Cheb[M ]; R1[M ]] ) R1[M ] = R1[co[M ]] = R1[co[M ]]. �§ c«¥¤áâ¢¨ï 1 ¨ ¥¤¨­áâ¢¥­­®áâ¨ ç¥¡ë-
è¥¢áª®£® æ¥­âà  ¯®«ãç¨¬ Cheb[M ] � co[M ], Cheb[M ] = Cheb[co[M ]] = Cheb[co[M ]].

�®ª § â¥«ìáâ¢® «¥¬¬ë 4. �§ â¥®à¥¬ë 1 ¢ [9] á«¥¤ã¥â, çâ® ®¯¥à â®à PM ï¢«ï¥âáï ®¤­®-
§­ ç­ë¬ ¨ ­¥¯à¥àë¢­ë¬ ¢ ¯à®áâà ­áâ¢¥ X. �à®¬¥ â®£®, ¢ á¨«ã «¥¬¬ë 1 ¨§ [5] íâ®â ®¯¥à -
â®à ï¢«ï¥âáï �-­¥¯à¥àë¢­ë¬ ­  ª®¬¯ ªâ¥ W � X, ¯®íâ®¬ã �[PM [Wn]; PM [W ]] ! 0 (n ! 1).
�®ª ¦¥¬, çâ® �[PM [W ]; PM [Wn]] ! 0 (n ! 1) ¬¥â®¤®¬ ®â ¯à®â¨¢­®£®. �ãáâì íâ® ãâ¢¥à¦¤¥-
­¨¥ ­¥¢¥à­®, â®£¤  ­ ©¤ãâáï ª®­áâ ­â  c > 0 ¨ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì (Wm) � (Wn) â ª¨¥,
çâ® �[PM [W ]; PM [Wm]] > c ¤«ï ª ¦¤®£® ­ âãà «ì­®£® m. �«¥¤®¢ â¥«ì­®, ­ ©¤¥âáï ¯®á«¥¤®-
¢ â¥«ì­®áâì (zm) � W â ª ï, çâ® �[PM [zm]; PM [Wm]] > c ¤«ï ª ¦¤®£® m. �à®¬¥ â®£®, ­ ©-
¤¥âáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì (zk) � (zm), áå®¤ïé ïáï ª ­¥ª®â®à®© â®çª¥ z 2 W , â. ª. W
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ª®¬¯ ªâ­®. �® ®¯¥à â®à PM ï¢«ï¥âáï ­¥¯à¥àë¢­ë¬, ¯®íâ®¬ã ­ ©¤¥âáï â ª®¥ ­ âãà «ì­®¥ ç¨-
á«® k0, çâ® �[PM [z]; PM [Wk]] > c ¤«ï ª ¦¤®£® k > k0. �§ ãá«®¢¨ï �[Wk;W ] ! 0 (k ! 1)
á«¥¤ã¥â, çâ® ­ ©¤¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì (yk), yk 2 Wk, áå®¤ïé ïáï ª â®çª¥ z. �® â®£¤ 
�[PM [z]; PM [Wk]] � �[PM [z]; PM [yk]]! 0 (m!1). �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥.

�®ª § â¥«ìáâ¢® «¥¬¬ë 5. �ãáâì ¤«ï 0 � � � 1 â®çª  !�[p; x] 2 [p; x] â ª ï, çâ®
�[!�[p; x]; p] = ��[p; x]. �®£¤  ¨§ ãá«®¢¨© 1, 2 ­¥âàã¤­® ¯®«ãç¨âì ­¥à ¢¥­áâ¢®
�[!�[p; x]; !�[p; y]] � ��[x; y] ¤«ï «î¡ëå 0 � � � 1, x, y, p ¨§ X.

�ç¥¢¨¤­®, �[PB [x]; PB [y]] = �[x; y] ¤«ï ¢á¥å x; y 2 B. �®ª ¦¥¬, çâ® �[PB [x]; PB [y]] � 2�[x; y]
¤«ï ¢á¥å x; y 2 X. �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ �[p; y] > r ¨ 0 < �[p; x] � �[p; y].

�á«¨ �[p; x] � r, â® �[PB [x]; PB [y]] � �[x; y] + �[y; PB [y]] � 2�[x; y]. �á«¨ �[p; x] > r, â®
�[PB [x]; PB [y]] = �[!�[p; x]; !�[p; z]], £¤¥ â®çª  z 2 [p; y] â ª ï, çâ® �[p; z] = �[p; x] ¨ � = r

�[p;x]
< 1.

�®£¤  �[!�[p; x]; !�[p; z]] � ��[x; z] � �[x; y] + �[y; z] � 2�[x; y].
�®ª ¦¥¬ ¢â®à®¥ ãâ¢¥à¦¤¥­¨¥. �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ �[p; y] > r ¨ 0 < �[p; x] � �[p; y].
�á«¨ �[p; x] � r, â® ­¥®¡å®¤¨¬®¥ ­¥à ¢¥­áâ¢® á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢  (i) «¥¬¬ë 2. �á«¨

�[p; x] > r, â® �[!�[p; x]; !�[p; y]] � ��[x; y] < �[x; y], £¤¥ � = r

�[p;x]
< 1. �® !�[p; x] = PB[x]

¨ �[p; !�[p; y]] � r. �«¥¤®¢ â¥«ì­®, ¨§ ­¥à ¢¥­áâ¢  (i) «¥¬¬ë 2 ¯®«ãç¨¬ �[PB [x]; PB [y]] �
�[!�[p; x]; !�[p; y]].

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. A. �§ ãá«®¢¨© â¥®à¥¬ë ¯®«ãç¨¬ �[Kn;M ] � �[Mn;M ] �
�[Mn;M ], �[M;Kn] � �[M;Mn] + �[Mn;Kn] = �[M;Mn] + R�[Mn] � 2�[M;Mn] ¤«ï ª ¦¤®£®
­ âãà «ì­®£® n. �«¥¤®¢ â¥«ì­®, �[Kn;M ]! 0 (n!1).

B. �§ ãá«®¢¨© â¥®à¥¬ë á«¥¤ã¥â, çâ® ­ ©¤¥âáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì (SmN = fym1 ; : : : ; y
m
Ng) �

(SnN), ¤«ï ª®â®à®© áãé¥áâ¢ãîâ ¯à¥¤¥«ë y�i = lim
m!1

ymi (1 � i � N). �ãáâì S�N = fy�1 ; : : : ; y
�

Ng.

�®£¤  ¤«ï ª ¦¤®£® ­ âãà «ì­®£® m �[M;S�N ] � �[M;Mm]+�[Mm; S
m
N ]+�[SmN ; S

�

N ] � �[M;Mm]+
RN [Mm] + �[SmN ; S

�

N ]. �§ ãá«®¢¨ï â¥®à¥¬ë, «¥¬¬ë 1 ¨ ®¯à¥¤¥«¥­¨ï N -á¥â¨ S�N ¢ëâ¥ª ¥â, çâ®
¯à ¢ ï ç áâì ¯®«ãç¥­­®£® ­¥à ¢¥­áâ¢  áâà¥¬¨âáï ª RN [M ] ¯à¨ m ! 1. �«¥¤®¢ â¥«ì­®, S�N
ï¢«ï¥âáï ­ ¨«ãçè¥© N -á¥âìî ¤«ï ¬­®¦¥áâ¢  M .
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