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1. �®áâ ­®¢ª  § ¤ ç¨ ¨ ®á­®¢­ë¥ à¥§ã«ìâ âë

� áá¬®âà¨¬ ãà ¢­¥­¨¥

Lu � uxx + sgn y � uyy + �u = 0; (1.1)

£¤¥ � | ª®¬¯«¥ªá­ë© ¯ à ¬¥âà, ¢ ®¡« áâ¨ D, ®£à ­¨ç¥­­®© ªãá®ç­®-£« ¤ª®© ªà¨¢®© �, à á¯®-
«®¦¥­­®© ¢ ¯®«ã¯«®áª®áâ¨ y > 0 á ª®­æ ¬¨ ¢ â®çª å A(1; 0) ¨ B(0; 1), ¨ å à ªâ¥à¨áâ¨ª ¬¨ AC
(x+ y = 0) ¨ CB (x� y = 1) ãà ¢­¥­¨ï (1.1) ¯à¨ y < 0.

�¡®§­ ç¨¬ D+ = D \ fy > 0g, D� = D \ fy < 0g. � ®¡« áâ¨ D ¤«ï ãà ¢­¥­¨ï (1.1) ¯®áâ ¢¨¬
á«¥¤ãîéãî § ¤ çã.

�¯¥ªâà «ì­ ï § ¤ ç  (§ ¤ ç  TN�). � ©â¨ §­ ç¥­¨ï ª®¬¯«¥ªá­®£® ¯ à ¬¥âà  � ¨ á®-

®â¢¥âáâ¢ãîé¨¥ ¨¬ äã­ªæ¨¨ u(x; y), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬

u(x; y) 2 C(D ) \ C1(D [ �) \ C2(D+ [D�); (1.2)

Lu(x; y) = 0; (x; y) 2 D+ [D�; (1.3)

@u

@N
= 0; (x; y) 2 �; (1.4)

u(x; y) = 0; (x; y) 2 AC; (1.5)

£¤¥ @
@N

| ¯à®¨§¢®¤­ ï ¯® ­®à¬ «¨ ª £à ­¨æ¥ � ®¡« áâ¨ D+.

� [1], [2] ®¡­ àã¦¥­ë ¢ ¦­ë¥ ¯à¨«®¦¥­¨ï ªà ¥¢®© § ¤ ç¨ á ¯à®¨§¢®¤­®© ¯® ­®à¬ «¨ ¢ £à -
­¨ç­®¬ ãá«®¢¨¨ (§ ¤ ç  TN) ¢ âà ­á§¢ãª®¢®© £ §®¤¨­ ¬¨ª¥. �.�. �¨æ ¤§¥ [3] ¨áá«¥¤®¢ « § ¤ çã
TN ¤«ï ãà ¢­¥­¨ï (1.1) ¯à¨ � = 0. � [4] ¨§ãç¥­  § ¤ ç  TN ¤«ï ãà ¢­¥­¨ï (1.1) ¯à¨ � = �1. �
([5], £«. II, x 6) ¤®ª § ­  ª®àà¥ªâ­®áâì íâ®© § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï

sgn y � jyjmuxx + uyy = 0; m > 0:

� ¤ ­­®© à ¡®â¥ ¢ ®¡« áâ¨ D á¯¥æ¨ «ì­®£® ¢¨¤  ­ ©¤¥­ë á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï § ¤ ç¨ TN�

¨ ¯®áâà®¥­  á®®â¢¥âáâ¢ãîé ï á¨áâ¥¬  á®¡áâ¢¥­­ëå äã­ªæ¨©. � ©¤¥­­ ï á¨áâ¥¬  á®¡áâ¢¥­­ëå
äã­ªæ¨© ¨áá«¥¤®¢ ­  ­  ¯®«­®âã ¢ ®¡« áâïå í««¨¯â¨ç­®áâ¨, £¨¯¥à¡®«¨ç­®áâ¨ ¨ ¢ æ¥«®¬ ¢ á¬¥-
è ­­®© ®¡« áâ¨. � â¥¬ ­  ®á­®¢ ­¨¨ á¨áâ¥¬ë á®¡áâ¢¥­­ëå äã­ªæ¨© § ¤ ç¨ TN� ¯®áâà®¥­ë ¢ ¢¨-
¤¥ áã¬¬ë àï¤  à¥è¥­¨ï § ¤ ç¨ TN ¤«ï ãà ¢­¥­¨© á¬¥è ­­®£® â¨¯  á ®¯¥à â®à®¬ � ¢à¥­âì¥¢ {
�¨æ ¤§¥. � ­¥¥  ­ «®£¨ç­ë¥ ¨áá«¥¤®¢ ­¨ï ¯® § ¤ ç¥ �à¨ª®¬¨, �¥««¥àáâ¥¤â  ¡ë«¨ ¯à®¢¥¤¥­ë ¢
[6]{[8].
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2. �®áâà®¥­¨¥ á¨áâ¥¬ë á®¡áâ¢¥­­ëå äã­ªæ¨© § ¤ ç¨ TN�

¨ ¨áá«¥¤®¢ ­¨¥ ­  ¯®«­®âã

�¥è¥­¨¥ § ¤ ç¨ � à¡ã ¤«ï ãà ¢­¥­¨ï (1.1) á ãá«®¢¨ï¬¨ (1.5) ¨

uy(x; 0) = �(x); 0 < x < 1;

¢ ®¡« áâ¨ D� ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© [9]

u(x; y) =
Z x+y

0

�(t)J0
�q

�(x+ y � t)(x� y � t)
�
dt; (2.1)

£¤¥ J0(�) | äã­ªæ¨ï �¥áá¥«ï,
p
� > 0 ¯à¨ � > 0.

�®« £ ï ¢ ä®à¬ã«¥ (2.1) y = 0, ¨¬¥¥¬

u(x; 0) =
Z x

0

uy(t; 0)J0
�p

�(x� t)
�
dt; 0 � x � 1: (2.2)

� ª¨¬ ®¡à §®¬, § ¤ ç  TN� á¢¥¤¥­  ª ­®¢®© ­¥«®ª «ì­®© í««¨¯â¨ç¥áª®© § ¤ ç¥ ­  á®¡áâ¢¥­-
­ë¥ §­ ç¥­¨ï ¢ ®¡« áâ¨ D+: ­ ©â¨ §­ ç¥­¨ï ¯ à ¬¥âà  � ¨ á®®â¢¥âáâ¢ãîé¨¥ ¨¬ á®¡áâ¢¥­­ë¥
äã­ªæ¨¨ u(x; y), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ (1.2){(1.4) ¨ (2.2).

� ®¡é¥¬ á«ãç ¥, â. ¥. ª®£¤  ªà¨¢ ï � ï¢«ï¥âáï ¯à®¨§¢®«ì­®©, ­¥ ã¤ ¥âáï ¯®ª  ­ ©â¨ à¥è¥-
­¨¥ ãª § ­­®© ­¥«®ª «ì­®© § ¤ ç¨, ¯®íâ®¬ã à áá¬®âà¨¬ á«ãç ©, ª®£¤  ®¡« áâì D+ ï¢«ï¥âáï
á¥ªâ®à®¬ á æ¥­âà®¬ ¢ â®çª¥ A ¨ à ¤¨ãá®¬ r = 1: 0 < ' < '0 � �, 0 < r < 1.

� ®¡« áâ¨ D+ ¢¢¥¤¥¬ ¯®«ïà­ë¥ ª®®à¤¨­ âë x = r cos', y = r sin', 0 < ' < '0, 0 < r < 1. �
¯®«ïà­ëå ª®®à¤¨­ â å (r; '), à §¤¥«ïï ¯¥à¥¬¥­­ë¥ u(x; y) = v(r; ') = R(r)�('), ¯®«ãç¨¬

R00(r) +
1
r
R0(r) +

�
�� �2

r2

�
R(r) = 0; 0 < r < 1; (2.3)

R(0) = 0; R0(1) = 0; (2.4)

�00(') + �2�(') = 0; 0 < ' < '0; (2.5)

�0('0) = 0; (2.6)

R(x)�(0) = �0(0)
Z x

0

t�1R(t)J0
�p

�(x� t)
�
dt; 0 � x � 1: (2.7)

�§¢¥áâ­®, çâ® à¥è¥­¨¥¬ ãà ¢­¥­¨ï (2.3), ã¤®¢«¥â¢®àïîé¨¬ ¯¥à¢®¬ã ãá«®¢¨î ¨§ (2.4), ï¢«ï-
¥âáï äã­ªæ¨ï �¥áá¥«ï

R(r) = J�(
p
�r); Re� > 0: (2.8)

�®¤áâ ¢«ïï äã­ªæ¨î (2.8) ¢ à ¢¥­áâ¢® (2.7) ¨ ¢ëç¨á«ïï ¨­â¥£à « ¯® ä®à¬ã«¥ [10]Z a

0

1
x
J
{
(ca� cx)J�(cx)dx =

1
�
J
{+�(ac); a;Re � > 0; Re{ > �1;

¯®«ãç¨¬ ¢â®à®¥ £à ­¨ç­®¥ ãá«®¢¨¥ ¤«ï ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ �(')

�0(0) � ��(0) = 0: (2.9)

�¥è ï ªà ¥¢ãî § ¤ çã (2.5), (2.6), (2.9), ­ å®¤¨¬

�n(') = Cn(cos�n'+ sin�n'); (2.10)

£¤¥ Cn = const 6= 0, n = 1; 2; : : : ,

�n =
�

' 0

�
n� 3

4

�
; n = 1; 2; : : : (2.11)
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� ª ª ª äã­ªæ¨ï (2.8) ã¤®¢«¥â¢®àï¥â ¢â®à®¬ã ãá«®¢¨î ¨§ (2.4), â®
p
�J 0�n(

p
�) = 0: (2.12)

�§ â¥®à¨¨ ¡¥áá¥«¥¢ëå äã­ªæ¨© ([11], c. 530) ¨§¢¥áâ­®, çâ® äã­ªæ¨ï �¥áá¥«ï
p
�J 0�n(�) ¯à¨

�n > �1 ¨¬¥¥â â®«ìª® ¢¥é¥áâ¢¥­­ë¥ ­ã«¨. �®£¤ , ®¡®§­ ç ï m-© ª®à¥­ì ãà ¢­¥­¨ï (2.12) ç¥à¥§
�n;m, ¯®«ãç¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï § ¤ ç¨ TN�

�n;m = �2n;m; n;m = 1; 2; : : : (2.13)

�  ®á­®¢ ­¨¨ ä®à¬ã« (2.8), (2.10), (2.13) ­ ©¤¥¬ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ § ¤ ç¨ TN� ¢ ®¡« áâ¨
D+

un;m(x; y) = vn;m(r; ') = cn;mJ�n(�n;mr)(cos�n'+ sin�n'): (2.14)

�«ï ¯®áâà®¥­¨ï á®¡áâ¢¥­­ëå äã­ªæ¨© ¢ ®¡« áâ¨ D� ¬®¦­® ¢®á¯®«ì§®¢ âìáï ä®à¬ã«®© (2.1),
­® ¨§-§  £à®¬®§¤ª®áâ¨ â ª®£® ¯®¤å®¤  ¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬, ¯à¥¤«®¦¥­­ë¬ ¢ [12]. �«ï íâ®£®
¢ ®¡« áâ¨ D� ¢¢¥¤¥¬ ­®¢ë¥ ¯¥à¥¬¥­­ë¥

� =
p
x2 � y2; � = � y2

x2 � y2
:

�®£¤  ¢ ª®®à¤¨­ â å (�; �) ãà ¢­¥­¨¥ (1.1) ¯à¨¬¥â ¢¨¤

4�(1� �)u�� + 4
�
1
2
� �

�
u� + �2u�� + �u� + ��2u = 0:

� §¤¥«ïï ¯¥à¥¬¥­­ë¥ u(�; �) = Q(�)P (�), ¯®«ãç¨¬

P 00(�) +
1
�
P 0(�) +

�
�� �2

�2

�
P (�) = 0; 0 < � < 1; (2.15)

�(1� �)Q00(�) +
�
1
2
� �

�
Q0(�) + �2Q(�) = 0: (2.16)

�¥è¥­¨¥¬ ãà ¢­¥­¨ï (2.15) ï¢«ï¥âáï äã­ªæ¨ï

P (�) = J�(
p
��); Re � > 0: (2.17)

�à ¢­¥­¨¥ (2.16) ï¢«ï¥âáï £¨¯¥à£¥®¬¥âà¨ç¥áª¨¬ ãà ¢­¥­¨¥¬ ([13], c. 69). �£® ®¡é¥¥ à¥è¥­¨¥
®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

Q(�) = k1(1� �)�=2
�
F
�
1� �

2
;�1

2
;
1
2
;

�

� � 1

�
+ k2F

�
�

2
;
1 + �

2
; 1 + �;

1
1� �

� �
: (2.18)

�  ®á­®¢ ­¨¨ ¨§¢¥áâ­ëå ä®à¬ã« ([13], c. 110) à ¢¥­áâ¢ã (2.18) ¯à¨¤ ¤¨¬ ¡®«¥¥ ¯à®áâ®© ¢¨¤

Q(�) = k1

�
x� y

x+ y

��=2
+ k2

�
x+ y

x� y

��=2
: (2.19)

�®£¤  ¢ á¨«ã (2.17) ¨ (2.19) ­ ©¤¥¬ á¥¬¥©áâ¢® à¥è¥­¨© ãà ¢­¥­¨ï (1.1) ¢ ®¡« áâ¨ D�

u(x; y) = Q(�)P (�) =
�
k1

�
x� y

x+ y

��=2
+ k2

�
x+ y

x� y

��=2 �
J�
�q

�(x2 � y2)
�
; (2.20)

£¤¥ Re � � 0, k1 ¨ k2 | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.
�§ ä®à¬ã«ë (2.14) ¢ëç¨á«¨¬

�n;m(x) = un;m(x; 0) = cn;mJ�n(�n;mx); (2.21)

�n;m(x) =
@

@y
un;m(x; 0) = cn;m�nx

�1J�n(�n;mx): (2.22)
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�á«¨ ¢ ä®à¬ã«¥ (2.20) ¯®«®¦¨âì � = �n, � = �2n;m, k1 = 0, k2 = cn;m, â® ®¯à¥¤¥«¨âáï
à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï (1.1) ¢ ®¡« áâ¨ D� á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ (2.21) ¨ (2.22).
�«¥¤®¢ â¥«ì­®, á¨áâ¥¬  á®¡áâ¢¥­­ëå äã­ªæ¨© § ¤ ç¨ TN� ¢ ®¡« áâ¨ D� ¨¬¥¥â ¢¨¤

un;m(x; y) = cn;m

�
x+ y

x� y

��n=2
J�n

�q
�n;m(x2 � y2)

�
: (2.23)

� ª¨¬ ®¡à §®¬, ®¡ê¥¤¨­ïï ä®à¬ã«ë (2.14) ¨ (2.23), ¯®«ãç¨¬ á¨áâ¥¬ã á®¡áâ¢¥­­ëå äã­ªæ¨©
§ ¤ ç¨ T� ¢ ®¡« áâ¨ D

un;m(x; y) =

8>><
>>:
cn;mJ�n

�q
�n;m(x2 + y2)

�
(cos�n'+ sin�n'); (x; y) 2 D+;

cn;m

�
x+ y

x� y

��n=2
J�n

�q
�n;m(x2 � y2)

�
; (x; y) 2 D�:

(2.24)

�¥®à¥¬  1. �¨áâ¥¬  á®¡áâ¢¥­­ëå äã­ªæ¨© (2:24) § ¤ ç¨ TN� ¯®«­  ¢ L2(D+).

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬, çâ® ¢ L2(D+) áãé¥áâ¢ã¥â äã­ªæ¨ï F (x; y) â ª ï, çâ®ZZ
D+

F (x; y)un;m(x; y)dx dy = 0 (2.25)

¤«ï ¢á¥å n;m = 1; 2; : : : �®ª ¦¥¬, çâ® F (x; y) = 0 ¯®çâ¨ ¢áî¤ã ¢ D+. � ¨­â¥£à «¥ (2.25) ¯¥à¥©¤¥¬
¢ ¯®«ïà­ãî á¨áâ¥¬ã ª®®à¤¨­ â x = r cos', y = r sin'. �®£¤  á ãç¥â®¬ (2.24) ¯®«ãç¨¬

0 =
Z 1

0

Z '0

0
f(r; ')J�n

�q
�n;mr

�
(cos�n'+ sin�n')r d' dr =

=
p
2
Z 1

0

Z '0

0

f(r; ')J�n
�q

�n;mr
�
sin

�
�n'+

�

4

�
r d' dr:

�à®¨§¢¥¤¥¬ § ¬¥­ã ' = '0
�
�, â®£¤ , ¯®« £ ï f(r; ') = f(r; '0�=�) = g(r; �), �n = n� 3=4, ¯®«ãç¨¬

p
2
Z 1

0

Z '0

0

f(r; ')J�n
�q

�n;mr
�
sin

�
�n'+

�

4

�
r d' dr =

=

p
2'0
�

Z 1

0

Z �

0
g(r; �)J�n

�q
�n;mr

�
sin

�
�n� +

�

4

�
r d� dr =

=

p
2'0
�

Z 1

0
Fn(r)J�n

�q
�n;mr

�
r dr = 0; (2.26)

£¤¥

Fn(r) =
Z �

0
g(r; �) sin

�
�n� +

�

4

�
d�:

�§ (2.26) ¨¬¥¥¬, çâ® ¤«ï äã­ªæ¨¨ Fn(r) ¢á¥ ª®íää¨æ¨¥­âë àï¤  �ãàì¥{�¥áá¥«ï à ¢­ë ­ã«î,

¯®íâ®¬ã ¨§ â¥®à¥¬ë �­£  [11] á«¥¤ã¥â, çâ® Fn(r) � 0 (n = 1; 2; : : : ), ¥á«¨ ¨­â¥£à «
1R
0

p
rjFn(r)jdr

áãé¥áâ¢ã¥â ¨  ¡á®«îâ­® áå®¤¨âáï. � á ¬®¬ ¤¥«¥, ¨§ ­¥à ¢¥­áâ¢  �®è¨{�ã­ïª®¢áª®£®

Z 1

0

p
rjFn(r)jdr �

�Z 1

0
r dr

Z 1

0

����
Z �

0
g(r; �) sin(�n� + �=4)d�

����
2

dr

�1=2
�

� �p
2'0

sZ �

0

sin2(�n� +
�

4
)d�

sZ 1

0

Z �

0

g2(r; �)d� dr = CkFkL2(D+) < +1; C = const > 0;

¯®íâ®¬ã Z �

0
g(r; �) sin(�n� + �=4)d� = 0 (2.27)

67



¤«ï ¢á¥å n = 1; 2; : : : ¯à¨ «î¡®¬ r 2 (0; 1). �§ à¥§ã«ìâ â®¢ [14] á«¥¤ã¥â, çâ® á¨áâ¥¬  á¨­ãá®¢
fsin(�n� + �=4)g ®¡à §ã¥â ¡ §¨á ¢ L2(0; �). �®£¤  á¨áâ¥¬  äã­ªæ¨© fsin(�n� + �=4)g ¯®«­  ¢
L2(0; �). �®íâ®¬ã ¯à¨ ª ¦¤®¬ r ¢ á¨«ã (2.27) ¬­®¦¥áâ¢® â¥å �, ¤«ï ª®â®àëå g(r; �) 6= 0, ¨¬¥¥â
¬¥àã ­ã«ì. � á¨«ã â¥®à¥¬ë �ã¡¨­¨ íâ® ®§­ ç ¥â, çâ® g(r; �) = 0 ¯®çâ¨ ¢áî¤ã ¢ D+.

�¥®à¥¬  2. �á«¨ '0 2 (0; �=2), â® á¨áâ¥¬  á®¡áâ¢¥­­ëå äã­ªæ¨© (2:24) § ¤ ç¨ TN� ¯®«­ 

¢ L2(D�). �á«¨ '0 2 [�=2; �], â® ¯®¤á¨áâ¥¬  á¨áâ¥¬ë á®¡áâ¢¥­­ëå äã­ªæ¨© (2:24) § ¤ ç¨ TN�,

­ ç¨­ ï á ­®¬¥à  n = 2; 3; : : : , ¯®«­  ¢ L2(D�).

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬, çâ® áãé¥áâ¢ã¥â äã­ªæ¨ï F (x; y) 2 L2(D�) â ª ï, çâ®ZZ
D

F (x; y)un;m(x; y)dx dy = 0 (2.28)

¤«ï ¢á¥å n;m = 1; 2; : : : �®ª ¦¥¬, çâ® F (x; y) = 0 ¯®çâ¨ ¢áî¤ã ¢ D�. �à®¢¥¤¥¬ ¢ (2.28) § ¬¥­ã
¯¥à¥¬¥­­ëå 2x = � + �, 2y = � � �. �®£¤  ®¡« áâì D� ¯¥à¥©¤¥â ¢ ®¡« áâì � = f(�; �) j 0 < � <
� < 1g,   ¨­â¥£à « (2.28) § ¯¨è¥âáï ¢ ¢¨¤¥ZZ

�

f(�; �)vn;m(�; �)d� d� = 0; (2.29)

£¤¥ f(�; �) = F (x; y), vn;m(�; �) = un;m(x; y). �ç¨âë¢ ï (2.24), ¯à¥®¡à §ã¥¬ ¨­â¥£à « (2.29)

0 =
Z 1

0

d�

Z �

0

f(�; �)
�
�

�

��n=2
J�n(

q
�n;m��)d�:

�®« £ ï ¢® ¢­ãâà¥­­¥¬ ¨­â¥£à «¥ � = �t ¨ ¬¥­ïï ¯®àï¤®ª ¨­â¥£à¨à®¢ ­¨ï, ¯®«ãç¨¬

0 =
Z 1

0

t�n=2dt

Z 1

0

f(�t; �)J�n(
q
�n;m�2t)�d�:

� â¥¬, § ¬¥­ïï �
p
t = r, t = s2 ¨ ¬¥­ïï ¯®àï¤®ª ¨­â¥£à¨à®¢ ­¨ï, ¨¬¥¥¬

0 =
Z 1

0

J�n
�q

�n;mr
�
r dr

Z 1

r

s�n�1f(rs; r=s)ds:

�§ ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¤«ï äã­ªæ¨¨

Fn(r) =
Z 1

r
f(rs; r=s)s�n�1ds; 0 � r � 1; n 2 N;

¢¨¤­®, çâ® ¢á¥ ª®íää¨æ¨¥­âë àï¤  �ãàì¥{�¥áá¥«ï à ¢­ë ­ã«î, ¯®íâ®¬ã ¨§ â¥®à¥¬ë �­£ 
á«¥¤ã¥â Z 1

r

f(rs; r=s)s�n�1ds = 0

¤«ï ¢á¥å n 2 N ¯à¨ ª ¦¤®¬ r 2 [0; 1].
� áá¬®âà¨¬ á¨áâ¥¬ã äã­ªæ¨© fs�n�1g. �® â¥®à¥¬¥ �î­æ  ([15], á. 53) ãá«®¢¨¥

1X
k=1

1
mk

=1; �1
p
< m1 < m2 < � � � ;

­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ¤«ï ¯®«­®âë fxmkg1k=1 ¢ Lp[a; b], a � 0, p > 1. � ­ è¥¬ á«ãç ¥ ¯à¨
p = 2, mk = �k� 1 ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ¯®«­®âë á¨áâ¥¬ë äã­ªæ¨© fs�n�1g1n=1
ï¢«ï¥âáï ãá«®¢¨¥ �1 � 1 > �1=2. �®áª®«ìªã �n = �

'0
(n� 3=4), â® á¨áâ¥¬  fs�n�1g1n=1 ¯®«­  ¢ L2

¯à¨ '0 2 (0; �=2). �á«¨ ¦¥ '0 2 [�=2; �], â® ¯®¤á¨áâ¥¬  á¨áâ¥¬ë fs�n�1g1n=2 ¯®«­  ¢ L2. �®£¤  ¢
á¨«ã íâ®© ¯®«­®âë ¨¬¥¥¬, çâ® ¯à¨ ª ¦¤®¬ r ¬­®¦¥áâ¢® â¥å s, ¤«ï ª®â®àëå f(rs; r=s) 6= 0, ¨¬¥¥â
¬¥àã ­ã«ì. � á¨«ã â¥®à¥¬ë �ã¡¨­¨ íâ® ®§­ ç ¥â, çâ® f(rs; r=s) = 0 ¯®çâ¨ ¢áî¤ã ¢ D�

� = f(s; r) :
r < s < 1, 0 < r < 1g ¨ ¢ ®¡« áâ¨ D�. �
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�¥®à¥¬  3. �¨áâ¥¬  á®¡áâ¢¥­­ëå äã­ªæ¨© (2:24) § ¤ ç¨ TN� ­¥ ¯®«­  ¢ L2(D).

�®ª § â¥«ìáâ¢®. � ®¡« áâ¨ D à áá¬®âà¨¬ äã­ªæ¨î

F (x; y) =

(
F1(x; y); (x; y) 2 D+;

F2(x; y); (x; y) 2 D�

¨§ L2(D) ¨ ¨­â¥£à «

J =
ZZ
D

F (x; y)un;m(x; y)dx dy =

=
ZZ
D+

F1(x; y)un;m(x; y)dx dy +
ZZ
D
�

F2(x; y)un;m(x; y)dx dy = i1 + i2: (2.30)

� ¨­â¥£à «¥ i1, ¯¥à¥å®¤ï ª ¯®«ïà­ë¬ ª®®à¤¨­ â ¬
�
r; '0

�
�
�
, ¯®«ãç¨¬

i1 =

p
2'0
�

cn;m

Z 1

0

Z �

0

f1

�
r;
'0
�
�

�
J�n

�q
�n;mr

�
sin

�
�n� +

�

4

�
r d� dr =

=

p
2'0
�

cn;m

Z 1

0
J�n(

q
�n;mr)r dr

Z �

0
f1

�
r;
'0
�
�

�
sin(�n� + �=4)d�; (2.31)

£¤¥ �n = n� 3
4
, n = 1; 2; : : : , f1

�
r; '0

�
�
�
= F1(x; y). �­â¥£à « i2 ¯à¥®¡à §ã¥¬ ª ¢¨¤ã

i2 = cn;m

Z 1

0

J�n
�q

�n;mr
�
r dr

Z 1

r

s�n�1f2(rs; r=s)ds; (2.32)

£¤¥ f2(�; �) = F2(x; y). �¥¯¥àì, ¯®¤áâ ¢«ïï (2.31) ¨ (2.32) ¢ (2.30), ¯®«ãç¨¬

J = cn;m

Z 1

0

J�n
�q

�n;mr
�
r �

�
�p

2'0
�

Z �

0

f1

�
r;
'0
�
�

�
sin(�n� + �=4)d� +

Z 1

r

s�n�1f2(rs; r=s)ds
�
dr: (2.33)

�«¥¤ãï [12], à áá¬®âà¨¬ äã­ªæ¨¨

f1

�
r;
'0
�
�

�
=

�p
2'0

1X
k=1

�
r�k

�k
� r�k+1

�k + 1
� 1
�k(�k + 1)

�
hk('); (2.34)

f2(rs; r=s) = 1� s; (2.35)

£¤¥ hk(') | ¡¨®àâ®£®­ «ì­ ï á¨áâ¥¬  ®â­®á¨â¥«ì­® á¨áâ¥¬ë á¨­ãá®¢ sin(�n�+�=4), n = 1; 2; : : : ,
¨¬¥îé ï ¢¨¤ [14]

hk(�) =
2
�

(2 cos �=2)�1

(tg �=2)1=2

kX
n=1

(sinn�)Bk�n; (2.36)

Bl =
lX

m=0

C l�m
1=2 Cm

1=2(�1)l�m; Cn
l =

l(l � 1) � � � (l � n+ 1)
n!

:

�®áª®«ìªã hk(') à ¢­®¬¥à­® ®£à ­¨ç¥­  ¯® k [14], àï¤ (2.34) ¯à¨ «î¡®¬ r � 1 áå®¤¨âáï
à ¢­®¬¥à­®. �®¤áâ ¢«ïï äã­ªæ¨¨ (2.34), (2.35) ¢ (2.33), ¯®«ãç¨¬, çâ® áãé¥áâ¢ã¥â äã­ªæ¨ï
F (x; y) 2 L2(D) ¨ F (x; y) 6= 0 ¢ D â ª ï, çâ® ¨­â¥£à « J = 0.
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3. �®áâà®¥­¨¥ à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ TN
¤«ï ãà ¢­¥­¨ï � ¢à¥­âì¥¢ {�¨æ ¤§¥

� áá¬®âà¨¬ ãà ¢­¥­¨¥

Bu � uxx + sgn y � uyy = 0 (3.1)

¢ ®¡« áâ¨ D, ª®£¤  ®¡« áâì D+ ¥áâì á¥ªâ®à ¥¤¨­¨ç­®£® à ¤¨ãá  á æ¥­âà®¬ ¢ ­ ç «¥ ª®®à¤¨­ â:
0 < ' < '0 � �, 0 < r < 1.

� ¤ ç  TN . � ©â¨ äã­ªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

u(x; y) 2 C(D ) \ C1(D [ �0 [AK) \C2(D+ [D�); (3.2)

Bu(x; y) � 0; (x; y) 2 D+ [D�; (3.3)

@u

@N

����
AK

= 0; (3.4)

@u

@N

����
�0

=
@u

@r

����
r=1

= f('); 0 < ' < '0; (3.5)

u
��
AC

= 0;

£¤¥ f | § ¤ ­­ ï ¤®áâ â®ç­® £« ¤ª ï äã­ªæ¨ï.

�¥è ï § ¤ çã � à¡ã ¤«ï ãà ¢­¥­¨ï (3.1) ¢ ®¡« áâ¨ D� á ãá«®¢¨ï¬¨

u(x; 0) = �(x); x 2 [0; 1]; u(x;�x) = 0; x 2 [0; 1=2]; (3.6)

¬®¦­® ¯®«ãç¨âì á®®â­®è¥­¨¥ ­  ®âà¥§ª¥ AB ®á¨ y = 0

ux(x; 0)� uy(x; 0) = 0; x 2 (0; 1): (3.7)

�¥¯¥àì à¥è¨¬ ¢ ®¡« áâ¨ D+ á«¥¤ãîéãî á¬¥è ­­ãî § ¤ çã ¤«ï ãà ¢­¥­¨ï � ¯« á : ­ ©â¨
äã­ªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬ (3.2){(3.5) ¨ (3.7).

�¥à¥å®¤ï ª ¯®«ïà­ë¬ ª®®à¤¨­ â ¬ (r; ') ¨ à §¤¥«ïï ¯¥à¥¬¥­­ë¥ u(x; y) = v(r; ') = R(r)�('),
¯®«ãç¨¬

R00(r) +
1
r
R0(r)� �2

r2
R(r) = 0; 0 < r < 1; (3.8)

R(0) = 0; (3.9)

�00(') + �2�(') = 0; 0 < ' < '0; (3.10)

�0('0) = 0; (3.11)

R0(x)�(0) � R(x)
x

�0(0) = 0; 0 < x < 1; (3.12)

£¤¥ � 6= 0 | ¯®áâ®ï­­ ï à §¤¥«¥­¨ï.
�¥è¥­¨¥¬ ãà ¢­¥­¨ï (3.8), ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î (3.9), ï¢«ï¥âáï äã­ªæ¨ï

R(r) = r�; � > 0: (3.13)

�®¤áâ ¢«ïï äã­ªæ¨î (3.13) ¢ ãá«®¢¨¥ (3.12), ¯®«ãç¨¬

��(0)� �0(0) = 0: (3.14)

�¥è ï ªà ¥¢ãî § ¤ çã (3.10), (3.11), (3.14), ­ å®¤¨¬

�n(') = Cn sin (�n'+ �=4) ;

£¤¥ �n ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥ (2.11).
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�«¥¤®¢ â¥«ì­®, äã­ªæ¨¨ ¢¨¤ 

vn(r; ') = Cnr
�n sin (�n'+ �=4)

ã¤®¢«¥â¢®àïîâ ¢ ®¡« áâ¨ D+ ãá«®¢¨ï¬ (3.2){(3.4) ¨ (3.7).
�¥è¥­¨¥ § ¤ ç¨ (3.2){(3.5) ¨ (3.7) ¢ ®¡« áâ¨ D+ ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ áã¬¬ë àï¤ 

u(x; y) = v(r; ') =
1X
n=1

vn(r; ') =
1X
n=1

fnr
�n sin (�n'+ �=4) : (3.15)

�à¨ «î¡®¬ r � r0 < 1 àï¤ (3.15) áå®¤¨âáï à ¢­®¬¥à­® ¨ ¤®¯ãáª ¥â ¯®ç«¥­­®¥ ¤¨ää¥à¥­æ¨-
à®¢ ­¨¥ ¯® ¯¥à¥¬¥­­ë¬ r ¨ ' «î¡®¥ ç¨á«® à §, §  ¨áª«îç¥­¨¥¬ â®çª¨ (0; 0).

�à¥¤¯®«®¦¨¬, çâ® àï¤ (3.15) ¤®¯ãáª ¥â ¯®ç«¥­­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® ¯¥à¥¬¥­­®© r ­ 
¬­®¦¥áâ¢¥ 0 < r � 1, 0 � ' � '0. � ª ª ª àï¤ (3.15) ã¤®¢«¥â¢®àï¥â £à ­¨ç­®¬ã ãá«®¢¨î (3.5),
â®

f(') =
1X
n=1

�nfn sin (�n'+ �=4) ; 0 � ' � '0: (3.16)

� àï¤¥ (3.16) ¯à®¨§¢¥¤¥¬ § ¬¥­ã ' = '0
�
�. �®£¤ , ¯®« £ ï f(') = f('0�=�) = g(�), ¯®«ãç¨¬

g(�) =
1X
n=1

�nfn sin (�n� + �=4) ; 0 � � � �; �n = n� 3=4: (3.17)

�á«¨ äã­ªæ¨ï g(�) 2 C�[0; �]; � 2 (0; 1], â® ¢ á¨«ã à¥§ã«ìâ â®¢ à ¡®âë [14] àï¤ (3.17) áå®¤¨â-
áï à ¢­®¬¥à­® ­  [0; �]. �®£¤  àï¤ (3.16) â ª¦¥ áå®¤¨âáï à ¢­®¬¥à­® ­  [0; '0]. � ª¨¬ ®¡à §®¬,
áã¬¬  àï¤  (3.15) ­¥¯à¥àë¢­  ­  D+ ¨ ­  ¬­®¦¥áâ¢¥ 0 < r � 1 ¤®¯ãáª ¥â ¯®ç«¥­­®¥ ¤¨ää¥à¥­-
æ¨à®¢ ­¨¥ ¯® ¯¥à¥¬¥­­®© r. �®íää¨æ¨¥­âë àï¤  fn ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã«¥

fn =
1
�n

Z �

0

g(�)hn(�)d� =
1

n� 3=4

Z '0

0

f(')hn

�
�
'

' 0

�
d'; n = 1; 2; : : : ; (3.18)

hn ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã«¥ (2.36).
� ª¨¬ ®¡à §®¬, áã¬¬  àï¤  (3.15) ­¥¯à¥àë¢­  ¢ § ¬ª­ãâ®© ®¡« áâ¨ D+, ¢ ª®â®à®© ¤®¯ãáª ¥â

¯®ç«¥­­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® r ¨ ' §  ¨áª«îç¥­¨¥¬ â®çª¨ r = 0, ¨ ­  ¬­®¦¥áâ¢¥ D+ [AB
¨¬¥¥â ¯à®¨§¢®¤­ë¥ ¯® r ¨ ' «î¡®£® ¯®àï¤ª .

�®« £ ï ¢ (3.15) ' = 0, ­ ©¤¥¬ äã­ªæ¨î

v(r; ')
��
'=0

= u(x; 0) = �(x) =
1p
2

1X
n=1

fnx
�n ; (3.19)

ª®â®à ï ¯à¨­ ¤«¥¦¨â ª« ááã C[0; 1] [ C1(0; 1). � ®¡« áâ¨ D� à¥è¥­¨¥ § ¤ ç¨ TN ®¯à¥¤¥«ï¥â-
áï ª ª à¥è¥­¨¥ § ¤ ç¨ � à¡ã ¤«ï ãà ¢­¥­¨ï (3.1) á ¤ ­­ë¬¨ (3.6), äã­ªæ¨ï �(x) ®¯à¥¤¥«¥­ 
ä®à¬ã«®© (3.19). �â® à¥è¥­¨¥ ¨¬¥¥â ¢¨¤

u(x; y) =
1p
2

1X
n=1

fn(x+ y)�n ; (x; y) 2 D�: (3.20)

�®áª®«ìªã 0 � x+y � 1 ¢ D�, â® àï¤ (3.20) ¢ D� áå®¤¨âáï à ¢­®¬¥à­® ¨ ­  ¬­®¦¥áâ¢¥ D�[AB
¤®¯ãáª ¥â ¯®ç«¥­­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® x ¨ y «î¡®£® ¯®àï¤ª .

� ª¨¬ ®¡à §®¬, ¤®ª § ­ 
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�¥®à¥¬  4. �á«¨ f(') 2 C�[0; '0], � 2 (0; 1], â® ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ TN áãé¥-

áâ¢ã¥â ¨ ¨¬¥¥â ¢¨¤

u(x; y) =

8><
>:

1P
n=1

fnr
�n sin(�n'+ �=4); (r; ') 2 D+;

1p
2

1P
n=1

fn(x+ y)�n ; (x; y) 2 D�;

£¤¥ fn ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã«¥ (3:18).

4. �®áâà®¥­¨¥ à¥è¥­¨ï § ¤ ç¨ TN ¤«ï ãà ¢­¥­¨ï � ¢à¥­âì¥¢ {�¨æ ¤§¥
á ª®¬¯«¥ªá­ë¬ ¯ à ¬¥âà®¬

�«ï ãà ¢­¥­¨ï � ¢à¥­âì¥¢ {�¨æ ¤§¥ á ª®¬¯«¥ªá­ë¬ ¯ à ¬¥âà®¬ (1.1) ¢ ®¡« áâ¨ D (á¬. ¯. 3)
­ ©¤¥¬ à¥è¥­¨¥ á«¥¤ãîé¥© § ¤ ç¨.

� ¤ ç  TN . � ©â¨ äã­ªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

u(x; y) 2 C (D ) \ C1(D [ �0 [AK) \ C2(D+ [D�); (4.1)

Lu(x; y) � uxx + sgn y � uyy + �u = 0; (x; y) 2 D; (4.2)

@u

@N

����
�

=
@u

@r

����
r=1

= f('); 0 � ' � '0; (4.3)

@u

@N

����
AK

= 0; (4.4)

u(x; y)
��
AC

= 0; (4.5)

£¤¥ f { § ¤ ­­ ï ¤®áâ â®ç­® £« ¤ª ï äã­ªæ¨ï.

�á¯®«ì§ãï á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ (2.24) § ¤ ç¨ TN�, à¥è¥­¨¥ § ¤ ç¨ (4.1){(4.4) ¢ ®¡« áâ¨ D+

¯à¨ � 6= �n;m ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ áã¬¬ë àï¤ 

v(r; ') =
1X
n=1

fn
J�n(r

p
�)

J�n(
p
�)

sin(�n'+ �=4); 0 < ' � '0; (4.6)

£¤¥ ª®íää¨æ¨¥­âë fn ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã«¥ (3.18),   J�n (r
p
�)

J�n (
p
�)

| ®àâ®­®à¬¨à®¢ ­­ë¥ á®¡-

áâ¢¥­­ë¥ äã­ªæ¨¨ § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï (2.3) á £à ­¨ç­ë¬ ãá«®¢¨¥¬ R(0) = 0. �  ®á­®¢ ­¨¨
 á¨¬¯â®â¨ç¥áª®© ä®à¬ã«ë ([16], c. 217)

Jn(z) � 1
n!

�
z

2

�n
¯à¨ n!1

àï¤ (4.6) ¯à¨ «î¡®¬ r � r0 < 1 áå®¤¨âáï à ¢­®¬¥à­®, â. ª. ¯à¨ ¡®«ìè¨å n á¯à ¢¥¤«¨¢  ®æ¥­ª �����fnJ�n(r
p
�)

J�n(
p
�)

sin (�n'+ �=4)

����� �M
r�n

�n
;

£¤¥ M = const > 0. �®¦­® â ª¦¥ ¯®ª § âì, çâ® àï¤ (4.6) ­  D+ [ AB ¤®¯ãáª ¥â ¯®ç«¥­­®¥
¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® ¯¥à¥¬¥­­ë¬ r ¨ ' «î¡®£® ¯®àï¤ª .

�¤®¢«¥â¢®àïï äã­ªæ¨¥© (4.6) £à ­¨ç­®¬ã ãá«®¢¨î (4.3), ¯®«ãç¨¬ àï¤

@u

@r

����
r=1

= f(') =
1X
n=1

�nfn sin
�
�n'+

�

4

�
; 0 � ' � '0;

à ¢­®¬¥à­ ï áå®¤¨¬®áâì ª®â®à®£® ®¡®á­®¢ ­  ¢ ¯. 3.
�«ï ¯®áâà®¥­¨ï à¥è¥­¨ï § ¤ ç¨ TN ¢ ®¡« áâ¨ D� ¢®á¯®«ì§ã¥¬áï ä®à¬ã«®© (2.23).
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�§ ä®à¬ã«ë (4.6) ­ å®¤¨¬

v(r; 0) = u(x; 0) = �(x) =
1p
2

1X
n=1

fn
J�n(x

p
�)

J�n(
p
�)

; x 2 [0; 1]; (4.7)

uy(x; 0) = �(x) =
1p
2 x

1X
n=1

�nfn
J�n(x

p
�)

J�n(
p
�)

; x 2 (0; 1): (4.8)

�á«¨ ¢ ä®à¬ã«¥ (2.23) ¯®«®¦¨âì cn;m = 1p
2

fn
J�n(

p
�)
, â® áã¬¬  àï¤  ®â äã­ªæ¨© un;m(x; y) ¯®

¨­¤¥ªáã n ®¯à¥¤¥«ï¥â à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï (1.1) ¢ ®¡« áâ¨ D� á ªà ¥¢ë¬¨
ãá«®¢¨ï¬¨ (4.7) ¨ (4.8)

u(x; y) =
1p
2

1X
n=1

fn

�
x+ y

x� y

��n=2J�n�p�(x2 � y2)
�

J�n
�p

�
� :

� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  5. �á«¨ f(') 2 C�[0; '0], � 2 (0; 1], â® à¥è¥­¨¥ § ¤ ç¨ (4:1){(4:5) ¯à¨ ¢á¥å � 6= �n;m
áãé¥áâ¢ã¥â ¨ ¨¬¥¥â ¢¨¤

u(x; y) =

8>><
>>:

1P
n=1

fn
J�n (r

p
�)

J�n (
p
�)
sin (�n'+ �=4) ; (r; ') 2 D+;

1p
2

1P
n=1

fn
�
x+y
x�y

��n=2 J�n�p�(x2�y2)
�

J�n

�p
�
� ; (x; y) 2 D�;

£¤¥ �n;m | á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï § ¤ ç¨ TN�, fn ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã«¥ (3:18).

5. �à®áâà ­áâ¢¥­­ ï § ¤ ç  TN

� áá¬®âà¨¬ ãà ¢­¥­¨¥

LW �Wxx + sgn y �Wyy +Wzz = 0 (5.1)

¢ ®¡« áâ¨ G = D � (0; �), £¤¥ D | ®¡« áâì ¯«®áª®áâ¨ R2
xy, ®¯¨á ­­ ï ¢ ¯. 3. �¡®§­ ç¨¬ S0 =

�0 � [0; �], SAK = AK � [0; �], z 2 [0; �]; G+ = G \ fy > 0g; G� = G \ fy < 0g.
� ¤ ç  TN . � ©â¨ äã­ªæ¨î W (x; y; z), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

W (x; y; z) 2 C(G ) \ C1(G [ S0 [ SAK) \ C2(G+ [G�);

LW (x; y; z) � 0; (x; y; z) 2 G+ [G�;

@W

@N

����
S0

=
@W

@r

����
r=1

= F ('; z); 0 < ' � '0; z 2 [0; �]; (5.2)

@W

@N

����
SAK

= 0;

W (x; y; z)
��
y=�x = 0; x 2 [0; 1=2]; z 2 [0; �];

W (x; y; z)
��
z=0

=W (x; y; z)
��
z=�

= 0;

£¤¥ F | § ¤ ­­ ï ¤®áâ â®ç­® £« ¤ª ï äã­ªæ¨ï.
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� ®¡« áâ¨ G, à §¤¥«¨¢ ¢ ãà ¢­¥­¨¨ (5.1) ¯¥à¥¬¥­­ë¥ W (x; y; z) = u(x; y)Z(z), ¯®«ãç¨¬

u(x; y) 2 C(D ) \ C1(D [ �0 [AK) \C2(D+ [D�); (5.3)

uxx + sgn y � uyy � �2u = 0; (x; y) 2 D; (5.4)

@u

@N

����
AK

= 0; (5.5)

u(x; y)
��
y=�x = 0; x 2 [0; 1=2]; (5.6)

Z 00 + �2Z = 0; 0 � z � �; Z(0) = Z(�) = 0; (5.7)

£¤¥ � = const > 0.
� ¤ ç  (5.3){(5.6) ¥áâì § ¤ ç  (4.1), (4.2), (4.4) ¨ (4.5), £¤¥ � = ��2. �®« £ ï ¢ ä®à¬ã«¥ (2.1)

� = ��2 ¨ ãç¨âë¢ ï J�(ix) = i�I�(x), ¯®«ãç¨¬ á®®â­®è¥­¨¥

u(x; 0) = �2
Z x

0
uy(t; 0)I0[�(x� t)]dt; 0 � x � 1; (5.8)

£¤¥ I0(t) | ¬®¤¨ä¨æ¨à®¢ ­­ ï äã­ªæ¨ï �¥áá¥«ï, ¯®§¢®«ïîé¥¥ á¢¥áâ¨ ¯®«ãç¥­­ãî § ¤ çã ª
­¥«®ª «ì­®© í««¨¯â¨ç¥áª®© § ¤ ç¥ ¢ ®¡« áâ¨ D+ (á¬. ¯. 4).

� ®¡« áâ¨ D+, à §¤¥«ïï ¯¥à¥¬¥­­ë¥ u(x; y) = v(r; ') = R(r)�('), ¯¥à¥å®¤¨¬ ª § ¤ ç¥

Rrr +
1
r
Rr �

�
�2 +

�2

r2

�
R = 0; 0 < r < 1; (5.9)

R(0) = 0; jR0(1)j < +1; (5.10)

�00(') + �2�(') = 0; 0 < ' < '0; (5.11)

�0('0) = 0; (5.12)

�(0)R(r) = �0(0)
Z r

0

t�1R(t)I0(�(r � t))dt; 0 < r < 1: (5.13)

�¥è¥­¨¥¬ ãà ¢­¥­¨ï (5.11), ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨ï¬ (5.10), ï¢«ï¥âáï ¬®¤¨ä¨æ¨à®¢ ­­ ï
äã­ªæ¨ï �¥áá¥«ï

R(r) = I�(�r); Re � > 0:

�®¤áâ ¢¨¢ ¥¥ ¢ à ¢¥­áâ¢® (5.13), ¯®«ãç¨¬ ¢â®à®¥ £à ­¨ç­®¥ ãá«®¢¨¥ ¤«ï ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨
�(')

� �(0)� �0(0) = 0: (5.14)

�¥è¥­¨ï¬¨ ãà ¢­¥­¨ï (5.11), ã¤®¢«¥â¢®àïîé¨¬¨ £à ­¨ç­ë¬ ãá«®¢¨ï¬ (5.12) ¨ (5.14), ï¢«ïîâáï
äã­ªæ¨¨

�k(') = Ck sin (�n'+ �=4) ; Ck = const 6= 0:

� ª¨¬ ®¡à §®¬, äã­ªæ¨¨

uk(x; y) = vk(r; ') = CkI�n(�r) sin (�n'+ �=4)

®¯à¥¤¥«ïîâ ¢ ®¡« áâ¨ D+ à¥è¥­¨ï ãà ¢­¥­¨ï (5.4), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ (5.5) ¨ (5.8).
�¥è¥­¨ï¬¨ § ¤ ç¨ (5.7) ï¢«ïîâáï äã­ªæ¨¨

Zn(z) = Bn sinnz; Bn = const 6= 0; � = n = 1; 2; : : :

�¥è¥­¨¥ § ¤ ç¨ TN ¢ ®¡« áâ¨ G+ ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ áã¬¬ë àï¤ 

W (x; y; z) = V (r; '; z) =
1X

n;k=1

fnk sinnz sin (�n'+ �=4)
I�n(nr)
I�n(n)

: (5.15)
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�¤®¢«¥â¢®à¨¢ áã¬¬®© àï¤  (5.15) £à ­¨ç­®¬ã ãá«®¢¨î (5.2), ¨¬¥¥¬

@W

@N

����
r=1

=
@V

@r

����
r=1

= F ('; z) =
1X

n;k=1

�nfnk sin (�n'+ �=4) sinnz;

£¤¥ ª®íää¨æ¨¥­âë fnk ­ å®¤ïâáï ¨§ à §«®¦¥­¨ï (á¬. ¯. 3)

Pn(') =
1X
k=1

�kfnk sin (�k'+ �=4) ; 0 � ' � '0; (5.16)

  äã­ªæ¨ï Pn(') ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥

Pn(') =
2
�

Z �

0
F ('; z) sinnz dz:

�á«¨ äã­ªæ¨ï F ('; z) ¯® ¯¥à¥¬¥­­®© ' ã¤®¢«¥â¢®àï¥â ­  á¥£¬¥­â¥ [0; '0] ãá«®¢¨î ��e«ì¤¥à 
á ¯®ª § â¥«¥¬ 0 < � � 1, â® äã­ªæ¨ï Pn(') â ª¦¥ ã¤®¢«¥â¢®àï¥â á â¥¬ ¦¥ ¯®ª § â¥«¥¬ ­ 
á¥£¬¥­â¥ [0; '0] ãá«®¢¨î ��¥«ì¤¥à , ¯®íâ®¬ã àï¤ (5.16) áå®¤¨âáï à ¢­®¬¥à­® ­  [0; '0].

�ï¤ (5.15) áå®¤¨âáï à ¢­®¬¥à­® ¢ § ¬ª­ãâ®© ®¡« áâ¨ G+ ¨ â ¬ ¤®¯ãáª ¥â ¯®ç«¥­­®¥ ¤¨ää¥-
à¥­æ¨à®¢ ­¨¥ ¯® ¯¥à¥¬¥­­®© r, §  ¨áª«îç¥­¨¥¬ ®âà¥§ª  r = 0, ¥á«¨ äã­ªæ¨ï F ('; z) ¢ § ¬ª­ãâ®©
®¡« áâ¨ 0 � ' � '0, 0 � z � � ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬ 0 < � < 1 ([17],
c. 364).

�¥è¥­¨¥ § ¤ ç¨ TN ¢ ®¡« áâ¨ G� ¨¬¥¥â ¢¨¤

W (x; y; z) =
1p
2

1X
n;k=1

fnk sinnz
�
x+ y

x� y

��n=2 I�k �npx2 � y2
�

I�k(n)
: (5.17)

�â ª, á¯à ¢¥¤«¨¢a

�¥®à¥¬  6. �á«¨ äã­ªæ¨ï F ('; z) ¢ § ¬ª­ãâ®© ®¡« áâ¨ 0 � ' � '0, 0 � z � � ã¤®¢«¥-

â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬ 0 < � < 1, â® áãé¥áâ¢ã¥â à¥è¥­¨¥ § ¤ ç¨ TN ¢

®¡« áâ¨ G ¨ ®­® § ¤ ¥âáï ä®à¬ã« ¬¨ (5:15), (5:17).
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