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� áâ âì¥ ¢ ª ç¥áâ¢¥ à §¢¨â¨ï à ¡®âë [1] ®æ¥ª  ¯®£à¥è®áâ¨ «¨¥ à¨§ æ¨¨ áâà®¨âáï ¤«ï
á¨áâ¥¬ ª®¥ç®-à §®áâëå ãà ¢¥¨©   ®á®¢¥ ¢â®à®£® ¬¥â®¤  �ï¯ã®¢  á ¯à¨¬¥¥¨¥¬ á«¥-
¤ãîé¥© ¤¨áªà¥â®© â¥®à¥¬ë áà ¢¥¨ï [2].

�¥®à¥¬  1. �ãáâì áª «ïà ï äãªæ¨ï R(k; u) ¤«ï ¢á¥å k 2 N = f0; 1; 2; : : : g, 0 � u < 1,

ï¢«ï¥âáï ¥ã¡ë¢ îé¥© ¯® u ¤«ï «î¡®£® ä¨ªá¨à®¢ ®£® k. �®£¤  ¥á«¨ u(k) ¨ v(k) ã¤®¢«¥â¢®àï-
îâ ®â®è¥¨ï¬

v(k + 1) � R(k; v(k)); u(k + 1) = R(k; u(k)); k 2 N;

â® ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

v(k) � u(k); k 2 N; ¯à¨ ãá«®¢¨¨, çâ® v(k0) � u(k0):

1. �æ¥ª  ¯®£à¥è®áâ¨ «¨¥ à¨§ æ¨¨ ¯® ¢á¥¬ ¯¥à¥¬¥ë¬

�ãáâì ¢ Rn § ¤   á¨áâ¥¬  ª®¥ç®-à §®áâëå ãà ¢¥¨©

x(k + 1) = Ax(k) + F (x(k))x(k) + r(k); x(0) = x0; k 2 N; (1)

£¤¥ A | ¯®áâ®ï ï ¬ âà¨æ  à §¬¥à®áâ¨ n� n, F (x(k)) | ¬ âà¨æ  à §¬¥à®áâ¨ n�n, r(k) |
n-¬¥àë© ¢¥ªâ®à,

kF (x(k))k � hkx(k)k ; kr(k)k � B <1 ¯à¨ kx(k)k � �:

�¤¥áì k � k | ¥¢ª«¨¤®¢  ®à¬ , (h&) > 0, � > 0 | ¯à®¨§¢®«ì®¥ ¢¥é¥áâ¢¥®¥ ç¨á«®.
�à¥¤¯®« £ ¥âáï, çâ® ¤«ï «¨¥©®© á¨áâ¥¬ë

ex(k + 1) = Aex(k); k 2 N; (2)

áãé¥áâ¢ã¥â ¤¨áªà¥â ï äãªæ¨ï �ï¯ã®¢  V (x(k)), ã¤®¢«¥â¢®àïîé ï ¥à ¢¥áâ¢ ¬
 ) kx(k)k � V (x(k)) �Mkx(k)k, M > 1;
¡) jV (x00(k))� V (x0(k))j �Mkx00(k)� x0(k)k;
¢) V (ex(k + 1))� V (ex(k)) � ��V (ex(k)), 0 < � < 1.

� [3] ¤«ï á¨áâ¥¬ ¢¨¤  (2) ¯à¨¢¥¤¥ë ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï äãªæ¨© �ï¯ã®¢ , ã¤®¢«¥â¢®àï-
îé¨å ®æ¥ª ¬  ){¢) á ¯®áâ®ïë¬¨ �à á®¢áª®£®.

�¨¥ à¨§®¢ ë© ¢ à¨ â á¨áâ¥¬ë (1) ¨¬¥¥â ¢¨¤

t(k + 1) = At(k) + r(k); t(0) = x0; k 2 N: (3)

�ãáâì "(k) ::= x(k)� t(k), k 2 N (::= | \à ¢® ¯® ®¯à¥¤¥«¥¨î"), ¥áâì ¯®£à¥è®áâì «¨¥ à¨§ -
æ¨¨. �¥®¡å®¤¨¬®  ©â¨ ®æ¥ªã ®à¬ë à §®áâ¨ "(k), k 2 N , à¥è¥¨© á¨áâ¥¬ë (1) ¨ (3). � ç « 
®æ¥¨¬ kx(k)k, k 2 N .

�«ï á¨áâ¥¬ë (1) ¢ë¡¥à¥¬ äãªæ¨î �ï¯ã®¢  V (x(k)), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬  ){¢).
�¥à¢ ï à §®áâì äãªæ¨¨ V (x(k))   à¥è¥¨ïå á¨áâ¥¬ë (1) ¨¬¥¥â ¢¨¤

V (Ax(k) + F (x(k))x(k) + r(k))� V (x(k)) � ��V (x(k)) +Mhkx(k)k+1 +MB; k 2 N: (4)
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�¢¥¤¥¬ ®¡®§ ç¥¨¥
V (x(k)) ::= v(k):

�®£¤  á ãç¥â®¬ ãá«®¢¨ï  ) ¥à ¢¥áâ¢® (4) ¯à¨¢®¤¨âáï ª ¢¨¤ã

v(k + 1)� v(k) � ��v(k) +Mhv+1(k) +MB � '(v(k)):

� ¯à¨¬¥¥¨¥¬ â¥®à¥¬ë 1 ¨ ¢â®à®£® ¬¥â®¤  �ï¯ã®¢  ¤®ª §ë¢ ¥âáï

�¥®à¥¬  2. �á«¨ ¤«ï «¨¥©®© á¨áâ¥¬ë (2) ¢ë¯®«¥ë ãá«®¢¨ï  ){¢) ¨, ªà®¬¥ â®£®, ãà ¢-
¥¨¥

��u+Mhu+1 +MB = 0 (5)

¨¬¥¥â à¥è¥¨ï u(1) ¨ u(2) â ª¨¥, çâ® 0 � u(1) � u(2), â® ¯à¨ k 2 N á¯à ¢¥¤«¨¢ë ®æ¥ª¨

1) kx(k)k � maxfMkx(0)k; u(1)g � �;

2) k"(k)k <
Mh�+1

�
:

� ¬¥ç ¨¥ 1. � ª ª ª '00(u) � 0 ¢ ®¡« áâ¨ u � 0, â® ¤«ï â®£® çâ®¡ë ãà ¢¥¨¥ (5) ¨¬¥«®
å®âï ¡ë ®¤® à¥è¥¨¥ ¢ ®¡« áâ¨ u � 0, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç® ¢ë¯®«¥¨ï ãá«®¢¨ï

'(u�) � 0; (6)

£¤¥ u� | â®çª  ¬¨¨¬ã¬  äãªæ¨¨ '(u), ª®â®à ï ®¯à¥¤¥«ï¥âáï ¨§ ãà ¢¥¨ï

��+Mh( + 1)u = 0 ) u� = 

s
�

Mh( + 1)
:

�®£¤  ãá«®¢¨¥ (6) ¯à¨¬¥â ¢¨¤

�� 

s
�

Mh( + 1)
+

�

 + 1


s
�

Mh( + 1)
+MB � 0:

�âáî¤ 

B �
�

M( + 1)


s
�

Mh( + 1)
: (7)

�ë¯®«¥¨¥ ãá«®¢¨ï (7) ®¡¥á¯¥ç¨â ®æ¥ª¨ 1) ¨ 2) ¨§ â¥®à¥¬ë 2.

2. �æ¥ª  ¯®£à¥è®áâ¨ «¨¥ à¨§ æ¨¨ ¯® ç áâ¨ ¯¥à¥¬¥ëå

�à¥¤áâ ¢«ïï ¢¥ªâ®à x(k) ¢ ¢¨¤¥ x(k) = (y(k); z(k)), £¤¥ y(k) = (yi(k)) = (xi(k)), i = 1; 2; : : : ; n1;
z(k) = (zj(k)) = (xj(k)), j = n1 + 1; : : : ; n, á¨áâ¥¬ã (1) § ¯¨è¥¬ á«¥¤ãîé¨¬ ®¡à §®¬:

y(k + 1) = Py(k) + L(y(k); z(k)) + f(k);

z(k + 1) = Sy(k) +Qz(k) +D(y(k); z(k)) + g(k); (8)

x(0) = x0; k 2 N:

�¤¥áì P , S ¨Q|¯®áâ®ïë¥ ¬ âà¨æë à §¬¥à®áâ¨ n1�n1, (n�n1)�n1 ¨ (n�n1)�(n�n1) á®®â¢¥â-
áâ¢¥®; L(y(k); z(k)), D(y(k); z(k)) | ¢¥ªâ®à-äãªæ¨¨ à §¬¥à®áâ¨ n1 ¨ (n�n1) á®®â¢¥âáâ¢¥®;
f(k) | n1-¬¥àë©, g(k) | (n� n1)-¬¥àë© ¢¥ªâ®àë, ã¤®¢«¥â¢®àïîé¨¥ á®®â®è¥¨ï¬

kL(y(k); z(k))k � mky(k)k�; kf(k)k � q <1; � > 1; (q:m) > 0;

kD(y(k); z(k))k � dky(k)k� ; kg(k)k � p <1; � > 1; (d:p) > 0:
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�æ¥¨¬ ®à¬ã ¯®£à¥è®áâ¨ «¨¥ à¨§ æ¨¨ "y(k) = y(k) � �(k), "z = z(k) � �(k), k 2 N , £¤¥
�(k) ¨ �(k) | à¥è¥¨ï á¨áâ¥¬ë

�(k + 1) = P�(k) + f(k);

�(k + 1) = S�(k) +Q�(k) + g(k); �(k) = (�(k); �(k)); �(0) = x0; k 2 N:

�ãáâì ¤«ï «¨¥©®© á¨áâ¥¬ë

ey(k + 1) = P ey(k);ez(k + 1) = Sey(k) +Qez(k); k 2 N;
(9)

áãé¥áâ¢ã¥â ¤¨áªà¥â ï äãªæ¨ï �ï¯ã®¢  eV (x(k)), ã¤®¢«¥â¢®àïîé ï ¥à ¢¥áâ¢ ¬
 0) ky(k)k � eV (x(k)) � �(ky(k)k + kz(k)k), � > 1;
¡0) j eV (x00(k)) � eV (x0(k))j � �(ky00(k)� y0(k)k + kz00(k)� z0(k)k);
¢0) eV (Aex(k))� eV (ex(k)) � �� eV (ex(k)), 0 < � < 1, ex(k) = (ey(k); ez(k)).

� á¨«ã á¤¥« ëå ¢ëè¥ ¯à¥¤¯®«®¦¥¨© ¤«ï ¯¥à¢®© à §®áâ¨ äãªæ¨¨ V (x(k))   à¥è¥¨ïå
á¨áâ¥¬ë (8) á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

eV (x(k + 1))� eV (x(k)) � �� eV (x(k)) + �mky(k)k� + �dky(k)k� + �(p+ q)

¨«¨ ¯®á«¥ ¢¢¥¤¥¨ï ®¡®§ ç¥¨ï eV (x(k)) ::= ev(k)
ev(k + 1)� ev(k) � ��ev(k) + �mev�(k) + �dev�(k) + �(p+ q):

� ¯à¨¬¥¥¨¥¬ ¢â®à®£® ¬¥â®¤  �ï¯ã®¢  ¨ â¥®à¥¬ë 1 ¤®ª §  

�¥®à¥¬  3. �á«¨ ¤«ï «¨¥©®© á¨áâ¥¬ë (9) ¢ë¯®«¥ë ãá«®¢¨ï  0){¢0) ¨ ãà ¢¥¨¥

��w + �mw� + �dw� + �(p+ q) = 0 (10)

¢ ®¡« áâ¨ w � 0 ¨¬¥¥â à¥è¥¨ï w(1) ¨ w(2) â ª¨¥, çâ® 0 � w(1) � w(2) ¨ �kx(0)k � w(2), â® ¯à¨

k 2 N á¯à ¢¥¤«¨¢ë ®æ¥ª¨

ky(k)k � �; k"y(k)k � � + �k;

£¤¥

� = maxf�kx(0)k; w(1)g; � =
�(m�� + d��)

�
; �k = (kSk� + d��)

1� kQkk

1� kQk
:

� ¬¥ç ¨¥ 2. �®«ì§ãïáì â¥¬¨ ¦¥ á®®¡à ¦¥¨ï¬¨, çâ® ¨ ¢ á«ãç ¥ á¨áâ¥¬ë (1), ¬®¦®  ©â¨
®£à ¨ç¥¨ï   p ¨ q, ¯à¨ ª®â®àëå ãà ¢¥¨¥ (10) ¨¬¥¥â à¥è¥¨¥ ¢ ®¡« áâ¨ w � 0.

� ¬¥ç ¨¥ 3. �á«¨ kQk < 1, â®

k"z(k)k � (kSk� + d��)
1

1� kQk
� e�; k 2 N;

¨

k"(k)k � � + e�; k 2 N;

â. ¥. ¤«ï "(k) áãé¥áâ¢ã¥â ®æ¥ª , ¥ § ¢¨áïé ï ®â k, ¯®¤®¡ ï ®æ¥ª¥ 2) ¨§ â¥®à¥¬ë 2.
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