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�¢¥¤¥­¨¥

� àï¤¥ ¯à¨ª« ¤­ëå § ¤ ç ¢áâà¥ç ¥âáï á¨­£ã«ïà­®¥ ¨­â¥£à®¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

A' � '00(t) + a(t)'0(t) + b(t)'(t) +
c(t)
�

Z 1

�1

'(�)d�
� � t

+
d(t)
�

Z 1

�1

'0(�)d�
� � t

= f(t); �1 < t < 1; (1)

á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨

'(�1) = '(+1) = 0; (2)

£¤¥ a(t), b(t), c(t), d(t), f(t) | ¨§¢¥áâ­ë¥ äã­ªæ¨¨ ­  á¥£¬¥­â¥ [�1; 1], a '(t) | ¨áª®¬ ï äã­ªæ¨ï.
�®áª®«ìªã § ¤ ç  (1), (2) â®ç­® ­¥ à¥è ¥âáï, ­¨¦¥ ¯à¥¤« £ ¥âáï ¥¥ à¥è¥­¨¥ ¬¥â®¤®¬ á¯« ©­-

ª®««®ª æ¨©. � ç áâ­®áâ¨, ¯à¨¢®¤ïâáï ¢ëç¨á«¨â¥«ì­ë¥ áå¥¬ë ãªa§ ­­®£® ¬¥â®¤  ¨ ¯à¥¤« £ ¥âáï
¨å ®¡®á­®¢ ­¨¥ ­  ®á­®¢¥ â¥®à¨¨ ¯à¨¡«¨¦¥­¨ï äã­ªæ¨© (­ ¯à., [1]) ¨ ®¡é¥© â¥®à¨¨ ¯à¨¡«¨¦¥­-
­ëå ¬¥â®¤®¢ äã­ªæ¨®­ «ì­®£®  ­ «¨§  (­ ¯à., [2], £«. 14; [3], £«. 1).

1. �ëç¨á«¨â¥«ì­ ï áå¥¬  ¬¥â®¤ 

�¢¥¤¥¬ á¥âªã ã§«®¢

tk = �1 +
2k
n
; k = 0; n; n 2 N: (3)

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (1), (2) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ ªã¡¨ç¥áª®£® á¯« ©­ 

'n(t) = 'n;k(t) =
3X

i=0

�kit
i; tk�1 � t � tk; k = 1; n; (4)

á ã§« ¬¨ (3). �¥¨§¢¥áâ­ë¥ ¯®áâ®ï­­ë¥ �ki, k = 1; n, i = 0; 3, ®¯à¥¤¥«ïîâáï ¨§ ãá«®¢¨©

(A'n)(tk) = f(tk); k = 0; n; (5)

'n(�1) = 'n(1) = 0: (6)

�âáî¤  ¯®«ãç ¥¬ n + 3 ãà ¢­¥­¨©, ­¥¤®áâ îé¨¥ ãà ¢­¥­¨ï ­ å®¤¨¬ ¢ á¨«ã â®£®, çâ® 'n(t) |
ªã¡¨ç¥áª¨© á¯« ©­, â. ¥. §  áç¥â £« ¤ª®£® áª«¥¨¢ ­¨ï ¢ ã§« å (3)

'
(j)
n;k(tk) = '

(j)
n;k+1(tk); k = 1; n� 1; j = 0; 1; 2: (7)

� ª¨¬ ®¡à §®¬, á®®â­®è¥­¨ï (5){(7) ¯à¥¤áâ ¢«ïîâ á®¡®© á¨áâ¥¬ã ¨§ 4n «¨­¥©­ëå  «£¥¡à ¨-
ç¥áª¨å ãà ¢­¥­¨© (����) ®â­®á¨â¥«ì­® 4n ­¥¨§¢¥áâ­ëå ª®íää¨æ¨¥­â®¢ á¯« ©­  (4).
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2. �à¥¤¢ à¨â¥«ì­ë¥ à¥§ã«ìâ âë

�«ï â¥®à¥â¨ç¥áª®£® ®¡®á­®¢ ­¨ï ¢ëç¨á«¨â¥«ì­®© áå¥¬ë (1){(7) ¯à¨¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ë¥
ãâ¢¥à¦¤¥­¨ï.

�¥¬¬  1. �ãáâì X ¨ Y | ¯®«­ë¥ «¨­¥©­ë¥ ­®à¬¨à®¢ ­­ë¥ ¯à®áâà ­áâ¢ ,   G;T : X ! Y

| «¨­¥©­ë¥ ®£à ­¨ç¥­­ë¥ ®¯¥à â®àë. �ãáâì, ªà®¬¥ â®£®, ¢ë¯®«­¥­ë ãá«®¢¨ï

1) G : X ! Y | ­¥¯à¥àë¢­® ®¡à â¨¬ë©,   T : X ! Y | ¢¯®«­¥ ­¥¯à¥àë¢­ë© ®¯¥à â®àë;
2) «¨­¥©­®¥ ®¯¥à â®à­®¥ ãà ¢­¥­¨¥

Kx � Gx+ Tx = y (x 2 X; y 2 Y ) (8)

®¤­®§­ ç­® à §à¥è¨¬® ¢ ¯à®áâà ­áâ¢¥ X ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ ¨§ ¯à®áâà ­áâ¢  Y .

�®£¤  ®¯¥à â®à K : X ! Y ­¥¯à¥àë¢­® ®¡à â¨¬.

�®ª § â¥«ìáâ¢®. � á¨«ã ãá«®¢¨ï 1) ãà ¢­¥­¨¥ (8) íª¢¨¢ «¥­â­® ®¯¥à â®à­®¬ã ãà ¢­¥­¨î
2-£® à®¤ 

G�1Kx �Mx � x+G�1Tx = G�1y (x;G�1y 2 X): (80)

�®íâ®¬ã ¨§ ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï (8) á«¥¤ã¥â ®¤­®§­ ç­ ï à §à¥è¨¬®áâì íª¢¨-
¢ «¥­â­®£® ¥¬ã ®¯¥à â®à­®£® ãà ¢­¥­¨ï (80). � ª ª ª G�1T ï¢«ï¥âáï ¢¯®«­¥ ­¥¯à¥àë¢­ë¬
®¯¥à â®à®¬ ª ª ¯à®¨§¢¥¤¥­¨¥ ®£à ­¨ç¥­­®£® ¨ ¢¯®«­¥ ­¥¯à¥àë¢­®£® ®¯¥à â®à®¢, â® ¨§ â¥®à¨¨
�¨áá {� ã¤¥à  (­ ¯à., [2]) ¨ ãá«®¢¨ï 2) á«¥¤ã¥â, çâ® ®¯¥à â®à M ¨¬¥¥â ­¥¯à¥àë¢­ë© ®¡à â­ë©
M�1 : X ! X. �®áª®«ìªã M�1 = (G�1K)�1 | ®£à ­¨ç¥­­ë© ®¯¥à â®à,   G�1 ¨¬¥¥â ®¡à â­ë©,
à ¢­ë© ®¯¥à â®àã G, â® áãé¥áâ¢ã¥â ®¡à â­ë© ®¯¥à â®à K�1 : Y ! X ¨ á¯à ¢¥¤«¨¢ë ¯à¥¤áâ -
¢«¥­¨ï M�1 = K�1G, K�1 =M�1G�1. �âáî¤  ­ å®¤¨¬ ­¥à ¢¥­áâ¢ 

kK�1k = kM�1G�1k � kM�1k kG�1k <1;

¨§ ª®â®àëå á«¥¤ã¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥.

�¡®§­ ç¨¬ ç¥à¥§ � = C2[�1; 1] ¯à®áâà ­áâ¢® ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå ­ 
[�1; 1] äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (2); ­®à¬ã ¢ � ®¯à¥¤¥«¨¬ ¯® ä®à¬ã«¥

k'k� = max
�1�t�1

j'00(t)j; ' 2 �:

�¥à¥§ Y = C[�1; 1] ®¡®§­ ç¨¬ ¯à®áâà ­áâ¢® ¢á¥å ­¥¯à¥àë¢­ëå ­  [�1; 1] äã­ªæ¨© á ®¡ëç­®©
­®à¬®©.

�¥¬¬  2. �«ï «î¡®© äã­ªæ¨¨ ' 2 � á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

k'kF � 2k'0kF � 4k'k�; (9)

k'0kF � 2k'k�: (10)

�«¥¤áâ¢¨¥. �«ï «î¡®© äã­ªæ¨¨ ' 2 � á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

j'0(�1)j � k'0(t)kF � 2k'k�:

�®ª § â¥«ìáâ¢®. � á¨«ã ãá«®¢¨ï (2) «î¡ ï äã­ªæ¨ï ' 2 � ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

'(t) =
Z t

�1

'0(�)d� = �

Z 1

t

'0(�)d�:

�âáî¤ , ®æ¥­¨¢ ï ¯® ¬®¤ã«î, à ¢­®¬¥à­® ®â­®á¨â¥«ì­® t 2 [�1; 1] ¯®«ãç ¥¬

j'(t)j =
����
Z t

�1

'0(�)d�
���� �

Z 1

�1

j'0(�)jd� � max
�1���1

j'0(�)j
Z 1

�1

d� � 2k'0kC :

�®íâ®¬ã k'kF � 2k'0kF , ' 2 �.
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�¢¨¤ã ãá«®¢¨© (2) ¯® â¥®à¥¬¥ �®««ï ¤«ï «î¡®© äã­ªæ¨¨ ' 2 � áãé¥áâ¢ã¥â â ª ï â®çª 
� 2 (�1; 1), çâ® '0(�) = 0. �®£¤ 

'0(t) =
Z t

�

'00(�)d�; ' 2 �:

�æ¥­¨¢ ï ¯® ¬®¤ã«î, ¨¬¥¥¬

j'0(t)j �
����
Z t

�

j'00(�)jd�
���� � 2k'00kF = 2k'k�; t 2 [�1; 1]:

�§ ¯®«ãç¥­­ëå ­¥à ¢¥­áâ¢ á«¥¤ãîâ ®æ¥­ª¨ (9) ¨ (10).

�¥¬¬  3. �«ï «î¡®© äã­ªæ¨¨ ' 2 � ¨ «î¡ëå � 2 (0; 2] á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

!('; �) � �k'0kF � 2�k'k�; (11)

!('0; �) � �k'k�; 0 < � � 2; (12)

£¤¥ !( ; �) | ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨  2 C[�1; 1] á è £®¬ � 2 (0; 2].

�®ª § â¥«ìáâ¢®. �ãáâì t0; t00 2 [�1; 1], ¯à¨ç¥¬ jt0 � t00j � � � 2 ¨ ' 2 �. �®£¤ , ¨á¯®«ì§ãï
â¥®à¥¬ã � £à ­¦  ® ª®­¥ç­ëå ¯à¨à é¥­¨ïå, ¤«ï «î¡®© äã­ªæ¨¨ ' 2 � ­ å®¤¨¬

j'(t0)� '(t00)j = j'0(�)(t0 � t00)j � �k'0kF ; (110)

£¤¥ � 2 [�1; 1]. �âáî¤  á«¥¤ã¥â ¯¥à¢ ï ç áâì ­¥à ¢¥­áâ¢ (11). �«ï ¯à®¨§¢®¤­®© '0(t) äã­ªæ¨¨
' 2 �  ­ «®£¨ç­® ­ å®¤¨¬

j'0(t0)� '0(t00)j = j'00(�)(t0 � t00)j � �k'00kF = �k'k�; � 2 (�1; 1): (120)

�âáî¤  á«¥¤ãîâ ­¥à ¢¥­áâ¢® (12) ¨ ¢â®à ï ç áâì ­¥à ¢¥­áâ¢ (11).
� ª¨¬ ®¡à §®¬, ¨§ ­¥à ¢¥­áâ¢ (110) ¨ (120) ¨ «¥¬¬ë 2 á«¥¤ãîâ ®æ¥­ª¨ (11) ¨ (12).

�¥¬¬  4. �«ï «î¡®© äã­ªæ¨¨ ' 2 � á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¯à¥¤áâ ¢«¥­¨ï :

S0('; t) �
1
�

Z +1

�1

'(�)d�
� � t

= �
1
�

Z 1

�1
ln j� � tj'0(�)d�; �1 � t � 1; (13)

S1('; t) �
1
�

Z 1

�1

'0(�)d�
� � t

= �
1
�

Z 1

�1
ln j� � tj'00(�)d� +

+
'0(+1) ln(1� t) + '0(�1) ln(1 + t)

�
; �1 < t < 1: (14)

�®ª § â¥«ìáâ¢®. �®à¬ã«  (13) á«¥¤ã¥â ¨§ «¥¬¬ë 1 [4] ¨ ãá«®¢¨© (2). �®à¬ã«  (14) ¤®ª -
§ë¢ ¥âáï â¥¬ ¦¥ ¬¥â®¤®¬, çâ® ¨ «¥¬¬  1 ¨§ [4].

�¥¬¬  5. �«ï «î¡®© äã­ªæ¨¨ ' 2 � ¨ «î¡ëå � 2 (0; 2] á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

kS0('; t)kF �
2
�
k'0(t)kF �

4
�
k'k�; (15)

!(S0'; �) �
2
�
�(1 + j ln �j)k'0(t)kF �

4
�
�(1 + j ln �j)k'k� : (16)

�®ª § â¥«ìáâ¢®. �«ï «î¡®© äã­ªæ¨¨ ' 2 � á ãç¥â®¬ ä®à¬ã«ë (13) à ¢­®¬¥à­® ®â­®á¨-
â¥«ì­® t 2 [�1; 1] ¨¬¥¥¬ ¯¥à¢ãî ç áâì ­¥à ¢¥­áâ¢  (15).

�§¢¥áâ­® [5], çâ® ¤«ï «î¡®© äã­ªæ¨¨  2 C[0; 1] ¨ «î¡®£® � 2 (0; 1] á¯à ¢¥¤«¨¢  ®æ¥­ª 

!

�Z 1

0
ln j� � sj (�)d�; �

�
� 2�(1 � ln �)k kC[0;1]:

�âáî¤ , ¨§ ¯à¥¤áâ ¢«¥­¨ï (13) ¨ «¥¬¬ë 2 ¯®á«¥ ­¥á«®¦­ëå (­® £à®¬®§¤ª¨å) ¯à¥®¡à §®¢ ­¨©
­ å®¤¨¬ (16).
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�«¥¤áâ¢¨¥. �¯¥à â®à S0 : �! F ¢¯®«­¥ ­¥¯à¥àë¢¥­.

�®ª § â¥«ìáâ¢®. �ãáâì D = D(0; 1) | ¥¤¨­¨ç­ë© è à ¯à®áâà ­áâ¢  � á æ¥­âà®¬ ¢ ­ ç «¥
ª®®à¤¨­ â. �®£¤  ¨§ «¥¬¬ 2 ¨ 5 ¤«ï «î¡®© äã­ªæ¨¨ ' 2 D ­ å®¤¨¬

kS0'kF �
4
�
;

!(S0'; �) � 4�(1 + j ln �j); � 2 (0; 2]:

�§ ¤¢ãå ¯®á«¥¤­¨å ­¥à ¢¥­áâ¢ ¢¨¤­®, çâ® äã­ªæ¨¨ ¬­®¦¥áâ¢  fS0('; t) : ' 2 D � �g à ¢­®¬¥à­®
®£à ­¨ç¥­ë ¨ à ¢­®áâ¥¯¥­­® ­¥¯à¥àë¢­ë,   á«¥¤®¢ â¥«ì­®, ¢ á¨«ã ¨§¢¥áâ­®© â¥®à¥¬ë �àæ¥« 
[2] ãâ¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï áâ ­®¢¨âáï ®ç¥¢¨¤­ë¬.

�¥¬¬  6. �«ï «î¡®© äã­ªæ¨¨ ' 2 � ¨ «î¡ëå � 2 (0; 2] á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 





S1('; t) � '0(+1) ln(1� t)� '0(�1) ln(1 + t)
�






F

�
2
�
k'(t)k�; (17)

!

�
S1('; t) �

'0(+1) ln(1� t)� '0(�1) ln(1 + t)
�

; �
�
�

2
�
�(1 + j ln �j)k'k�: (18)

�®ª § â¥«ìáâ¢®. � á¨«ã «¥¬¬ë 4 ¤«ï «î¡®© äã­ªæ¨¨ ' 2 � á¯à ¢¥¤«¨¢®

 (t) � S1('; t)�
'0(+1) ln(1� t)� '0(�1) ln(1 + t)

�
=

1
�

Z 1

�1
ln j� � tj'00(�)d�:

�âáî¤ , à ááã¦¤ ï â ª ¦¥, ª ª ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 5, ¨ ¨á¯®«ì§ãï «¥¬¬ã 2, ¢ë¢®¤¨¬
­¥à ¢¥­áâ¢  (17) ¨ (18).

�¥¬¬  7. �ãáâì d(t) 2 H� (0 < � � 1) ¨ d(�1) = 0. �®£¤  ¤«ï äã­ªæ¨© d1(t) = d(t) ln(1� t)
¨ d2 = d(t) ln(1 + t) á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

d1(t) 2 H��"[�1; 1] ¨ jd1(t)j �M1j1� tj��"; �1 � t � 1;

d2(t) 2 H��"[�1; 1] ¨ jd2(t)j �M2j1 + tj��"; �1 � t � 1;

£¤¥ " | áª®«ì ã£®¤­® ¬ «®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®,   Mi | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, ­¥

§ ¢¨áïé¨¥ ®â t 2 [�1; 1].

�®ª § â¥«ìáâ¢® ¯à¨¢¥¤¥¬ ¤«ï äã­ªæ¨¨ d1(t), á«ãç © äã­ªæ¨¨ d2(t) ¤®ª §ë¢ ¥âáï  ­ «®-
£¨ç­®.

�ã­ªæ¨ï d1(t) ®¯à¥¤¥«¥­  ¢áî¤ã, §  ¨áª«îç¥­¨¥¬ â®çª¨ t = +1. � íâ®© â®çª¥ ¬®¦­® ®¯à¥-
¤¥«¨âì ¥¥ ª ª

d1(1) = lim
t!1�0

d1(t) = 0;

â. ª. ¤«ï «î¡ëå t 2 [�1; 1]

0 � jd1(t)j = jd(t) ln(1� t)j = jd(t) � d(1)j j ln(1� t)j � H(d;�)jt � 1j�
K1

(1� t)"
=M1j1� tj��";

£¤¥ " | áª®«ì ã£®¤­® ¬ «®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®, ­¥ § ¢¨áïé¥¥ ®â t, K1 | ¯®«®¦¨â¥«ì­ ï
¯®áâ®ï­­ ï, ­¥ § ¢¨áïé ï ®â t ¨ ",H(d;�) | ­ ¨¬¥­ìè ï ¯®áâ®ï­­ ï ãá«®¢¨ï ��¥«ì¤¥à  äã­ªæ¨¨
d 2 H� ¯à¨ ¤ ­­®¬ � 2 (0; 1].

B á¨«ã d1(t) 2 H�[�1; 1] ¤«ï â®çª¨ t0 = 1 ¨ «î¡®© â®çª¨ t00 = t 2 [�1; 1] ¨¬¥¥¬

jd1(t0)� d1(t00)j = jd1(t)j �M1(1� t)��" =M1jt
0 � t00j��": �
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3. �¡®á­®¢ ­¨¥ ¬¥â®¤ 

�«ï ¢ëç¨á«¨â¥«ì­®© áå¥¬ë (1){(7) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �ãáâì ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï :
1) a(t); b(t); c(t); f(t) 2 C[�1; 1], d(t) 2 H� (0 < � � 1), d(�1) = 0;
2) ªà ¥¢ ï § ¤ ç  (1), (2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ '� 2 � ¯à¨ «î¡®© ¯à ¢®© ç áâ¨

f 2 C[�1; 1].
�®£¤  ���� (5){(7) ®¤­®§­ ç­® à §à¥è¨¬  ®â­®á¨â¥«ì­® ¯®áâ®ï­­ëå �ki (k = 1; n,

i = 0; 1; 2; 3). �à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï (4) áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î '� § ¤ ç¨ (1), (2) ¢
¯à®áâà ­áâ¢¥ � á® áª®à®áâìî

k'� � 'nk� = Of!(f ; 1
n
) + !(a; 1

n
) + !(b; 1

n
) + !(c; 1

n
) + !(d1; 1n) + !(d2; 1n) +

1
n
g: (19)

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ ªà ¥¢ãî § ¤ çã (1), (2) ¢ ¢¨¤¥ íª¢¨¢ «¥­â­®£® ¥© «¨­¥©­®£®
®¯¥à â®à­®£® ãà ¢­¥­¨ï

A' � G'+ T' = f (' 2 �; f 2 F ); (20)

£¤¥

G' = '00(t); T' = U'+ V '; U' = a(t)'0(t) + b(t)'(t);

V ' = c(t)S0('; t) + d(t)S1('; t): (21)

�¥âàã¤­® ¯®ª § âì, çâ® ®¯¥à â®à G : � ! F ­¥¯à¥àë¢­® ®¡à â¨¬ ¨ ¤«ï ®¯¥à â®à®¢ G ¨ G�1

á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 
kGk�!F = 1; kG�1kF!� = 1:

�¢¥¤¥¬ ¯®¤¯à®áâà ­áâ¢ , ­¥®¡å®¤¨¬ë¥ ¢ ¤ «ì­¥©è¥¬. �ãáâì Fn=
n nP

k=0
�ksk(t) : �k 2 R

o
�F |

¬­®¦¥áâ¢® ¢á¥å á¯« ©­®¢ ¯¥à¢®© áâ¥¯¥­¨ á ã§« ¬¨ (3); §¤¥áì sk(t) | äã­¤ ¬¥­â «ì­ë¥ á¯« ©­ë
¯¥à¢®© áâ¥¯¥­¨ ­  á¥âª¥ ã§«®¢ (3):

sk(t) =

8>>>><
>>>>:

0; t � tk�1;
t�tk�1
tk�tk�1

; tk�1 � t � tk;
tk+1�t

tk+1�tk
; tk � t � tk+1;

0; t � tk+1;

£¤¥ ¯à¨ k = 0 ¨ k = n ¯à¥­¥¡à¥£ ¥¬ ¯¥à¢ë¬¨ ¤¢ã¬ï ¨ á®®â¢¥âáâ¢¥­­® ¯®á«¥¤­¨¬¨ ¤¢ã¬ï §¢¥­ìï¬¨
äã­ªæ¨© s0(t) ¨ sn(t).

�ãáâì �n � � | ¬­®¦¥áâ¢® ¢á¥å ªã¡¨ç¥áª¨å á¯« ©­®¢ ¢¨¤  (4). �ç¥¢¨¤­®,

dimFn = dim�n = n+ 1 <1:

�¢¥¤¥¬ ®¯¥à â®à

Pn( ; t) =
nX

k=0

 (tk)sk(t);  2 F;

¯à®¥ªâ¨àãîé¨© ¯à®áâà ­áâ¢® F ¢ ¯®¤¯à®áâà ­áâ¢® Fn, £¤¥ ã§«ë ®¯à¥¤¥«¥­ë ¯® ä®à¬ã«¥ (3).
�§¢¥áâ­®, çâ® Pn | «¨­¥©­ë© ¯à®¥ªæ¨®­­ë© ®¯¥à â®à, ¯à¨ç¥¬ ¤«ï «î¡®© äã­ªæ¨¨  2 C[�1; 1]
á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

k (t) � Pn (t)kF � 2!( ; 1
n
): (22)

� ¯¨è¥¬ ���� (5){(7) ¢ ¢¨¤¥ íª¢¨¢ «¥­â­®£® ¥© ®¯¥à â®à­®£® ãà ¢­¥­¨ï

An'n � PnA'n = PnG'n + PnT'n = Pnf ('n 2 �n; Pnf 2 Fn): (23)
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�®áª®«ìªã P 2
n = Pn, a G'n 2 Fn ¤«ï «î¡ëå äã­ªæ¨© 'n 2 �n, â® ãà ¢­¥­¨¥ (23) íª¢¨¢ «¥­â­®

ãà ¢­¥­¨î

An'n � G'n + PnT'n = Pnf ('n 2 �n; Pnf 2 Fn): (24)

�®ª ¦¥¬ ¡«¨§®áâì ®¯¥à â®à­ëå ãà ¢­¥­¨© (20) ¨ (24) ([3], £«. 1) �«ï ¨å ¯à ¢ëå ç áâ¥© ¢
á¨«ã ãá«®¢¨ï 1) ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë ¨ ­¥à ¢¥­áâ¢  (22) á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

�n � kf � PnfkF � 2!(f ; 1
n
)! 0; n!1:

� ¤ «ì­¥©è¥¬ ¯®­ ¤®¡¨âáï ¯®«­ ï ­¥¯à¥àë¢­®áâì ®¯¥à â®à  T : � ! F , ®¯à¥¤¥«¥­­®£®
ä®à¬ã« ¬¨ (21).

� ¯®¬®éìî «¥¬¬ 2 ¨ 3 ¤«ï «î¡®© äã­ªæ¨¨ ' 2 D � � ¨ «î¡ëå � 2 (0; 2] ­ å®¤¨¬ á«¥¤ãîé¨¥
­¥à ¢¥­áâ¢ :

kU'kF � kakF k'kF + kbkF k'0kF �

� 2k'k�(2kakF + kbkF ) � 2(2kakF + kbkF ); (25)

!(U'; �) � !(a; �)k'kF + kakF !('; �) + !(b; �)k'0kF + kbkF !('
0; �) �

� [!(a; �)4k'k� + kakF 2�k'k�] + [!(b; �)2k'k� + kbkF �k'k�] �

� 4!(a; �) + 2�kakF + 2!(b; �) + �kbkF � "1(�); (26)

£¤¥

"1(�) = 2�[kakF + kbkF ] + 4[!(a; �) + !(b; �)]! 0; � ! +0: (27)

�§ á®®â­®è¥­¨© (25){(27) á«¥¤ã¥â, çâ® ®¯¥à â®à U : �! F ï¢«ï¥âáï ¢¯®«­¥ ­¥¯à¥àë¢­ë¬.
�¥¯¥àì ¤«ï «î¡ëå ' 2 D � � ¨ «î¡ëå � 2 (0; 2] á ¯®¬®éìî «¥¬¬ 2 ¨ 5 ­ å®¤¨¬

kc(t)S0('; t)kF � kckF kS0'kF � kckF
2
�
k'0kF �

4
�
kckF ; (28)

!(cS0'; �) � !(c; �)kS0'kF + kckF !(S0'; �) � "2(�); (29)

£¤¥

"2(�) =
2
�
�(1 + j ln �j)kckF +

4
�
!(c; �) ! 0; � ! +0: (30)

�§ á®®â­®è¥­¨© (28){(30) ¨ â¥®à¥¬ë �àæ¥«  [2] á«¥¤ã¥â ª®¬¯ ªâ­®áâì ®¯¥à â®à  cS0 : �! F .
� ¯®¬®éìî «¥¬¬ 2, 4{7 ¤«ï «î¡®© äã­ªæ¨¨ ' 2 D � � ¨ «î¡ëå � 2 (0; 2] ­ å®¤¨¬

kdS1'kF � kdkF





 1�
Z 1

�1

ln j� � tj'00(�)d�





F

+

+
j'0(+1)j

�
kd1(t)kF +

j'0(�1)j
�

kd2(t)kF � kdkF
2
�
k'00kF +

+
2k'k�
�

M1 2��" +
2k'k�
�

M2 2��" �
2
�
(M1 +M2) +

2
�
kdkF ; (31)

!(dS1'; �) � !

�
1
�

Z 1

�1

ln j� � tj'00(�)d� ; �
�
+

+
j'0(+1)j

�
!(d1; �) +

j'0(�1)j
�

!(d2; �) �
2
�
�(1 + j ln �j) +

+
2
�
!(d1; �) +

2
�
!(d2; �) � "3(�); (32)

£¤¥

"3(�) =
2
�
�(1 + j ln �j) +

2
�
���"[H(d1;�� ") +H(d2;�� ")]! 0 (33)

42



¯à¨ � ! +0. �§ á®®â­®è¥­¨© (31){(33) á«¥¤ã¥â, çâ® ®¯¥à â®à dS1 : �! F ¢¯®«­¥ ­¥¯à¥àë¢¥­.
�â ª, ¨§ â®«ìª® çâ® ¯à¨¢¥¤¥­­ëå à¥§ã«ìâ â®¢ ¤«ï ®¯¥à â®à®¢ U ¨ V ¯®«ãç ¥¬, çâ® ¤«ï

«î¡ëå ' 2 D � � ¨ � 2 (0; 2] á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

kT'kF � c1 <1; (34)

!(T'; �) � c2"(�); � ! +0; (35)

£¤¥ c1 ¨ c2 | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, ­¥ § ¢¨áïé¨¥ ®â � 2 (0; 2] ¨ ' 2 D � �,   ¢ á¨«ã (27),
(30), (33)

"(�) = "1(�) + "2(�) + "3(�)! 0; � ! +0:

�âáî¤  ¨ ¨§ â¥®à¥¬ë �àæ¥«  [3] á«¥¤ã¥â ¯®«­ ï ­¥¯à¥àë¢­®áâì ®¯¥à â®à  T : � ! F . �®£¤ 
¢ á¨«ã ãá«®¢¨ï 2) ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë ¨ ¨§ «¥¬¬ë 1 á«¥¤ã¥â, çâ® ®¯¥à â®à A : � ! F ,
®¯à¥¤¥«¥­­ë© ä®à¬ã« ¬¨ (20), (21), ­¥¯à¥àë¢­® ®¡à â¨¬.

�¥¯¥àì ¤®ª ¦¥¬, çâ® ®¯¥à â®àë An : �n ! Fn  ¯¯à®ªá¨¬¨àãîâ ®¯¥à â®à A : �n ! F . �«ï
¢á¥å 'n 2 �n, 'n 6= 0, ¢ á¨«ã (20), (24) ¨ (34), (35) ­ å®¤¨¬

kA'n �An'nkF = kG'n + T'n � (G'n + PnT'n)kF =

= kT'n � PnT'nkF � 2!(T'n; 1n) � 2c2"( 1n)k'nk�:

�®£¤ 
"n � kA�Ank�n!F � 2c2"( 1n)! 0; n!1:

�®íâ®¬ã ¢ á¨«ã â¥®à¥¬ë 7 ([3], £«. 1) ¤«ï «î¡ëå n 2 N, ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ã

qn = kA�1k"n < 1;

®¯¥à â®àë An : �n ! F ­¥¯à¥àë¢­® ®¡à â¨¬ë ¨ ®¡à â­ë¥ ®¯¥à â®àë ®£à ­¨ç¥­ë ¯® ­®à¬¥ ¢
á®¢®ªã¯­®áâ¨

kA�1n k � c3 <1;

£¤¥ c3 | ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï, ­¥ § ¢¨áïé ï ®â n. �®íâ®¬ã ãà ¢­¥­¨¥ (24),   á«¥¤®¢ -
â¥«ì­®, íª¢¨¢ «¥­â­ ï ¥¬ã ���� (5){(7) ®¤­®§­ ç­® à §à¥è¨¬ë ¯à¨ «î¡ëå ¯à ¢ëå ç áâïå.

�®£« á­® â¥®à¥¬e 7 ([3], £«. 1) ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï 'n áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î '� ¢
¯à®áâà ­áâ¢¥ � á® áª®à®áâìî k'� � 'nk� = O("n + �n), ®âªã¤  á«¥¤ã¥â (19).

�¥®à¥¬  2. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï (4) áå®¤ïâáï ª â®ç­®¬ã à¥è¥-

­¨î § ¤ ç¨ (1), (2) ¢ ¯à®áâà ­áâ¢¥ � á® áª®à®áâìî

k'� � 'nk� = Ofk'�00 � Pn'
�kF g = Of!('�00; 1

n
)g: (36)

�«¥¤áâ¢¨¥ 1. �ãáâì § ¤ ç  (1), (2) â ª®¢ , çâ® ¤«ï ¥¥ à¥è¥­¨ï ¢ë¯®«­ï¥âáï ãá«®¢¨¥
'�00 2 H�. �®£¤  ¬¥â®¤ áå®¤¨âáï á® áª®à®áâìî

k'� � 'nk� = O( 1
n�
); 0 < � � 1:

�«¥¤áâ¢¨¥ 2. �á«¨ áãé¥áâ¢ã¥â ®£à ­¨ç¥­­ ï âà¥âìï ¯à®¨§¢®¤­ ï '�000, â® ¬¥â®¤ (1){(7) áå®-
¤¨âáï á® áª®à®áâìî

k'� � '�nk� = O( 1
n
):

�®ª § â¥«ìáâ¢®. � å®¤¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ãáâ ­®¢«¥­®, çâ® ®¯¥à â®àë
An : �n ! Fn ­¥¯à¥àë¢­® ®¡à â¨¬ë ¨ ®¡à â­ë¥ ®¯¥à â®àë A�1n : Fn ! �n ®£à ­¨ç¥­ë ¯®
­®à¬¥ ¢ á®¢®ªã¯­®áâ¨. �®íâ®¬ã ¨§ â¥®à¥¬ë 6 £«. 1 ®¡é¥© â¥®à¨¨ ¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢ äã­ª-
æ¨®­ «ì­®£®  ­ «¨§  [3] á«¥¤ã¥â ®æ¥­ª  (36). �âáî¤  ¨ ¨§ à¥§ã«ìâ â®¢ â¥®à¨¨ ¯à¨¡«¨¦¥­¨ï
á¯« ©­ ¬¨ [1] ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨ï á«¥¤áâ¢¨© 1 ¨ 2.

�§ â¥®à¥¬ë 2 ¨ â¥®à¨¨ ¯à¨¡«¨¦¥­¨ï á¯« ©­ ¬¨ ¯¥à¢®© áâ¥¯¥­¨ «¥£ª® ¢ë¢®¤ïâáï á«¥¤ãîé¨¥
ãâ¢¥à¦¤¥­¨ï.
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�¥®à¥¬  3. �ãáâì ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (1) â ª®¢ë, çâ® â®ç­®¥ à¥è¥­¨¥ § ¤ ç¨ (1),
(2) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î '�000 2 C[�1; 1].

�®£¤  ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 ¬¥â®¤ á¯« ©­-ª®««®ª æ¨© áå®¤¨âáï á® áª®à®áâìî

k'� � '�nk =
1
n
Of!('�000; 1

n
)g:

�«¥¤áâ¢¨¥ 1. �ãáâì § ¤ ç  (1), (2) â ª®¢ , çâ® ¥¥ à¥è¥­¨¥ ¨¬¥¥â âà¥âìî ¯à®¨§¢®¤­ãî ¨§
H� (0 < � � 1).

�®£¤  ¬¥â®¤ áå®¤¨âáï á® áª®à®áâìî

k'� � '�nk� = O( 1
n1+�

); 0 < � � 1:

�«¥¤áâ¢¨¥ 2. �á«¨ áãé¥áâ¢ã¥â ®£à ­¨ç¥­­ ï ¯à®¨§¢®¤­ ï '�IV(t), â® ¬¥â®¤ áå®¤¨âáï á®
áª®à®áâìî

k'� � '�nk� = O( 1
n2
):

4. � ª«îç¥­¨¥

10. �¥§ã«ìâ âë,  ­ «®£¨ç­ë¥ ¯à¨¢¥¤¥­­ë¬ ¢ëè¥, á¯à ¢¥¤«¨¢ë â ª¦¥ ¤«ï ­ ç «ì­®© § ¤ ç¨

'(�1) = '0(�1) = 0 (20)

¤«ï ãà ¢­¥­¨ï (1). � ¯à¨¬¥à, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  10. �ãáâì ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï :
1) a(t); b(t); f(t) 2 C[�1; 1] ¨ c(t); d(t) 2 H�, c(+1) = d(+1) = 0, 0 < � � 1;
2) § ¤ ç  �®è¨ (1), (20) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ '� 2 C2[�1; 1] ¯à¨ «î¡®© ¯à ¢®© ç áâ¨

f 2 C[�1; 1].
�®£¤  ���� (5), (7), 'n(�1) = '0n(�1) = 0 ®¤­®§­ ç­® à §à¥è¨¬  ¨ ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï

(4) áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î á® áª®à®áâìî

k'� � 'nkC2 = Of!(f ; 1
n
) + !(a; 1

n
) + !(b; 1

n
) + !(c1; 1n) + !(d1; 1n) +

1
n
g;

£¤¥

c1(t) = c(t) ln(1� t); d1(t) = d(t) ln(1� t):

�¥®à¥¬  10 ¤®ª §ë¢ ¥âáï ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1. �¤­ ª® ¯à¨ íâ®¬ ¢ ¯à¨¢¥¤¥­­ë¥
¢ëè¥ «¥¬¬ë ­¥®¡å®¤¨¬® ¢­¥áâ¨ ¨§¬¥­¥­¨ï, ª®â®àë¥ á¢ï§ ­ë á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ (20). � ª,
¤«ï «î¡®© äã­ªæ¨¨ ' 2 C2[�1; 1] á¯à ¢¥¤«¨¢ë ¯à¥¤áâ ¢«¥­¨ï

S0('; t) =
1
�

Z 1

�1

ln j� � tj'0(�)d� +
'(+1) ln(1� t)

�
; � 1 � t < 1;

S1('; t) =
1
�

Z 1

�1

ln j� � tj'00(�)d� +
'0(+1) ln(1� t)

�
; � 1 � t < 1;

§¤¥áì C2[�1; 1] | ¯à®áâà ­áâ¢® ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå ­  [�1; 1] äã­ªæ¨©,
ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (20), £¤¥ ­®à¬  ¢¢®¤¨âáï ª ª ¨ ¢ëè¥. �â® ¯®¢«¥ª«® §  á®¡®© ª®à-
à¥ªâ¨à®¢ªã ãá«®¢¨© ­  äã­ªæ¨¨ c(t) ¨ d(t).

20. �¥§ã«ìâ âë, ¯®«ãç¥­­ë¥ ¢ëè¥ ¤«ï ªà ¥¢®© § ¤ ç¨ (1), (2) ¨ § ¤ ç¨ �®è¨ (1), (20), «¥£ª®
¯¥à¥­®áïâáï ­  ®¡éãî ¤¢ãåâ®ç¥ç­ãî ªà ¥¢ãî § ¤ çã (1),

�0'(�1) + �1'
0(�1) = B;


0'(+1) + 
1'
0(+1) = �;

£¤¥ �0, �1, 
0, 
1, B, � | ¢¯®«­¥ ®¯à¥¤¥«¥­­ë¥ ¯®áâ®ï­­ë¥, ¯à¨ç¥¬

�20 + �21 > 0; 
20 + 
21 > 0:
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