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� ¤ ­­®© à ¡®â¥ ¤®ª §ë¢ ¥âáï  ­ «®£ â¥®à¥¬ë �­£¥«ï ¤«ï  «£¥¡à, ­ §¢ ­­ëå  «£¥¡à ¬¨
«¨¥¢áª®£® â¨¯ . � ¨¬¥­­®, ¯®ª § ­®, çâ® ­¨«ì¯®â¥­â­®áâì â ª®©  «£¥¡àë ¢ëâ¥ª ¥â ¨§ ­¨«ì¯®-
â¥­â­®áâ¨ ®¯¥à â®à®¢ «¥¢®£® ã¬­®¦¥­¨ï.

�«acc ¨§ãç ¥¬ëå  «£¥¡à ¨¬¥¥â ¥áâ¥áâ¢¥­­®¥ áå®¤áâ¢® á  «£¥¡à ¬¨ ¨§ [1], [2], ®âªã¤  ¨ § ¨¬-
áâ¢®¢ ­® ãª § ­­®¥ ¢ëè¥ ­ §¢ ­¨¥. �® ®á­®¢­ë¬  à£ã¬¥­â®¬ ¤«ï ¨§ãç¥­¨ï  «£¥¡à «¨¥¢áª®£®
â¨¯  ï¢«ï¥âáï â®â ä ªâ, çâ® íâ®â ª« áá á®¤¥à¦¨â Q-ä®à¬ë ¬®¤ã«ïà­ëå  «£¥¡à �¨ââ .

�®  ­ «®£¨¨ á  «£¥¡à ¬¨ �¨ ¢¢®¤¨âáï ¯®­ïâ¨¥ ª àâ ­®¢áª®© ¯®¤ «£¥¡àë ¨ á ¯®¬®éìî â¥®-
à¥¬ë �­£¥«ï ¤®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ­¨¥ ª àâ ­®¢áª¨å ¯®¤ «£¥¡à. � ®â«¨ç¨¥ ®â  «£¥¡à �¨, ¢
 «£¥¡à å «¨¥¢áª®£® â¨¯  ¨¬¥¥â ¬¥áâ® â®«ìª® ¢«®¦¥­¨¥ ª àâ ­®¢áª®© ¯®¤ «£¥¡àë ¢ ä¨ââ¨­£®¢ã
­ã«ìª®¬¯®­¥­âã ­¥ª®â®à®£® à¥£ã«ïà­®£® í«¥¬¥­â .

�¥à¥©¤¥¬ ª â®ç­ë¬ ®¯à¥¤¥«¥­¨ï¬. �ãáâì G |  «£¥¡à  ­ ¤ ¯®«¥¬ K,   V1, V2 | ­¥ª®â®àë¥
¯®¤¯à®áâà ­áâ¢  ¢ G. �¡®§­ ç¨¬ ç¥à¥§ W (G;V1; V2) ¬­®¦¥áâ¢® â ª¨å ¯ à ¢¥ªâ®à­®£® ¯à®áâà ­-
áâ¢  V1 � V2, çâ® ¤«ï ª ¦¤®© ¯ àë (a; b) 2 (G;V1; V2) áãé¥áâ¢ã¥â ¯ à  «¨­¥©­ëå ®¯¥à â®à®¢
'a;b;  a;b 2 EndK(G), ã¤®¢«¥â¢®àïîé¨å á®®â­®è¥­¨î

LaLb = 'a;bLbLa +  a;bLab; (1)

£¤¥ Lg | ®¯¥à â®à «¥¢®£® ã¬­®¦¥­¨ï ¢  «£¥¡à¥ G.
�ãáâì e1; : : : ; en | ­¥ª®â®àë© ¡ §¨á ¢ G,   P = K(x1; : : : ; xn, y1; : : : ; yn) | ¯®«¥ à æ¨®­ «ì­ëå

äã­ªæ¨© ­ ¤K. � áá¬®âà¨¬ à áè¨à¥­¨¥ eG = P 

K
G = Pe1+Pe2+� � �+Pen. �«ï «î¡®£® í«¥¬¥­â 

eg = nP
k=1

fk(x; y)ek, fk(x; y) = fk(x1; : : : ; xn, y1; : : : ; yn) 2 P , ¨¬¥îâ ¬¥áâ® ä®à¬ã«ë

L~gei = egei = nX
j=1

�ji(f)ej ; i = 1; : : : ; n; f = (f1; : : : ; fn);

£¤¥ �ji(f) | ®¤­®à®¤­ë¥ ¬­®£®ç«¥­ë ¯¥à¢®© áâ¥¯¥­¨ ®â­®á¨â¥«ì­® fk, k = 1; : : : ; n. �¥àï ¢ ª -

ç¥áâ¢¥ eg í«¥¬¥­âë x =
nP

k=1
xkek, y =

nP
k=1

ykek, z = xy =
nP

k=1
zkek, £¤¥ zk =

nP
s;r=1

xsyrasrk, ¨ asrk

| áâàãªâãà­ë¥ ª®­áâ ­âë  «£¥¡àë G ¢ ¡ §¨á¥ e1; : : : ; en, ¯®«ãç¨¬ í«¥¬¥­âë ¬ âà¨æ Lx, Ly,
Lxy. �¡®§­ ç¨¬ ç¥à¥§ dk;i(x; y) 2 P (á®®â¢¥âáâ¢¥­­® djk;i(x; y) 2 P ) ®¯à¥¤¥«¨â¥«¨ k-£® ¯®àï¤-
ª  (k = 1; : : : ; n) ¢ ¬ âà¨æ¥ ((LyLx)t; Ltxy) (t | âà ­á¯®­¨à®¢ ­¨¥) (á®®â¢¥âáâ¢¥­­® ¢ ¬ âà¨æ å
(Bj ; (LyLx)t; Ltxy), j = 1; : : : ; n). �¤¥áì Bj | j-© áâ®«¡¥æ ¢ ¬ âà¨æ¥ (LxLy)t, i = 1; : : : ; nk (á®®â-
¢¥âáâ¢¥­­® i = 1; : : : ; njk), £¤¥ nk (á®®â¢¥âáâ¢¥­­® n

j
k) | ª®«¨ç¥áâ¢® ®¯à¥¤¥«¨â¥«¥© k-£® ¯®àï¤ª 

¢ ãª § ­­ëå ¬ âà¨æ å. �ãáâì Wk(G;V1; V2) | ¬­®¦¥áâ¢® ¯ à f(a; b)g ¢ V1 � V2, ¤«ï ª®â®àëå
djk+1;i(a; b) = 0, j = 1; : : : ; n, i = 1; : : : ; njk, ­® áãé¥áâ¢ã¥â â ª®¥ s : 1 � s � nk, çâ® dk;s(a; b) 6= 0.
�à¨ k = n ¯®« £ ¥¬ djk+1;i(a; b) � 0, i = 1; : : : ; njk. �¥£ª® ¢¨¤¥âì, çâ® Wk(G;V1; V2) | ®âªàëâ®¥
(¢ â®¯®«®£¨¨ � à¨ááª®£®) ¬­®¦¥áâ¢® ¢  «£¥¡à ¨ç¥áª®¬ ¯®¤¬­®¦¥áâ¢¥ Sk(G;V1; V2) � V1 � V2,
ª®â®à®¥ ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© ¬­®£®ç«¥­®¢ djk+1;i(a; b), j = 1; : : : ; n, i = 1; : : : ; njk. �à¨ k = n
¯®« £ ¥¬ Sn(G;V1; V2) = V1 � V2. �ç¥¢¨¤­®, ¬­®¦¥áâ¢® W (G;V1; V2), ¢¢¥¤¥­­®¥ ¢ëè¥, ¥áâì ®¡ê-
¥¤¨­¥­¨¥ ¢á¥å Wk(G;V1; V2).
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�¯à¥¤¥«¥­¨¥ 1. �®­¥ç­®¬¥à­ ï  «£¥¡à  G á  ­â¨ª®¬¬ãâ â¨¢­ë¬ ã¬­®¦¥­¨¥¬ ­ §ë¢ ¥âáï
 «£¥¡à®© «¨¥¢áª®£® â¨¯  («. â.), ¥á«¨ ¤«ï «î¡®© ¯®¤ «£¥¡àë H ¨§ G ¨ «î¡®£® ¨¤¥ «  I íâ®©
¯®¤ «£¥¡àë ¬­®¦¥áâ¢® W (G; I;H) á®¤¥à¦¨â ­¥¯ãáâ®¥, ®âªàëâ®¥ ¢ I � H ¯®¤¬­®¦¥áâ¢®. �â®
­¥¯ãáâ®¥ ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢® ®¡®§­ ç¨¬ U(G; I;H).

�§ § ¬¥ç ­¨©, ¯à¨¢¥¤¥­­ëå ¯¥à¥¤ ®¯à¥¤¥«¥­¨¥¬, á«¥¤ã¥â, çâ® íâ® ®¯à¥¤¥«¥­¨¥ ¢ë¯®«­ï¥âáï,
¥á«¨ Sk(G; I;H) = I �H ¤«ï ­¥ª®â®à®£® 1 � k � n.

�¥à¬¨­ \ «£¥¡à  «. â." § ¨¬áâ¢®¢ ­ ¨§ [1], [2], £¤¥  «£¥¡à®© «. â. ­ §ë¢ ¥âáï £à ¤ã¨à®¢ ­­ ï
Q- «£¥¡à  A =

P
q2P

Aq ­ ¤ ¯®«¥¬ K, P | ª®­¥ç­®¥ ¯®¤¬­®¦¥áâ¢® ¢  ¡¥«¥¢®© £àã¯¯¥ Q. �à¨ íâ®¬

¤«ï «î¡ëå �; �; 
 2 P áãé¥áâ¢ãîâ â ª¨¥ ª®­áâ ­âë �; � 2 K (� 6= 0), çâ® a(bc) = �(ab)c+ �(ac)b
¤«ï ¢á¥å a 2 A�, b 2 A�, c 2 A
.

�®á«¥¤­¥¥ á®®â­®è¥­¨¥, ¯¥à¥¯¨á ­­®¥ ¢ â¥à¬¨­ å ®¯¥à â®à®¢ «¥¢®£® ã¬­®¦¥­¨ï (¯à¨ ãá«®-
¢¨¨  ­â¨ª®¬¬ãâ â¨¢­®áâ¨ A), ¡ã¤¥â ¨¬¥âì ¢¨¤ (1), ¯à¨ç¥¬ 'a;b = �

q2P
'qa;b 8'

q
a;b = �qEq, �q 2 K,

Eq | â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à ­  Aq ( ­ «®£¨ç­® ¤«ï  a;b). �à¨¢¥¤¥¬ ¯à¨¬¥à á¥à¨¨  «£¥¡à,
ï¢«ïîé¨åáï  «£¥¡à ¬¨ «. â.

�ãáâì GZ| á¢®¡®¤­ë© Z-¬®¤ã«ì á ¡ §¨á®¬ e�1; e0; e1; : : : ; en�2 ¨ â ¡«¨æ¥© ã¬­®¦¥­¨ï

eiej = �ejei =

(
(j � i)ei+j ; �1 � i+ j � n� 2;

0 ¢ ®áâ «ì­ëå á«ãç ïå:

�¡®§­ ç¨¬ ç¥à¥§ G  «£¥¡àã Q 

Z
GZ. � ¬¥â¨¬, çâ® ¥á«¨ n = p | ¯à®áâ®¥ ç¨á«®, â®  «£¥¡à 

Fp

Z
GZ, £¤¥ Fp | ¯®«¥ ¢ëç¥â®¢ ¯® mod p, ï¢«ï¥âáï  «£¥¡à®© �¨ââ . � áá¬®âà¨¬ ä¨«ìâà æ¨î ¢

G, ®¯à¥¤¥«¥­­ãî ¯®¤¯à®áâà ­áâ¢ ¬¨ Gk = hek; ek+1; : : : ; en�2i, k = �1; 0; : : : ; n� 2,
I. �ãáâì H | ¯®¤ «£¥¡à  ¢ G, ¯à¨ç¥¬ H 6� G0, dimH � 3. �à®¢®¤ï ¯à®áâë¥ ¯¥à¥¡®à­ë¥

à ááã¦¤¥­¨ï, «¥£ª® ¯®ª § âì, çâ® ¤«ï «î¡®£® ¨¤¥ «  I ¢ H ¢ ¯à®áâà ­áâ¢¥ I �H ®¡ï§ â¥«ì­®
¥áâì ¯ à  (x; y) «¨¡® (y; x), £¤¥ x = b1e1 + � � �+ bn�2en�2, y = a�1e�1 + � � � + an�2en�2, a�1; b1 6= 0.
�à¥¤¯®«®¦¨¬ ¤«ï ®¯à¥¤¥«¥­­®áâ¨, çâ® ¨¬¥¥â ¬¥áâ® ¯¥à¢ë© á«ãç ©. �®£¤  ¬ âà¨æë (LyLx)t

¨ (Lxy)t | ¢¥àå­¨¥ âà¥ã£®«ì­ë¥, ¨ ¯® £« ¢­®© ¤¨ £®­ «¨ ã ­¨å à á¯®«®¦¥­ë á®®â¢¥âáâ¢¥­­®
í«¥¬¥­âë fa�1b1k(k � 3), k = 1; 2; : : : ; n � 1g [ f0g, f�2a�1b1k, k = �1; 0; 1; : : : ; n � 2g. � ª ª ª
­ã«¨ ¢ íâ¨å ­ ¡®à å ­ å®¤ïâáï ¢ à §­ëå ¯®§¨æ¨ïå, â® ¢ ¬ âà¨æ¥ ((LyLx)t; (Lxy)t) «¥£ª® ¢ë¤¥«¨âì
ª¢ ¤à â­ãî ¢¥àå­¥âà¥ã£®«ì­ãî ¬ âà¨æã n-£® ¯®àï¤ª , ®¯à¥¤¥«¨â¥«ì ª®â®à®© ®â«¨ç¥­ ®â ­ã«ï.

II. �ãáâì dimQH = 2, ­® H 6� G0. �§ ãá«®¢¨ï ­  à §¬¥à­®áâì H ¨  ­â¨ª®¬¬ãâ â¨¢­®-
áâ¨ ¯®«ãç ¥¬, çâ® H | ¤¢ã¬¥à­ ï  «£¥¡à  �¨ á ¡ §¨á®¬ e, f ¨ ã¬­®¦¥­¨¥¬ ef = e, ¯à¨ç¥¬
e = b�1e�1+ � � �+ bn�2en�2, f = a0e0+ ::+an�2en�2, b�1a0 6= 0. � ¬¥â¨¬, çâ® á«ãç © âà¨¢¨ «ì­®£®
ã¬­®¦¥­¨ï ¢ H ­¥¢®§¬®¦¥­ ¢ á¨«ã ¯à ¢¨« ã¬­®¦¥­¨ï ¡ §¨á­ëå í«¥¬¥­â®¢ ¢ G,   á¨âã æ¨ï,
ª®£¤  H \G1 6= 0, ¯à®¢¥àï¥âáï, ª ª ¢ ¯. I.

�®¯®«­ïï ¡ §¨á e, f  «£¥¡àë H í«¥¬¥­â ¬¨ e1; : : : ; en�2, ¯®«ãç¨¬ ¡ §¨á G. �¥£ª® ã¡¥¤¨âìáï,
çâ® ¬ âà¨æë ®¯¥à â®à®¢ Le, LeLf , LfLe ¢ íâ®¬ ¡ §¨á¥ ¨¬¥îâ ­ã«¥¢®© ¯¥à¢ë© áâ®«¡¥æ. �®íâ®¬ã
á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨©, ­¥®¡å®¤¨¬ë¥ ¤«ï à §à¥è¨¬®áâ¨ á®®â­®è¥­¨ï LeLf = 'e;fLfLe +
 e;fLef , ¡ã¤ãâ á®áâ®ïâì ¨§ n�1 ãà ¢­¥­¨©. �§ á®®â­®è¥­¨ï ef = e á«¥¤ã¥â, çâ® a0 = 1,   í«¥¬¥­â
e § ¬¥­�̈¬ ­  b�10 e. � á¨«ã íâ®£® ¢ ¬ âà¨æ¥ ®¯¥à â®à  Le ¨¬¥¥âáï ®¯à¥¤¥«¨â¥«ì (n�1)-£® ¯®àï¤ª 
¢¨¤  ���������

1 0 : : : 0
� 2 : : : 0

. . .
� � : : : n

��������� 6= 0:

�«¥¤®¢ â¥«ì­®, ¨§ãç ¥¬ë¥ á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨© à §à¥è¨¬ë ¤«ï «î¡®© ¯ àë
(x; y) 2 I �H, â. ª. I = hei,   ¤«ï «î¡®£® h = �f + �e 2 H ¢ë¯®«­¥­® á®®â­®è¥­¨¥ eh = �e.

III. H � G0. �ãáâì H � Gi, i � 0, I � Gs, s � i. �®£¤  ­ ©¤¥âáï ¯ à  (x; y) 2 H � I «¨¡®
(y; x) 2 H � I, ¤«ï ª®â®à®© x = aiei+ � � �+ an�2en�2, ai 6= 0, y = bjej + � � �+ bn�2en�2, bj 6= 0, j > i,

31



i + j � n� 2. � âà¨æë ®¯¥à â®à®¢ LxLy ¨ Lxy ¨¬¥îâ ­¨«ìâà¥ã£®«ì­ë© ¢¨¤, ¯¥à¢ ï ­¥­ã«¥¢ ï
¤¨ £®­ «ì ª®â®àëå á®áâ®¨â ¨§ í«¥¬¥­â®¢

1. (�j + k)(�i+ j + k)aibj ,
2. (j � i)(�i� j + k)aibj , k = �1; 0; : : : ; n� i� j � 2.
�á«¨ i > 0 «¨¡® i = 0, ­® j > n

2
� 1, â® ¢ ®¤¨­ ª®¢ëå ¯®§¨æ¨ïå ¢ë¯¨á ­­ë¥ ª®íää¨æ¨¥­âë

®¤­®¢à¥¬¥­­® ¢ ­ã«ì ­¥ ®¡à é îâáï. �®íâ®¬ã ¢ ¬ âà¨æ¥ ((LxLy)t; Ltxy) áãé¥áâ¢ã¥â ®¯à¥¤¥«¨â¥«ì
âà¥ã£®«ì­®£® ¢¨¤ , ­¥ à ¢­ë© ­ã«î, à §¬¥à  n�(i+j). �® ¨¬¥­­® áâ®«ìª® ­¥âà¨¢¨ «ì­ëå ãà ¢-
­¥­¨© ¨ ®áâ ¥âáï ¢ ­ è¨å á¨áâ¥¬ å ¢ íâ®¬ á«ãç ¥. �«¥¤®¢ â¥«ì­®, à ­£¨ ¬ âà¨æ ((LxLy)t; Ltxy)
¨ ((LyLx)t; (LxLy)t; Ltxy) á®¢¯ ¤ îâ, ¨ ®¯¥à â®à­®¥ ãà ¢­¥­¨¥ (1) à §à¥è¨¬® ¤«ï ®âªàëâ®£® ¯®¤-
¬­®¦¥áâ¢  F � H � I, ª®â®à®¥ ®¯à¥¤¥«ï¥âáï ãá«®¢¨ï¬¨ ai 6= 0, bj 6= 0. �à¨ i = 0 ®¡®§­ ç¨¬
ç¥à¥§ f í«¥¬¥­â a0e0 + a1e1 + � � � + an�2en�2. �®£¤  ¢ ¨¤¥ «¥ I áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â e, çâ®
ef = e. �¥àï e, f ¯¥à¢ë¬¨ ¡ §¨á­ë¬¨ í«¥¬¥­â ¬¨  «£¥¡àë H, ¯®«ãç¨¬ á¨âã æ¨î ¯. II.

�á«¨ i+ j > n� 2, â® xy = 0 ¨ LxLy = LyLx = 0, ª®£¤  i+ j > n� 1. �à¨ i+ j = n� 1 ¨¬¥¥¬
LxLy = �LyLx, £¤¥ � =

(n�2i�2)(i�n)
(i+1)(n�2i)

.

�¯à¥¤¥«¥­¨¥ 2. �«£¥¡à  G á  ­â¨ª®¬¬ãâ â¨¢­ë¬ ã¬­®¦¥­¨¥¬ ­ §ë¢ ¥âáï í­£¥«¥¢®©, ¥á«¨
8g 2 G ®¯¥à â®à «¥¢®£® ã¬­®¦¥­¨ï Lg ­¨«ì¯®â¥­â¥­.

�«¥¤ãï [3], ¡ã¤¥¬ ­ §ë¢ âì  «£¥¡àã ­¨«ì¯®â¥­â­®©, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ ­ âãà «ì­®¥
ç¨á«® n, çâ® ¯à®¨§¢¥¤¥­¨¥ «î¡ëå n í«¥¬¥­â®¢  «£¥¡àë á «î¡®© à ááâ ­®¢ª®© áª®¡®ª à ¢­® ­ã«î,
¨ «¥¢®­¨«ì¯®â¥­â­®©, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ ­ âãà «ì­®¥ ç¨á«® n, çâ® La1La2 : : : Lan�1

an = 0
¤«ï «î¡ëå í«¥¬¥­â®¢ a1; a2; : : : ; an ¨§ íâ®©  «£¥¡àë.

�á«¨  «£¥¡à   ­â¨ª®¬¬ãâ â¨¢­ , â® íâ¨ ¯®­ïâ¨ï á®¢¯ ¤ îâ [3].
�á­®¢­ë¬ à¥§ã«ìâ â®¬ áâ âì¨ ï¢«ï¥âáï

�¥®à¥¬  1. �®­¥ç­®¬¥à­ ï í­£¥«¥¢   «£¥¡à  «¨¥¢áª®£® â¨¯  ­¨«ì¯®â¥­â­ .

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ¢¢¥¤¥¬ ¯®­ïâ¨¥ ¯à¥¤áâ ¢«¥­¨ï «. â. (á®®â¢¥âáâ¢¥­­® ¬®¤ã«ì
«. â.).

�¯à¥¤¥«¥­¨¥ 3. �ãáâì G | ª®­¥ç­®¬¥à­ ï  «£¥¡à  ­ ¤ ¯®«¥¬ K, M | ª®­¥ç­®¬¥à­®¥
¯à®áâà ­áâ¢® ­ ¤ K, � | «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ ¨§ G ¢ EndK(M). �®£¤  � | ¯à¥¤áâ ¢«¥­¨¥
«. â. ¢ M (á®®â¢¥âáâ¢¥­­® M | ¬®¤ã«ì «. â. ­ ¤ G), ¥á«¨ ¤«ï «î¡®© ¯®¤ «£¥¡àë H ¨ «î¡®£®
¨¤¥ «  I íâ®© ¯®¤ «£¥¡àë áãé¥áâ¢ã¥â ­¥¯ãáâ®¥ ®âªàëâ®¥ (¢ â®¯®«®£¨¨ � à¨ááª®£®) ¬­®¦¥áâ¢®
U ¢ ¯à®áâà ­áâ¢¥ I �H, ¤«ï ª®â®à®£® 8(x; y) 2 U 9'Mx;y;  

M
x;y 2 EndK(M) â ª¨¥, çâ®

�(x)�(y) = 'Mx;y�(y)�(x) +  Mx;y�(xy) (2)

(á®®â¢¥âáâ¢¥­­® x(yv) = 'Mx;yy(xv) +  Mx;y(xy)v 8v 2M).

�­®¦¥áâ¢® U , ä¨£ãà¨àãîé¥¥ ¢ íâ®¬ ®¯à¥¤¥«¥­¨¨, ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ®¡®§­ ç âì U(M; I;H).
�á«¨ G |  «£¥¡à  «. â.,   � : g ! Lg | K-«¨­¥©­®¥ ®â®¡à ¦¥­¨¥, â® ®ç¥¢¨¤­®, � | ¯à¥¤áâ -

¢«¥­¨¥ «. â., ª®â®à®¥ ¡ã¤¥¬ ­ §ë¢ âì à¥£ã«ïà­ë¬.
� ¡®àë ®¯¥à â®à®¢ f'Mx;y, (x; y) 2 U(M; I;H)g ¨ f Mx;y, (x; y) 2 U(M; I;H)g ®¡®§­ ç¨¬ ç¥à¥§

'M ,  M ,   ¯à¥¤áâ ¢«¥­¨¥ � | ç¥à¥§ �('M ;  M ).

�à¥¤«®¦¥­¨¥ 1. �ãáâì � = �('M ;  M ) : G! EndK(M) | ¯à¥¤áâ ¢«¥­¨¥ «.â.  «£¥¡àë G,
  N �M | ¨­¢ à¨ ­â­®¥ ¯®¤¯à®áâà ­áâ¢® (â. ¥. �(G)N � N). �®£¤  áãé¥áâ¢ãîâ â ª¨¥ ­ -

¡®àë ®¯¥à â®à®¢ e'M , e M , çâ® �( e'M ; e M ) | ¯à¥¤áâ ¢«¥­¨¥ «.â.  «£¥¡àë G ¢ ¯à®áâà ­áâ¢¥ M ,

¯à¨ç¥¬ e'a;b(N) � N , e a;b(N) � N 8(a; b) 2 U(M; I;H), ¨ áã¦¥­¨¥ ®â®¡à ¦¥­¨ï � ­  N ¤ ¥â

¯à¥¤áâ ¢«¥­¨¥ «.â.  «£¥¡àë G ¢ ¯à®áâà ­áâ¢¥ N .

�®ª § â¥«ìáâ¢®. � ª ª ª �(a)�(b) = 'Ma;b�(b)�(a) +  Ma;b�(ab) ¤«ï «î¡®© ¯ àë (a; b) 2
U(M; I;H), â® ®¯¥à â®à­®¥ ãà ¢­¥­¨¥ �(a)�(b) = X�(b)�(a) + Y �(ab) à §à¥è¨¬® ¨, ¢ ç áâ­®-
áâ¨, KerM �(b)�(a) \KerM �(ab) � KerM �(a)�(b). �ãáâì M = M1 �M2, £¤¥ M1 = KerM �(b)�(a) \
KerM �(ab),  M2 |¤®¯®«­¨â¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢®, ®¯à¥¤¥«ï¥¬®¥ ãá«®¢¨¥¬N=N\M1�N\M2.
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�ç¥¢¨¤­®, ¤«ï ­ å®¦¤¥­¨ï ®¯¥à â®à®¢ X, Y ¤®áâ â®ç­® ®¯à¥¤¥«¨âì Xj�(b)�(a)M2
, Y j�(ab)M2

. �à¥¤-
áâ ¢¨¬ ¯à®áâà ­áâ¢® M2 ¢ ¢¨¤¥ W2�M3, £¤¥ W2 = KerM2

�(b)�(a),   M3 | ¤®¯®«­¨â¥«ì­®¥ ¯®¤-
¯à®áâà ­áâ¢®, ®¯à¥¤¥«ï¥¬®¥ ãá«®¢¨¥¬ N \M2 = N \W2�N \M3. �®£¤  Y j�(ab)W2

= �(a)�(b)Y �1
1 ,

£¤¥ Y1 = �(ab)jW2
| ¨­ê¥ªâ¨¢­®¥ ­  W2 ®â®¡à ¦¥­¨¥. � ç áâ­®áâ¨, Y j�(ab)W2

= Ma;bj�(ab)W2
. �¡ê-

¥¤¨­ïï íâã ä®à¬ã«ã á ¯à¥¤ë¤ãé¥©, § ¬¥â¨¬, çâ®  Ma;b�(ab)(N \W2)�N .
� ¤àã£®© áâ®à®­ë, ­  ¯à®áâà ­áâ¢¥ M3 ¨­ê¥ªâ¨¢¥­ ®¯¥à â®à �(b)�(a), ¯®íâ®¬ã Xj�(b)�(a)M3

=
�(a)�(b)X�1

1 �Y �(ab)X�1
1 , £¤¥ X1 = �(b)�(a)jM3

. �  í«¥¬¥­â å ¯®¤¯à®áâà ­áâ¢  �(ab)W2 ®¯¥à â®à
Y ®¯à¥¤¥«¥­ ¨ á®¢¯ ¤ ¥â á  Ma;bj�(ab)W2

. �  ®áâ «ì­ëå í«¥¬¥­â å ¯à®áâà ­áâ¢  �(ab)M2 ¤®®¯à¥-
¤¥«ï¥¬ Y , ¯®« £ ï ¥£® §­ ç¥­¨¥ à ¢­ë¬ ­ã«î ­  ­¥ª®â®à®¬ ¯®¤¯à®áâà ­áâ¢¥, ¤®¯®«­¨â¥«ì­®¬
ª �(ab)W2, ¤® ¢á¥£® ¯à®áâà ­áâ¢  �(ab)M2. � ª ç¥áâ¢¥ e Ma;b ¢®§ì¬¥¬ ®¯¥à â®à, á®¢¯ ¤ îé¨© á Y
­  �(ab)M2 ¨ à ¢­ë© ­ã«î ­  ­¥ª®â®à®¬ ¤®¯®«­¨â¥«ì­®¬ ¤® ¢á¥£® M ¯®¤¯à®áâà ­áâ¢¥.

�¯¥à â®à X ­  ¯à®áâà ­áâ¢¥ �(b)�(a)M3 = �(b)�(a)M2 ®¯à¥¤¥«¥­ ¯® ¢ëè¥¯à¨¢¥¤¥­­®© ä®à-
¬ã«¥. � ª ç¥áâ¢¥ e'Ma;b ¢®§ì¬¥¬ ®¯¥à â®à, á®¢¯ ¤ îé¨© á X ­  �(b)�(a)M2, ¨ à ¢­ë© ­ã«î ­ 
­¥ª®â®à®¬ ¤®¯®«­¨â¥«ì­®¬ ¤® ¢á¥£® M ¯®¤¯à®áâà ­áâ¢¥.

� ª ¡ë«® ®â¬¥ç¥­®, e Ma;b�(ab)(N\W2) � N . �® â¥¯¥àì ¨ e Ma;b�(ab)(N\M3) � N . �à®¬¥ â®£®, ¨§
ä®à¬ã«ë ¤«ï ­ å®¦¤¥­¨ï ®¯¥à â®à  X ¨¬¥¥¬ e'Ma;b�(b)�(a)(N \M3) � N . �®«®¦¨¬ e'Na;b = e'Ma;bjN ,e Na;b = e Ma;bjN . �§ ãª § ­­ëå ¢ª«îç¥­¨© á«¥¤ã¥â, çâ® e'Na;b; e N

a;b 2 EndK(N).

�«¥¤áâ¢¨¥ 1. �á«¨ G |  «£¥¡à  «. â., H | ¥¥ ¯®¤ «£¥¡à , â® H |  «£¥¡à  «. â.

�¥©áâ¢¨â¥«ì­®, ¡¥àï ¢ ª ç¥áâ¢¥ ¯®¤¯à®áâà ­áâ¢  N ¯®¤ «£¥¡àã H, ¬®¦­® ¯®«ãç¨âì â ª¨¥
®¯¥à â®àë e'a;b, e a;b, (a; b) 2 U(G; I;B) (B | ­¥ª®â®à ï ¯®¤ «£¥¡à  ¢ H, I | ¥¥ ¨¤¥ «), çâ®e'a;b(H) � H, e a;b(H) � H ¯à¨ à¥£ã«ïà­®¬ ¯à¥¤áâ ¢«¥­¨¨  «£¥¡àë G. �®£¤  áã¦¥­¨ï íâ¨å
®¯¥à â®à®¢ e'a;bjH , e a;vjH ¯à¨­ ¤«¥¦ â EndK(H), çâ® ¨ ­¥®¡å®¤¨¬® ¤«ï ¢ë¯®«­¥­¨ï á«¥¤áâ¢¨ï 1.

�«¥¤áâ¢¨¥ 2. �ãáâì M | ¬®¤ã«ì «. â. ­ ¤  «£¥¡à®© G, N | ¨­¢ à¨ ­â­®¥ G ¯®¤¯à®áâà ­-
áâ¢® ¢ M . �®£¤  ä ªâ®à-¯à®áâà ­áâ¢® M=N ï¢«ï¥âáï ¬®¤ã«¥¬ «. â. ­ ¤ G.

�®ª § â¥«ìáâ¢®. �á«¨ � : G ! EndK(M) | ¯à¥¤áâ ¢«¥­¨¥ «. â. ¤«ï G, â® à áá¬®âà¨¬
®â®¡à ¦¥­¨¥, ®¯à¥¤¥«¥­­®¥ ¯à ¢¨«®¬ �(g)(m +N) = �(g)m +N . � á¨«ã ¯à¥¤«®¦¥­¨ï 1 ¬®¦­®
áç¨â âì, çâ® ®¯¥à â®àë 'Mi;h,  

M
i;h, £¤¥ (i; h) 2 U(M; I;H) ¤«ï ­¥ª®â®à®© ¯®¤ «£¥¡àë H ¢ G ¨

­¥ª®â®à®£® ¨¤¥ «  I ¢ H, ã¤®¢«¥â¢®àïîâ ãá«®¢¨î 'Mi;h(N) � N ,  Mi;h(N) � N . �®íâ®¬ã ¬®¦­®
®¯à¥¤¥«¨âì ä ªâ®à-®¯¥à â®àë 'i;h,  i;h 8(i; h) 2 U(M; I;H).

� á¨«ã á®®â­®è¥­¨ï x(yv) = 'x;yy(xv) +  x;y(xy)v 8(x; y) 2 U(M; I;H), 8v 2 M ¨¬¥¥¬
x(yv) = 'x;yy(xv) +  x;y(xy)v 8(x; y) 2 U(M; I;H), 8v 2 M=N = M . �®§ì¬¥¬ ¢ ª ç¥áâ¢¥

U(M; I;H) ¬­®¦¥áâ¢® U(M; I;H),   ¢ ª ç¥áâ¢¥ ®¯¥à â®à®¢ 'Mi;h,  
M
i;h | ®¯¥à â®àë 'i;h,  i;h

8(i; h) 2 U(M; I;H). �®£¤  ®â®¡à ¦¥­¨¥ � ¢¬¥áâ¥ á ­ ¡®à ¬¨ ',  § ¤ ¥â ¯à¥¤áâ ¢«¥­¨¥ «. â.
¤«ï  «£¥¡àë G ¢ ¯à®áâà ­áâ¢¥ M .

�á­®¢­®© ä ªâ, á ¯®¬®éìî ª®â®à®£® ¤®ª §ë¢ ¥âáï â¥®à¥¬  1 § ª«îç¥­ ¢ á«¥¤ãîé¥¬ ãâ¢¥à-
¦¤¥­¨¨.

�¥®à¥¬  2. �ãáâì � : G ! EndK(V ) | ¯p¥¤áâ ¢«¥­¨¥ «.â. í­£¥«¥¢®©  «£¥¡àë «.â. G.
�á«¨ 8g 2 G ®¯¥à â®à �(g) ­¨«ì¯®â¥­â¥­, â® áãé¥áâ¢ã¥â v 2 V â ª®©, çâ® �(g)v = 0 8g 2 G.

�®ª § â¥«ìáâ¢® ¡ã¤¥¬ ¢¥áâ¨ ¨­¤ãªæ¨¥© ¯® dimK G. �á«¨ dimK G = 1, â® ãâ¢¥à¦¤¥­¨¥
â¥®à¥¬ë ®ç¥¢¨¤­®. �ãáâì dimK G = n, dimK G

0 < n, ¨ ¤«ï «î¡®© í­£¥«¥¢®©  «£¥¡àë «. â. G0

ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¢ë¯®«­¥­® ¤«ï ¯à¥¤áâ ¢«¥­¨© «. â. á ãª § ­­ë¬ ¢ëè¥ ãá«®¢¨¥¬.
�ãáâì H | ¬ ªá¨¬ «ì­ ï ­¥­ã«¥¢ ï ¯®¤ «£¥¡à  «. â. ¢ G (®­  áãé¥áâ¢ã¥â, â. ª. ¢ G ¨¬¥¥âáï

®¤­®¬¥à­ ï ¯®¤ «£¥¡à ). �®£¤  ¬®¦­® ãâ¢¥à¦¤ âì, çâ® dimK H = dimK G� 1 ¨ H | ¨¤¥ « ¢ G.
� áá¬®âà¨¬ ä ªâ®à-¯à®áâà ­áâ¢® G = G=H ¨ ®â®¡à ¦¥­¨¥ � : G ! EndK(G) ¢¨¤ 

�(h)(g + H) = hg + H. �â® ®â®¡à ¦¥­¨¥ ¨­¤ãæ¨à®¢ ­® áã¦¥­¨¥¬ à¥£ã«ïà­®£® ¯à¥¤áâ ¢«¥­¨ï
 «£¥¡àë G ­  ¯®¤ «£¥¡àã H. �­® ¢¬¥áâ¥ á ä ªâ®à-®¯¥à â®à ¬¨ ',  ¢ á¨«ã á«¥¤áâ¢¨ï 2 § ¤ ¥â
¯à¥¤áâ ¢«¥­¨¥ «. â. ¤«ï  «£¥¡àë H ¢ ¯à®áâà ­áâ¢¥ G. � ª ª ª G í­£¥«¥¢ , â® «î¡®© ®¯¥à â®à
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�(h), h 2 H, ­¨«ì¯®â¥­â¥­. �® dimK H < dimK G ¨ H | í­£¥«¥¢   «£¥¡à  «. â. (á¬. á«¥¤áâ¢¨¥
1). �®íâ®¬ã ¯® ¯à¥¤¯®«®¦¥­¨î ¨­¤ãªæ¨¨ 9g0 2 G, g0 6= 0, â ª®©, çâ® �(h)g0 = 0 8h 2 H. �«¥¤®-
¢ â¥«ì­®, ¯à®áâà ­áâ¢® T = hH; g0i, £¤¥ g0 | ¯à¥¤áâ ¢¨â¥«ì ª« áá  g0, ï¢«ï¥âáï ¯®¤ «£¥¡à®©,
¯à¨ç¥¬ H | ¨¤¥ « ¢ T . �§ ãá«®¢¨ï ¬ ªá¨¬ «ì­®áâ¨ ¤«ï H ¯®«ãç ¥¬, çâ® T = G.

�ãáâì â¥¯¥àì � : G! EndK(V ) | ¯à¥¤áâ ¢«¥­¨¥ «. â. ¤«ï  «£¥¡àë G, à ¢­®© hg0i�H. � á¨«ã
®¯à¥¤¥«¥­¨ï 2 áã¦¥­¨¥ � ­  H ï¢«ï¥âáï ¯à¥¤áâ ¢«¥­¨¥¬ «. â. ¤«ï H ¢ â®¬ ¦¥ ¯à®áâà ­áâ¢¥ V .
�® ¯à¥¤¯®«®¦¥­¨î ¨­¤ãªæ¨¨ ¤«ï H ¢ ¯à®áâà ­áâ¢¥ V áãé¥áâ¢ã¥â â ª®© ­¥­ã«¥¢®© ¢¥ªâ®à v,
çâ® �(h)v = 0 8h 2 H.

�®ª ¦¥¬, çâ® ¢ G ¬®¦­® ¢ë¡à âì ¡ §¨á g0; h1; : : : ; hn�1 8hj 2 H á ãá«®¢¨¥¬ �(hi)�(g0) =
'i�(g0)�(hi)+ i�(hig0), i = 1; : : : ; n�1, 'i;  i 2 EndK(V ). �¥©áâ¢¨â¥«ì­®, â. ª. Sk(V;G;H) = H�G
¤«ï ­¥ª®â®à®£® k, 1 � k � n (á¬. § ¬¥ç ­¨¥ ª ®¯à¥¤¥«¥­¨î 1), â® Wk(V;H;G) ¥áâì á®®â¢¥âáâ¢ã-
îé¥¥ ­¥¯ãáâ®¥ ®âªàëâ®¥ ¬­®¦¥áâ¢® U(V;H;G). (� ¬¥â¨¬, çâ® ¢ëç¨á«¥­¨¥ ¢á¥å ®¯¥à â®à®¢ Lg
¯à®¨§¢®¤¨âáï ¢ ­¥ª®â®à®¬ ä¨ªá¨à®¢ ­­®¬ ¡ §¨á¥ g0; e1; : : : ; en�1, £¤¥ e1; : : : ; en�1 | ¡ §¨á H.) � -

¯®¬­¨¬, çâ® Wk(V;H;G) =
nk
[
i=1
f(a; b) 2 H �G, dVk;i(a; b) 6= 0g. �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ãîâ â ª¨¥

­®¬¥à i0 ¨ í«¥¬¥­â h0 2 H, çâ® ¬­®£®ç«¥­ dVk;i0(x1; : : : ; xn�1, g0+h0) â®¦¤¥áâ¢¥­­® ­¥ à ¢¥­ ­ã«î,

£¤¥ x1; : : : ; xn�1 | ª®®à¤¨­ âë ¢¥ªâ®à  h =
n�1P
i=1

xiei 2 H. �ãáâì eH =
n�1
�
j=1

H(j) 8H(j) �= H ¨ ¡ §¨á

ª ¦¤®© ¯®¤ «£¥¡àë H(j) ¥áâì ejs, s = 1; : : : ; n � 1, á®®â¢¥âáâ¢ãîé¨© ¡ §¨áã es, s = 1; : : : ; n � 1,
 «£¥¡àë H. �¡®§­ ç¨¬ eP = K[xji , i; j = 1; : : : ; n� 1] ¨ ¢¢¥¤¥¬ ¬­®£®ç«¥­

ed = n�1Y
j=1

dk;i0(x
j
1; : : : ; x

j
n�1; g0 + h0) 2 eP :

�®£¤  ®âªàëâ®¥ ¬­®¦¥áâ¢®

eU = feh = (h1; : : : ; hn�1) 2 eH 8hj = hj1e
j
1 + � � �+ hjn�1e

j
n�1 2 H

(j); ed(eh) 6= 0g

ï¢«ï¥âáï ¯à®¨§¢¥¤¥­¨¥¬ ®âªàëâëå ¬­®¦¥áâ¢

U (j) =
�
hj =

n�1X
m=1

hjme
j
m 2 H(j); dk;i0(h

j
1; : : : ; h

j
n�1; g0 + h0) 6= 0

�
:

�â¬¥â¨¬, çâ® 8U (j) � Wk(V;H;G) ¨ ¯®íâ®¬ã �(hj)�(g0+h0)='hj�(g0+h0)�(hj)+ hj�(hj(g0 + h0)),
'hj ;  hj 2 EndK(V ). � ª®­¥æ, à áá¬®âà¨¬ ®¯à¥¤¥«¨â¥«ì det((xji ), i; j = 1; : : : ; n � 1) 2 eP ¨
®âªàëâ®¥ ¬­®¦¥áâ¢® D = feh 2 eH, det(hji ) = det(eh) 6= 0g, £¤¥ eh = (h1; h2; : : : ; hn�1) 8hj =
hj1e

j
1 + � � � + hjn�1e

j
n�1. � ª ª ª ¯¥à¥á¥ç¥­¨¥ ­¥¯ãáâëå ®âªàëâëå ¬­®¦¥áâ¢ ï¢«ï¥âáï ­¥¯ãáâë¬

®âªàëâë¬ ¬­®¦¥áâ¢®¬, â® áãé¥áâ¢ã¥â eh 2 D \ U , á®áâ®ïé¨© ¨§ n � 1 «¨­¥©­® ­¥§ ¢¨á¨¬ëå
í«¥¬¥­â®¢ h1; : : : ; hn�1, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ¢ëè¥¯à¨¢¥¤¥­­®¬ã ãá«®¢¨î.

�¡®§­ ç¨¬ ç¥à¥§ M ¯®¤¯à®áâà ­áâ¢® ¢ V á®áâ®ïé¥¥ ¨§ ¢¥ªâ®à®¢ ¢¨¤  fv 2 V , hv = 0 8h 2
Hg. �®£¤ , ¨á¯®«ì§ãï ¤®ª § ­­®¥ á®®â­®è¥­¨¥, ¨¬¥¥¬ hj(g0 + h0)v = 'hj ;g0+h0(g0 + h0)hjv +
 hj ;g0+h0(hj(g0 + h0))v = 0 8v 2 M . �«¥¤®¢ â¥«ì­®, M ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® g0. �®íâ®¬ã
áãé¥áâ¢ã¥â w 2M â ª®©, çâ® g0w = 0. �âáî¤  ¯®«ãç ¥¬ gw = 0 8g 2 G. �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �ãáâì G| í­£¥«¥¢   «£¥¡à  «. â. �®£¤  ®â®¡à ¦¥­¨¥ � : g !
Lg, g 2 G, | íâ® ¯à¥¤áâ ¢«¥­¨¥ «. â. á ãá«®¢¨¥¬ ­¨«ì¯®â¥­â­®áâ¨ ¤«ï ª ¦¤®£® ®¯¥à â®à . �®-
íâ®¬ã ¯® â¥®à¥¬¥ 2 áãé¥áâ¢ã¥â g 2 G â ª®©, çâ® xg = 0 8x 2 G, â. ¥. AnnGG = fg 2 G, xg = 0
8x 2 Gg 6= 0. �¡®§­ ç¨¬ íâ®â  ­­ã«ïâ®à ç¥à¥§ A1. �á«¨ ¢ G ã¦¥ ¯®áâà®¥­  æ¥¯®çª  ¯®¤¯à®-
áâà ­áâ¢ ¢¨¤  0 � A1 � A2 � � � � � Ak, £¤¥ GAi � Ai�1, â® à áá¬®âà¨¬ ä ªâ®à-¯à®áâà ­áâ¢®
G = G=Ak ¨ ä ªâ®à-¯à¥¤áâ ¢«¥­¨¥  «£¥¡àë G ¢ G, ¨­¤ãæ¨à®¢ ­­®¥ à¥£ã«ïà­ë¬ ¯à¥¤áâ ¢«¥-
­¨¥¬. � á¨«ã á«¥¤áâ¢¨ï 2 íâ® ä ªâ®à-¯à¥¤áâ ¢«¥­¨¥ ¡ã¤¥â ¯à¥¤áâ ¢«¥­¨¥¬ «. â.,   â. ª. ®­® ¨­-
¤ãæ¨à®¢ ­® à¥£ã«ïà­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬ í­£¥«¥¢®©  «£¥¡àë, â® ª ¦¤ë© ®¯¥à â®à, ®â¢¥ç îé¨©
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í«¥¬¥­âã  «£¥¡àë, ¡ã¤¥â ­¨«ì¯®â¥­â­ë¬. �®íâ®¬ã AnnGG = fg 2 G, xg = 0 8x 2 Gg 6= 0. �¡®-
§­ ç¨¬ ç¥à¥§ Ak+1 ¯®«­ë© ¯à®®¡à § ¢ G ¯®á«¥¤­¥£®  ­­ã«ïâ®à . �®£¤  Ak+1 � Ak, Ak+1 6= Ak,
GAk+1 � Ak. � ª ª ª  «£¥¡à  G ª®­¥ç­®¬¥à­ , â® ç¥à¥§ ª®­¥ç­®¥ ç¨á«® è £®¢ ¯®áâà®¨¬ ¢ G
æ¥¯®çªã ¯®¤¯à®áâà ­áâ¢ G = Am � Am�1 � � � � � A1 � 0 á ãá«®¢¨¥¬ GAi � Ai�1. �âáî¤  á
®ç¥¢¨¤­®áâìî ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 1.

�¥®à¥¬  �­£¥«ï ­ å®¤¨â ¯à¨¬¥­¥­¨¥ ¢ ¤®ª § â¥«ìáâ¢¥ ¯à¥¤«®¦¥­¨ï ® áãé¥áâ¢®¢ ­¨¨ ª à-
â ­®¢áª¨å ¯®¤ «£¥¡à. �¢¥¤¥¬ ­¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥­¨ï.

�¯à¥¤¥«¥­¨¥ 4. �®¤ «£¥¡à  H ¢  ­â¨ª®¬¬ãâ â¨¢­®©  «£¥¡à¥ G ­ §ë¢ ¥âáï ª àâ ­®¢áª®©

¯®¤ «£¥¡à®©, ¥á«¨ H ­¨«ì¯®â¥­â­  ¨ á®¢¯ ¤ ¥â á® á¢®¨¬ ­®à¬ «¨§ â®à®¬ NG(H) = fg 2 G,
gh 2 H 8h 2 Hg.

� ®â«¨ç¨¥ ®â  «£¥¡à �¨, ¢  «£¥¡à å «¨¥¢áª®£® â¨¯  ¨á¯®«ì§ã¥âáï ¯®­ïâ¨¥ ­ã«ìª®¬¯®­¥­âë,
®â«¨ç­®© ®â ­ã«ìª®¬¯®­¥­âë �¨ââ¨­£ .

�¯à¥¤¥«¥­¨¥ 5. �ã«ìª®¬¯®­¥­â®© ¬­®¦¥áâ¢  H ¢  ­â¨ª®¬¬ãâ â¨¢­®©  «£¥¡à¥ G ­ §ë¢ -
¥âáï ¯®¤¯à®áâà ­áâ¢® G0(H) = fx 2 G 8a 2 A(H) 9n 2 N anx = 0g, £¤¥ A(H) | ¯®¤ «£¥¡à  ¢
EndK(G), ¯®à®¦¤¥­­ ï ®¯¥à â®à ¬¨ Lh, h 2 H.

�á«¨  «£¥¡à  A(H) ª®­¥ç­®¬¥à­ , â® ¯® â¥®à¥¬¥ �¥¤¤¥à¡¥à­  [4]  «£¥¡à  A(H)jG0(H) ­¨«ì-
¯®â¥­â­ , ¨ ¯®íâ®¬ã ¯à®áâà ­áâ¢® G0(H) = fx 2 G, 9n = n(x) 2 N 8h1; h2; : : : ; hn 2 H
Lh1 : : : Lhnx = 0g.

� ¬¥â¨¬, çâ® ­ã«ìª®¬¯®­¥­â  G0(H) ¢á¥£¤  á®¤¥à¦¨âáï ¢ ä¨ââ¨­£®¢®© ­ã«ìª®¬¯®­¥­â¥
G�

0 (H) = fx 2 G 8h 2 H 9n 2 N Lnhx = 0g.
�á«¨ H | ­¨«ì¯®â¥­â­ ï ¯®¤ «£¥¡à  ¢  ­â¨ª®¬¬ãâ â¨¢­®©  «£¥¡à¥ G, â® H � G0(H).
� á«ãç ¥, ª®£¤  G | ª®­¥ç­®¬¥à­ ï  «£¥¡à  �¨, â® G0(H) = G�

0 (G). � ª¦¥ G0(H) = G�
0 (H)

¢ ¯à®¨§¢®«ì­®©  ­â¨ª®¬¬ãâ â¨¢­®©  «£¥¡à¥ G, ¥á«¨ dimK H = 1.

�à¥¤«®¦¥­¨¥ 2. � àâ ­®¢áª ï ¯®¤ «£¥¡à  H ª®­¥ç­®¬¥à­®©  ­â¨ª®¬¬ãâ â¨¢­®©  «£¥-

¡àë G á®¢¯ ¤ ¥â á® á¢®¥© ­ã«êª®¬¯®­¥­â®©, â. ¥. G = G0(H).

� ª ª ªH ­¨«ì¯®â¥­â­ , â®H � G0 = G0(H). �á«¨G0 � H, â® à áá¬®âà¨¬ ¤¥©áâ¢¨¥  «£¥¡àë
H ¢ ¯à®áâà ­áâ¢¥ G0=H ®¯¥à â®à ¬¨ Lh : (g0 + H) ! (hg0 + H) (íâ® ¢®§¬®¦­®, â. ª. HG0 �
G0). �§ ®¯à¥¤¥«¥­¨ï ­ã«ìª®¬¯®­¥­âë ¢¨¤­®, çâ®  áá®æ¨ â¨¢­ ï  «£¥¡à  A(H), ¯®à®¦¤¥­­ ï
®¯¥à â®à ¬¨ Lh, ­¨«ì¯®â¥­â­ . �®íâ®¬ã áãé¥áâ¢ã¥â â ª®© g0 2 G0=H, g0 6= 0, çâ® Lhg0 = 0
8h 2 H. �«¥¤®¢ â¥«ì­®, g0 =2 H, ­® g0 2 NG(H), â. ¥. NG(H) � H, çâ® ¯à®â¨¢®à¥ç¨â ®¯à¥¤¥«¥­¨î
ª àâ ­®¢áª®© ¯®¤ «£¥¡àë.

�®  ­ «®£¨¨ á á®®â¢¥âáâ¢ãîé¨¬ ¯®­ïâ¨¥¬ ¨§ â¥®à¨¨  «£¥¡à �¨ ¢¢¥¤¥¬ ®¯à¥¤¥«¥­¨¥ à¥£ã-
«ïà­®£® í«¥¬¥­â .

�¯à¥¤¥«¥­¨¥ 6. �«¥¬¥­â a  «£¥¡àë G ­ §ë¢ ¥âáï à¥£ã«ïà­ë¬, ¥á«¨ ªà â­®áâì ­ã«¥¢®£®
å à ªâ¥à¨áâ¨ç¥áª®£® ª®à­ï ®¯¥à â®à  La ¬¨­¨¬ «ì­ .

�¥®à¥¬  3. �ãáâì G | ª®­¥ç­®¬¥à­ ï  «£¥¡à  «.â. ­ ¤ ¡¥áª®­¥ç­ë¬ ¯®«¥¬ K. �á«¨ a |

à¥£ã«ïà­ë© í«¥¬¥­â  «£¥¡àë g, â® ¥£® ä¨ââ¨­£®¢  ­ã«ìª®¬¯®­¥­â  G�
0 (a) á®¤¥à¦¨â ª àâ -

­®¢áªãî ¯®¤ «£¥¡àã.

�®ª § â¥«ìáâ¢®. �ãáâì T | ­¥ª®â®à ï ¯®¤ «£¥¡à  ¢ G�
0(a), á®¤¥à¦ é ï a. �®ª ¦¥¬, çâ®

®­  ­¨«ì¯®â¥­â­ .
�«ï «î¡®£® í«¥¬¥­â  b 2 T ¬ âà¨æ  «¨­¥©­®£® ®¯¥à â®à  Lb ¢ ¡ §¨á¥, á®£« á®¢ ­­®¬ á

à §«®¦¥­¨¥¬ G = T �R, £¤¥ R | ­¥ª®â®à®¥ ¤®¯®«­¨â¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢®, ¨¬¥¥â ¢¨¤�
B1 B3

0 B2

�
:
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�¡®§­ ç¨¬ ç¥à¥§ fb(�) = j�E � Lbj å à ªâ¥à¨áâ¨ç¥áª¨© ¬­®£®ç«¥­ ®¯¥à â®à  Lb. �®£¤ 
fb(�) = f

(1)
b (�)f (2)b (�), f (1)b (�) = j�E1 � B1j, f

(2)
b (�) = j�E2 � B2j, £¤¥ Ei, i = 1; 2, | ¥¤¨­¨ç­ë¥

¬ âà¨æë, ®â¢¥ç îé¨¥ ¡«®ª ¬ Bi, i = 1; 2. �ãáâì t = dimK T , r = dimK G
�
0(a). �à¥¤¯®«®¦¨¬, çâ®

áãé¥áâ¢ã¥â â ª®© b 2 T , çâ® LbjT = B1 | ­¥ ­¨«ì¯®â¥­â­ë© ®¯¥à â®à. �®£¤  f (1)b (�) = �t
0

g1(�),
t0 < t, g1(0) 6= 0. �«ï «î¡ëå ¤¢ãå ¯ à ¬¥âà®¢ �, � ¨§ K à áá¬®âà¨¬ í«¥¬¥­â �a+ �b ¨, á®®â¢¥â-
áâ¢¥­­®, ®¯¥à â®à �La + �Lb. �£® å à ªâ¥à¨áâ¨ç¥áª¨© ¬­®£®ç«¥­ f�a+�b(�) = f

(1)
�a+�b(�)f

(2)
�a+�b(�).

�¯¥à â®à La ­¨«ì¯®â¥­â¥­ ­  ¯®¤ «£¥¡à¥ T , ¯®íâ®¬ã f (2)a (�) = �r�tg2(�), g2(0) 6= 0. �®á«®¢­®
¯®¢â®àïï à ááã¦¤¥­¨ï ¨§ [5], ¯®«ãç ¥¬, ¨á¯®«ì§ãï ¡¥áª®­¥ç­®áâì ¯®«ï K, áãé¥áâ¢®¢ ­¨¥ â ª¨å
�; � 2 K, çâ® f�a+�b(�) = �r�t+t

0

g3(�), g3(0) 6= 0. �â® ¯à®â¨¢®à¥ç¨â à¥£ã«ïà­®áâ¨ a. �®íâ®¬ã ¤«ï
«î¡®£® b 2 T ®¯¥à â®à LbjT ­¨«ì¯®â¥­â¥­. �âáî¤  ¢ á¨«ã â¥®à¥¬ë 1 ¢ëâ¥ª ¥â ­¨«ì¯®â¥­â­®áâì
 «£¥¡àë T .

�á«¨ NG0(a)(T ) � T , â® ¯®¤¯à®áâà ­áâ¢® hg0; T i, g0 =2 T , g0 2 NG0(a)(T ) ï¢«ï¥âáï ­¨«ì¯®-
â¥­â­®© ¯®¤ «£¥¡à®© ¢ G0(a). � á¨«ã ª®­¥ç­®¬¥à­®áâ¨ G ç¥à¥§ ª®­¥ç­®¥ ç¨á«® è £®¢ ¯®«ãç¨¬
­¨«ì¯®â¥­â­ãî ¯®¤ «£¥¡àã T ¢ G0(a), ¯à¨ç¥¬ NG0(a)(T ) = T . �®¢â®àïï à ááã¦¤¥­¨ï ¯à¥¤«®-
¦¥­¨ï 2, ¨¬¥¥¬ T = G0(G0(a); T ) = fx 2 G0(a), 9n = n(x) 2 N, ynx = 0 8y 2 A(T )g. � ¤àã£®©
áâ®à®­ë, G0(T ) � G0(a), ¨ ¯®íâ®¬ã G0(G0(a); T ) = G0(T ), â. ¥. T = G0(T ).

�§ ®¯à¥¤¥«¥­¨ï ­®à¬ «¨§ â®à  ¨ ­ã«ìª®¬¯®­¥­âë, «¥£ª® ¯®«ãç¨âì, çâ® NG(T ) � G0(T ).
�â ª, T = NG(T ).
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