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�áá«¥¤ãîâáï ¯®¤®¡­® ®¤­®à®¤­ë¥, â. ¥. ¤®¯ãáª îé¨¥ âà ­§¨â¨¢­ãî £àã¯¯ã ¬¥âà¨ç¥áª¨å ¯®-
¤®¡¨©, «®ª «ì­® ¯®«­ë¥ ¯à®áâà ­áâ¢  á ¢­ãâà¥­­¥© ¬¥âà¨ª®©. �à®áâ¥©è¨¬ ¯à¨¬¥à®¬ â ª®£®
¯à®áâà ­áâ¢  ï¢«ï¥âáï ®âªàëâ ï ¥¢ª«¨¤®¢  ¯®«ã¯àï¬ ï. �áâ ­®¢«¥­®, çâ® ¢áïª®¥ â ª®¥ ¯à®-
áâà ­áâ¢® ª®­ä®à¬­® íª¢¨¢ «¥­â­® ¯®«­®¬ã ®¤­®à®¤­®¬ã, â. ¥. ¤®¯ãáª îé¥¬ã âà ­§¨â¨¢­ãî
£àã¯¯ã ¨§®¬¥âà¨© (¤¢¨¦¥­¨©), ¯à®áâà ­áâ¢ã á ¢­ãâà¥­­¥© ¬¥âà¨ª®©. � ¥âáï å à ªâ¥à¨§ æ¨ï
®âªàëâ®© ¥¢ª«¨¤®¢®© ¯®«ã¯àï¬®© ª ª «®ª «ì­® ¯®«­®£® ¯®¤®¡­® ®¤­®à®¤­®£® ¯à®áâà ­áâ¢  á
¢­ãâà¥­­¥© ¬¥âà¨ª®©, á®¤¥à¦ é¥£® ¡®«¥¥ ®¤­®© â®çª¨ ¨ ­¥ ¤®¯ãáª îé¥£® ­¥âà¨¢¨ «ì­ëå ¯®-
¤®¡¨© á ­¥¯®¤¢¨¦­®© â®çª®© ¨«¨ ­¥âà¨¢¨ «ì­ëå ¤¢¨¦¥­¨©. �®áâà®¥­ë ¯à¨¬¥àë ¯®¤®¡­® ®¤-
­®à®¤­ëå «®ª «ì­® ¯®«­ëå ¯à®áâà ­áâ¢ á ¢­ãâà¥­­¥© ¬¥âà¨ª®©, ¢ â®¬ ç¨á«¥ á ¨á¯®«ì§®¢ ­¨¥¬
ª®­áâàãªæ¨¨ ¨áªà¨¢«¥­­®£® ¯à®¨§¢¥¤¥­¨ï.

� x 4 ¯®«ãç¥­ë ­¥ª®â®àë¥ à¥§ã«ìâ âë, á¢ï§ ­­ë¥ á § ¤ ç¥© ®¯¨á ­¨ï ¢á¥å ¯®¤®¡­® ®¤­®-
à®¤­ëå ­¥®¤­®à®¤­ëå «®ª «ì­® ª®¬¯ ªâ­ëå ¯à®áâà ­áâ¢ á ¢­ãâà¥­­¥© ¬¥âà¨ª®©, ¢ â®¬ ç¨á«¥
ç áâ¨ç­®¥ á¢¥¤¥­¨¥ íâ®© § ¤ ç¨ ª á«ãç î ¬­®£®®¡à §¨© ¨ å à ªâ¥à¨§ æ¨ï á¢ï§­ëå ¯®¤®¡­® ®¤-
­®à®¤­ëå ­¥®¤­®à®¤­ëå à¨¬ ­®¢ëå ¬­®£®®¡à §¨©.

1. �¯à¥¤¥«¥­¨ï ¨ ä®à¬ã«¨à®¢ª  à¥§ã«ìâ â®¢

�¯à¥¤¥«¥­¨¥ 1.1. �¨¥ªæ¨ï f : X ! X ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  (X; �) ­  á¥¡ï ­ §ë¢ -
¥âáï �-¯®¤®¡¨¥¬ (� | ¯®«®¦¨â¥«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«®), ¥á«¨ ¤«ï «î¡ëå â®ç¥ª x; y 2 X
¢ë¯®«­ï¥âáï �(f(x); f(y)) = ��(x; y). �¨¥ªæ¨ï f : X ! X ­ §ë¢ ¥âáï ¯®¤®¡¨¥¬, ¥á«¨ f | �-¯®-
¤®¡¨¥ ¯à¨ ­¥ª®â®à®¬ � 2 R+ .

�ç¥¢¨¤­®, ¬­®¦¥áâ¢® �P ¢á¥å ¯®¤®¡¨© ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  X ®¡à §ã¥â £àã¯¯ã ®â­®-
á¨â¥«ì­® ª®¬¯®§¨æ¨¨ ®â®¡à ¦¥­¨©, ­ §ë¢ ¥¬ãî £àã¯¯®© ¯®¤®¡¨© (¯à®áâà ­áâ¢  X),   £àã¯¯  �
¢á¥å ¨§®¬¥âà¨© (¤¢¨¦¥­¨©) ¯à®áâà ­áâ¢  X | ­®à¬ «ì­ ï ¯®¤£àã¯¯  £àã¯¯ë �P . �¥é¥áâ¢¥­­ ï
äã­ªæ¨ï �(h), h 2 �P , £¤¥ �(h) = �, ¥á«¨ h| �-¯®¤®¡¨¥, ®¯à¥¤¥«ï¥â £®¬®¬®àä¨§¬ £àã¯¯ë �P ­ 
­¥ª®â®àãî ¯®¤£àã¯¯ã A = A(X) ¬ã«ìâ¨¯«¨ª â¨¢­®© £àã¯¯ë (R+ ; :) á ï¤à®¬ �, â ª çâ® £àã¯¯  A
¨§®¬®àä­  ä ªâ®à-£àã¯¯¥ �P=�.

�¯à¥¤¥«¥­¨¥ 1.2. �¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ­ §ë¢ ¥âáï ®¤­®à®¤­ë¬ (á®®â¢¥âcâ¢¥­­®
¯®¤®¡­® ®¤­®à®¤­ë¬), ¥á«¨ ¥£® £àã¯¯  ¨§®¬¥âà¨© (¯®¤®¡¨©) ¤¥©áâ¢ã¥â âà ­§¨â¨¢­® ­  X.

�¯à¥¤¥«¥­¨¥ 1.3. �¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ­ §ë¢ ¥âáï «®ª «ì­® ¯®«­ë¬, ¥á«¨ ¤«ï ª -
¦¤®© ¥£® â®çª¨ x áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì­®¥ ç¨á«® r(x) â ª®¥, çâ® § ¬ª­ãâë© è à B(x; r(x))
c ¨­¤ãæ¨à®¢ ­­®© ¨§ X ¬¥âà¨ª®© ï¢«ï¥âáï ¯®«­ë¬ ¬¥âà¨ç¥áª¨¬ ¯à®áâà ­áâ¢®¬. �®ç­ãî ¢¥àå-
­îî £à ­¨æã â ª¨å ç¨á¥« r(x) ¤«ï ä¨ªá¨à®¢ ­­®© â®çª¨ x 2 X (¢®§¬®¦­®, ¡¥áª®­¥ç­ãî) ¡ã¤¥¬
®¡®§­ ç âì c(x) ¨ ­ §ë¢ âì à ¤¨ãá®¬ ¯®«­®âë (¯à®áâà ­áâ¢  X ¢ â®çª¥ x).

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­âë òò02-01-00192-a, 04-01-00315-a.
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�ë¯®«­¥­¨¥ à ¢¥­áâ¢  c(x0) = +1 å®âï ¡ë ¢ ®¤­®© â®çª¥ x0 ¨§ X ®§­ ç ¥â, çâ® ¯à®áâà ­-
áâ¢® X ¯®«­®¥. �á«¨ íâ® ­¥ â ª, â® «¥£ª® ¤®ª §ë¢ ¥âáï, çâ® äã­ªæ¨ï c = c(x) ã¤®¢«¥â¢®àï¥â
­¥à ¢¥­áâ¢ã

jc(x)� c(y)j � �(x; y): (1.1)

� ¤ «ì­¥©è¥¬ ­ á ¨­â¥à¥áã¥â áâàãªâãà  «®ª «ì­® ¯®«­ëå (¢ ç áâ­®áâ¨, «®ª «ì­® ª®¬¯ ªâ-
­ëå) ¯®¤®¡­® ®¤­®à®¤­ëå ¯à®áâà ­áâ¢ á ¢­ãâà¥­­¥© ¬¥âà¨ª®©.

�à¨¬¥à 1.1. �à®áâ¥©è¨¬ ¯à¨¬¥à®¬ «®ª «ì­® ¯®«­®£® ¯®¤®¡­® ®¤­®à®¤­®£® ­¥®¤­®à®¤­®£®
¯à®áâà ­áâ¢  á ¢­ãâà¥­­¥© ¬¥âà¨ª®© á«ã¦¨â ¬ã«ìâ¨¯«¨ª â¨¢­ ï £àã¯¯  (R+ ; �) ¯®«®¦¨â¥«ì­ëå
¢¥é¥áâ¢¥­­ëå ç¨á¥« á® áâ ­¤ àâ­®© ¬¥âà¨ª®©, ¨­¤ãæ¨à®¢ ­­®© ¢«®¦¥­¨¥¬ R+ � R. (�¥¢ë¥)
á¤¢¨£¨ íâ®© £àã¯¯ë á®áâ ¢«ïîâ £àã¯¯ã ¯®¤®¡¨©, ¤¥©áâ¢ãîéãî ¯à®áâ® âà ­§¨â¨¢­® ­  R+ . �
­¥ª®â®à®¬ á¬ëá«¥ íâ® å à ªâ¥à¨§ã¥â ¯à®áâà ­áâ¢® R+ .

�¥®à¥¬  1.1. �¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® X ¨§®¬¥âà¨ç­® R+ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

®­® ï¢«ï¥âáï «®ª «ì­® ¯®«­ë¬ ¯®¤®¡­® ®¤­®à®¤­ë¬ ¯à®áâà ­áâ¢®¬ á ¢­ãâà¥­­¥© ¬¥âà¨ª®©,

á®¤¥à¦ é¨¬ ¡®«¥¥ ®¤­®© â®çª¨ ¨ ­¥ ¤®¯ãáª îé¨¬ ­¥âà¨¢¨ «ì­ëå £®¬®â¥â¨© á ­¥¯®¤¢¨¦-

­®© â®çª®© ¨ ­¥âà¨¢¨ «ì­ëå ¤¢¨¦¥­¨©. �à¨ íâ®¬ ¨§®¬¥âà¨ï ®áãé¥áâ¢«ï¥âáï äã­ªæ¨¥© c,
®¯à¥¤¥«¥­­®© ­  X.

�à®áâà ­áâ¢® R+ ¥áâì ®¤­®¬¥à­®¥ à¨¬ ­®¢® ¬­®£®®¡à §¨¥ á à¨¬ ­®¢®© ¬¥âà¨ª®© ds2 = dx2

¨ äã­ªæ¨¥© c(x) = x. �­ ¡¦¥­­®¥ ª®­ä®à¬­®© ¬¥âà¨ª®© (á ª®­ä®à¬­ë¬ ¬­®¦¨â¥«¥¬ �(x) =
1

c(x)
= 1

x
) ds21 = 1

x2
dx2 = (dx

x
)2 = (d(log x))2, ®­® áâ ­®¢¨âáï ®¤­®à®¤­ë¬ ¯à®áâà ­áâ¢®¬, ¨§®-

¬¥âà¨ç­ë¬ R. � ª ç¥áâ¢¥ ¨§®¬¥âà¨¨ ¯à®áâà ­áâ¢  (R+ ; ds
2
1) ­  R ¬®¦­® ¢§ïâì ®â®¡à ¦¥­¨¥

f(x) = log x; ®­® ¨§®¬®àä­® ®â®¡à ¦ ¥â ¬ã«ìâ¨¯«¨ª â¨¢­ãî £àã¯¯ã (R+ ; �) (¨ ®¤­®¢à¥¬¥­­®
£àã¯¯ã ¯®¤®¡¨©, ¬ã«ìâ¨¯«¨ª â¨¢­ãî £àã¯¯ã «¥¢ëå á¤¢¨£®¢, ¯à®áâà ­áâ¢  R+ á ¨áå®¤­®© ¬¥-
âà¨ª®©) ­   ¤¤¨â¨¢­ãî £àã¯¯ã (R;+) (­  £àã¯¯ã ¤¢¨¦¥­¨©,  ¤¤¨â¨¢­ãî £àã¯¯ã ¯ à ««¥«ì­ëå
¯¥à¥­®á®¢, ¯à®áâà ­áâ¢  R).

�à¨ ­ ¤«¥¦ é¥¬ ®¡®¡é¥­¨¨ ¯®­ïâ¨ï ª®­ä®à¬­®£® ¨§¬¥­¥­¨ï ¬¥âà¨ª¨ ­  ¯à®áâà ­áâ¢  á
¢­ãâà¥­­¥© ¬¥âà¨ª®© á®®â¢¥âáâ¢ãîé¨© à¥§ã«ìâ â á¯à ¢¥¤«¨¢ ¨ ¢ ®¡é¥¬ á«ãç ¥ «®ª «ì­® ¯®«-
­ëå ¯®¤®¡­® ®¤­®à®¤­ëå ¯à®áâà ­áâ¢ á ¢­ãâà¥­­¥© ¬¥âà¨ª®©.

�¯à¥¤¥«¥­¨¥ 1.4 (áà. [1]). �ãáâì (X; �) | ¯à®áâà ­áâ¢® á ¢­ãâà¥­­¥© ¬¥âà¨ª®© ¨ � = �(x),
x 2 X, | ¯®«®¦¨â¥«ì­ ï ­¥¯à¥àë¢­ ï ¢¥é¥áâ¢¥­­ ï äã­ªæ¨ï ­  X. �«ï ª ¦¤®£® ¯ à ¬¥âà¨-
§®¢ ­­®£® ¤«¨­®© ¤ã£¨ á¯àï¬«ï¥¬®£® ¯ãâ¨ � = �(s), 0 � s � a, ¢ (X; �) ®¯à¥¤¥«¨¬ ­®¢ãî ¥£®

¤«¨­ã l(�; �) ª ª ¨­â¥£à «
aR
0

�(�(s)) ds. � â¥¬ ®¯à¥¤¥«¨¬ ­®¢ãî (¢­ãâà¥­­îî) ¬¥âà¨ªã �� ­  X,

¯®« £ ï ��(z; y) ¤«ï z; y 2 X à ¢­ë¬ â®ç­®© ¢¥àå­¥© £à ­¨æ¥ ¤«¨­ l(�; �) ¯® ¢á¥¬ á¯àï¬«ï¥¬ë¬
¢ ¬¥âà¨ª¥ � ¯ãâï¬ �, á®¥¤¨­ïîé¨¬ â®çª¨ z ¨ y. �ã¤¥¬ £®¢®à¨âì ¯à¨ íâ®¬, çâ® ¬¥âà¨ª  �� ¯®«ã-
ç¥­  ª®­ä®à¬­ë¬ ¨§¬¥­¥­¨¥¬ ¬¥âà¨ª¨ � á ª®íää¨æ¨¥­â®¬ ª®­ä®à¬­®áâ¨ � ¨«¨ çâ® ¬¥âà¨ª  ��
ª®­ä®à¬­® íª¢¨¢ «¥­â­  ¬¥âà¨ª¥ � á ª®íää¨æ¨¥­â®¬ ª®­ä®à¬­®áâ¨ �.

� ¬¥ç ­¨¥ 1.1. �ç¥¢¨¤­®, ¬¥âà¨ª¨ � ¨ �� ¨¬¥îâ ®¤­ã (¬¥âà¨ç¥áªãî) â®¯®«®£¨î ­  X ¨
®¤­®¢à¥¬¥­­® ï¢«ïîâáï ¨«¨ ­¥ ï¢«ïîâáï «®ª «ì­® ¯®«­ë¬¨ ¢­ãâà¥­­¨¬¨ ¬¥âà¨ª ¬¨.

�¥®à¥¬  1.2. �«ï ¢áïª®£® «®ª «ì­® ¯®«­®£® ¯®¤®¡­® ®¤­®à®¤­®£® ¯à®áâà ­áâ¢  (X; �) á ¢­ã-
âà¥­­¥© ¬¥âà¨ª®© áãé¥áâ¢ã¥â ­¥¯à¥àë¢­ ï ¯®«®¦¨â¥«ì­ ï ¢¥é¥áâ¢¥­­ ï äã­ªæ¨ï � = �(x),
x 2 X, ­  X â ª ï, çâ® (X; ��) ï¢«ï¥âáï ®¤­®à®¤­ë¬ ¯®«­ë¬ ¯à®áâà ­áâ¢®¬ á ¢­ãâà¥­­¥©

¬¥âà¨ª®©. �á«¨ (X; �) ­¥ ®¤­®à®¤­®, â® �P (X; �) áâ ­®¢¨âáï âà ­§¨â¨¢­®© £àã¯¯®© ¤¢¨¦¥­¨©

¯à®áâà ­áâ¢  (X; ��).

�âáî¤  ¨ ¨§ â¥®à¥¬ë 2.1 ¢ëâ¥ª ¥â
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�«¥¤áâ¢¨¥ 1.1. �áïª®¥ ¯®¤®¡­® ®¤­®à®¤­®¥ «®ª «ì­® ¯®«­®¥ (ª®¬¯ ªâ­®¥) ¯à®áâà ­áâ¢®
á ¢­ãâà¥­­¥© ¬¥âà¨ª®© ¯®«ãç ¥âáï ª®­ä®à¬­ë¬ ¨§¬¥­¥­¨¥¬ ¬¥âà¨ª¨ ­¥ª®â®à®£® ®¤­®à®¤­®£®
¯®«­®£® («®ª «ì­® ª®¬¯ ªâ­®£®) ¯à®áâà ­áâ¢  á ¢­ãâà¥­­¥© ¬¥âà¨ª®©.

2. �®ª § â¥«ìáâ¢  â¥®à¥¬

�®ª ¦¥¬ ¯à¥¤¢ à¨â¥«ì­® ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  2.1 (áà. [2]). �®ª «ì­® ¯®«­®¥ ¯®¤®¡­® ®¤­®à®¤­®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® ®¤-
­®à®¤­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­® ¯®«­®.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ç¥¢¨¤­®, «®ª «ì­® ¯®«­®¥ ®¤­®à®¤­®¥ ¬¥âà¨ç¥áª®¥
¯à®áâà ­áâ¢® X ¨¬¥¥â ¯®áâ®ï­­ë© (¯®«®¦¨â¥«ì­ë©) à ¤¨ãá ¯®«­®âë. �«¥¤®¢ â¥«ì­®, ¢áïª ï
äã­¤ ¬¥­â «ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¢ X ¨¬¥¥â ¯à¥¤¥«ì­ãî â®çªã ¢ X, â. ¥. X ¯®«­®.

�®áâ â®ç­®áâì. �ãáâì X | ¯®«­®¥ ¯®¤®¡­® ®¤­®à®¤­®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®. �á«¥¤-
áâ¢¨¥ â¥®à¥¬ë � ­ å  ® ­¥¯®¤¢¨¦­®© â®çª¥ ¢áïª®¥ �-¯®¤®¡¨¥ à áá¬ âà¨¢ ¥¬®£® ¯à®áâà ­áâ¢ X
¯à¨ � 6= 1 ¨¬¥¥â ¥¤¨­áâ¢¥­­ãî ­¥¯®¤¢¨¦­ãî â®çªã. �®£¤  ¢á«¥¤áâ¢¨¥ ¯®¤®¡­®© ®¤­®à®¤­®áâ¨
¤«ï ª ¦¤®© â®çª¨ x1 2 X áãé¥áâ¢ã¥â �-¯®¤®¡¨¥ h1 á ­¥¯®¤¢¨¦­®© â®çª®© x1. � ä¨ªá¨àã¥¬ â®ç-
ªã x1 2 X. �â¢¥à¦¤ ¥âáï, çâ® ¤«ï ª ¦¤®© â®çª¨ x 2 X áãé¥áâ¢ã¥â ¨§®¬¥âà¨ï f ¯à®áâà ­áâ¢  X
â ª ï, çâ® f(x1) = x. �¥©áâ¢¨â¥«ì­®, ¯® ®¯à¥¤¥«¥­¨î ¯®¤®¡­® ®¤­®à®¤­®£® ¯à®áâà ­áâ¢  áãé¥-
áâ¢ã¥â ­¥ª®â®à®¥ �-¯®¤®¡¨¥ h ¯à®áâà ­áâ¢  X â ª®¥, çâ® h(x1) = x. �á«¨ � = 1, â® ¢á¥ ¤®ª § ­®.
�­ ç¥ áãé¥áâ¢ã¥â �-¯®¤®¡¨¥ h1 á ­¥¯®¤¢¨¦­®© â®çª®© x1. �ç¥¢¨¤­®, f := h � h�11 | ¤¢¨¦¥­¨¥
¯à®áâà ­áâ¢  X, ¯à¨ç¥¬ f(x1) = x. � ª¨¬ ®¡à §®¬, X ®¤­®à®¤­®.

�«¥¤áâ¢¨¥ 2.1. �®¤®¡­® ®¤­®à®¤­®¥ «®ª «ì­® ¯®«­®¥ ¯à®áâà ­áâ¢®, ¤®¯ãáª îé¥¥ å®âï ¡ë
®¤­® ¯®¤®¡¨¥ á ­¥¯®¤¢¨¦­®© â®çª®©, ­¥ ï¢«ïîé¥¥áï ¨§®¬¥âà¨¥©, ®¤­®à®¤­®.

�®ª § â¥«ìáâ¢®. �ãáâì h | �-¯®¤®¡¨¥ ¯à®áâà ­áâ¢  X;� 6= 1, h(x1) = x1. �®£¤  c(x1) =
+1, â. ¥. ¯à®áâà ­áâ¢® X ¯®«­®¥ ¨ ®áâ ¥âáï ¯à¨¬¥­¨âì â¥®à¥¬ã 2.1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.2. �  ®á­®¢ ­¨¨ á«¥¤áâ¢¨ï 2.1 ¢®§¬®¦­® â®«ìª® ¤¢  á«ãç ï:

1) ¯à®áâà ­áâ¢® X ®¤­®à®¤­®;
2) ¯à®áâà ­áâ¢® X ­¥®¤­®à®¤­® ¨ ¢áïª®¥ ¯®¤®¡¨¥ ¯à®áâà ­áâ¢  X, ­¥ ï¢«ïîé¥¥áï ¨§®¬¥-

âà¨¥©, ­¥ ¨¬¥¥â ­¥¯®¤¢¨¦­ëå â®ç¥ª.

� ¯¥à¢®¬ á«ãç ¥ ¬®¦­® ¢§ïâì �(x) � 1. �® ¢â®à®¬ á«ãç ¥ ¯à®áâà ­áâ¢® X ­¥ ¯®«­® ¢á«¥¤-
áâ¢¨¥ â¥®à¥¬ë 2.1. �®íâ®¬ã à ¤¨ãá ¯®«­®âë c = c(x) ï¢«ï¥âáï ª®­¥ç­®© äã­ªæ¨¥© ­  X.

� ä¨ªá¨àã¥¬ â®çªã x1 ¨§ X. �®£¤  ¤«ï ª ¦¤®© â®çª¨ x 2 X áãé¥áâ¢ã¥â â®«ìª® ®¤­® ç¨á«®
a = a(x) 2 A â ª®¥, çâ® áãé¥áâ¢ã¥â a-¯®¤®¡¨¥ h ¯à®áâà ­áâ¢  X á ãá«®¢¨¥¬ h(x1) = x. �ç¥¢¨¤­®,
a(x) = c(x)

c(x1)
¨ äã­ªæ¨ï a = a(x) ­¥¯à¥àë¢­  ­  X ¢á«¥¤áâ¢¨¥ ­¥à ¢¥­áâ¢  (1.1).

�¥£ª® ¯à®¢¥àï¥âáï, çâ® ¤«ï ­¥¯à¥àë¢­®© äã­ªæ¨¨ � = �(x) = 1
a(x)

¢áïª®¥ ®â®¡à ¦¥­¨¥
f 2 �P á®åà ­ï¥â ¤«¨­ë l� á¯àï¬«ï¥¬ëå ¯ãâ¥© ¢ X ¨§ ®¯à¥¤¥«¥­¨ï 1.4, ¯®íâ®¬ã ï¢«ï¥âáï ¨§®-
¬¥âà¨¥© ¯à®áâà ­áâ¢  (X; ��). �  ®á­®¢ ­¨¨ § ¬¥ç ­¨ï 1.1 (X; ��) ï¢«ï¥âáï «®ª «ì­® ¯®«­ë¬
¯à®áâà ­áâ¢®¬ á ¢­ãâà¥­­¥© ¬¥âà¨ª®©. �á«¥¤áâ¢¨¥ áª § ­­®£® ¢ëè¥ ¨ â¥®à¥¬ë 2.1 (X; ��) |
¯®«­®¥ ®¤­®à®¤­®¥ ¯à®áâà ­áâ¢® á ¢­ãâà¥­­¥© ¬¥âà¨ª®© ¨ âà ­§¨â¨¢­®© £àã¯¯®© ¤¢¨¦¥­¨© �P .

�ç¥¢¨¤­®, ¢® ¢â®à®¬ á«ãç ¥ â¥®à¥¬ë �(h) = a(h(x1)), h 2 �P . �®íâ®¬ã ¨§ ­¥¯à¥àë¢­®áâ¨
äã­ªæ¨¨ a(x), x 2 X, ­¥®¤­®à®¤­®áâ¨ ¨ á¢ï§­®áâ¨ X á«¥¤ã¥â, çâ® ¬ã«ìâ¨¯«¨ª â¨¢­ ï £àã¯¯  A
á®¢¯ ¤ ¥â á (R+ ; �). �«¥¤®¢ â¥«ì­®, ¬®¦­® ¯à¥¤¯®« £ âì, çâ® c(x1) = 1, a(x) � c(x). �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.1. �ç¥¢¨¤­®, çâ® ¯à®áâà ­áâ¢® R+ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬
â¥®à¥¬ë.

�¡à â­®, ¯à¥¤¯®«®¦¨¬, çâ® ¯à®áâà ­áâ¢® X ã¤®¢«¥â¢®àï¥â áä®à¬ã«¨à®¢ ­­ë¬ ¢ â¥®à¥¬¥
ãá«®¢¨ï¬. �®£¤  ¬ë ­ å®¤¨¬áï ¢ ãá«®¢¨ïå á«ãç ï 2) ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1.2; ¯à¨ íâ®¬
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äã­ªæ¨ï a(x) � c(x) ¡ã¤¥â ­¥¯à¥àë¢­®© ¡¨¥ªæ¨¥© ¯à®áâà ­áâ¢  X ­  ¢áî £àã¯¯ã (R+ ; �), ®â®¡à -
¦¥­¨¥ F (h) = h(x1) | ¡¨¥ªæ¨¥© £àã¯¯ë �P ­  ¯à®áâà ­áâ¢® X,   £®¬®¬®àä¨§¬ � : �P ! (R+ ; �)
| ( ¡áâà ªâ­ë¬) ¨§®¬®àä¨§¬®¬ £àã¯¯.

�®áâ â®ç­® ¤®ª § âì, çâ® äã­ªæ¨ï a(x) � c(x) ¥áâì ¨§®¬¥âà¨ï ¯à®áâà ­áâ¢  X ­  R+ .
�â®¦¤¥áâ¢¨¬ �P ¨ X á R+ ¯®áà¥¤áâ¢®¬ ¡¨¥ªæ¨© � ¨ a = c á®®â¢¥âáâ¢¥­­®. �®£¤  à ¢¥­áâ¢®
c(h(x)) = �(h)c(x) ®§­ ç ¥â, çâ® ¤¥©áâ¢¨¥ �P ­  X ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥ ®¯¥à æ¨¨ ã¬­®¦¥­¨ï ­ 
R+ , ¯à¨ç¥¬

�(�b; �c) = ��(b; c); �; b; c 2 R+ : (2.1)

�¥à ¢¥­áâ¢® (1.1) ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥ ­¥à ¢¥­áâ¢ 

�(b; c) � jb� cj; b; c 2 R+ : (2.2)

�áâ ¥âáï ¤®ª § âì ¯à®â¨¢®¯®«®¦­®¥ ­¥à ¢¥­áâ¢®

�(b; c) � jb� cj; b; c 2 R+ :

�¥¯¥àì ¤®ª ¦¥¬, çâ® ®â®¡à ¦¥­¨¥ c ï¢«ï¥âáï £®¬¥®¬®àä¨§¬®¬, çâ® ¡ã¤¥â á«¥¤®¢ âì ¨§ ¥£®
®âªàëâ®áâ¨. �á«®¢¨¥ ®âªàëâ®áâ¨ c ¢ ­®¢ëå ®¡®§­ ç¥­¨ïå íª¢¨¢ «¥­â­® â®¬ã, çâ® ¢á¥ ®âªàëâë¥
è àë U(b; r) ¢ (R+ ; �) ®âªàëâë ®â­®á¨â¥«ì­® ®¡ëç­®© â®¯®«®£¨¨ � ¢ R+ . �§ ¢­ãâà¥­­¥£® å -
à ªâ¥à  ¬¥âà¨ª¨ � ¨ ­¥¯à¥àë¢­®áâ¨ c á«¥¤ã¥â, çâ® ¢á¥ è àë U(b; r) «¨­¥©­® á¢ï§­ë ¢ (R+ ; �).
�®íâ®¬ã ¢á«¥¤áâ¢¨¥ á®®â­®è¥­¨ï (2.1) ¤®áâ â®ç­® ¤®ª § âì, çâ® ¢áïª¨© è à U(1; r), 0 < r < 1,
á®¤¥à¦¨â ­¥ª®â®àë¥ â®çª¨ b; c â ª¨¥, çâ® b < 1 < c. � ª ª ª ¬¥âà¨ª  � ¢­ãâà¥­­ïï, â® è à
U(1; r

2
) á®¤¥à¦¨â ­¥ª®â®àãî â®çªã � 6= 1, ¯à¨ç¥¬ ¢á«¥¤áâ¢¨¥ ­¥à ¢¥­áâ¢  (2.2) ¨¬¥¥¬ ­¥à ¢¥­-

áâ¢® j1 � �j < r
2
. �®§¬®¦­ë ¤¢  á«ãç ï: 1 < � ¨ � < 1. � ¯¥à¢®¬ á«ãç ¥ ¤®áâ â®ç­® ¢§ïâì

c = �, b = 1
c
,   ¢® ¢â®à®¬ | ¢§ïâì b = �, c = 1

b
. �¥©áâ¢¨â¥«ì­®, ¢ ¯¥à¢®¬ á«ãç ¥ ¢á«¥¤áâ¢¨¥

á®®â­®è¥­¨ï (2.1)

�(b; 1) = b�(1; c) < �(1; c) <
r

2
< r:

�® ¢â®à®¬ á«ãç ¥ ¨¬¥¥¬ ­¥à ¢¥­áâ¢® 1 � b < r
2
, çâ® íª¢¨¢ «¥­â­® ­¥à ¢¥­áâ¢ã 1

b
< 1

1� r

2

. �«¥¤®-

¢ â¥«ì­®, �(1; c) = �(1; 1
b
) = 1

b
�(b; 1) <

r

2

1� r

2

< r.
�§ ¤®ª § ­­®© £®¬¥®¬®àä­®áâ¨ ®â®¡à ¦¥­¨ï c á«¥¤ã¥â, çâ® ¬¥âà¨ç¥áª ï â®¯®«®£¨ï ¬¥âà¨ª¨

� ­  R+ á®¢¯ ¤ ¥â á � ¨ ¢áïª¨© ®âà¥§®ª [b; c] ¢ R+ ¥áâì ªà âç ©è ï ¢ (R+ ; �), á®¥¤¨­ïîé ï
â®çª¨ b ¨ c. �á«¥¤áâ¢¨¥ á®®â­®è¥­¨© (2.1) âà¥¡ã¥¬ë¥ à ¢¥­áâ¢  �(b; c) = jb � cj, b; c 2 R+ ,
íª¢¨¢ «¥­â­ë à ¢¥­áâ¢ ¬ �(d; 1) = 1�d, 0 < d < 1. �à¥¤¯®«®¦¨¬, çâ® å®âï ¡ë ®¤­® ¨§ ¯®á«¥¤­¨å
à ¢¥­áâ¢ ­ àãè ¥âáï ¤«ï ­¥ª®â®à®£® 0 < d < 1. �®£¤  ¢á«¥¤áâ¢¨¥ ­¥à ¢¥­áâ¢ (2.2) ¨¬¥¥â ¬¥áâ®
�(d; 1) > 1 � d. � ª ª ª (R+ ; �) | ¯à®áâà ­áâ¢® á ¢­ãâà¥­­¥© ¬¥âà¨ª®© á ®âà¥§ª ¬¨ ¢ ª ç¥áâ¢¥
ªà âç ©è¨å, â® ¤«¨­  ¨­â¥à¢ «  (0; 1] ¢ ¬¥âà¨ª¥ � à ¢­  áã¬¬¥ � ¤«¨­ ¢á¥å ®âà¥§ª®¢ [dn+1; dn]
á ­¥®âà¨æ â¥«ì­ë¬¨ æ¥«ë¬¨ áâ¥¯¥­ï¬¨ n ¢ ¬¥âà¨ª¥ �. �  ®á­®¢ ­¨¨ (2.1)

� = �(d; 1)
+1X
n=0

dn =
�(d; 1)
1� d

> 1:

�«¥¤®¢ â¥«ì­®, ¤«ï ­¥ª®â®à®© ç áâ¨ç­®© áã¬¬ë �m íâ®£® àï¤  1 < �m < +1. �®£¤  á ãç¥â®¬
(2.2) § ¬ª­ãâë© è à B(1; �m) ï¢«ï¥âáï ®âà¥§ª®¬ [dm+1; r] ¤«ï ­¥ª®â®à®£® ç¨á«  r, 1 < r � 1+�m.
�®íâ®¬ã è à B(1; �m) ª®¬¯ ªâ¥­ ¨ ¯®«®­ ¢ (R+ ; �). �«¥¤®¢ â¥«ì­®, c(x1) � �m > 1 ¢®¯à¥ª¨ â®¬ã,
çâ® ¯® ¯®áâà®¥­¨î c(x1) = 1. �

3. �à¨¬¥àë

� áá¬®âà¨¬ ¤àã£¨¥ ¯à¨¬¥àë ¯®¤®¡­® ®¤­®à®¤­ëå «®ª «ì­® ¯®«­ëå ¯à®áâà ­áâ¢ á ¢­ãâà¥­-
­¥© ¬¥âà¨ª®© ¨ á®®â¢¥âáâ¢ãîé¨å ¨¬ ¯® â¥®à¥¬¥ 1.2 ¯®«­ëå ®¤­®à®¤­ëå ¯à®áâà ­áâ¢ á ¢­ãâà¥­-
­¥© ¬¥âà¨ª®©.
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�à¨¬¥à 3.1. �¥¯®áà¥¤áâ¢¥­­ë¬ ®¡®¡é¥­¨¥¬ ¯à¨¬¥à  1.1 ï¢«ï¥âáï ¯à®áâà ­áâ¢® X :=
(Rn)+ := R

n�1 �R+ , n � 2, á® áâ ­¤ àâ­®© ¬¥âà¨ª®© �, ¨­¤ãæ¨à®¢ ­­®© ¢«®¦¥­¨¥¬ (Rn)+ � R
n .

�ç¥¢¨¤­®, íâ® ¯à®áâà ­áâ¢® ¯®¤®¡­® ®¤­®à®¤­®, ­® ¢á«¥¤áâ¢¨¥ ­¥¯®«­®âë ¨ â¥®à¥¬ë 2.1 ­¥ ®¤-
­®à®¤­®. �®áâà®¥­­®¥ ¢ â¥®à¥¬¥ 1.2 ¯à®áâà ­áâ¢® ((Rn)+; ��) á äã­ªæ¨¥© � = 1=c ¥áâì ¬®¤¥«ì
�ã ­ª à¥ n-¬¥à­®£® ¯à®áâà ­áâ¢  �®¡ ç¥¢áª®£® Hn ¯®áâ®ï­­®© á¥ªæ¨®­­®© ªà¨¢¨§­ë K � �1.
�à¨ íâ®¬ £¨¯¥à¯®¢¥àå­®áâ¨ ãà®¢­ï äã­ªæ¨¨ c(x), x 2 X (â. ¥. £®à¨§®­â «ì­ë¥ £¨¯¥à¯«®áª®áâ¨),
á®áâ ¢«ïîâ á¥¬¥©áâ¢® ®à¨áä¥à ¢ Hn, ®àâ®£®­ «ì­ëå ¯ãçªã ¢§ ¨¬­® ¯ à ««¥«ì­ëå ¯àï¬ëå |
¢á¥å ¢¥àâ¨ª «ì­ëå ¯®«ã¯àï¬ëå ¢ (Rn)+.

�à¨¬¥à 3.2. �®ª «ì­® ª®¬¯ ªâ­®¥ ®¤­®à®¤­®¥ ¯à®áâà ­áâ¢® X á ¢­ãâà¥­­¥© ¬¥âà¨ª®© ¤®-
¯ãáª ¥â å®âï ¡ë ®¤­® ¯®¤®¡¨¥, ­¥ ï¢«ïîé¥¥áï ¨§®¬¥âà¨¥©, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯à®áâà ­-
áâ¢® X ¨§®¬¥âà¨ç­® «¨¡® ­¥ª®â®à®¬ã ª®­¥ç­®¬¥à­®¬ã ­®à¬¨à®¢ ­­®¬ã ¢¥ªâ®à­®¬ã ¯à®áâà ­-
áâ¢ã Rn , «¨¡® (­¥ ¡¥«¥¢®©) ®¤­®á¢ï§­®© £à ¤ã¨à®¢ ­­®© ­¨«ì¯®â¥­â­®© £àã¯¯¥ �¨ G (â ª ­ §ë-
¢ ¥¬®© £àã¯¯¥ � à­® [3]) á® á¯¥æ¨ «ì­®© «¥¢®¨­¢ à¨ ­â­®© ­¥£®«®­®¬­®© ¢­ãâà¥­­¥© ¬¥âà¨ª®©
�, ®¯à¥¤¥«ï¥¬®© «¥¢®¨­¢ à¨ ­â­ë¬¨ ¬¨­¨¬ «ì­ë¬ ¢¯®«­¥ ­¥£®«®­®¬­ë¬ à á¯à¥¤¥«¥­¨¥¬ �
­  G ¨ ­®à¬®© ­  � (á¬. [4], [17]). �¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨ï h(t) : X ! X, t 2 R+ , ï¢«ïî-
é¨eáï  ¢â®¬®àä¨§¬ ¬¨ £àã¯¯ �¨ R

n ¨«¨ G á«¥¤ãîé¨¬ ®¡à §®¬: h(t)(x) = tx, ¥á«¨ X = R
n ,

¨ TEh(t)(v) = tv, ¥á«¨ G | £àã¯¯  � à­® ¨ v 2 V (E) (á¬. ¯à¨¬¥à 3.3). �¤¥áì TEh(t) ®¡®§­ ç -
¥â ¤¨ää¥à¥­æ¨ « ®â®¡à ¦¥­¨ï h(t) ¢ ¥¤¨­¨æ¥ E £àã¯¯ë G. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ¡¥áª®­¥ç­®
¤¨ää¥à¥­æ¨àã¥¬ãî ¬ã«ìâ¨¯«¨ª â¨¢­ãî 1-¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¯®¤®¡¨© h : X � R+ ! X,
h(x; t) = h(t)(x) ¯à®áâà ­áâ¢  X â ªãî, çâ®

h(ts) = h(t)h(s); �(h(t)) � t; t; s 2 R+ : (3.1)

�à¨¬¥à 3.3. � ¯à¨¬¥à¥ 3.2 ¡ë«¨ ®¯ãé¥­ë ¤¥â «¨ ¯à¨ à áá¬®âà¥­¨¨ £àã¯¯ë � à­® (G; �).
�¤¥áì ¡®«¥¥ ¯®¤à®¡­® à áá¬ âà¨¢ ¥âáï ­ ¨¡®«¥¥ ¯à®áâ®© ç áâ­ë© á«ãç ©, ª®£¤  G ¥áâì (¬ã«ìâ¨-
¯«¨ª â¨¢­ ï) £àã¯¯  �¥©§¥­¡¥à£ H := H3 ¢á¥å ¢¥é¥áâ¢¥­­ëå ¢¥àå­¨å âà¥ã£®«ì­ëå 3�3-¬ âà¨æ
á ¥¤¨­¨æ ¬¨ ­  £« ¢­®© ¤¨ £®­ «¨.

�¥­âà C £àã¯¯ë H ®¤­®¬¥à¥­, á®¢¯ ¤ ¥â á ª®¬¬ãâ ­â®¬ [H;H] £àã¯¯ë H ¨ á®áâ®¨â ¨§
¬ âà¨æ á ­ã«ï¬¨ ­  ¤¨ £®­ «¨, á®á¥¤­¥© á £« ¢­®© ¤¨ £®­ «ìî. � ªâ®à-£àã¯¯  H=C ¨§®¬®àä­ 
 ¤¤¨â¨¢­®© ¢¥ªâ®à­®© £àã¯¯¥ R2 ,   ¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬ p : H ! H=C = R

2 ï¢«ï¥âáï
£®¬®¬®àä¨§¬®¬ £àã¯¯ �¨ ¨ ®¤­®¢à¥¬¥­­® £« ¢­ë¬ à áá«®¥­¨¥¬ á® áâàãªâãà­®© £àã¯¯®© C.

�ë¡¥à¥¬ ¯à®¨§¢®«ì­® ¢¥ªâ®à­®¥ ¯®¤¯à®áâà ­áâ¢® V (E)  «£¥¡àë �¨ LH = TEH (ª á â¥«ì­®-
£® ¯à®áâà ­áâ¢  ªH ¢ ¥¤¨­¨æ¥E) £àã¯¯ë �¨H, âà ­á¢¥àá «ì­®¥ ª ¢¥ªâ®à­®¬ã ¯®¤¯à®áâà ­áâ¢ã
TEC, ¨ ¬¥âà¨ªã d ­  R2 , ®¯à¥¤¥«ï¥¬ãî ­¥ª®â®à®© ­®à¬®© ­  R2 . �®£¤  «¥¢®¨­¢ à¨ ­â­®¥ à á-
¯à¥¤¥«¥­¨¥, â. ¥. ª á â¥«ì­®¥ ¢¥ªâ®à­®¥ ¯®¤à áá«®¥­¨¥ ª á â¥«ì­®£® à áá«®¥­¨ï TH, � ­  H,
®¯à¥¤¥«ï¥¬®¥ à ¢¥­áâ¢®¬ �(E) = V (E), ï¢«ï¥âáï £®à¨§®­â «ì­ë¬ à á¯à¥¤¥«¥­¨¥¬ ­¥ª®â®à®©
á¢ï§­®áâ¨ 5 ¢ £« ¢­®¬ à áá«®¥­¨¨ p. �à¨ íâ®¬ à á¯à¥¤¥«¥­¨¥ � ¢¯®«­¥ ­¥£®«®­®¬­®, â. ¥. ­ ¨-
¬¥­ìè¥¥ ¨­¢®«îâ¨¢­®¥ à á¯à¥¤¥«¥­¨¥ ­  H (á¬. [6]), á®¤¥à¦ é¥¥ �, á®¢¯ ¤ ¥â á TH.

�® ¨§¢¥áâ­®© â¥®à¥¬¥ � è¥¢áª®£®{�¦®ã [7], [8] «î¡ë¥ ¤¢¥ â®çª¨ x; y 2 H ¬®¦­® á®¥¤¨­¨âì
­¥ª®â®à®© ªãá®ç­® ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®© £®à¨§®­â «ì­®© (â. ¥. ª á îé¥©áï à á¯à¥¤¥-
«¥­¨ï �) ªà¨¢®©. � ª®­¥æ, ã¯®¬ï­ãâ®¥ à ááâ®ï­¨¥ �(x; y), x; y 2 H, ®¯à¥¤¥«ï¥âáï ª ª â®ç­ ï
­¨¦­ïï £à ­¨æ  ¢ëç¨á«ï¥¬ëå ¢ ¬¥âà¨ª¥ d ¤«¨­ ªãá®ç­® ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå ªà¨-
¢ëå ¢ R2 , £®à¨§®­â «ì­ë¥ «¨äâë ª®â®àëå [6] ®â­®á¨â¥«ì­® £« ¢­®£® à áá«®¥­¨ï p á® á¢ï§­®áâìî
5 á®¥¤¨­ïîâ â®çª¨ x ¨ y. �¡é¨© á«ãç © £àã¯¯ë � à­® G à áá¬ âà¨¢ ¥âáï á®¢¥àè¥­­®  ­ «®-
£¨ç­® á § ¬¥­ ¬¨ ¯®¤£àã¯¯ë C ­  ª®¬¬ãâ ­â [G;G], R2 ­  ­¥ª®â®à®¥ Rm , m � 2, á â¥¬ ®â«¨ç¨¥¬,
çâ® V (E) ¤®«¦­® ã¤®¢«¥â¢®àïâì á¯¥æ¨ «ì­®¬ã ¤®¯®«­¨â¥«ì­®¬ã ãá«®¢¨î.

�® ¢á¥å á«ãç ïå «î¡ë¥ ¤¢¥ â®çª¨ x; y 2 (G; �) ¬®¦­® á®¥¤¨­¨âì ­¥ª®â®à®© ªà âç ©è¥© c.
�á«¨ G ¤¢ãáâã¯¥­­® ­¨«ì¯®â¥­â­ , â® ¯ãâì p � c ¢ R

m ï¢«ï¥âáï à¥è¥­¨¥¬ ­¥ª®â®à®© ¨§®¯¥-
à¨¬¥âà¨ç¥áª®© § ¤ ç¨ ¢ á¬ëá«¥ [9],   c | ¥¥ £®à¨§®­â «ì­ë¬ ¯®¤ê¥¬®¬. � á«ãç ¥ G = H ¨
¥¢ª«¨¤®¢®© ¬¥âà¨ª¨ d ­  R2 íâ  ¨§®¯¥à¨¬¥âà¨ç¥áª ï § ¤ ç  ¥áâì ª« áá¨ç¥áª ï § ¤ ç  �¨¤®­ë
[10]; ¥á«¨ d ®¯à¥¤¥«ï¥âáï ­¥¥¢ª«¨¤®¢®© ­®à¬®©, â® ¯®«ãç ¥âáï ¢ à¨ ­â § ¤ ç¨ �¨¤®­ë [5].
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� § ª«îç¥­¨¥ § ¤ ¤¨¬ ­¥¯à¥àë¢­ãî 1-¯ à ¬¥âà¨ç¥áªãî ¬ã«ìâ¨¯«¨ª â¨¢­ãî £àã¯¯ã ¯®¤®-
¡¨© ¯à®áâà ­áâ¢  (G; �) ¨  ¢â®¬®àä¨§¬®¢ £àã¯¯ë �¨ G ¨§ ¯à¨¬¥à  3.2 ¤«ï á«ãç ï G = H.
�ë¡¥à¥¬ ¯à®¨§¢®«ì­ë© ¡ §¨á fX;Y;Zg  «£¥¡àë �¨ LH á ãá«®¢¨ï¬¨ X;Y 2 V (E), Z = [X;Y ].
(� âà¨ç­®¥) íªá¯®­¥­æ¨ «ì­®¥ ®â®¡à ¦¥­¨¥ exp : LH ! H ï¢«ï¥âáï ¤¨ää¥®¬®àä¨§¬®¬. �¯à¥-
¤¥«¨¬ ª®®à¤¨­ âë (x; y; z) ¯à®¨§¢®«ì­®£® í«¥¬¥­â  g 2 H à ¢¥­áâ¢®¬ g = exp(xX + yY + zZ).
�¯®¬ï­ãâ ï 1-¯ à ¬¥âà¨ç¥áª ï £àã¯¯  h(t), t 2 R+ , ¢ íâ¨å ª®®à¤¨­ â å ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©
h(x; y; z; t) = (tx; ty; t2z).

�¯à¥¤¥«¥­¨¥ 3.1. �¢ª«¨¤®¢® ¯à®¨§¢¥¤¥­¨¥ (X1; d1)�(X2; d2) ¬¥âà¨ç¥áª¨å ¯à®áâà ­áâ¢ (Xi; di),
i = 1; 2, ¥áâì ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥­¨¥ X = X1 �X2 ¬­®¦¥áâ¢, á­ ¡¦¥­­®¥ ¬¥âà¨ª®©

d((x1; x2); (y1; y2)) = ((d1(x1; y1))2 + (d2(x2; y2))2)
1
2 :

�¥£ª® ¯à®¢¥àï¥âáï, çâ® ¥¢ª«¨¤®¢® ¯à®¨§¢¥¤¥­¨¥ ¯à®áâà ­áâ¢ á ¢­ãâà¥­­¥© ¬¥âà¨ª®© á­®¢ 
ï¢«ï¥âáï ¯à®áâà ­áâ¢®¬ á ¢­ãâà¥­­¥© ¬¥âà¨ª®©.

�à¨¬¥à 3.4. �ãáâì (X; �X ) | ¯®«­®¥ ®¤­®à®¤­®¥ ¯à®áâà ­áâ¢® á ¢­ãâà¥­­¥© ¬¥âà¨ª®©, ¤®-
¯ãáª îé¥¥ ­¥ª®â®à®¥ t-¯®¤®¡¨¥ h(t) ¯à¨ ¢á¥å t 2 R+ ¨ (Y; �Y ) | «®ª «ì­® ¯®«­®¥ ¯®¤®¡­® ®¤­®-
à®¤­®¥ ¯à®áâà ­áâ¢® á ¢­ãâà¥­­¥© ¬¥âà¨ª®©. �ç¥¢¨¤­®, ¥¢ª«¨¤®¢® ¯à®¨§¢¥¤¥­¨¥ (X; �X )�(Y; �Y )
¥áâì «®ª «ì­® ¯®«­®¥ ¯®¤®¡­® ®¤­®à®¤­®¥ (­¥®¤­®à®¤­®¥, ¥á«¨ (Y; �Y ) ­¥ ®¤­®à®¤­®) ¯à®áâà ­-
áâ¢® á ¢­ãâà¥­­¥© ¬¥âà¨ª®©.

�¯à¥¤¥«¥­¨¥ 3.2 ([11], [12]). �ãáâì (X; �X ) ¨ (Y; �Y ) | ¯à®áâà ­áâ¢  á ¢­ãâà¥­­¥© ¬¥âà¨-
ª®©, f : Y ! R+ | ­¥¯à¥àë¢­ ï äã­ªæ¨ï ­  Y , 
 = (r; s) : [0; 1] ! X � Y | ªà¨¢ ï ¢ X � Y .
�«ï à §¡¨¥­¨ï � : 0 = t0 < t1 < t2 < � � � < tn = 1 ®âà¥§ª  [0; 1] ®¯à¥¤¥«¨¬ ç¨á«®

l(
; �) =
nX

k=1

(f 2(s(tk�1))(�X(r(tk�1); r(tk)))2 + (�Y (s(tk�1); s(tk)))2)
1
2 :

�«¨­  ªà¨¢®© 
 ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© l(
) = lim
�
l(
; �), £¤¥ ¯à¥¤¥« ¡¥à¥âáï ®â­®á¨â¥«ì­®

ã¯®àï¤®ç¥­¨ï à §¡¨¥­¨© � ¯® ¨§¬¥«ìç¥­¨î. � ááâ®ï­¨¥ ¬¥¦¤ã â®çª ¬¨ (x1; y1) ¨ (x2; y2) ¢ X�Y
¯® ®¯à¥¤¥«¥­¨î à ¢­® â®ç­®© ­¨¦­¥© £à ­¨æ¥ ¤«¨­ ªà¨¢ëå l(
) ¯® ¢á¥¬ ªà¨¢ë¬ 
, á®¥¤¨­ïîé¨¬
â®çª¨ (x1; y1) ¨ (x2; y2). �áªà¨¢«¥­­®¥ ¯à®¨§¢¥¤¥­¨¥ (X; �X)f � (Y; �Y ) ¯à®áâà ­áâ¢ (X; �X ) ¨
(Y; �Y ) (á äã­ªæ¨¥© f) ®¯à¥¤¥«ï¥âáï ª ª (X � Y; �).

�¥£ª® ¯à®¢¥àï¥âáï, çâ® ¨áªà¨¢«¥­­®¥ ¯à®¨§¢¥¤¥­¨¥ ¯à®áâà ­áâ¢ á ¢­ãâà¥­­¥© ¬¥âà¨ª®© á­®-
¢  ï¢«ï¥âáï ¯à®áâà ­áâ¢®¬ á ¢­ãâà¥­­¥© ¬¥âà¨ª®©. �ç¥¢¨¤­®, ¥¢ª«¨¤®¢® ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå
¯à®áâà ­áâ¢ á ¢­ãâà¥­­¥© ¬¥âà¨ª®© ¥áâì ¨å ¨áªà¨¢«¥­­®¥ ¯à®¨§¢¥¤¥­¨¥ á äã­ªæ¨¥© f � 1, â ª
çâ® ¤«ï ¯à®áâà ­áâ¢ á ¢­ãâà¥­­¥© ¬¥âà¨ª®© ¨áªà¨¢«¥­­®¥ ¯à®¨§¢¥¤¥­¨¥ ï¢«ï¥âáï ®¡®¡é¥­¨-
¥¬ ¥¢ª«¨¤®¢  ¯à®¨§¢¥¤¥­¨ï. � ¬¥â¨¬, çâ® ¨áªà¨¢«¥­­®¥ ¯à®¨§¢¥¤¥­¨¥ ¯à®áâà ­áâ¢ á ¢­ãâà¥­-
­¥© ¬¥âà¨ª®© ï¢«ï¥âáï ¯àï¬ë¬ ®¡®¡é¥­¨¥¬ ¨áªà¨¢«¥­­®£® ¯à®¨§¢¥¤¥­¨ï £« ¤ª¨å à¨¬ ­®¢ëå
¬­®£®®¡à §¨© ¢ [13]. �à®¨§¢¥¤¥­¨ï ¯à®áâà ­áâ¢ á ¢­ãâà¥­­¥© ¬¥âà¨ª®© ¨§ãç «¨áì ¢ ­¥¤ ¢­¨å
à ¡®â å [14], [15].

�à¨¬¥à 3.5. �ãáâì (X; �) | ¯®«­®¥ ®¤­®à®¤­®¥ ¯à®áâà ­áâ¢® á ¢­ãâà¥­­¥© ¬¥âà¨ª®©. �®-
£¤  ¨áªà¨¢«¥­­®¥ ¯à®¨§¢¥¤¥­¨¥ (X; �)1R+ � R+ ï¢«ï¥âáï «®ª «ì­® ¯®«­ë¬ ¯®¤®¡­® ®¤­®à®¤­ë¬
¯à®áâà ­áâ¢®¬ á ¢­ãâà¥­­¥© ¬¥âà¨ª®©. �®ª «ì­ ï ¯®«­®â  ¯à®¢¥àï¥âáï ¤®áâ â®ç­® «¥£ª®. �â®-
¡à ¦¥­¨¥

h : ((X; �)1R+ � R+)� R+ ! (X; �)1R+ � R+ ; h((x; s); t) = (x; ts);

®ç¥¢¨¤­®, ï¢«ï¥âáï ­¥¯à¥àë¢­®© ¬ã«ìâ¨¯«¨ª â¨¢­®© 1-¯ à ¬¥âà¨ç¥áª®© £àã¯¯®© ¯®¤®¡¨© ¯à®-
áâà ­áâ¢  (X; �)1R+ � R+ á ãá«®¢¨ï¬¨ (3.1). �«ï ¢áïª®£® ¤¢¨¦¥­¨ï g ¯à®áâà ­áâ¢  (X; �) ®â®-
¡à ¦¥­¨¥ g � 1R+ ï¢«ï¥âáï ¤¢¨¦¥­¨¥¬ ¨áªà¨¢«¥­­®£® ¯à®¨§¢¥¤¥­¨ï (X; �)1R+ � R+ . �®¤®¡¨ï
h(t) = h(�; t) ¨ ¤¢¨¦¥­¨ï g � 1R+ ¯®à®¦¤ îâ âà ­§¨â¨¢­ãî £àã¯¯ã ¯®¤®¡¨© à áá¬ âà¨¢ ¥¬®£®
¨áªà¨¢«¥­­®£® ¯à®¨§¢¥¤¥­¨ï, â ª çâ® ®­® ¤¥©áâ¢¨â¥«ì­® ¯®¤®¡­® ®¤­®à®¤­®.
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�¥âàã¤­® ¯à®¢¥à¨âì, çâ® ®¤­®à®¤­®¥ ¯à®áâà ­áâ¢® Y , ª®­ä®à¬­® íª¢¨¢ «¥­â­®¥ ¯à®áâà ­-
áâ¢ã (X; �)1R+ � R+ ¯® â¥®à¥¬¥ 1.2, ¨§®¬¥âà¨ç­® ¥¢ª«¨¤®¢ã ¯à®¨§¢¥¤¥­¨î (X; �) � R.

�à¨¬¥à 3.6. �ãáâì (X; �) ¨ h(t), t 2 R+ , â¥ ¦¥, çâ® ¢ ¯à¨¬¥à¥ 3.4; k | ¯à®¨§¢®«ì­®¥ ¢¥-
é¥áâ¢¥­­®¥ ç¨á«®. �®£¤  ¨áªà¨¢«¥­­®¥ ¯à®¨§¢¥¤¥­¨¥ (X; �)f � R+ á äã­ªæ¨¥© f : R+ ! R+ ,
f(r) = rk ï¢«ï¥âáï «®ª «ì­® ¯®«­ë¬ ¯®¤®¡­® ®¤­®à®¤­ë¬ ¯à®áâà ­áâ¢®¬ á ¢­ãâà¥­­¥© ¬¥âà¨-
ª®©. �â®¡à ¦¥­¨¥

H(t) : (X; �)f � R+ ! (X; �)f � R+ ; H(t)((x; s)) = (h(t1�k)(x); ts);

ï¢«ï¥âáï t-¯®¤®¡¨¥¬ ¯à®áâà ­áâ¢  (X; �)f � R+ ¯à¨ ¢á¥å t 2 R+ . �«ï ¢áïª®£® ¤¢¨¦¥­¨ï g ¯à®-
áâà ­áâ¢  (X; �) ®â®¡à ¦¥­¨¥ g � 1R+ ï¢«ï¥âáï ¤¢¨¦¥­¨¥¬ ¯à®áâà ­áâ¢  (X; �)f � R+ . �®¤®¡¨ï
H(t) ¨ ¤¢¨¦¥­¨ï g�1R+ ¯®à®¦¤ îâ ­¥ª®â®àãî âà ­§¨â¨¢­ãî £àã¯¯ã ¯®¤®¡¨© à áá¬ âà¨¢ ¥¬®£®
¨áªà¨¢«¥­­®£® ¯à®¨§¢¥¤¥­¨ï.

�ãáâì (X; �) | n-¬¥à­®¥ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® En, n � 1. �®£¤  ¤«ï â®çª¨ (x; r) 2 (En)f�
R+ à ¤¨ãá ¯®«­®âë à ¢¥­ c(x; r) = r, ¨ á®®â¢¥âáâ¢ãîé¥¥ íâ®¬ã ¯à®áâà ­áâ¢ã ¯® â¥®à¥¬¥ 1.2
®¤­®à®¤­®¥ ¯à®áâà ­áâ¢® Y (k) ¡ã¤¥â ¨¬¥âì à¨¬ ­®¢ã ¬¥âà¨ªã

ds2 =
r2kdx2 + dr2

r2
= r2(k�1)dx2 +

�
dr

r

�2
= e2(k�1)zdx2 + dz2;

£¤¥ z = log r, dx2 = �n
k=1(dxk)

2. �­ ç¨â, ª®®à¤¨­ âë (x; z) ¯®«ã£¥®¤¥§¨ç¥áª¨¥. �§ à¨¬ ­®¢®© £¥®-

¬¥âà¨¨ ¨§¢¥áâ­®, çâ® â ª®¥ ¯à®áâà ­áâ¢® ¨¬¥¥â ¯®áâ®ï­­ãî á¥ªæ¨®­­ãî ªà¨¢¨§­ã K = � (
p
G)zzp
G

,
£¤¥ G = e2(k�1)z , â. ¥. K = �(k � 1)2. � ª¨¬ ®¡à §®¬, Y (k) ï¢«ï¥âáï ¥¢ª«¨¤®¢ë¬ ¯à®áâà ­áâ¢®¬
En+1 ¯à¨ k = 1 ¨ (n+ 1)-¬¥à­ë¬ ¯à®áâà ­áâ¢®¬ �®¡ ç¥¢áª®£® ªà¨¢¨§­ë �(k � 1)2 ¯à¨ k 6= 1.

�à¨¬¥à 3.7. \�«®áª®áâì �àãè¨­ " (R+ �R; ds2 = dr2+ 1
r2
dz2) [16] ¯®«ãç ¥âáï ª ª ç áâ­ë©

á«ãç © ¯à¨¬¥à  3.6, ¥á«¨ ¢§ïâì (X; �) = E1, k = �1.

� ¬¥ç ­¨¥ 3.1. �ç¥¢¨¤­®, ¯à¨¬¥à 3.1 ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ¯à¨¬¥à  3.4 ¨ ç áâ­ë¬
á«ãç ¥¬ ¯à¨¬¥à  3.6 ¯à¨ k = 0.

�à¨¬¥à 3.8. �á«¥¤áâ¢¨¥ ¯à¨¬¥à®¢ 3.4 ¨ 3.7 ¥¢ª«¨¤®¢® ¯à®¨§¢¥¤¥­¨¥ ¥¢ª«¨¤®¢®© ¯àï¬®© ­ 
¯«®áª®áâì �àãè¨­  ¥áâì ¯®¤®¡­® ®¤­®à®¤­®¥ ­¥®¤­®à®¤­®¥ à¨¬ ­®¢® ¬­®£®®¡à §¨¥. � ª®®à¤¨-
­ â å (x; r; z) 2 R � R+ � R «¨­¥©­ë© í«¥¬¥­â § ¤ ¥âáï ¢ëà ¦¥­¨¥¬ ds2 = dx2 + dr2 + 1

r2
dz2.

�®¦­® ¤®ª § âì, çâ® íâ® ¯à®áâà ­áâ¢® ­¥ ¨§®¬¥âà¨ç­® ­¨ª ª®¬ã ¨áªà¨¢«¥­­®¬ã ¯à®¨§¢¥¤¥-
­¨î ®¤­®à®¤­®£® «®ª «ì­® ª®¬¯ ªâ­®£® ¯à®áâà ­áâ¢  á ¢­ãâà¥­­¥© ¬¥âà¨ª®© ­  R+ ¢ á¬ëá«¥
®¯à¥¤¥«¥­¨ï 3.2.

4. �®¤®¡­® ®¤­®à®¤­ë¥ «®ª «ì­® ª®¬¯ ªâ­ë¥ ¯à®áâà ­áâ¢ 

�«¥¤áâ¢¨¥ 1.1 ãâ¢¥à¦¤ ¥â, çâ® ¢áïª®¥ ¯®¤®¡­® ®¤­®à®¤­®¥ «®ª «ì­® ¯®«­®¥ (ª®¬¯ ªâ­®¥)
¯à®áâà ­áâ¢® á ¢­ãâà¥­­¥© ¬¥âà¨ª®© ª®­ä®à¬­® íª¢¨¢ «¥­â­® ®¤­®à®¤­®¬ã ¯®«­®¬ã («®ª «ì­®
ª®¬¯ ªâ­®¬ã) ¯à®áâà ­áâ¢ã á ¢­ãâà¥­­¥© ¬¥âà¨ª®©.

�â®â à¥§ã«ìâ â ¢¬¥áâ¥ á ¤¥â «ì­ë¬ ®¯¨á ­¨¥¬ ¢á¥å ®¤­®à®¤­ëå «®ª «ì­® ª®¬¯ ªâ­ëå ¯à®-
áâà ­áâ¢ á ¢­ãâà¥­­¥© ¬¥âà¨ª®© ¢ á¥à¨¨ à ¡®â [4], [17]{[20] ¤ ¥â ­ ¤¥¦¤ã ­  à¥è¥­¨¥ á«¥¤ãîé¥©
§ ¤ ç¨.

� ¤ ç  1. � âì ®¯¨á ­¨¥ ¢á¥å ¯®¤®¡­® ®¤­®à®¤­ëå (¨ ª®­ä®à¬­® íª¢¨¢ «¥­â­ëå ¨¬ ®¤­®-
à®¤­ëå) «®ª «ì­® ª®¬¯ ªâ­ëå ¯à®áâà ­áâ¢ á ¢­ãâà¥­­¥© ¬¥âà¨ª®©.

� ¤àã£®© áâ®à®­ë, § ¤ ç  ®¯¨á ­¨ï ¢á¥å ¯®«­ëå ®¤­®à®¤­ëå (á«¥¤®¢ â¥«ì­®, ¨ «®ª «ì­®
¯®«­ëå ¯®¤®¡­® ®¤­®à®¤­ëå) ¯à®áâà ­áâ¢ á ¢­ãâà¥­­¥© ¬¥âà¨ª®© ¯à¥¤áâ ¢«ï¥âáï  ¢â®àã ¡¥§-
­ ¤¥¦­®©.

� íâ®¬ à §¤¥«¥ ¨§« £ îâáï ­¥ª®â®àë¥ ¯®­ïâ¨ï ¨ à¥§ã«ìâ âë, á¢ï§ ­­ë¥ á § ¤ ç¥© 1.
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�¯à¥¤¥«¥­¨¥ 4.1 ([21]). �â®¡à ¦¥­¨¥ ¬¥âà¨ç¥áª¨å ¯à®áâà ­áâ¢ � : M ! N ­ §ë¢ ¥âáï
áã¡¬¥âà¨¥©, ¥á«¨ ¤«ï ª ¦¤®£® ¯®«®¦¨â¥«ì­®£® ç¨á«  r ¨ ª ¦¤®© â®çª¨ x 2M ®¡à § § ¬ª­ãâ®£®
è à  à ¤¨ãá  r ¢ M á æ¥­âà®¬ ¢ â®çª¥ x ¥áâì § ¬ª­ãâë© è à à ¤¨ãá  r ¢ N á æ¥­âà®¬ ¢ â®çª¥
�(x).

�à¨¬¥à 4.1. �ç¥¢¨¤­®, ®â®¡à ¦¥­¨¥ ¥¢ª«¨¤®¢ëå ¯à®áâà ­áâ¢ p : En ! Em, n � m, ï¢«ïî-
é¥¥áï ª®¬¯®§¨æ¨¥© ®àâ®£®­ «ì­®© ¯à®¥ªæ¨¨ ¨ ¯®á«¥¤ãîé¥© ¨§®¬¥âà¨¨, ¥áâì áã¡¬¥âà¨ï. �¡à â-
­®¥ ãâ¢¥à¦¤¥­¨¥ ¤®ª § ­® ¢ áâ âì¥ [21].

�à¨¬¥à 4.2. � à ¡®â¥ [22] ¡ë«  ®¯à¥¤¥«¥­  ¨ ¨áá«¥¤®¢ « áì £« ¤ª ï à¨¬ ­®¢  áã¡¬¥à-

á¨ï à¨¬ ­®¢ëå ¬­®£®®¡à §¨© f : M ! N . �¥ ¬®¦­® ®¯à¥¤¥«¨âì á«¥¤ãîé¨¬ ®¡à §®¬: C1-®â®-
¡à ¦¥­¨¥ f ï¢«ï¥âáï à¨¬ ­®¢®© áã¡¬¥àá¨¥©, ¥á«¨ ¤«ï ª ¦¤®© â®çª¨ x 2M ¥£® ¤¨ää¥à¥­æ¨ «
df(x) : TxM ! Tf(x)N ï¢«ï¥âáï ª®¬¯®§¨æ¨¥© ®àâ®£®­ «ì­®© ¯à®¥ªæ¨¨ ¨ ¯®á«¥¤ãîé¥© ¨§®¬¥-
âà¨¨ ¤«ï ¥¢ª«¨¤®¢ëå ¯à®áâà ­áâ¢ TxM , Tf(x)N . �áïª ï áã¡¬¥âà¨ï à¨¬ ­®¢ëå C1-¬­®£®®¡à §¨©
ï¢«ï¥âáï à¨¬ ­®¢®© C1;1-áã¡¬¥àá¨¥© [23]. �¡à â­®, ¢áïª ï à¨¬ ­®¢  C1-áã¡¬¥àá¨ï £« ¤ª¨å ¯®«-
­ëå à¨¬ ­®¢ëå ¬­®£®®¡à §¨© ¥áâì áã¡¬¥âà¨ï [24].

�à¨¬¥à 4.3. �¥âà¨ç¥áª ï à¥âà ªæ¨ï sh : M ! S ®âªàëâ®£®, â. ¥. ­¥ª®¬¯ ªâ­®£®, ¯®«­®-
£® á¢ï§­®£® £« ¤ª®£® à¨¬ ­®¢  ¬­®£®®¡à §¨ï M ­¥®âà¨æ â¥«ì­®© á¥ªæ¨®­­®© ªà¨¢¨§­ë ­  ¥£®
¤ãèã S, ¯®áâà®¥­­ ï ¢ [25], ï¢«ï¥âáï áã¡¬¥âà¨¥© ¨ à¨¬ ­®¢®© C1-áã¡¬¥àá¨¥©. � [26] ¡ë«® ¤®ª -
§ ­®, çâ® sh ¥áâì à¨¬ ­®¢  C1-áã¡¬¥àá¨ï. �«¥¤®¢ â¥«ì­®, ­  ®á­®¢ ­¨¨ ã¯®¬ï­ãâëå à¥§ã«ìâ â®¢
¨§ [23] ¨ [24], sh ¥áâì áã¡¬¥âà¨ï ¨ à¨¬ ­®¢  C1;1-áã¡¬¥àá¨ï. � ¯®¬®éìî íâ¨å à¥§ã«ìâ â®¢ ¢ [27]
¤®ª § ­®, çâ® sh 2 C2. �á¯®«ì§ãï ¨¤¥¨ áâ âì¨ [26], �.�¨«ª¨­£ (B.Wilking) ¤®ª § «, çâ® sh 2 C1.
�®ª § â¥«ìáâ¢® ¥é¥ ­¥ ®¯ã¡«¨ª®¢ ­®.

�à¨¬¥à 4.4. �¢  ¯®¤¬­®¦¥áâ¢  F1, F2 ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  (M;�) ­ §ë¢ îâáï íª¢¨-
¤¨áâ ­â­ë¬¨, ¥á«¨ ¤«ï ª ¦¤®© â®çª¨ xi 2 Fi, i = 1; 2, áãé¥áâ¢ã¥â â®çª  xj 2 Fj , i 6= j, â ª ï,
çâ® �(xi; xj) à ¢­® à ááâ®ï­¨î �(F1; F2) ¬¥¦¤ã ¬­®¦¥áâ¢ ¬¨ F1 ¨ F2. �¥âà¨ç¥áª®¥ à áá«®¥­¨¥

F ¯®«­®£® ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  (M;�) ¥áâì à §¡¨¥­¨¥ M ­  ¯®¯ à­® ¨§®¬¥âà¨ç­ë¥ (®â-
­®á¨â¥«ì­® ¬¥âà¨ª, ¨­¤ãæ¨à®¢ ­­ëå ¬¥âà¨ª®© �) ¨ íª¢¨¤¨áâ ­â­ë¥ § ¬ª­ãâë¥ ¯®¤¬­®¦¥áâ¢ 
[28]. � ªâ®à-¬­®¦¥áâ¢® M=F ­ á«¥¤ã¥â ¥áâ¥áâ¢¥­­ãî ¬¥âà¨ªã �(F1; F2), F1; F2 2 F , ¤«ï ª®â®-
à®© ä ªâ®à-®â®¡à ¦¥­¨¥ p : M ! M=F ï¢«ï¥âáï áã¡¬¥âà¨¥©. �¤­ ª® ¯à®®¡à §ë â®ç¥ª ��1(y),
y 2 N , ®¡é¥© áã¡¬¥âà¨¨ � : M ! N ®¡à §ãîâ à §¡¨¥­¨¥ F ¯à®áâà ­áâ¢  M ­  § ¬ª­ãâë¥ ¯®-
¯ à­® íª¢¨¤¨áâ ­â­ë¥, ­® ¢®®¡é¥ £®¢®àï, ­¥ ¨§®¬¥âà¨ç­ë¥ ¯®¤¬­®¦¥áâ¢ . � [28] ª« áá¨ä¨æ¨-
à®¢ ­ë ¢á¥ ¬¥âà¨ç¥áª¨¥ à áá«®¥­¨ï F ¯«®áª®áâ¨ �®¡ ç¥¢áª®£® H2 á® á¢ï§­ë¬¨ á«®ï¬¨ F 2 F ,
¤«ï ª®â®àëå ¬¥âà¨ç¥áª®¥ ä ªâ®à-¯à®áâà ­áâ¢® H2=F ¨§®¬¥âà¨ç­® R. �à¥¤¨ ­¨å ¥áâì â ª¨¥,
¤«ï ª®â®àëå á®®â¢¥âáâ¢ãîé ï áã¡¬¥âà¨ï p : H2 ! R ­¥ ï¢«ï¥âáï ®â®¡à ¦¥­¨¥¬ ª« áá  C2.
�â®â ä ªâ ¯®ª §ë¢ ¥â, çâ® ã¯®¬¨­ ¢è¨©áï ¢ ¯à¨¬¥à¥ 4.2 à¥§ã«ìâ â ¨§ [23] ®¯â¨¬ «¥­.

�à¨¬¥à 4.5. �§ ®¯¨á ­¨ï ¬¥âà¨§®¢ ­­ëå £àã¯¯ � à­® (G; �) ¢ ¯à¨¬¥à å 3.2 ¨ 3.3 ­¥¯®-
áà¥¤áâ¢¥­­® á«¥¤ã¥â, çâ® ã¯®¬¨­ ¢è¥¥áï â ¬ £« ¢­®¥ à áá«®¥­¨¥ p : (G; �) ! (Rm ; d) ï¢«ï¥âáï
áã¡¬¥âà¨¥©.

�à¨¬¥à 4.6. �ãáâì £àã¯¯  � à­® G ¥áâì £àã¯¯  �¥©§¥­¡¥à£  H ¨ ¬¥âà¨ª  d ­  R2 ¨§ ¯à¨-
¬¥à  3.3 ¥¢ª«¨¤®¢ . �â®¦¤¥áâ¢¨¬ ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® V (E) á (R2 ; d) ¯®áà¥¤áâ¢®¬ ¤¨ää¥-
à¥­æ¨ «  dp(E) : TEH ! T0R

2 = R
2 . �ë¡¥à¥¬ ¡ §¨á fX;Y;Zg ¢ LH ¨§ ¯à¨¬¥à  3.3 â ª¨¬ ®¡à -

§®¬, çâ®¡ë fX;Y g ¡ë« ®àâ®­®à¬¨à®¢ ­­ë¬ ¡ §¨á®¬ ¢ V (E). �®£¤  ¢ ã¯®¬ï­ãâëå ª®®à¤¨­ â å
(x; y; z) ­  H \¢à é¥­¨ï"


(�)(x; y; z) = (cos� � x+ sin� � y;� sin� � x+ cos� � y; z)

á®áâ ¢«ïîâ ­¥¯à¥àë¢­ãî 1-¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã 
 ¤¢¨¦¥­¨© ¯à®áâà ­áâ¢  (H; �). �áâ¥-
áâ¢¥­­ ï ¯à®¥ªæ¨ï pr : M := (H � fx = y = 0)g; �) ! M=
 ­  ¬­®¦¥áâ¢® ®à¡¨â £àã¯¯ë 
,
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á­ ¡¦¥­­®¥ ¥áâ¥áâ¢¥­­®© ä ªâ®à-¬¥âà¨ª®©, ï¢«ï¥âáï áã¡¬¥âà¨¥© ¨ ¥¥ ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

pr(x; y; z) = (r; z) 2 N := R
+ � R; r =

p
x2 + y2:

�à¨ íâ®¬ pr :M ! (N; ds2 = dr2+ 4
r2
dz2) | áã¡¬¥âà¨ï [29]. �â¬¥â¨¬, çâ® (N; ds2) ®â«¨ç ¥âáï ®â

¯«®áª®áâ¨ �àãè¨­  (¯à¨¬¥à 3.7) ­ «¨ç¨¥¬ ¬­®¦¨â¥«ï 4, ­® ¢­¥á¥­¨¥ ¥£® ¯®¤ §­ ª ¤¨ää¥à¥­-
æ¨ «  ¯®ª §ë¢ ¥â, çâ® ®âªàëâ ï ¯®«ã¯«®áª®áâì (N; ds2) ¨§®¬¥âà¨ç­  ¯«®áª®áâ¨ �àãè¨­ . � ª
á«¥¤áâ¢¨¥, ¯à®áâà ­áâ¢® ®à¡¨â M=
 á ¥áâ¥áâ¢¥­­®© ¬¥âà¨ª®© ¨§®¬¥âà¨ç­® ¯«®áª®áâ¨ �àãè¨­ .

�¥¬¬  4.1. �ãáâì (X; �) | ¯à®¨§¢®«ì­®¥ «®ª «ì­® ª®¬¯ ªâ­®¥ ­¥¯®«­®¥ ¯à®áâà ­áâ¢® á

¢­ãâà¥­­¥© ¬¥âà¨ª®©. �®£¤  ¤«ï ª ¦¤®© â®çª¨ x 2 X áãé¥áâ¢ã¥â ¨§®¬¥âà¨ç­®¥ ®â®¡à ¦¥-

­¨¥ d : (0; c(x)] ! X â ª®¥, çâ® d(c(x)) = x ¨ c(d(t)) = t ¤«ï ¢á¥å t 2 (0; c(x)].

�®ª § â¥«ìáâ¢®. �® ®¯à¥¤¥«¥­¨î äã­ªæ¨¨ c : X ! R+ ª ¦¤ë© § ¬ª­ãâë© è à B(x; r)
à ¤¨ãá  r, 0 < r < c(x) (á®®â¢¥âáâ¢¥­­® B(x; c(x))), ï¢«ï¥âáï ¯®«­ë¬ (á®®â¢¥âáâ¢¥­­® ­¥¯®«-
­ë¬) «®ª «ì­® ª®¬¯ ªâ­ë¬ ¯à®áâà ­áâ¢®¬ á ¢­ãâà¥­­¥© ¬¥âà¨ª®©. �®£¤  ¯® â¥®à¥¬¥ �.�.�®­-
�®áá¥­  [30] ¢á¥ è àë B(x; r) ª®¬¯ ªâ­ë,   «î¡ãî â®çªã y 2 B(x; r) ¬®¦­® á®¥¤¨­¨âì ­¥ª®â®à®©
ªà âç ©è¥© á â®çª®© x.

� ª ª ª è à B(x; c(x)) ­¥¯®«­ë©, â® áãé¥áâ¢ã¥â áå®¤ïé ïáï ¢ á¥¡¥ ¯®á«¥¤®¢ â¥«ì­®áâì â®ç¥ª
yn 2 B(x; c(x)), ­¥ ¨¬¥îé ï ¯à¥¤¥«ì­ëå â®ç¥ª. � ª ª ª ¬¥âà¨ª  � ¢­ãâà¥­­ïï, â® áãé¥áâ¢ã¥â
â®çª  xn ¢ ®âªàëâ®¬ è à¥ U(x; c(x)) á ãá«®¢¨¥¬ �(xn; yn) < 1

n
. �ç¥¢¨¤­®, ¯®á«¥¤®¢ â¥«ì­®áâì

xn äã­¤ ¬¥­â «ì­ , à áå®¤¨âáï ¨ áãé¥áâ¢ã¥â lim
n!1

�(x; xn) = c(x). �á«¥¤áâ¢¨¥ áª § ­­®£® ¢ëè¥,

áãé¥áâ¢ã¥â ªà âç ©è¨© ¯ãâì �n(t), 0 < c(x) � �(xn; x) � t � c(x), á®¥¤¨­ïîé¨© â®çª¨ xn ¨
x, ¨ ï¢«ïîé¨©áï ¨§®¬¥âà¨¥©. �®®¯à¥¤¥«¨¬ �n ­  ¯®«ã®âà¥§ª¥ (0; c(x) � �(xn; x)] à ¢¥­áâ¢®¬
�n(t) = xn.

�«ï «î¡®£® ç¨á«  t 2 (0; c(x)] �(�n(t); x) � c(x) � t < c(x), â. ¥. ¯®á«¥¤®¢ â¥«ì­®áâì â®ç¥ª
�n(t), n 2 N, «¥¦¨â ¢ ª®¬¯ ªâ­®¬ è à¥ B(x; c(x)�t). �«¥¤®¢ â¥«ì­®, ¨§ íâ®© ¯®á«¥¤®¢ â¥«ì­®áâ¨
¬®¦­® ¢ë¡à âì áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì. �á¯®«ì§ãï ¤¨ £®­ «ì­ë© ¯à®æ¥áá � ­â®-
à , ¬®¦­® ¢ë¡à âì â ªãî ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì nk, k 2 N, çâ® ¤«ï ¢á¥å ¤¢®¨ç­®-à æ¨®­ «ì­ëå
â®ç¥ª t 2 (0; c(x)], ¯®á«¥¤®¢ â¥«ì­®áâì â®ç¥ª �nk(t), k 2 N, áå®¤¨âáï. �á¥ ®â®¡à ¦¥­¨ï �n «¨¯è¨-
æ¥¢ë á ª®­áâ ­â®© 1. �®íâ®¬ã ¤«ï ª ¦¤®£® t 2 (0; c(x)] ¯®á«¥¤®¢ â¥«ì­®áâì â®ç¥ª �nk(t), k 2 N,
áå®¤¨âáï ª ­¥ª®â®à®© â®çª¥ d(t). �®«ãç¥­­®¥ ®â®¡à ¦¥­¨¥ d : t 2 (0; c(x)] ! d(t) 2 X ¨áª®¬®¥.

�¥©áâ¢¨â¥«ì­®, ïá­®, çâ® ®â®¡à ¦¥­¨¥ d ï¢«ï¥âáï ¨§®¬¥âà¨¥©. �§ à áå®¤¨¬®áâ¨ ¯®á«¥¤®-
¢ â¥«ì­®áâ¨ xn á«¥¤ã¥â ®âáãâáâ¢¨¥ ¯à¥¤¥«  lim

t!0
d(t). �®íâ®¬ã ¤«ï ª ¦¤®£® ç¨á«  t 2 (0; c(x)]

c(d(t)) � t < c(x). � ¤àã£®© áâ®à®­ë, ¢á«¥¤áâ¢¨¥ ­¥à ¢¥­áâ¢  (1.1)

c(x) � c(d(t)) � �(x; d(t)) = �(d(c(x)); d(t)) = c(x)� t;

®âªã¤  á«¥¤ã¥â t � c(d(t)). � ª¨¬ ®¡à §®¬, c(d(t)) = t ¤«ï ¢á¥å t 2 (0; c(x)].

�¥®à¥¬  4.1. �«ï ¢áïª®£® «®ª «ì­® ª®¬¯ ªâ­®£® ¯®¤®¡­® ®¤­®à®¤­®£® ­¥®¤­®à®¤­®£® ¯à®-

áâà ­áâ¢  X á ¢­ãâà¥­­¥© ¬¥âà¨ª®© ®â®¡à ¦¥­¨¥ c : X ! R+ ï¢«ï¥âáï áã¡¬¥âà¨¥©.

�®ª § â¥«ìáâ¢®. �§ â¥®à¥¬ë 2.1 ¢ëâ¥ª ¥â, çâ® ¯à®áâà ­áâ¢®X ­¥¯®«­®¥,   äã­ªæ¨ï c ­ X
ª®­¥ç­ . �§ ­¥à ¢¥­áâ¢  (1.1) ­¥¬¥¤«¥­­® á«¥¤ãîâ ¢ª«îç¥­¨ï c(B(x; r)) � B(c(x); r) ¤«ï ¢á¥å
x 2 X, r 2 R. �áâ ¥âáï ¤®ª § âì ®¡à â­ë¥ ¢ª«îç¥­¨ï.

�ãáâì § ¤ ­ë ç¨á«® r > 0 ¨ â®çª  x 2 X. �§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1.2 á«¥¤ã¥â, çâ® c(X) =
R+ ¨ ¯®¤£àã¯¯  � £àã¯¯ë ¯®¤®¡¨© �P (X), á®áâ®ïé ï ¨§ ¤¢¨¦¥­¨© ¯à®áâà ­áâ¢  X, ¤¥©áâ¢ã¥â
âà ­§¨â¨¢­® ­  ª ¦¤®¬ ¬­®¦¥áâ¢¥ ãà®¢­ï äã­ªæ¨¨ c. �®£¤  áãé¥áâ¢ã¥â â®çª  y 2 X â ª ï, çâ®
c(y) = c(x) + r. �® «¥¬¬¥ 4.1 áãé¥áâ¢ã¥â ¨§®¬¥âà¨ç­®¥ ®â®¡à ¦¥­¨¥ d : (0; c(y)] ! X â ª®¥, çâ®
d(c(y)) = y ¨ c(d(t)) � t. �®£¤  0 < c(x) < c(y) ¨ c(d(c(x))) = c(x). �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â
¤¢¨¦¥­¨¥ 
2� â ª®¥, çâ® 
(d(c(x)))=x. �ç¥¢¨¤­®, ®â®¡à ¦¥­¨¥ D:(0; c(x)+r]!X, ®¯à¥¤¥«¥­­®¥
ä®à¬ã«®©D(t) = 
(d(t)), ¨§®¬¥âà¨ç­® ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î c(D(t)) � t, ¯à¨ç¥¬D(c(x)) = x.
�®£¤  D((max(0; c(x) � r); c(x) + r]) � B(x; r) ¨ B(c(x); r) � c(B(x; r)).
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�¥®à¥¬  4.2. �ãáâì (X; �) | «®ª «ì­® ª®¬¯ ªâ­®¥ ¯®¤®¡­® ®¤­®à®¤­®¥ ­¥®¤­®à®¤­®¥ ¯à®-

áâà ­áâ¢® á ¢­ãâà¥­­¥© ¬¥âà¨ª®©,   (X; ��)| á®®â¢¥âáâ¢ãîé¥¥ (¯® â¥®à¥¬¥ 1:2) ª®­ä®à¬­®
íª¢¨¢ «¥­â­®¥ ¥¬ã «®ª «ì­® ª®¬¯ ªâ­®¥ ®¤­®à®¤­®¥ ¯à®áâà ­áâ¢® á ¢­ãâà¥­­¥© ¬¥âà¨ª®© á

äã­ªæ¨¥© � = 1
c
. �®£¤  äã­ªæ¨ï F = log �c : (X; ��) ! R ï¢«ï¥âáï áã¡¬¥âà¨¥©. �àã¯¯  ¤¢¨-

¦¥­¨© �P ¯à®áâà ­áâ¢  (X; ��) ¤¥©áâ¢ã¥â âà ­§¨â¨¢­® ­  ¬­®¦¥áâ¢¥ F ¢á¥å ¯à®®¡à §®¢

F�1(r), r 2 R, ¨ ­  ª ¦¤®¬ ¨§ íâ¨å ¯à®®¡à §®¢. � ç áâ­®áâ¨, á®®â¢¥âáâ¢ãîé¥¥ à §¡¨¥­¨¥ F
¯à®áâà ­áâ¢  (X; ��) ï¢«ï¥âáï ¬¥âà¨ç¥áª¨¬ à áá«®¥­¨¥¬.

�®ª § â¥«ìáâ¢®. �§ â¥®à¥¬ë 2.1 ¢ëâ¥ª ¥â, çâ® ¯à®áâà ­áâ¢®X ­¥¯®«­®¥,   äã­ªæ¨ï c ­ X
ª®­¥ç­ ; ¨§ ­¥à ¢¥­áâ¢  (1.1) á«¥¤ã¥â, çâ® ®­  «¨¯è¨æ¥¢  á ª®­áâ ­â®© 1.

�á¥ ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë, ªà®¬¥ ¯¥à¢®£®, á«¥¤ãîâ ¨§ â®£® ä ªâ , çâ® £àã¯¯  �P ¤¥©áâ¢ã¥â
âà ­§¨â¨¢­® ­  ¬­®¦¥áâ¢¥ ¢á¥å ¯à®®¡à §®¢ á�1(r), r 2 R+ , ­  ª ¦¤®¬ ¨§ íâ¨å ¯à®®¡à §®¢, ¨
¨§®¬¥âà¨ï¬¨ ­  (X; �1=c) (¯®á«¥¤­¥¥ ¢á«¥¤áâ¢¨¥ â¥®à¥¬ë 1.2).

� ¬¥â¨¬, çâ® ¤«ï ¢áïª®£® á¯àï¬«ï¥¬®£® ¯ãâ¨ � = �(t), a1 � t � a2, ¢ X ¨ ¥£® (­¥ã¡ë¢ îé¥©)
äã­ªæ¨¨ ¤«¨­ë ¤ã£¨ 0 � s(t) = s�(t) � a ¨¬¥¥¬ à ¢¥­áâ¢®Z a

0

�(�(s)) ds =
Z a2

a1

�(�(t)) ds�(t);

£¤¥ á¯à ¢  áâ®¨â ¨­â¥£à « �¨¬ ­ {�â¨«ìâì¥á  ¨ �(t) � �(s(t)),   á«¥¢  | ¨­â¥£à « ¨§ ®¯à¥¤¥-
«¥­¨ï 1.4. �§ ­¥à ¢¥­áâ¢  (1.1) á«¥¤ã¥â, çâ® ¤«¨­ë ¤ã£ ¯ãâ¨ c � � ­¥ ¡®«ìè¥ ¤«¨­ á®®â¢¥âáâ¢ã-
îé¨å ¤ã£ ¯ãâ¨ �. � ¤¨ãá®¬ ¯®«­®âë (á¬. ®¯à¥¤¥«¥­¨¥ 1.3) ¯à®áâà ­áâ¢  R+ ï¢«ï¥âáï äã­ªæ¨ï
cR+ = 1R+ (¥£® â®¦¤¥áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥). �®íâ®¬ã ¢ ®¡®§­ ç¥­¨ïå ®¯à¥¤¥«¥­¨ï 1.4

l

�
c � �;

1
cR+

�
=
Z a2

a1

1
1R+(c(�(t)))

dsc��(t) =
Z a2

a1

1
c(�(t))

dsc��(t) �
Z a2

a1

1
c(�(t))

ds�(t) = l

�
�;
1
c

�
:

�âáî¤  ¨ ¨§ ®¯à¥¤¥«¥­¨ï 1.4 á«¥¤ã¥â, çâ® ¤«ï áâ ­¤ àâ­®© ¬¥âà¨ª¨ r ­  R+ , ®â®¡à ¦¥­¨¥

c : (X; �1=c)! (R+ ; r1=cR+)

­¥à áâï£¨¢ îé¥¥. �ç¥¢¨¤­®, ¯ãâì �(t) = t; a � t � b, ï¢«ï¥âáï ªà âç ©è¨¬ ¢ (R+ ; r1=cR+) ¨

r1=cR+(a; b) = l(�; 1=cR+) =
Z b

a

1
t
dt = log(b)� log(a) = j log(b)� log(a)j:

�«¥¤®¢ â¥«ì­®, ®â®¡à ¦¥­¨¥ F = log �c : (X; �1=c) ! R ­¥à áâï£¨¢ îé¥¥ ¨ F (B(x; r)) �
B(F (x); r) ¤«ï ¢á¥å x 2 X, r 2 R. �áâ ¥âáï ¤®ª § âì ®¡à â­ë¥ ¢ª«îç¥­¨ï.

�ãáâì § ¤ ­ë ç¨á«® r > 0 ¨ â®çª  x 2 X. �­ «®£¨ç­® ¢â®à®© ç áâ¨ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë
4.1, ¤®ª ¦¥¬ áãé¥áâ¢®¢ ­¨¥ â®çª¨ ã 2 X â ª®©, çâ® log c(y)

c(x)
= r. �® «¥¬¬¥ 4.1 áãé¥áâ¢ã¥â

¨§®¬¥âà¨ç­®¥ ®â®¡à ¦¥­¨¥ d : (0; c(y)]! X â ª®¥, çâ® d(c(y)) = y ¨ c(d(t)) � t. �®£¤  0 < c(x) <
c(y) ¨ c(d(c(x))) = c(x). �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â ¤¢¨¦¥­¨¥ 
 2 � â ª®¥, çâ® 
(d(c(x))) = x.
�ãáâì log c(x)

a
; a > 0. �ç¥¢¨¤­®, ¯ãâì D : [a; c(y)] ! X, ®¯à¥¤¥«¥­­ë© ä®à¬ã«®© D(t) = 
(d(t)),

¨§®¬¥âà¨ç¥­ ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î c(D(t)) � t, ¯à¨ç¥¬ D(c(x)) = x. �®£¤ 

B(F (x); r) = [F (x)� r; F (x) + r] = [log(c(x)) � r; log(c(x)) + r] =

= [log(a); log(c(y))] = [log(c(D(a))); log(c(D(c(y))))] = [F (D(a)); F (D(c(y)))] � F (D([a; c(y)])):

�®á«¥¤­¥¥ ¢ª«îç¥­¨¥ á«¥¤ã¥â ¨§ ­¥¯à¥àë¢­®áâ¨ ®â®¡à ¦¥­¨ï F �D ¨ á¢ï§­®áâ¨ ®âà¥§ª  [a; c(y)].
�áâ ¥âáï ¤®ª § âì ¢ª«îç¥­¨¥ D([a; c(y)]) � B(x; r) � (X; �1=c). �ãáâì c(x) � t0 � c(y). �®£¤ 

�1=c(x;D(t0)) = �1=c(D(c(x)); D(t0)) �
Z t0

c(x)

1
c(D(t))

dsD(t) =

=
Z t0

c(x)

1
t
dt = log(t0)� log(c(x)) � log(c(y)) � log(c(x)) = r:
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�«¥¤®¢ â¥«ì­®, D(t0) 2 B(x; r) � (X; �1=c). �­ «®£¨ç­® à áá¬ âà¨¢ ¥âáï á«ãç © a � t0 �
c(x).

�â¢¥à¦¤¥­¨ï á«¥¤ãîé¥£® ¯à¥¤«®¦¥­¨ï á®¤¥à¦ âáï ¢ â¥®à¥¬ å 5{7 áâ âì¨ [2] ¤«ï ª®­¥ç­®
ª®¬¯ ªâ­®£® ¯à®áâà ­áâ¢ , ­® ¨å ¤®ª § â¥«ìáâ¢  «¥£ª® à á¯à®áâà ­ïîâáï ­  «®ª «ì­® ª®¬-
¯ ªâ­ë© á«ãç ©. �¯à®ç¥¬, ¢á¥ ­¥®¡å®¤¨¬®¥ á®¤¥à¦¨âáï ¢ ¡®«¥¥ à ­­¨å à ¡®â å [31],[20].

�à¥¤«®¦¥­¨¥ 4.1. �®ª «ì­® ª®¬¯ ªâ­®¥ ¯®¤®¡­® ®¤­®à®¤­®¥ ¯à®áâà ­áâ¢® á ¢­ãâà¥­­¥©

¬¥âà¨ª®© ¤®¯ãáª ¥â âà ­§¨â¨¢­ãî ¬¥âà¨§ã¥¬ãî á¢ï§­ãî «®ª «ì­® ª®¬¯ ªâ­ãî (®â­®á¨-
â¥«ì­® ª®¬¯ ªâ­®-®âªàëâ®© â®¯®«®£¨¨) £àã¯¯ã ¯®¤®¡¨©.

�®ª § â¥«ìáâ¢®. �ãáâì X = (X; �) | à áá¬ âà¨¢ ¥¬®¥ ¯à®áâà ­áâ¢®, X� = (X; ��) | á®®â-
¢¥âáâ¢ãîé¥¥ ª®­ä®à¬­® íª¢¨¢ «¥­â­®¥ ¥¬ã ®¤­®à®¤­®¥ ¯à®áâà ­áâ¢® á ¢­ãâà¥­­¥© ¬¥âà¨ª®© ¨
âà ­§¨â¨¢­®© £àã¯¯®© ¤¢¨¦¥­¨© �P (â¥®à¥¬  1.2). �á«¥¤áâ¢¨¥ ¯®«­®âë (â¥®à¥¬  2.1), «®ª «ì­®©
ª®¬¯ ªâ­®áâ¨ ¨ â¥®à¥¬ë �.�.�®­-�®áá¥­  [30] ¯à®áâà ­áâ¢® X� ª®­¥ç­® ª®¬¯ ªâ­®, â. ¥. ¢áï-
ª®¥ ¥£® ®£à ­¨ç¥­­®¥ § ¬ª­ãâ®¥ ¯®¤¬­®¦¥áâ¢® ª®¬¯ ªâ­®. �á«¥¤áâ¢¨¥ à¥§ã«ìâ â®¢ ¢ [31], [20]
£àã¯¯  G ¢á¥å ¤¢¨¦¥­¨© ¯à®áâà ­áâ¢  X� ¤®¯ãáª ¥â ¯®«­ãî ¬¥âà¨ªã, ¬¥âà¨ç¥áª ï â®¯®«®£¨ï
ª®â®à®© «®ª «ì­® ª®¬¯ ªâ­  ¨ á®¢¯ ¤ ¥â á ª®¬¯ ªâ­®-®âªàëâ®© â®¯®«®£¨¥©, â ª çâ® G ­¥¯à¥-
àë¢­® ¤¥©áâ¢ã¥â á«¥¢  ­  X�. �á­®,çâ® § ¬ëª ­¨¥ �P ¯®¤£àã¯¯ë �P ¢ G ¯®«­® ®â­®á¨â¥«ì­®
¨­¤ãæ¨à®¢ ­­®© ¬¥âà¨ª¨, á«¥¤®¢ â¥«ì­®, ï¢«ï¥âáï «®ª «ì­® ª®¬¯ ªâ­®© â®¯®«®£¨ç¥áª®© £àã¯-
¯®© ®â­®á¨â¥«ì­® ¬¥âà¨ç¥áª®© (ª®¬¯ ªâ­®-®âªàëâ®©) â®¯®«®£¨¨ ¨ ¤¥©áâ¢ã¥â ¯®¤®¡¨ï¬¨ ­  X.
�á«¥¤áâ¢¨¥ [31], ª®¬¯®­¥­â  á¢ï§­®áâ¨ ¥¤¨­¨æë £àã¯¯ë �P ¤¥©áâ¢ã¥â âà ­§¨â¨¢­® ­  X�.

�¥®à¥¬  4.3. �®¤®¡­® ®¤­®à®¤­®¥ ­¥®¤­®à®¤­®¥ â®¯®«®£¨ç¥áª®¥ ¬­®£®®¡à §¨¥ X á ¢­ãâà¥­-

­¥© ¬¥âà¨ª®© � ¤®¯ãáª ¥â ¥áâ¥áâ¢¥­­ãî áâàãªâãàã C!-¬­®£®®¡à §¨ï â ªãî, çâ® äã­ªæ¨¨

c : X ! R+ ¨ F = log �c : X ! R ¢¥é¥áâ¢¥­­®  ­ «¨â¨ç­ë,   ¬­®¦¥áâ¢  ãà®¢­ï íâ¨å

äã­ªæ¨© ï¢«ïîâáï á¢ï§­ë¬¨ C!-¯®¤¬­®£®®¡à §¨ï¬¨ C!-¬­®£®®¡à §¨ï X.

�®ª § â¥«ìáâ¢®. �á«¥¤áâ¢¨¥ ¯à¥¤«®¦¥­¨ï 4.1 ¬®¦­® ¯à¥¤¯®« £ âì, çâ® £àã¯¯  ¯®¤®¡¨© �P
¯à®áâà ­áâ¢  X (¤¢¨¦¥­¨© ¬­®£®®¡à §¨ï X�) «®ª «ì­® ª®¬¯ ªâ­ ï á¢ï§­ ï ¯®«­ ï ®â­®á¨-
â¥«ì­® ª®¬¯ ªâ­®-®âªàëâ®© â®¯®«®£¨¨. �  ®á­®¢ ­¨¨ à¥§ã«ìâ â®¢ �. �¥­â¥ [32] G := �P |
£àã¯¯  �¨. �ãáâì H | áâ ¡¨«¨§ â®à â®çª¨ x1 2 X ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1.2. �®£¤ 
®â®¡à ¦¥­¨¥ f : G=H ! X, f(gH) = g(x1), ª®àà¥ªâ­® ®¯à¥¤¥«ï¥â £®¬¥®¬®àä¨§¬ ä ªâ®à-
¯à®áâà ­áâ¢  G=H £àã¯¯ë �¨ G ¯® ¥¥ ª®¬¯ ªâ­®© ¯®¤£àã¯¯¥ �¨ H ­  X. �®áà¥¤áâ¢®¬ f
¤¥©áâ¢¨¥ G ­  X ®â®¦¤¥áâ¢«ï¥âáï á ª ­®­¨ç¥áª¨¬ «¥¢ë¬ ¤¥©áâ¢¨¥¬ G ­  G=H. �¥à¥­¥á¥¬
áâàãªâãàã C!-¬­®£®®¡à §¨ï á G=H ­  X ¯®áà¥¤áâ¢®¬ £®¬¥®¬®àä¨§¬  f . �ª § ­­ë© à ­¥¥ (­¥-
¯à¥àë¢­ë©) £®¬®¬®àä¨§¬ £àã¯¯ �¨ � : G ! (R+ ; �) ï¢«ï¥âáï á®£« á­® â¥®à¥¬¥ 3.39 ¨§ [33]
C!-®â®¡à ¦¥­¨¥¬. � ª®­æ¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1.2 ¡ë«® ãáâ ­®¢«¥­® à ¢¥­áâ¢® �(h) =
c(h(x1)), h 2 G. �â® §­ ç¨â, çâ® ¤«ï ª ­®­¨ç¥áª®© ¯à®¥ªæ¨¨ p : G! G=H = X ¨¬¥¥âáï á®®â­®-
è¥­¨¥

� = c � p: (4.1)

�á«¥¤áâ¢¨¥ ¯à¥¤«®¦¥­¨ï 2.36 ¢ [35] c 2 C!. �§ â¥®à¥¬ë 4.1 ¢ëâ¥ª ¥â, çâ® äã­ªæ¨ï c à¥£ã«ïà­ .
�®£¤  ¬­®¦¥áâ¢  ãà®¢­ï äã­ªæ¨¨ c,   á«¥¤®¢ â¥«ì­®, ¨ F , ï¢«ïîâáï C!-¯®¤¬­®£®®¡à §¨ï¬¨
C!-¬­®£®®¡à §¨ï X. �ãáâì I | ¯®¤£àã¯¯  ¨§®¬¥âà¨© á¢ï§­®© £àã¯¯ë �¨ G ¯®¤®¡¨© ¬­®£®-
®¡à §¨ï (X; �), S | ¬­®¦¥áâ¢® ãà®¢­ï äã­ªæ¨¨ c, á®¤¥à¦ é¥¥ ­¥ª®â®àãî â®çªã x0 2 X á®
áâ ¡¨«¨§ â®à®¬ H. �®£¤ 

S = I=H: (4.2)

�  ®á­®¢ ­¨¨ [34] £®¬®¬®àä¨§¬ £àã¯¯ �¨ � : G ! (R+ ; �) ¥áâì £« ¢­®¥ C!-à áá«®¥­¨¥ á® á«®-
¥¬ I, â®â «ì­ë¬ ¯à®áâà ­áâ¢®¬ G ¨ ¡ §®© R+ . �®áª®«ìªã ¡ §  R+ áâï£¨¢ ¥¬ , â® ­  ®á­®¢ ­¨¨
á«¥¤áâ¢¨ï 11.6 ¨§ [34] íâ® à áá«®¥­¨¥ âà¨¢¨ «ì­®. � ç áâ­®áâ¨, G ¢¥é¥áâ¢¥­­®  ­ «¨â¨ç¥áª¨
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¤¨ää¥®¬®àä­® ¯àï¬®¬ã ¯à®¨§¢¥¤¥­¨î R+ � I. � ª á«¥¤áâ¢¨¥, I ï¢«ï¥âáï á¢ï§­®© £àã¯¯®© �¨.
�¥¯¥àì ¨§ ä®à¬ã«ë (4.2) ¢ëâ¥ª ¥â, çâ® ¬­®£®®¡à §¨¥ S á¢ï§­®.

�§ â¥®à¥¬ 4.1{4.3 ¨ à¥§ã«ìâ â®¢ áâ â¥© [17], [23] ­¥¯®áà¥¤áâ¢¥­­® ¢ë¢®¤¨âáï

�«¥¤áâ¢¨¥ 4.1. �áïª®¥ ¯®¤®¡­® ®¤­®à®¤­®¥ ­¥®¤­®à®¤­®¥ á¢ï§­®¥ à¨¬ ­®¢® ¬­®£®®¡à -
§¨¥ X á ­¥¯à¥àë¢­ë¬ ¬¥âà¨ç¥áª¨¬ â¥­§®à®¬ ¥áâì à¨¬ ­®¢® C!-¬­®£®®¡à §¨¥, ¤«ï ª®â®à®£®
äã­ªæ¨ï c ï¢«ï¥âáï à¨¬ ­®¢®© C!-áã¡¬¥àá¨¥©. �­ «®£¨ç­®¥ ãâ¢¥à¦¤¥­¨¥ ¢¥à­® ¤«ï ®¤­®à®¤-
­®£® à¨¬ ­®¢  ¬­®£®®¡à §¨ï X1=c ¨ äã­ªæ¨¨ F .

� ¬¥ç ­¨¥ 4.1. �ç¥¢¨¤­®, à¨¬ ­®¢® ¬­®£®®¡à §¨¥ X ¨§ á«¥¤áâ¢¨ï 4.1 ï¢«ï¥âáï ( ­ «¨â¨-
ç¥áª¨¬) à¨¬ ­®¢ë¬ ¬­®£®®¡à §¨¥¬ ª®®¤­®à®¤­®áâ¨ 1. � ª¨¥ ¬­®£®®¡à §¨ï  ªâ¨¢­® ¨§ãç «¨áì
¢ ¯®á«¥¤­¥¥ ¢à¥¬ï.

�«¥¤ãîé ï ­ è  æ¥«ì | å à ªâ¥à¨§ æ¨ï á¢ï§­ëå ¯®¤®¡­® ®¤­®à®¤­ëå ­¥®¤­®à®¤­ëå à¨-
¬ ­®¢ëå ¬­®£®®¡à §¨© ¨ ª®­ä®à¬­® íª¢¨¢ «¥­â­ëå ¨¬ ®¤­®à®¤­ëå à¨¬ ­®¢ëå ¬­®£®®¡à §¨©.

�¥®à¥¬  4.4. �ãáâì (X; g) | á¢ï§­®¥ ¯®¤®¡­® ®¤­®à®¤­®¥ ­¥®¤­®à®¤­®¥ à¨¬ ­®¢® ¬­®£®-

®¡à §¨¥,   (X; 
 = 1
c2
g) | á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã ¯® â¥®à¥¬¥ 1:2 ®¤­®à®¤­®¥ à¨¬ ­®¢® ¬­®-

£®®¡à §¨¥; G | á¢ï§­ ï âà ­§¨â¨¢­ ï £àã¯¯  �¨ ¯®¤®¡¨© (¤¢¨¦¥­¨©) ¬­®£®®¡à §¨ï (X; g)
((X; 
)), áãé¥áâ¢®¢ ­¨¥ ª®â®à®© £ à ­â¨à®¢ ­® ¯à¥¤«®¦¥­¨¥¬ 4:1; I | ­ ¨¡®«ìè ï ¯®¤£àã¯¯ 

¨§®¬¥âà¨© ¯à®áâà ­áâ¢  (X; g) ¢ £àã¯¯¥ G; x0 2 c�1(1) ¨ H � I | áâ ¡¨«¨§ â®à â®çª¨ x0 ¢
£àã¯¯¥ G,   á¬¥¦­ë© ª« áá gH 2 G=H ¥áâ¥áâ¢¥­­® ®â®¦¤¥áâ¢«ï¥âáï á â®çª®© g(x0).

�®£¤ 

1) G ¨§®¬®àä­  ­¥ª®â®à®¬ã ¯®«ã¯àï¬®¬ã ¯à®¨§¢¥¤¥­¨î £àã¯¯ �¨ (R;+)iI (á ­®à¬ «ì­®©
¯®¤£àã¯¯®© I), â ª çâ®:

2) í«¥¬¥­âë ¯®¤£àã¯¯ë (R;+) i feg ª®¬¬ãâ¨àãîâ á í«¥¬¥­â ¬¨ ª®¬¯ ªâ­®© ¯®¤£àã¯¯ë

H � I ¨ I=H | íää¥ªâ¨¢­®¥ ®¤­®à®¤­®¥ ¯à®áâà ­áâ¢® £àã¯¯ë I;
3) (X; 
) = (G=H; 
) | ®¤­®à®¤­®¥ íää¥ªâ¨¢­®¥ à¨¬ ­®¢® ¬­®£®®¡à §¨¥ á G-¨­¢ à¨ ­â­®©

à¨¬ ­®¢®© ¬¥âà¨ª®© 
 ®â­®á¨â¥«ì­® ª ­®­¨ç¥áª®£® «¥¢®£® ¤¥©áâ¢¨ï G ­  G=H;
4) ¯®¤®¡­® ®¤­®à®¤­®¥ ­¥®¤­®à®¤­®¥ à¨¬ ­®¢® ¬­®£®®¡à §¨¥ (X; g) ¥áâ¥áâ¢¥­­® ¨§®¬¥âà¨ç-

­® à¨¬ ­®¢ã ¬­®£®®¡à §¨î (G=H; c2
), £¤¥ c((t; i)H) = exp t (á ãç¥â®¬ ¯. 1)), ¨ ï¢«ï¥âáï

¯®¤®¡­® ®¤­®à®¤­ë¬ ­¥®¤­®à®¤­ë¬ à¨¬ ­®¢ë¬ ¬­®£®®¡à §¨¥¬ á âà ­§¨â¨¢­®© £àã¯¯®©

¯®¤®¡¨© G ¨ ¥¥ ­ ¨¡®«ìè¥© ¯®¤£àã¯¯®© ¨§®¬¥âà¨© I,   c : (G=H; g) ! R+ | áã¡¬¥âà¨ï

¨ à¨¬ ­®¢  C!-áã¡¬¥àá¨ï ¨ ®¤­®¢à¥¬¥­­® à ¤¨ãá ¯®«­®âë ¯à®áâà ­áâ¢  (G=H; g).

�¡à â­®, ¥á«¨ ¤«ï á¢ï§­®© £àã¯¯ë �¨ G ¨ ¥¥ ¯®¤£àã¯¯ H � I ¢ë¯®«­ïîâáï ãá«®¢¨ï 1) ¨ 2),
â® ®¤­®à®¤­®¥ (íää¥ªâ¨¢­®¥) ¯à®áâà ­áâ¢® G=H ¤®¯ãáª ¥â â ªãî G-¨­¢ à¨ ­â­ãî à¨¬ ­®¢ã

¬¥âà¨ªã 
, çâ® à¨¬ ­®¢® ¬­®£®®¡à §¨¥ (G=H; g) á ¬¥âà¨ª®© g, ®¯à¥¤¥«¥­­®© ¢ ¯. 4), ¨ à¨¬ ­®¢®
¬­®£®®¡à §¨¥ (G=H; 
) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ ¯¯. 3) ¨ 4).

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �  ®á­®¢ ­¨¨ á«¥¤áâ¢¨ï 4.1 à¨¬ ­®¢ë ¬­®£®®¡à §¨ï
(X; g), (X; 
),   â ª¦¥ à¨¬ ­®¢ë áã¡¬¥àá¨¨ ¨ áã¡¬¥âà¨¨ c : (X; g) ! R+ , F = log �c : (X; 
)! R

¨¬¥îâ ª« áá £« ¤ª®áâ¨ C!. �®à®è® ¨§¢¥áâ­®, çâ® £àã¯¯  �¨ G ¤®¯ãáª ¥â «¥¢®¨­¢ à¨ ­â­ãî
¨ ¨­¢ à¨ ­â­ãî ®â­®á¨â¥«ì­® ¯à ¢ëå á¤¢¨£®¢ ­  í«¥¬¥­âë ¨§ H à¨¬ ­®¢ã ¬¥âà¨ªã � â ªãî,
çâ® ª ­®­¨ç¥áª ï ¯à®¥ªæ¨ï p : (G;�) ! (G=H; 
) ¥áâì à¨¬ ­®¢  C!-áã¡¬¥àá¨ï (¨ áã¡¬¥âà¨ï).
�®£¤  ¨ ª®¬¯®§¨æ¨ï F � p : (G;�) ! R ¥áâì à¨¬ ­®¢  C!-áã¡¬¥àá¨ï ¨ áã¡¬¥âà¨ï. �§ ä®à¬ã«
(4.1) ¨ F = log �c á«¥¤ã¥â, çâ® F � p = log �� ¥áâì í¯¨¬®àä¨§¬ £àã¯¯ë �¨ G ­  £àã¯¯ã �¨ (R;+)
á ï¤à®¬ I. �®íâ®¬ã ¯à®®¡à § ¬¨ (F � p)�1(t); t 2 R, ï¢«ïîâáï á¬¥¦­ë¥ ª« ááë £àã¯¯ë G ¯® ¥¥
­®à¬ «ì­®© ¯®¤£àã¯¯¥ I. �à®¬¥ â®£®, ¤«ï «¥¢ëå ¨ ¯à ¢ëå á¤¢¨£®¢ lg0 , rg0 £àã¯¯ë G ­  í«¥¬¥­â
g0 2 G ¢ë¯®«­ïîâáï à ¢¥­áâ¢ 

(F � p) � lg0 = (F � p) + (F � p)(g0) (4.3)
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¨

(F � p) � rg0 = (F � p) + (F � p)(g0) (4.4)

á®®â¢¥âáâ¢¥­­®. �§ ä®à¬ã« (4.3), (4.4) ¨ ¨­¢ à¨ ­â­®áâ¨ ¬¥âà¨ª¨ � ­  G ®â­®á¨â¥«ì­® ¢á¥å
«¥¢ëå ¨ ¯à ¢ëå á¤¢¨£®¢ ­  í«¥¬¥­âë ¨§H ¢ëâ¥ª ¥â «¥¢ ï ¨­¢ à¨ ­â­®áâì £à ¤¨¥­â  Y äã­ªæ¨¨
F � p ­  (G;�) ¨ ¥£® ¯à ¢ ï ¨­¢ à¨ ­â­®áâì ®â­®á¨â¥«ì­® í«¥¬¥­â®¢ ¨§ H. � ª á«¥¤áâ¢¨¥ ¤«ï
¢á¥å í«¥¬¥­â®¢ h 2 H ¢ë¯®«­ï¥âáï

Ad(h)(tY (e)) := d(lh � rh�1)(e)(tY (e)) = tY (e); t 2 R; (4.5)

£¤¥ d ®¡®§­ ç ¥â ¤¨ää¥à¥­æ¨ « á®®â¢¥âáâ¢ãîé¥£® ®â®¡à ¦¥­¨ï. �§ ®àâ®£®­ «ì­®áâ¨ Y ¬­®¦¥-
áâ¢ ¬ (F � p)�1(t), t 2 R, ¨ â®£® ä ªâ , çâ® (F � p) | à¨¬ ­®¢  C!-áã¡¬¥àá¨ï, á«¥¤ã¥â, çâ® Y |
¥¤¨­¨ç­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ­  (G;�). �âáî¤  ¦¥ á«¥¤ã¥â, çâ® ¢áïª ï ¨­â¥£à «ì­ ï ªà¨¢ ï �g0(t),
t 2 R, ¯®«ï Y á ­ ç «®¬ ¢ â®çª¥ g0 2 G ¥áâì ¯ à ¬¥âà¨§®¢ ­­ ï ¤«¨­®© ¤ã£¨ ¬¥âà¨ç¥áª ï
¯àï¬ ï ¢ (G;�), â. ¥. £¥®¤¥§¨ç¥áª ï, «î¡®© ®âà¥§®ª ª®â®à®© ï¢«ï¥âáï ªà âç ©è¥©, ¯à¨ç¥¬

(F � p)(�g0(t)) � (F � p)(g0) + t: (4.6)

� ç áâ­®áâ¨, ¨­â¥£à «ì­ ï ªà¨¢ ï �(t) := �e(t), t 2 R, â ª®£® ¢¨¤  á ­ ç «®¬ ¢ ¥¤¨­¨æ¥ e 2 G
¥áâì 1-¯ à ¬¥âà¨ç¥áª ï ¯®¤£àã¯¯  ¢ G ¨ ¢¢¨¤ã (4.6)

(F � p)(�(t)) � t; t 2 R: (4.7)

�â®¦¤¥áâ¢«¥­¨¥ �(t) á t 2 R ¨ ­®à¬ «ì­®áâì ¯®¤£àã¯¯ë I 2 G ¯®§¢®«ïîâ â¥¯¥àì ãáâ ­®¢¨âì
¨§®¬®àä¨§¬ £àã¯¯ �¨ G ¨ ­¥ª®â®à®£® ¯®«ã¯àï¬®£® ¯à®¨§¢¥¤¥­¨ï (R;+) i I, çâ® ¤®ª §ë¢ ¥â
ãâ¢¥à¦¤¥­¨¥ ¯. 1).

�¢®©áâ¢® ¯. 3) ¢ëâ¥ª ¥â ¨§ ®¯à¥¤¥«¥­¨ï £àã¯¯ë G ¨ ãª § ­­®£® ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë
£®¬¥®¬®àä­®£® ®â®¦¤¥áâ¢«¥­¨ï G=H á (X; 
).

�®áª®«ìªã ®â®¡à ¦¥­¨¥ I(h) : G! G, I(h)(g) = hgh�1, ï¢«ï¥âáï (¢­ãâà¥­­¨¬)  ¢â®¬®àä¨§-
¬®¬ £àã¯¯ë �¨ G, â® á®£« á­® â¥®à¥¬¥ 2.17 ¨§ [35] ¨ à ¢¥­áâ¢  (4.5) ¯®«ãç ¥¬

h�(t)h�1 = h exp(tY (e))h�1 = exp(Ad(h)(tY (e))) = exp(tY (e)) = �(t)

¤«ï ¢á¥å t 2 R. �âáî¤  ¨ ¨§ ãâ¢¥à¦¤¥­¨© ¯¯. 1) ¨ 3) ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥­¨¥
¯. 2).

�®áª®«ìªã F = log �c, 
 = 1
c2
g, â® g = c2
, £¤¥ ¢¢¨¤ã â®¦¤¥áâ¢  (4.7)

c((t; i)H) = (exp �F )(p(t; i)) = (exp �F )(p(�(t))) = exp t:

�ã­ªæ¨ï c : (G=H; g) ! R+ ¯® ®¯à¥¤¥«¥­¨î ï¢«ï¥âáï à ¤¨ãá®¬ ¯®«­®âë ¯à®áâà ­áâ¢  (X; g) =
(G=H; g) ¨ áã¡¬¥âà¨¥© (á«¥¤®¢ â¥«ì­®, ¨ à¨¬ ­®¢®© C!-áã¡¬¥àá¨¥©) á®£« á­® â¥®à¥¬¥ 4.1 ¨ [23].
�â® ¤®ª §ë¢ ¥â ¯. 4).

�®áâ â®ç­®áâì. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï ¯¯. 1), 2).
�®ª ¦¥¬ ¯à¥¦¤¥ ¢á¥£® áãé¥áâ¢®¢ ­¨¥ «¥¢®¨­¢ à¨ ­â­®© ¨ ¨­¢ à¨ ­â­®© ®â­®á¨â¥«ì­® ¯à -

¢ëå á¤¢¨£®¢ ­  í«¥¬¥­âë ¯®¤£àã¯¯ë H à¨¬ ­®¢®© ¬¥âà¨ª¨ � ­  G â ª®©, çâ® «¥¢®¨­¢ à¨ ­â­®¥
¢¥ªâ®à­®¥ ¯®«¥ Y , ª á â¥«ì­®¥ ¢ e ª 1-¯ à ¬¥âà¨ç¥áª®© ¯®¤£àã¯¯¥ �(t) = (t; e), ¥¤¨­¨ç­® ¨
®àâ®£®­ «ì­® ª® ¢á¥¬ á¬¥¦­ë¬ ª« áá ¬ £àã¯¯ë G ¯® ¥¥ ­®à¬ «ì­®© ¯®¤£àã¯¯¥ I.

�ë¡¥à¥¬ á­ ç «  ¯à®¨§¢®«ì­®¥ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ (�; �) ­   «£¥¡à¥ �¨ TeG £àã¯¯ë�¨G
á ãá«®¢¨¥¬, çâ® (Y (e); Y (e)) = 1 ¨ (TeI; Y (e)) = 0. �á¯®«ì§ãï (¥¤¨­áâ¢¥­­ãî) ¡¨¨­¢ à¨ ­â­ãî
¢¥à®ïâ­®áâ­ãî ¬¥àã �¥¡¥£  ­  ª®¬¯ ªâ­®© £àã¯¯¥ �¨ H, ®¯à¥¤¥«¨¬ ­®¢®¥ AdH-¨­¢ à¨ ­â­®¥
áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ h�; �i ­  TeG ¯® ä®à¬ã«¥

hu; vi :=
Z
H
(Ad(h)u;Ad(h)v)dh:
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�§ ãá«®¢¨ï 2) á«¥¤ã¥â ä®à¬ã«  (4.5). �®£¤ 

hY (e); Y (e)i :=
Z
H

(Ad(h)Y (e);Ad(h)Y (e))dh =
Z
H

(Y (e); Y (e))dh =
Z
H

1 dh = 1;

¨ ¤«ï ¢áïª®£® ¢¥ªâ®à  u 2 TeI

hu; Y (e)i :=
Z
H
(Ad(h)u;Ad(h)Y (e))dh =

Z
H
(Ad(h)u; Y (e))dh =

Z
H
0 dh = 0:

� ¯à¥¤¯®á«¥¤­¥¬ à ¢¥­áâ¢¥ ¡ë«® ¨á¯®«ì§®¢ ­® ¢ª«îç¥­¨¥ Ad(h)u 2 TeI, ¢ëâ¥ª îé¥¥ ¨§ ¢ª«î-
ç¥­¨ï ¯®¤£àã¯¯ H � I. �¥¯¥àì ïá­®, çâ® (¥¤¨­áâ¢¥­­®¥) à áè¨à¥­¨¥ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï
h�; �i ¤® «¥¢®¨­¢ à¨ ­â­®© à¨¬ ­®¢®© ¬¥âà¨ª¨ ­  G ¤ ¥â âà¥¡ã¥¬ë© ¬¥âà¨ç¥áª¨© â¥­§®à �.

�á«¥¤áâ¢¨¥ ãª § ­­ëå á¢®©áâ¢ «¥¢®¨­¢ à¨ ­â­®© à¨¬ ­®¢®© ¬¥âà¨ª¨ � ­  G áãé¥áâ¢ã¥â
¥¤¨­áâ¢¥­­ ï G-¨­¢ à¨ ­â­ ï à¨¬ ­®¢  ¬¥âà¨ª  
 ­  G=H â ª ï, çâ® ª ­®­¨ç¥áª ï ¯à®¥ªæ¨ï
p : (G;�) ! (G=H; 
) ï¢«ï¥âáï à¨¬ ­®¢®© C!-áã¡¬¥àá¨¥© ¨ áã¡¬¥âà¨¥©. �¥¯¥àì ¨§ ãá«®¢¨ï 2)
­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥­¨¥ ¯. 3).

�¯à¥¤¥«¨¬ í¯¨¬®àä¨§¬ £àã¯¯ �¨ � : G ! (R+ ; �) ä®à¬ã«®© �(t; i) = exp t á ï¤à®¬ I. �§
¨­¢ à¨ ­â­®áâ¨ � ®â­®á¨â¥«ì­® «¥¢ëå ¨ ¯à ¢ëå á¤¢¨£®¢ ­  í«¥¬¥­âë ­®à¬ «ì­®© ¯®¤£àã¯¯ë
I,   ¯®íâ®¬ã ¨ ¯®¤£àã¯¯ë H � I á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ¢¥é¥áâ¢¥­­®© äã­ªæ¨¨ c : G=H ! R á
ãá«®¢¨¥¬ (4.1). � ç áâ­®áâ¨,

c((t; i)H) = c(p(t; i)) = �(t; i) = exp t; (4.8)

ª ª ¢ ¯. 4). �®£« á­® ¯à¥¤«®¦¥­¨î 2.36 ¨§ [35] c 2 C!. �­®¦¥áâ¢ ¬¨ ãà®¢­ï äã­ªæ¨¨ c ï¢«ïîâáï
®à¡¨âë ¯®¤£àã¯¯ë I � G ®â­®á¨â¥«ì­® ª ­®­¨ç¥áª®£® «¥¢®£® ¤¥©áâ¢¨ï G ­  G=H.�¯à¥¤¥«¨¬
­®¢ãî C!-äã­ªæ¨î F = log �c : G=H ! R ¨ ­®¢ë© C!-í¯¨¬®àä¨§¬ £àã¯¯ �¨ � = log �� : G !
(R;+), �(t; i) = t. �ç¥¢¨¤­®, � = F � p ¢ á¨«ã (4.1), ¨ ¢ë¯®«­¥­ë á®®â­®è¥­¨ï (4.3).

�® ¯®áâà®¥­¨î ¢¥ªâ®à­®¥ ¯®«¥ Y ­  (G;�) ¥¤¨­¨ç­®, «¥¢®¨­¢ à¨ ­â­®, ®àâ®£®­ «ì­® á¬¥¦-
­ë¬ ª« áá ¬ £àã¯¯ë G ¯® ¯®¤£àã¯¯¥ I, â. ¥. ¬­®¦¥áâ¢ ¬ ãà®¢­ï äã­ªæ¨¨ �, ¨ ¯®à®¦¤ -
¥â 1-¯ à ¬¥âà¨ç¥áªãî ¯®¤£àã¯¯ã �(t) = (t; e). �®íâ®¬ã Y á®¢¯ ¤ ¥â á £à ¤¨¥­â®¬ äã­ªæ¨¨
� = �(t; i) = t ­  ®á­®¢ ­¨¨ «¥¢®© ¨­¢ à¨ ­â­®áâ¨ ¯®á«¥¤­¥£® á®£« á­® á®®â­®è¥­¨© (4.3),
� = F � p ¨ «¥¢®© ¨­¢ à¨ ­â­®áâ¨ ¬¥âà¨ª¨ �. �âáî¤  ¦¥ á«¥¤ã¥â, çâ® ®â®¡à ¦¥­¨¥ (G;�)! R

¥áâì áã¡¬¥âà¨ï ¨ à¨¬ ­®¢  C!-áã¡¬¥àá¨ï,   ¨­â¥£à «ì­ë¥ ªà¨¢ë¥ ¯®«ï Y | ¬¥âà¨ç¥áª¨¥ ¯àï-
¬ë¥, ¯ à ¬¥âà¨§®¢ ­­ë¥ ¤«¨­®© ¤ã£¨. �®áª®«ìªã p : (G;�)! (G=H; 
) ¨ � = F � p : (G;�)! R

| áã¡¬¥âà¨¨, â® ¨ ®â®¡à ¦¥­¨¥ F : (G=H; 
) ! R | áã¡¬¥âà¨ï (¨ à¨¬ ­®¢  C!-áã¡¬¥àá¨ï),
¯à¨ç¥¬ ¨­â¥£à «ì­ë¥ ªà¨¢ë¥ £à ¤¨¥­â  Y äã­ªæ¨¨ F ­  (G=H; 
) ï¢«ïîâáï ¬¥âà¨ç¥áª¨¬¨ ¯àï-
¬ë¬¨, ¯ à ¬¥âà¨§®¢ ­­ë¬¨ ¤«¨­®© ¤ã£¨. �âáî¤  ¨ ¨§ á®®â­®è¥­¨ï � = F �p ¢ëâ¥ª ¥â, çâ® ¤«ï
«î¡®£® í«¥¬¥­â  z 2 G dp(z)(Y (z)) = Y (p(z)).

� áá¬®âà¨¬ â¥¯¥àì à¨¬ ­®¢® C!-¬­®£®®¡à §¨¥ (G=H; g) = (G=H; c2
). �ë¯®«­ï¥âáï (4.8),
ª ª ¢ ¯. 4). �ãáâì x0 = H 2 G=H, x = h1(x0), y = h(x); h; h1 2 G. �®£¤  ¢ á¨«ã (4.1)

c(y) = c(h(x)) = c(h(h1(x0))) = c(p(hh1)) = �(hh1) = �(h)�(h1) = �(h)c(p(h1)) = �(h)c(x);

â. ¥. c(h(x))
c(x)

= �(h) ­¥ § ¢¨á¨â ®â ¢ë¡®à  â®çª¨ x 2 G=H. �®áª®«ìªã ®â®¡à ¦¥­¨¥ h : (G=H; 
)!
(G=H; 
) ¥áâì ¤¢¨¦¥­¨¥, â® ®â®¡à ¦¥­¨¥ h : (G=H; g) ! (G=H; g) ï¢«ï¥âáï �(h)-¯®¤®¡¨¥¬. � -
ª¨¬ ®¡à §®¬, G |âà ­§¨â¨¢­ ï £àã¯¯  ¯®¤®¡¨© à¨¬ ­®¢  ¬­®£®®¡à §¨ï (G=H; g) á ¯®¤£àã¯¯®©
¤¢¨¦¥­¨© I. �áâ «®áì ¤®ª § âì, çâ® c | à ¤¨ãá ¯®«­®âë à¨¬ ­®¢  ¬­®£®®¡à §¨ï (G=H; g).

�à¥¤¢ à¨â¥«ì­® ¤®ª §ë¢ ¥âáï

�¥¬¬  4.2. �¥ªâ®à­®¥ ¯®«¥ 1
c
Y ï¢«ï¥âáï ¥¤¨­¨ç­ë¬ £à ¤¨¥­â®¬ äã­ªæ¨¨ c ­  à¨¬ ­®¢®¬

¬­®£®®¡à §¨¨ (G=H; g).
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�®ª § â¥«ìáâ¢®. �® ®¯à¥¤¥«¥­¨î £à ¤¨¥­â  rf ¢¥é¥áâ¢¥­­®© £« ¤ª®© äã­ªæ¨¨ ­  à¨-
¬ ­®¢®¬ ¬­®£®®¡à §¨¨ (M; g) ¤«ï ¢áïª®£® £« ¤ª®£® ¯ãâ¨ � : (a; b) ! M ¤®«¦­® ¢ë¯®«­ïâìáï
à ¢¥­áâ¢®

f(�(t))0(t0) = g(rf(�(t0)); �
0(t0)):

� ãç¥â®¬ à ¢¥­áâ¢  c = exp �F ¨ ã¦¥ ¤®ª § ­­®£® ä ªâ , çâ® Y | £à ¤¨¥­â äã­ªæ¨¨ F ­ 
à¨¬ ­®¢®¬ ¬­®£®®¡à §¨¨ (G=H; 
), ¯®«ãç ¥¬ ¤«ï ¢áïª®£® £« ¤ª®£® ¯ãâ¨ � ¢ (G=H; g)

c(�(t))0(t0) = F (�(t))0(t0) exp(F (�(t0))) = 
(rF (�(t0)); �0(t0))c(�(t0)) = g

�
1
c
Y (�(t0)); �0(t0)

�
:

�à¨ íâ®¬ g( 1
c
Y ; 1

c
Y ) = 
(Y ; Y ) � 1.

� ªá¨¬ «ì­ë¥ ¨­â¥£à «ì­ë¥ ªà¨¢ë¥ ¢¥ªâ®à­®£® ¯®«ï 1
c
Y ï¢«ïîâáï ¯¥à¥¯ à ¬¥âà¨§ æ¨ï-

¬¨ ¬ ªá¨¬ «ì­ëå ¨­â¥£à «ì­ëå ªà¨¢ëå ¢¥ªâ®à­®£® ¯®«ï Y , ï¢«ïîé¨¬¨áï, ª ª áª § ­® ¢ë-
è¥, ¢áî¤ã ®¯à¥¤¥«¥­­ë¬¨ ­  R ¬¥âà¨ç¥áª¨¬¨ ¯àï¬ë¬¨ ¢ (G=H; 
). �ç¨â ï ¨­â¥£à «ì­ë¥ ªà¨-
¢ë¥ ¯®«ï 1

c
Y (¯®«ï Y ) ¯ à ¬¥âà¨§®¢ ­­ë¬¨, ¢á«¥¤áâ¢¨¥ ç¥£® ¯ à ¬¥âàã t = 1 (á®®â¢¥âáâ¢¥­-

­® t = 0) á®¯®áâ ¢«ï¥âáï ­¥ª®â®à ï â®çª  x1 2 G=H â ª ï, çâ® c(x1) = 1 (á®®â¢¥âáâ¢¥­­®
F (x1) = (log �c)(x1) = 0), ¯®«ãç ¥¬, çâ® ç¥à¥§ ª ¦¤ãî â®çªã x 2 G=H ¯à®å®¤¨â ¬ ªá¨¬ «ì­ ï
¨­â¥£à «ì­ ï ªà¨¢ ï �x(t), t 2 R+ , ¢¥ªâ®à­®£® ¯®«ï 1

c
Y â ª ï, çâ® c(�x(t)) � t. �âáî¤  ¨ ¨§

«¥¬¬ë 4.2 ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â c : (G=H; g) ! R+ | áã¡¬¥âà¨ï ¨ à¨¬ ­®¢  C!-áã¡¬¥àá¨ï,
  ¢áïª¨© ®âà¥§®ª ¯ãâ¨ �x | ªà âç ©è ï ¢ (G=H; g), ¯ à ¬¥âà¨§®¢ ­­ ï ¤«¨­®© ¤ã£¨ á® á¤¢¨-
£®¬. �®£¤ , ¯®áª®«ìªã ­¥ áãé¥áâ¢ã¥â ¯à¥¤¥«  �x(t) ¯à¨ t ! 0 ¢ (G=H; g) ¨ �x(c(x)) = x, â®
à ¤¨ãá ¯®«­®âë ¯à®áâà ­áâ¢  (G=H; g) ¢ â®çª¥ x ­¥ ¯à¥¢®áå®¤¨â c(x). � ¤àã£®© áâ®à®­ë, ¥á«¨
0 < r < c(x), â® ¢á«¥¤áâ¢¨¥ «¥¬¬ë 4.2 ¤«ï «î¡®© â®çª¨ y ¢ § ¬ª­ãâ®¬ è à¥ B(x; r) ¢ë¯®«­¥­®
­¥à ¢¥­áâ¢® 0 < c(x) � r � c(y) � c(x) + r. �®íâ®¬ã B(x; r) ¥áâì ­¥ª®â®à®¥ § ¬ª­ãâ®¥ ®£à -
­¨ç¥­­®¥ ¯®¤¬­®¦¥áâ¢® ¢ ¯®«­®¬ «®ª «ì­® ª®¬¯ ªâ­®¬ ¯à®áâà ­áâ¢¥ á ¢­ãâà¥­­¥© ¬¥âà¨ª®©
(G=H; 
). �«¥¤®¢ â¥«ì­®, ¯® â¥®à¥¬¥ �.�.�®­-�®áá¥­ , íâ®â è à ª®¬¯ ªâ¥­ ¨, §­ ç¨â, à ¤¨ãá
¯®«­®âë ¯à®áâà ­áâ¢  (G=H; g) ¢ â®çª¥ x à ¢¥­ c(x).

�§ â¥®à¥¬ë 4.4 ¨ ¥¥ ¤®ª § â¥«ìáâ¢  ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª îâ á«¥¤ãîé¨¥ ¤¢  ãâ¢¥à¦¤¥­¨ï.

�à¥¤«®¦¥­¨¥ 4.2. �¢ï§­ ï íää¥ªâ¨¢­ ï âà ­§¨â¨¢­ ï £àã¯¯  �¨ G ¯®¤®¡¨© ¯®¤®¡­® ®¤-

­®à®¤­®£® ­¥®¤­®à®¤­®£® à¨¬ ­®¢  ¬­®£®®¡à §¨ï (G=H; g) ¤®¯ãáª ¥â â ªãî à¨¬ ­®¢ã C!-¬¥â-

à¨ªã �, çâ® «¥¢ë¥ á¤¢¨£¨ £àã¯¯ë G ¤¥©áâ¢ãîâ ­  (G; �) ¯®¤®¡¨ï¬¨, ­®, ¢®®¡é¥ £®¢®àï, ­¥

¨§®¬¥âà¨ï¬¨, ª ­®­¨ç¥áª ï ¯à®¥ªæ¨ï p : (G; �)! (G=H; g) ï¢«ï¥âáï áã¡¬¥âà¨¥© ¨ à¨¬ ­®¢®©

C!-áã¡¬¥àá¨¥©, ¯à¨ç¥¬ ¤«ï á®®â¢¥âáâ¢ãîé¨å ¯® â¥®à¥¬¥ 1:2 ª®­ä®à¬­® íª¢¨¢ «¥­â­ëå ®¤­®-
à®¤­ëå à¨¬ ­®¢ëå ¬¥âà¨ª 
 ¨ � ­  G=H ¨ G, ¯à®¥ªæ¨ï p : (G;�)! (G=H; 
), â ª¦¥ ï¢«ï¥âáï

áã¡¬¥âà¨¥© ¨ à¨¬ ­®¢®© C!-áã¡¬¥àá¨¥©.

�«¥¤áâ¢¨¥ 4.2. �áïª ï á¢ï§­ ï ®¤­®á¢ï§­ ï à §à¥è¨¬ ï £àã¯¯  �¨ à §¬¥à­®áâ¨ n � 1
á «¥¢®¨­¢ à¨ ­â­®© à¨¬ ­®¢®© ¬¥âà¨ª®© (G;�) ¤®¯ãáª ¥â â ªãî ª®­ä®à¬­® íª¢¨¢ «¥­â­yî
à¨¬ ­®¢ã ¬¥âà¨ªã �, çâ® «¥¢ë¥ á¤¢¨£¨ £àã¯¯ë £àã¯¯ë G ¤¥©áâ¢ãîâ ­  (G; �) ¯®¤®¡¨ï¬¨, ­®,
¢®®¡é¥ £®¢®àï, ­¥ ¨§®¬¥âà¨ï¬¨.

� ¬¥ç ­¨¥ 4.2. �«¥¤áâ¢¨¥ 4.2 ¯®ª §ë¢ ¥â, çâ® ¢ ­ áâ®ïé¥¥ ¢à¥¬ï ­¥¤®áâã¯­  ª« áá¨ä¨ª -
æ¨ï á¢ï§­ëå ¯®¤®¡­® ®¤­®à®¤­ëå ­¥®¤­®à®¤­ëå à¨¬ ­®¢ëå ¬­®£®®¡à §¨©.

� ¤ ç  2. � âì å à ªâ¥à¨§ æ¨î ¯®¤®¡­® ®¤­®à®¤­ëå ­¥®¤­®à®¤­ëå ¬­®£®®¡à §¨© á ¢­ãâà¥­-
­¥© ¬¥âà¨ª®© ¨ ª®­ä®à¬­® íª¢¨¢ «¥­â­ëå ¨¬ ®¤­®à®¤­ëå ¬­®£®®¡à §¨© á ¢­ãâà¥­­¥© ¬¥âà¨ª®©,
¯®å®¦ãî ­  å à ªâ¥à¨§ æ¨î ¨§ â¥®à¥¬ë 4.4.

�¥®à¥¬  4.5. 1: �áïª®¥ «®ª «ì­® ª®¬¯ ªâ­®¥ ¯®¤®¡­® ®¤­®à®¤­®¥ ­¥®¤­®à®¤­®¥ ¯à®áâà ­-

áâ¢® á ¢­ãâà¥­­¥© ¬¥âà¨ª®© (X; �) ï¢«ï¥âáï ®¡à â­ë¬ ¬¥âà¨ç¥áª¨¬ ¯à¥¤¥«®¬ ¯®á«¥¤®¢ -

â¥«ì­®áâ¨ (Xn; �n) ¯®¤®¡­® ®¤­®à®¤­ëå ­¥®¤­®à®¤­ëå ¬­®£®®¡à §¨© Xn á ¢­ãâà¥­­¥© ¬¥âà¨ª®©
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�n ¨ á®¡áâ¢¥­­ëå áã¡¬¥âà¨© pnm : (Xm; �m)! (Xn; �n), n � m, ï¢«ïîé¨åáï  áá®æ¨¨à®¢ ­­ë¬¨
à áá«®¥­¨ï¬¨ á® á¢ï§­ë¬¨ á«®ï¬¨, £¤¥ pnk = pnm � pmk ¤«ï n � m � k, â. ¥.

 ) X = lim
 
fXn; pnmg (®¡à â­ë© ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¬­®¦¥áâ¢ ¨ á¢ï§ë¢ îé¨å ¨å

®â®¡à ¦¥­¨©) ª ª ¬­®¦¥áâ¢®;
¡) ¥áâ¥áâ¢¥­­ ï ¯à®¥ªæ¨ï pn : (X; �)! (Xn; �n) ï¢«ï¥âáï á®¡áâ¢¥­­®© áã¡¬¥âà¨¥©;
¢) pn = pnm � pm, ¥á«¨ n � m;
£) �n � (pn � pn) ! � ¯à¨ n ! 1 à ¢­®¬¥à­® ­  ª ¦¤®¬ ª®¬¯ ªâ­®¬ ¯®¤¬­®¦¥áâ¢¥ ¢

X �X.

2: �á¥ áã¡¬¥âà¨¨ pn; pnm, n � m, á®åà ­ïîâ §­ ç¥­¨ï à ¤¨ãá®¢ ¯®«­®âë (á®®â¢¥âáâ¢ãîé¨å
¯à®áâà ­áâ¢).

3: �­®¦¥áâ¢  ãà®¢­ï äã­ªæ¨¨ c ­  «®ª «ì­® ª®¬¯ ªâ­®¬ ¯®¤®¡­® ®¤­®à®¤­®¬ ­¥®¤­®à®¤­®¬

¯à®áâà ­áâ¢¥ á ¢­ãâà¥­­¥© ¬¥âà¨ª®© (X; �) «¨­¥©­® á¢ï§­ë ¨ «®ª «ì­® «¨­¥©­® á¢ï§­ë.

�®ª § â¥«ìáâ¢®. �á­®¢­ë¥ «¨­¨¨ ¤®ª § â¥«ìáâ¢  á«¥¤ãîâ à ¡®â¥ [20].
1. �ãáâì G | «®ª «ì­® ª®¬¯ ªâ­ ï á¢ï§­ ï ¬¥âà¨§ã¥¬ ï âà ­§¨â¨¢­ ï £àã¯¯  ¯®¤®¡¨©

¯à®áâà ­áâ¢ X (á¬. ¯à¥¤«®¦¥­¨¥ 4.1) á ª®¬¯ ªâ­ë¬ áâ ¡¨«¨§ â®à®¬H ­¥ª®â®à®© â®çª¨ x0 2 X.
�à®áâà ­áâ¢® X ¥áâ¥áâ¢¥­­® £®¬¥®¬®àä­® ä ªâ®à-¯à®áâà ­áâ¢ã G=H. �® â¥®à¥¬¥ �¬ ¡¥ [36]
áãé¥áâ¢ã¥â ­¥¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì ª®¬¯ ªâ­ëå ­®à¬ «ì­ëå ¯®¤£àã¯¯ Hn â ª ï,
çâ® ä ªâ®à-£àã¯¯  Gn = G=Hn | £àã¯¯  �¨ ¨ ¯¥à¥á¥ç¥­¨¥ ¢á¥å ¯®¤£àã¯¯ Hn ¥áâì âà¨¢¨ «ì­ ï
¯®¤£àã¯¯  feg. �á«¨ Nn := [Hn]e | ª®¬¯®­¥­â  á¢ï§­®áâ¨ ¥¤¨­¨æë â®¯®«®£¨ç¥áª®© £àã¯¯ë Hn,
â® Nn | ­®à¬ «ì­ ï ¯®¤£àã¯¯  ¢ G,   ¯à®áâà ­áâ¢® ®à¡¨â Xn := X=Nn ¯à®áâà ­áâ¢  X = G=H
®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï ¯®¤£àã¯¯ë Nn ­  X ï¢«ï¥âáï ¬­®£®®¡à §¨¥¬ ­  ®á­®¢ ­¨¨ ¯à¥¤«®¦¥­¨ï
3.1 ¢ [20]. �à¨ íâ®¬ ª ­®­¨ç¥áª®¥ ¤¥©áâ¢¨¥ £àã¯¯ë G ­  Xn ­¥¯à¥àë¢­® ¨ âà ­§¨â¨¢­® ¨ ¨¬¥¥â
ï¤à® ­¥íää¥ªâ¨¢­®áâ¨


n :=
\
g2G

NngHg�1;

¯à¨ç¥¬ (­ ¯à., á®£« á­® ¯à¥¤«®¦¥­¨î 2.1 ¨§ [20])

Xn = G=NnH = (G=
n)=(NnH=
n):

�¢ï§­ ï £àã¯¯ Gn := G=
n, ¡ã¤ãç¨ «®ª «ì­® ª®¬¯ ªâ­®©, ­¥¯à¥àë¢­®©, íää¥ªâ¨¢­®© ¨ âà ­§¨-
â¨¢­®© £àã¯¯®© ¯à¥®¡à §®¢ ­¨© ¬­®£®®¡à §¨ïXn, ï¢«ï¥âáï £àã¯¯®© �¨ [32].�®á«¥¤®¢ â¥«ì­®áâì
¯®¤£àã¯¯ Nn ­¥ ¢®§à áâ ¥â ¨ ¥¥ ¯¥à¥á¥ç¥­¨¥ ¥áâì âà¨¢¨ «ì­ ï ¯®¤£àã¯¯  feg. �®á«¥¤­¥¥ ãâ¢¥à-
¦¤¥­¨¥ ¢á«¥¤áâ¢¨¥ ª®¬¯ ªâ­®áâ¨ Nn íª¢¨¢ «¥­â­® â®¬ã, çâ® ¤«ï ¢áïª®© ®ªà¥áâ­®áâ¨ U ¥¤¨­¨-
æë e áãé¥áâ¢ã¥â ­®¬¥à k â ª®©, çâ® Nn � U ¤«ï ¢á¥å n � k. �  ®á­®¢ ­¨¨ «¥¬¬ë 1.1 ¢ [20]
¯¥à¥á¥ç¥­¨¥ ­¥¢®§à áâ îé¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯®¤£àã¯¯ 
n ¥áâì ¯®¤£àã¯¯  feg. �«¥¤®¢ â¥«ì-
­®, G ¥áâì ®¡à â­ë© ¯à¥¤¥« £àã¯¯ �¨ Gn, á¢ï§ ­­ëå ¥áâ¥áâ¢¥­­ë¬¨ í¯¨¬®àä¨§¬ ¬¨ £àã¯¯ �¨
qnm : Gm ! Gn, n � m, ¨­¤ãæ¨àã¥¬ëå ¢ª«îç¥­¨ï¬¨ 
m � 
n. �­ «®£¨ç­®, ¢ª«îç¥­¨¥ feg � 
n
¨­¤ãæ¨àã¥â í¯¨¬®àä¨§¬ â®¯®«®£¨ç¥áª¨å £àã¯¯ qn : G! Gn.

�á«¥¤áâ¢¨¥ ª®¬¯ ªâ­®áâ¨, ¯®¤£àã¯¯  Nn ¤¥©áâ¢ã¥â ¨§®¬¥âà¨ï¬¨ ­  X. �¥¯¥àì ¨§ ­®à¬ «ì-
­®áâ¨ ¯®¤£àã¯¯ë Nn «¥£ª® ¢ë¢®¤¨âáï, çâ® à §¡¨¥­¨¥ ¯à®áâà ­áâ¢  X ­  ®à¡¨âë £àã¯¯ë Nn ¥áâì
à §¡¨¥­¨¥ ­  ª®¬¯ ªâ­ë¥ ¯®¯ à­® íª¢¨¤¨áâ ­â­ë¥ ¯®¤¬­®¦¥áâ¢  ¢ X (á¬. ¯à¨¬¥à 4.4); ¯à¨ íâ®¬
�-¯®¤®¡¨¥ ¨§ G ¯¥à¥¢®¤¨â ®à¡¨âë ­  ®à¡¨âë â ª¨¬ ®¡à §®¬, çâ® à ááâ®ï­¨¥ ¬¥¦¤ã ®¡à § ¬¨
®à¡¨â à ¢­® à ááâ®ï­¨î ¬¥¦¤ã ¨áå®¤­ë¬¨ ®à¡¨â ¬¨, ã¬­®¦¥­­®¬ã ­  ç¨á«® �. �â® ¯®§¢®«ï¥â
®¯à¥¤¥«¨âì ¢­ãâà¥­­îî ¬¥âà¨ªã �n ­  Xn (à ááâ®ï­¨¥ ¬¥¦¤ã ®à¡¨â ¬¨-â®çª ¬¨ ¢ ¬¥âà¨ª¥ �n
¯® ®¯à¥¤¥«¥­¨î à ¢­® à ááâ®ï­¨î ¬¥¦¤ã íâ¨¬¨ ¦¥ ®à¡¨â ¬¨-¬­®¦¥áâ¢ ¬¨ ¢ ¬¥âà¨ª¥ �) â ª¨¬
®¡à §®¬, çâ® ¥áâ¥áâ¢¥­­ ï ¯à®¥ªæ¨ï pn : (X; �) ! (Xn; �n) ï¢«ï¥âáï áã¡¬¥âà¨¥©,   ¥áâ¥áâ¢¥­­®¥
âà ­§¨â¨¢­®¥ ¤¥©áâ¢¨¥ £àã¯¯ë �¨ Gn ­  (Xn; �n) ¥áâì ¤¥©áâ¢¨¥ ¬¥âà¨ç¥áª¨¬¨ ¯®¤®¡¨ï¬¨. �¢®©-
áâ¢  1  ) ¨ 1 £) «¥£ª® ¢ë¢®¤ïâáï ¨§ á¢®©áâ¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ Nn ¨ ®¯à¥¤¥«¥­¨ï ¯à®áâà ­áâ¢
(X; �n)  ­ «®£¨ç­® â®¬ã, ª ª íâ® á¤¥« ­® ¢ [20].

18



�  ®á­®¢ ­¨¨ ¯à¥¤ë¤ãé¥£®  ¡§ æ  ¨  ­ «®£¨ç­® ¥¬ã, ¨­¤ãæ¨à®¢ ­­®¥ ¢ª«îç¥­¨¥¬Nm � Nn,
n � m, à §¡¨¥­¨¥ ®à¡¨â ¯®¤£àã¯¯ë Nn ­  ®à¡¨âë ¯®¤£àã¯¯ë Nm ¯à¨¢®¤¨â ª ¥áâ¥áâ¢¥­­®©
¯à®¥ªæ¨¨ pnm : (Xm; �m) ! (Xn; �n), â ª¦¥ ï¢«ïîé¥©áï áã¡¬¥âà¨¥©. �ç¥¢¨¤­®, pnk = pnm � pmk

¤«ï n � m � k.
� ¯®¬­¨¬, çâ® ®â®¡à ¦¥­¨¥ p : X ! Y â®¯®«®£¨ç¥áª¨å ¯à®áâà ­áâ¢ ­ §ë¢ ¥âáï á®¡áâ¢¥­-

­ë¬, ¥á«¨ ¯à®®¡à § ¢áïª®£® ª®¬¯ ªâ­®£® ¯®¤¬­®¦¥áâ¢  ¢ Y ®â­®á¨â¥«ì­® ®â®¡à ¦¥­¨ï p ª®¬-
¯ ªâ¥­ ¢ X. �ç¥¢¨¤­®, ¢á¥ ®â®¡à ¦¥­¨ï pn; pnm, n � m, á®¡áâ¢¥­­ë.

2. �§ ã¦¥ æ¨â¨à®¢ ­­®© â¥®à¥¬ë �.�.�®­-�®áá¥­  ¨ â®£® ä ªâ , çâ® ¢á¥ ®â®¡à ¦¥­¨ï pn;
pnm, n � m, ï¢«ïîâáï (á®¡áâ¢¥­­ë¬¨) áã¡¬¥âà¨ï¬¨, á«¥¤ã¥â, çâ® íâ¨ ®â®¡à ¦¥­¨ï ­¥ ã¬¥­ìè -
îâ (­¥ ã¢¥«¨ç¨¢ îâ) à ¤¨ãá®¢ ¯®«­®âë á®®â¢¥âáâ¢ãîé¨å ¯à®áâà ­áâ¢. �àã£¨¬¨ á«®¢ ¬¨, ¤«ï
á®®â¢¥âáâ¢ãîé¨å äã­ªæ¨© án ­  Xn ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï cn�pn = c ¨ cn�pnm = cm, n � m.

�  ®á­®¢ ­¨¨ ã¦¥ ¤®ª § ­­ëå ãâ¢¥à¦¤¥­¨© ¤«ï ¢á¥å n 2 N ¯à®áâà ­áâ¢® (Xn; �n) ï¢«ï¥âáï
¯®¤®¡­® ®¤­®à®¤­ë¬, ­® ­¥ ®¤­®à®¤­ë¬ â®¯®«®£¨ç¥áª¨¬ ¬­®£®®¡à §¨¥¬ á ¢­ãâà¥­­¥© ¬¥âà¨ª®©.

3. �ãáâì I (á®®â¢¥âáâ¢¥­­® In) | ¯®¤£àã¯¯  ¨§®¬¥âà¨© á¢ï§­®© £àã¯¯ë G (£àã¯¯ë �¨ Gn)
¯®¤®¡¨© ¯à®áâà ­áâ¢  (X; �) (¬­®£®®¡à §¨ï (Xn; �n)), F (á®®â¢¥âáâ¢¥­­® Fn) | ¬­®¦¥áâ¢® ãà®¢-
­ï äã­ªæ¨¨ c (á®®â¢¥âáâ¢¥­­® cn), á®¤¥à¦ é¥¥ ã¯®¬ï­ãâãî â®çªã x0 2 X (xn = pn(x0) 2 Xn).
�á«¥¤áâ¢¨¥ ã¦¥ ¤®ª § ­­®£® ¯. 2

Fn = pn(F ) = pnm(pm(F )) = pnm(Fm); n � m: (4.9)

�®£¤ 

Fn = F=Nn = (I=H)=Nn = I=HNn = (I=
n)=(HNn=
n)(= In=(HNn=
n)) =

= ((I=
m)=(
n=
m))=((HNn=
m)=(
n=
m)) = Im=(HNn=
m):

�§ íâ¨å à ¢¥­áâ¢ ¨ [34] á«¥¤ã¥â, çâ® ¥áâ¥áâ¢¥­­ ï ¯à®¥ªæ¨ï snm : Im ! Fn = Im=(HNn=
m)
¥áâì (®¤­®à®¤­®¥) £« ¢­®¥ C!-à áá«®¥­¨¥ á® áâàãªâãà­®© £àã¯¯®© �¨ HNn=
m, â®â «ì­ë¬
¯à®áâà ­áâ¢®¬ Im ¨ ¡ §®© Fn. �®£« á­® â¥®à¥¬¥ 4.3 Xn ¤®¯ãáª ¥â ¥áâ¥áâ¢¥­­ãî áâàãªâãàã
C!-¬­®£®®¡à §¨ï, ®â­®á¨â¥«ì­® ª®â®à®© Fn ï¢«ï¥âáï á¢ï§­ë¬ C!-¯®¤¬­®£®®¡à §¨¥¬. �àã¯¯  �¨
HNn=
m ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¤¥©áâ¢ã¥â ­  ä ªâ®à-¯à®áâà ­áâ¢¥ P := (HNn=
m)=(HNm=
m)
á«¥¢ . �®£¤   áá®æ¨¨à®¢ ­­®¥ á à áá«®¥­¨¥¬ snm C!-à áá«®¥­¨¥ E(Fn; P;HNn=
m; Im) (á¬. [6])
á® áâ ­¤ àâ­ë¬ á«®¥¬ P ¬®¦¥â ¡ëâì ®â®¦¤¥áâ¢«¥­® ¯® ¯à¥¤«®¦¥­¨î 5.5 ¢ [6] á ¯à®¥ªæ¨¥©
pnm : Fm ! Fn. �«®© P íâ®© ¯à®¥ªæ¨¨ à ¢¥­

(HNn=
m)=(HNm=
m) = HNn=HNm = Nn=Nm

(¤®áâ â®ç­® ¯®­¨¬ âì à ¢¥­áâ¢  ª ª £®¬¥®¬®àä¨§¬ë). � ¯®á«¥¤­¥¬ à ¢¥­áâ¢¥ ¬ë ¢®á¯®«ì§®¢ -
«¨áì ­®à¬ «ì­®áâìî ¯®¤£àã¯¯ë Nm. �®áª®«ìªã â®¯®«®£¨ç¥áª ï £àã¯¯  Nn á¢ï§­ , â® á«®¥¢®¥
¬­®£®®¡à §¨¥ P á¢ï§­®.

�®¢¥àè¥­­® â ª ¦¥ ¤®ª §ë¢ ¥âáï, çâ® ®â®¡à ¦¥­¨¥ pnm : Xm ! Xn, n � m, ï¢«ï¥âáï (®¤­®-
à®¤­ë¬)  áá®æ¨¨à®¢ ­­ë¬ C!-à áá«®¥­¨¥¬ á â¥¬ ¦¥ á«®¥¬ P , çâ® ¨ à ­ìè¥.

�¥¯¥àì ¢á¥ ãâ¢¥à¦¤¥­¨ï ¯. 1 ¤®ª § ­ë.
�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 4.3 á«¥¤ã¥â, çâ® á¢ï§­ ï âà ­§¨â¨¢­ ï £àã¯¯  �¨ Gn ¯®¤®¡¨©

¬­®£®®¡à §¨ï (Xn; �n) £®¬¥®¬®àä­  ¯àï¬®¬ã ¯à®¨§¢¥¤¥­¨î R+ � In. �®íâ®¬ã £àã¯¯  �¨ In
á¢ï§­ . �§ ã¦¥ ¤®ª § ­­®£® ¨ (4.9) á«¥¤ã¥â, çâ® ¯®¤¯à®áâà ­áâ¢® F � X ï¢«ï¥âáï â®¯®«®-
£¨ç¥áª¨¬ ®¡à â­ë¬ ¯à¥¤¥«®¬ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ®¤­®à®¤­ëå ä ªâ®à-¬­®£®®¡à §¨© Fn á¢ï§-
­ëå £àã¯¯ �¨ In, á¢ï§ ­­ëå á®¡áâ¢¥­­ë¬¨ (®¤­®à®¤­ë¬¨)  áá®æ¨¨à®¢ ­­ë¬¨ à áá«®¥­¨ï¬¨
pnm : Fm ! Fn, n � m, á® á¢ï§­ë¬¨ á«®ï¬¨. �à®¬¥ â®£®, â®¯®«®£¨ç¥áª ï £àã¯¯  I ï¢«ï-
¥âáï ®¡à â­ë¬ ¯à¥¤¥«®¬ á¢ï§­ëå £àã¯¯ �¨ In, á¢ï§ ­­ëå á®¡áâ¢¥­­ë¬¨ C!-í¯¨¬®àä¨§¬ ¬¨
qnm : Im ! In, n � m, ¨ ¯®â®¬ã á¢ï§­ . �¥¯¥àì ¯à¨¬¥­¥­¨¥ à ááã¦¤¥­¨© ¨§ ¤®ª § â¥«ìáâ¢  â¥®-
à¥¬ë 3.1 ¢ [20] ¯®§¢®«ï¥â ¢¢¥áâ¨ ¢ ®¤­®à®¤­ëå ¯à®áâà ­áâ¢ å Fn = In=(H=
n) In-¨­¢ à¨ ­â­ë¥
à¨¬ ­®¢ë ¬¥âà¨ª¨ dn â ª¨¬ ®¡à §®¬, çâ® ®â®¡à ¦¥­¨ï pnm : (Fm; dm) ! (Fn; dn), n � m, ï¢«ï-
îâáï à¨¬ ­®¢ë¬¨ C!-áã¡¬¥àá¨ï¬¨ ¨ áãé¥áâ¢ã¥â à ¢­®¬¥à­ë© ¯à¥¤¥« d äã­ªæ¨© dn � (pn � pn)
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­  F �F . �à¨ íâ®¬ d ¥áâì I-¨­¢ à¨ ­â­ ï á®¢¬¥áâ¨¬ ï á â®¯®«®£¨¥© ¢­ãâà¥­­ïï ¬¥âà¨ª  ­  F .
�«¥¤®¢ â¥«ì­®, F «¨­¥©­® á¢ï§­® ¨ «®ª «ì­® «¨­¥©­® á¢ï§­®.

�¥áì¬  ¯à ¢¤®¯®¤®¡­® á«¥¤ãîé¥¥ ãá¨«¥­¨¥ ¯. 3 â¥®à¥¬ë 4.5.

�¨¯®â¥§ . �áïª®¥ «®ª «ì­® ª®¬¯ ªâ­®¥ ¯®¤®¡­® ®¤­®à®¤­®¥ ­¥®¤­®à®¤­®¥ ¯à®áâà ­áâ¢® á

¢­ãâà¥­­¥© ¬¥âà¨ª®© (X; �) £®¬¥®¬®àä­® ¯àï¬®¬ã â®¯®«®£¨ç¥áª®¬ã ¯à®¨§¢¥¤¥­¨î F � R+

(á«¥¤®¢ â¥«ì­®, F � R), £¤¥ F | ¯à®¨§¢®«ì­®¥ ¬­®¦¥áâ¢® ãà®¢­ï äã­ªæ¨¨ c ­  (X; �). �
®¡®§­ ç¥­¨ïå â¥®à¥¬ë 4:5 â®¯®«®£¨ç¥áª ï £àã¯¯  G £®¬¥®¬®àä­  ¯àï¬®¬ã â®¯®«®£¨ç¥áª®¬ã

¯à®¨§¢¥¤¥­¨î I � R+ (á«¥¤®¢ â¥«ì­®, I � R).

� ¬¥ç ­¨¥ 4.3. �¯à ¢¥¤«¨¢® ­¥ª®â®à®£® à®¤  ®¡à é¥­¨¥ â¥®à¥¬ë 4.5, ä®à¬ã«¨à®¢ª  ¨ ¤®-
ª § â¥«ìáâ¢® ª®â®à®£®  ­ «®£¨ç­ë ä®à¬ã«¨à®¢ª¥ ¨ ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2.2 ¢ [20]. �¥®à¥¬ 
4.5 ¨ ¥¥ ®¡à é¥­¨¥ ¯®ª §ë¢ îâ, çâ® ¢ ­¥ª®â®à®¬ á¬ëá«¥ ¨§ãç¥­¨¥ «®ª «ì­® ª®¬¯ ªâ­ëå ¯®¤®¡-
­® ®¤­®à®¤­ëå ­¥®¤­®à®¤­ëå ¯à®áâà ­áâ¢ á ¢­ãâà¥­­¥© ¬¥âà¨ª®© á¢®¤¨âáï ª ¨§ãç¥­¨î ¯®¤®¡­®
®¤­®à®¤­ëå ­¥®¤­®à®¤­ëå ¬­®£®®¡à §¨© á ¢­ãâà¥­­¥© ¬¥âà¨ª®©.

� ¬¥ç ­¨¥ 4.4. � á«ãç ¥ à¨¬ ­®¢ëå C1-¬­®£®®¡à §¨© ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 1.2
ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ á«¥¤ãîé¥£® à¥§ã«ìâ â  �.�.�«¥ªá¥¥¢áª®£®:

¢áïª®¥ á¢ï§­®¥ ª®­ä®à¬­® ®¤­®à®¤­®¥, â.¥. ¤®¯ãáª îé¥¥ âà ­§¨â¨¢­ãî £àã¯¯ã ª®­ä®à¬-

­ëå C1-¤¨ää¥®¬®àä¨§¬®¢, à¨¬ ­®¢® C1-¬­®£®®¡à §¨¥ ª®­ä®à¬­® íª¢¨¢ «¥­â­® ®¤­®à®¤­®¬ã
à¨¬ ­®¢ã C!-¬­®£®®¡à §¨î.

�â® ãâ¢¥à¦¤¥­¨¥ ®á­®¢ ­® ­  á«¥¤ãîé¨å ¤¢ãå à¥§ã«ìâ â å.
1) �¢ï§­®¥ à¨¬ ­®¢® C1-¬­®£®®¡à §¨¥ à §¬¥à­®áâ¨ n � 1, ¤®¯ãáª îé¥¥ áãé¥áâ¢¥­­ãî £àã¯-

¯ã ª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨©, ª®­ä®à¬­® íª¢¨¢ «¥­â­® áâ ­¤ àâ­®© áä¥à¥ Sn ¨«¨ ¥¢ª«¨¤®¢ã
¯à®áâà ­áâ¢ã En [37], [38]. �¤¥áì ¬­®¦¥áâ¢® A ª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© à¨¬ ­®¢  C1-¬­®-
£®®¡à §¨ï (Mn; g) ­ §ë¢ ¥âáï ­¥áãé¥áâ¢¥­­ë¬, ¥á«¨ (Mn; g) (£« ¤ª®) ª®­ä®à¬­® íª¢¨¢ «¥­â­®
à¨¬ ­®¢ã ¬­®£®®¡à §¨î, ¤«ï ª®â®à®£® ¢á¥ ¯à¥®¡à §®¢ ­¨ï ¨§ A ï¢«ïîâáï ¤¢¨¦¥­¨ï¬¨.

2) �áïª®¥ á¢ï§­®¥ ª®­ä®à¬­® ¯«®áª®¥ ª®­ä®à¬­® ®¤­®à®¤­®¥ à¨¬ ­®¢® C1-¬­®£®®¡à §¨¥
ª®­ä®à¬­® íª¢¨¢ «¥­â­® ­¥ª®â®à®¬ã ®¤­®à®¤­®¬ã à¨¬ ­®¢ã ¬­®£®®¡à §¨î ¨§ á¯¨áª , ¯à¨¢¥-
¤¥­­®£® ¢ [39].

�.�. �®¤¨®­®¢ ¨ �.�. �« ¢áª¨© ¯à¨ ­¥ª®â®àëå ®¯à¥¤¥«¥­¨ïå, ª®â®àë¥ ­¥ ¡ã¤¥¬ §¤¥áì ¯à¨¢®-
¤¨âì, ¤®ª § «¨ ¢ áâ âì¥ ([40], â¥®à¥¬a 4.1):

c¢ï§­®¥ «®ª «ì­® ª®­ä®à¬­® ®¤­®à®¤­®¥ à¨¬ ­®¢® C1-¬­®£®®¡à §¨¥ ª®­ä®à¬­® íª¢¨¢ «¥­â-
­® «®ª «ì­® ®¤­®à®¤­®¬ã à¨¬ ­®¢ã C!-¬­®£®®¡à §¨î.
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