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�ãáâì E | ª®¬¯ ªâ®¥ ¬®¦¥áâ¢® ¤¥©áâ¢¨â¥«ìëå ç¨á¥«, M = fxk;ngn;1k=1; n=1 | ¬ âà¨æ 
ã§«®¢ ¨â¥à¯®«¨à®¢ ¨ï, «¥¦ é¨å ¢ E, f | ¯à®¨§¢®«ì ï ¥¯à¥àë¢ ï   E ¤¥©áâ¢¨â¥«ì®-
§ ç ï äãªæ¨ï. �â¥à¯®«ïæ¨®ë© ¯à®æ¥áá � £à ¦  fLn(M; f; x)g1n=1 äãªæ¨¨ f § ¤ ¥âáï
ä®à¬ã« ¬¨

Ln(M; f; x) =
nX

k=1

f(xk;n)lk;n(M; x); n = 1; 2; : : : ; (1)

£¤¥ lk;n(M; x) | äã¤ ¬¥â «ìë¥ ¯®«¨®¬ë � £à ¦ ,

lk;n(M; x) =
!n(x)

(x� xk;n)!0n(xk;n)
; k = 1; n; (2)

!n(xk;n) =
nY

k=1

(x� xk;n); n = 1; 2; : : : (3)

�®à®è® ¨§¢¥áâ  ( ¯à., [1], [2]) à®«ì äãªæ¨© �¥¡¥£ 

�n(M; x) =
nX

k=1

jlk;n(M; x)j

¨ ª®áâ â �¥¡¥£ 
�n(M) = k�n(M; �)kC(E)

¢ ¨§ãç¥¨¨ ¯®¢¥¤¥¨ï ¨â¥à¯®«ïæ¨®ëå ¯à®æ¥áá®¢ � £à ¦ . �à¨ íâ®¬ ª  ¨¡®«¥¥ ¨áá«¥¤®-
¢ ë¬ ®â®á¨âáï á«ãç © E = [�1; 1] ¨ !n(x) = Tn(x) = cos(n arccos x), â. ¥. ¬ âà¨æë ã§«®¢
�¥¡ëè¥¢ .

�«ï ¨â¥à¯®«¨à®¢ ¨ï à æ¨® «ìë¬¨ äãªæ¨ï¬¨ á ä¨ªá¨à®¢ ë¬¨ ¯®«îá ¬¨, § ¤ ë-
¬¨ ¬ âà¨æ¥© ®¡à âëå ¢¥«¨ç¨ ¯®«îá®¢ A = fa�;ngn;1�=1; n=1, ¨â¥à¯®«ïæ¨®ë© ¯à®æ¥áá � £à -
¦  § ¤ ¥âáï ä®à¬ã« ¬¨ (1){(2), ¢ ª®â®àëå ¢¬¥áâ® (3) ã¦® ¯®«®¦¨âì

!n(x) =
nY

k=1

(x� xk;n)=(1� ak;nx):

� ª®¬¯«¥ªá®¬ á«ãç ¥ ¯®«ãç¥ë© ¯à®æ¥áá, ª®â®àë© ¡ã¤¥â ¤ «¥¥ ®¡®§ ç âìáï ç¥à¥§
fLn(M;A; f; x)g1n=1, ¤®áâ â®ç® å®à®è® ¨áá«¥¤®¢  ¤«ï à §«¨çëå ª« áá®¢   «¨â¨ç¥áª¨åäãª-
æ¨© f ( ¯à., [3], [4]), ¢ â® ¦¥ ¢à¥¬ï íâ  â¥®à¨ï ¤«ï ¤¥©áâ¢¨â¥«ì®£® á«ãç ï à §à ¡®â   § ç¨-
â¥«ì® ¬¥ìè¥.

� ç áâ®áâ¨, ¤«ï E = [�1; 1] ¥áâ¥áâ¢¥ë¬   «®£®¬ ã§«®¢ �¥¡ëè¥¢  ï¢«ïîâáï ã§«ë

�¥¡ëè¥¢ -� àª®¢ , â. ¥. !n(x) = Mn(x) = cos
� nP
k=1

arccos x�ak;n
1�ak;nx

�
. � ª¨¥ ¯à®æ¥ááë ¡ë«¨ ¢¢¥¤¥-

ë �.�. �ãá ª®¬ [5], ¨ ¡ë«¨ ¨á¯®«ì§®¢ ë ¨¬, �.�. �®¢¡®© [6], [7], �.�. �â à®¢®©â®¢ë¬ [8] ¤«ï
¨â¥à¯®«¨à®¢ ¨ï à §«¨çëå ª« áá®¢ äãªæ¨©. � ç áâ®áâ¨, ¢ à ¡®â¥ �.�.�â à®¢®©â®¢  [8]
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 ©¤¥  ®æ¥ª  á®®â¢¥âáâ¢ãîé¨å ª®áâ â �¥¡¥£  (¬®£¨¥ ¯à¨¥¬ë ¨§ íâ®© à ¡®âë ¡ã¤ãâ ¨á-
¯®«ì§®¢ ë ¨¦¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë).

�¥«ì ¤ ®© à ¡®âë |  ©â¨ ®æ¥ªã ª®áâ â �¥¡¥£  �n(M;A) ¤«ï E = [�1; a] [ [b; 1],
�1 < a < b < 1, ¬ âà¨æë M, § ¤ ¢ ¥¬®© ã«ï¬¨ à æ¨® «ì®© äãªæ¨¨

Mn(x) =
Pn(x)

nQ
k=1

(1� ak;nx)
; (4)

 ¨¬¥¥¥ ãª«®ïîé¥©áï ®â ã«ï   E ¢ à ¢®¬¥à®© ¬¥âà¨ª¥ áà¥¤¨ ¢á¥å ¤à®¡¥© ¢¨¤  (4), £¤¥
Pn(x) = xn + b1x

n�1 + � � � + bn, bi 2 R, i = 1; n,   ak;n ä¨ªá¨à®¢ ë. �à¨ íâ®¬ ¯®âà¥¡®¢ «®áì
à §à ¡®â âì á¯¥æ¨ «ìãî â¥å¨ªã ¨á¯®«ì§®¢ ¨ï £¥®¬¥âà¨ç¥áª¨å å à ªâ¥à¨áâ¨ª ¢¥«¨ç¨, ¢ë-
à ¦ îé¨åáï ¢ í««¨¯â¨ç¥áª¨å äãªæ¨ïå.

�ã¤¥¬ áç¨â âì, çâ® ¢¥«¨ç¨ë ak;n, k = 1; : : : ; n, § ã¬¥à®¢ ë á«¥¤ãîé¨¬ ®¡à §®¬: a1;n =
� � � = a

{n;n = 0; ai;n 6= 0, i = {n+1; : : : ; n; a
�1
j;n 2 C n[�1; 1], j = {n+1; : : : ; n; Re aj;n � 0, j = 1; : : : ; n1;

Re aj;n < 0, j = n1 + 1; : : : ; n (¢®§¬®¦ãî § ¢¨á¨¬®áâì n1 ®â n ãª §ë¢ âì ¥ áâ ¥¬), ¯à¨ç¥¬ ¨§
Im aj;n > 0 á«¥¤ã¥â aj+1;n = aj;n, j = {n + 1; : : : ; n (1 � {n � n1 � n). �¥à¥§ C1; C2; : : : ¡ã¤¥¬
®¡®§ ç âì ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥, ¥ § ¢¨áïé¨¥ ®â n.

� «¥¥, ¯ãáâì K = K(k) | ¯®«ë© í««¨¯â¨ç¥áª¨© ¨â¥£à « 1-£® à®¤ , á®®â¢¥âáâ¢ãîé¨© ¬®-

¤ã«î k =
q

2(b�a)

(1�a)(1+b)
. � §®¢¥¬ ¬ âà¨æã A à¥£ã«ïà®© ®â®á¨â¥«ì® E, ¥á«¨ ¢¥«¨ç¨ë 'n(A; k; a),

§ ¤ ¢ ¥¬ë¥ á®®â®è¥¨ï¬¨

'n(A; k; a) =
1
K

Z p(1�a)=2

0

nX
�=1

q
(1 + a�;n)(1� aa�;n)q

(1� aa�;n � (1 + a�;n)u2)(1� aa�;n � k2(1 + a�;n)u2)
du; (5)

¯à¨¨¬ îâ æ¥«®ç¨á«¥ë¥ § ç¥¨ï ¤«ï ¢á¥å n � 2. �¥âàã¤® ¢¨¤¥âì, çâ® ¤«ï «î¡ëå § ¤ ëå
¢¥«¨ç¨ a1;n; : : : ; an�1;n ¬®¦®  ©â¨ â ª¨¥ an;n, n = 1; 2; : : : ; çâ® ¬ âà¨æ  A ¡ã¤¥â à¥£ã«ïà®©
®â®á¨â¥«ì® E.

� ¬ ¯®âà¥¡ã¥âáï ¢ ¤ «ì¥©è¥¬ á«¥¤ãîé¥¥ ¯à¥¤áâ ¢«¥¨¥ à æ¨® «ìëå äãªæ¨© (4) ¤«ï
à¥£ã«ïàëå ®â®á¨â¥«ì® E ¬ âà¨æ A.

�¥¬¬  1 ([9]). �ãáâì 'n(A; k; a) = m 2 N. �®£¤  à æ¨® «ì ï äãªæ¨ï Mn(x),  ¨¬¥¥¥
ãª«®ïîé ïáï ®â ã«ï   E áà¥¤¨ ¢á¥å äãªæ¨© ¢¨¤  (4), ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥  ¢ ®¤®¬

¨§ á«¥¤ãîé¨å ¢¨¤®¢ :

1: Mn(x) =
Mn

2

� nY
�=1

H(u� ��;n)
H(u+ ��;n)

+
nY

�=1

H(u+ ��;n)
H(u� ��;n)

�
,

£¤¥

x =
sn2 u � cn2 �0;n + cn2 u � sn2 �0;n

sn2 u� sn2 �0;n
;

sn2 ��;n =
(1� a)(1 + a�;n)
2(1 � aa�;n)

; � = 0; 1; : : : ; n; �K 0 < Im ��;n < K 0; � = 1; 2; : : : ; n;

�K < Re ��;n < 0; � = 0; 1; : : : ; n; K 0 = K(k0); k0 =
p
1� k2; a0;n = 0; " = �1;

Mn =
2"

nQ
�={n+1

a�;n

nY
�={n+1

H(�0;n + ��;n)
H(�0;n � ��;n)

�
�

�2(0)�2
1(0)

2�2
1(�0;n)�2(�0;n)

�{n
;

2: Mn(x) =Mn cos
Z x

�1

nX
�=1

(x� c�;n)
q
(1� a2�;n)(1 � a�;na)(1� a�;nb)

(1� a�;nx)(1� a�;nc�;n)
p
(1� x2)(x� a)(x� b)

dx,
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£¤¥

c�;n =

p
1� a�;na�0(��;n)

p
(1� a)(1 + b)� a�(��;n)

q
(1� a2�;n)(1 � a�;nb)

a�;n
p
1� a�;na�0(��;n)

p
(1� a)(1 + b)��(��;n)

q
(1� a2�;n)(1 � a�;nb)

; � = 1; : : : ; n;

¯à¨ç¥¬ a < c�;n < b ¤«ï Im a�;n = 0, ¨ c�;n «¥¦¨â   ¤ã£¥ ®ªàã¦®áâ¨, ¯à®å®¤ïé¥© ç¥à¥§ a,
b ¨ a�1�;n, ®£à ¨ç¥®© â®çª ¬¨ a ¨ b ¨ ¥ á®¤¥à¦ é¥© a�1�;n, ¯à¨ Im a�;n > 0 (¢ íâ®¬ á«ãç ¥

c�+1;n = c�;n), � = 1; : : : ; n.

� ¬¥ç ¨¥ 1. � ¯®á«¥¤¥¥ ¢à¥¬ï ¨â¥à¥á ª ®¯¨á ë¬ ¢ «¥¬¬¥ 1 ¤à®¡ï¬, ª®â®àë¥, ¯®-
¢¨¤¨¬®¬ã, ¡ë«¨ ¨§¢¥áâë ¥é¥ �.�.�å¨¥§¥àã (® ¥ ¢ë¯¨á ë ¨¬ ï¢®), ¢®§à®á ¨§-§  ®âªàëâëå
á¢ï§¥© á ®àâ®£® «ìë¬¨ ¬®£®ç«¥ ¬¨ ¨ à¥è¥¨ï¬¨ æ¥¯®ç¥ª �®¤ë ( ¯à., [10]{[13]).

�¡®§ ç¨¬

n(x) =
nX

�=1

(x� c�;n)
q
(1� a2�;n)(1� a�;na)(1� a�;nb)

(1� a�;nx)(1 � a�;nc�;n)
;

(1)n (x) =
n1X
�=1

q
1� ja�;nj jx� c�;nj

1� ja�;njx ;

(2)n (x) =
nX

�=n1+1

q
1� ja�;nj jx� c�;nj

1� ja�;njx ;

Sn(x) = �
Z x

�1

n(x)dxp
(1� x2)(x� a)(x� b)

; x 2 E:

�ä®à¬ã«¨àã¥¬ ®á®¢®© à¥§ã«ìâ â à ¡®âë.

�¥®à¥¬ . �ãáâì A � fz : jzj < 1g | à¥£ã«ïà ï ®â®á¨â¥«ì® E ¬ âà¨æ  ®¡à âëå

¢¥«¨ç¨ ¯®«îá®¢, ¥ ¨¬¥îé ï   fz : jzj = 1g ¤àã£¨å ¯à¥¤¥«ìëå â®ç¥ª, ªà®¬¥ �1, ¤®áâ¨£ ¥¬ëå
¥î ¯® ¥ª á â¥«ìë¬ ¯ãâï¬, ¨ ã¤®¢«¥â¢®àïîé ï á®®â®è¥¨ï¬

n1X
�=1

q
1� ja�;nj t

1� ja�;nj+ t2
� C1 ¯à¨

r
1� max

1���n1
ja�;nj � t � 1;

nX
�=n1+1

q
1� ja�;nj t

1� ja�;nj+ t2
� C2 ¯à¨

r
1� max

n1+1���n
ja�;nj � t � 1;

(6)

min
x2E

n(x)p
(x� a)(x� b) n((b+ 1)=2)

� C3; n = 1; 2; : : : (7)

�®£¤ 

Ln(M;A) = O(ln knkC(E)):

� ¬¥ç ¨¥ 1. �á«®¢¨¥ à¥£ã«ïà®áâ¨ ¥áâ¥áâ¢¥® ¤«ï ¨â¥à¯®«¨à®¢ ¨ï   ¤¢ãå ®âà¥§ª å,
â. ª. ®¡¥á¯¥ç¨¢ ¥â ¯à¨ ¤«¥¦®áâì í«¥¬¥â®¢ ¬ âà¨æë M ¬®¦¥áâ¢ã E.

� ¬¥ç ¨¥ 2. �à¨ a = b ¨§ â¥®à¥¬ë á«¥¤ã¥â ã¯®¬ïãâë© à ¥¥ à¥§ã«ìâ â �.�. �â à®¢®©â®¢ 
[8] (ãá«®¢¨ï à¥£ã«ïà®áâ¨ ¨ (7) §¤¥áì ¢ë¯®«ïîâáï  ¢â®¬ â¨ç¥áª¨).

� ¬¥ç ¨¥ 3. �à¨ a = b ¨ a1;n = � � � = an;n = 0 ((6) §¤¥áì â ª¦¥ ¢ë¯®«¥®) ¯®«ãç ¥¬
¯®àï¤ª®¢ãî ®æ¥ªã ª®áâ â �¥¡¥£  ¨â¥à¯®«ïæ¨®®£® ¯à®æ¥áá  � £à ¦  ¯® ã§« ¬ �¥¡ë-
è¥¢ , ª®â®à ï, ª ª ¯®ª § ® ¢ [14], ï¢«ï¥âáï ®¯â¨¬ «ì®© ¯® ¯®àï¤ªã ¤«ï ¯®«¨®¬¨ «ì®-
£® ¨â¥à¯®«¨à®¢ ¨ï   ®âà¥§ª¥. � á«ãç ¥ à æ¨® «ì®£® ¨â¥à¯®«¨à®¢ ¨ï (â. ¥. ¯à®æ¥áá®¢
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fLn(M;A; f; x)g1n=1)   «®£ íâ®£® à¥§ã«ìâ â ,  áª®«ìª® ¨§¢¥áâ®  ¢â®àã, ®âáãâáâ¢ã¥â, å®âï ¢
[15] ¡ë«®  ©¤¥® å à ªâ¥à¨áâ¨ç¥áª®¥ ãá«®¢¨¥   ®¯â¨¬ «ìãî ¬ âà¨æã M.

�¥¬¬  2. � ãá«®¢¨ïå â¥®à¥¬ë  ©¤ãâáï ¯®áâ®ïë¥ C4 ¨ C5 â ª¨¥, çâ® ¯à¨ ¢á¥å n 2 N

C4

nX
�=1

q
1� ja�;nj jx� c�;nj

1� ja�;njx � jn(x)j � C5

nX
�=1

q
1� ja�;nj jx� c�;nj

1� ja�;njx : (8)

�®ª § â¥«ìáâ¢®. �¥âàã¤® ¢¨¤¥âì, çâ® «¥¬¬  á«¥¤ã¥â ¨§ ¥à ¢¥áâ¢ 

��

2
+ � < '�(x) <

�

2
� �; (9)

£¤¥ � > 0 ¥ § ¢¨á¨â ®â � ¨ n,  

'�(x) = arg

q
(1� a2�;n)(1� a�;na)(1 � a�;nb) (x� c�;n)

(1� a�;nx)(1� a�;nc�;n)
:

�®ª § â¥«ìáâ¢® ¥à ¢¥áâ¢  (9) (¤«ï Im a�;n < 0) à §®¡ì¥¬   ¥áª®«ìª® íâ ¯®¢.
1 íâ ¯. �®ª ¦¥¬, çâ® arg x�c�;n

a�1
�;n

�x
§ ª«îç¥ ¬¥¦¤ã arg b�c�;n

a�1
�;n

�b
¨ arg 1�c�;n

a�1
�;n

�1
. �«ï íâ®£® ¯à¨¬¥¨¬

®â®¡à ¦¥¨¥ w(z) = z�c�;n
a�1
�;n

�z
, ¯¥à¥¢®¤ïé¥¥ ®âà¥§®ª [b; 1] ¢ ¤ã£ã ®ªàã¦®áâ¨ L. �ªàã¦®áâì L

¯¥à¥á¥ª ¥â ¤¥©áâ¢¨â¥«ìãî ®áì ¢ ¤¢ãå â®çª å: w = �1 ¨ w = w(y), â. ¥. (c�;n � y)=(a�1�;n � y)
¤¥©áâ¢¨â¥«ì®¥. �®á«¥¤¥¥ á®®â®è¥¨¥ ®§ ç ¥â ([16], £«. 1, á. 42), çâ® y «¥¦¨â   ¯àï¬®©,
¯à®å®¤ïé¥© ç¥à¥§ a�1�;n ¨ c�;n. �âáî¤ , ¨§ «¥¬¬ë 1 ¨ â®£®, çâ® Im a�1�;n > 0 ¨ ja�1�;nj > 1, á«¥¤ã¥â
y 2 (a; b) ¨ y�c�;n

a�1
�;n

�y
> 0. � ª¨¬ ®¡à §®¬, â®çª  w = 0  å®¤¨âáï ¢ãâà¨ ®ªàã¦®áâ¨ L, ¨ ¨§

®¯à¥¤¥«¥¨ï w(z) á«¥¤ã¥â âà¥¡ã¥¬®¥.
2 íâ ¯. �ë ¤®ª § «¨, çâ® '�(x)  å®¤¨âáï ¬¥¦¤ã

arg

vuut(a�2�;n � 1)(a�1�;n � a)

a�1�;n � b
� b� c�;n
a�1�;n � c�;n

(10)

¨

arg

vuut(a�1�;n + 1)(a�1�;n � b)

a�1�;n � a
� 1� c�;n
a�1�;n � c�;n

: (11)

�§ à á¯®«®¦¥¨ï â®ç¥ª a, b, c�;n ¨ a�1�;n   ®¤®© ®ªàã¦®áâ¨ á«¥¤ã¥â ([16], á. 42), çâ®
b�c�;n

a�1
�;n

�c�;n

.
b�a

a�1
�;n

�a
ï¢«ï¥âáï ¤¥©áâ¢¨â¥«ìë¬ ç¨á«®¬, ¯à¨ç¥¬ ¯®«®¦¨â¥«ìë¬, ª ª ¯®ª §ë¢ îâ ¥-

à ¢¥áâ¢ 

0 < arg(a�1�;n � a) < � ¨ 0 < arg(b� c�;n)� arg(a�1�;n � c�;n) < �:

�âáî¤  ¢ëà ¦¥¨¥ (10) à ¢®

arg

vuut a�2�;n � 1

(a�1�;n � a)(a�1�;n � b)
: (12)

� «®£¨ç® (11) ¯à¥®¡à §ã¥âáï ª

arg

vuut(a�1�;n + 1)(a�1�;n � a)(a�1�;n � b)

a�1�;n � 1
� 1
a�1�;n � z

; (13)
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£¤¥ z | â®çª  ¯¥à¥á¥ç¥¨ï ®ªàã¦®áâ¨, ¯à®å®¤ïé¥© ç¥à¥§ 1, c�;n ¨ a
�1
�;n, á ¤¥©áâ¢¨â¥«ì®© ®áìî,

¯à¨ç¥¬ a < z < b. �«¥¤®¢ â¥«ì®, (13) § ª«îç¥® ¬¥¦¤ã

arg

vuut(a�1�;n + 1)(a�1�;n � a)(a�1�;n � b)

a�1�;n � 1
� 1
a�1�;n � a

= arg

vuut (a�1�;n + 1)(a�1�;n � b)

(a�1�;n � 1)(a�1�;n � a)
(14)

¨

arg

vuut(a�1�;n + 1)(a�1�;n � a)(a�1�;n � b)

a�1�;n � 1
� 1
a�1�;n � b

= arg

vuut(a�1�;n + 1)(a�1�;n � a)

(a�1�;n � 1)(a�1�;n � b)
: (15)

�¥¯¥àì, ®æ¥¨¢ ï (12), (14) ¨ (15) á ¯®¬®éìî ¢ëâ¥ª îé¨å ¨§ áâà¥¬«¥¨ï fa�;ng ª �1 ¯® ¥ª -
á â¥«ìë¬ ¯ãâï¬ ¥à ¢¥áâ¢ [8]

C6(1� jak;njx) � j1� ak;nxj � C7(1� jak;njx); (16)

��

2
+ '0 � arg

q
1� a2k;n

1� ak;nx
� �

2
� '0;

('0 > 0 ¥ § ¢¨á¨â ®â n), ¯®«ãç¨¬ (9),   á ¨¬ ¨ «¥¬¬ã.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. �ã¤¥¬ áç¨â âì, çâ® ¢¥«¨ç¨  'n(A; k; a) à ¢  mn = m, â®£¤ 
�1 < xn;n < � � � < xm+1;n < a < b < xm;n < � � � < x1;n < 1. �à®¬¥ â®£®, ¯ãáâì i, p ¨ q ¢ë¡¨à îâáï
¨§ ¥à ¢¥áâ¢ xi;n < x < xi�1;n, xp+1;n � (a� 1)=2 < xp;n, xq+1;n � (b+ 1)=2 < xq;n.

� áá¬®âà¨¬ á«ãç © i = 1; : : : ; q; k = i+ 1; : : : ;m, ¨ ®æ¥¨¬

jlk;n(M; x)j �
q
(1� x2k;n)(xk;n � a)(xk;n � b)

(x� xk;n)jn(xk;n)j =

=
jSn(xk�1;n)� Sn(xk;n)j

q
(1� x2k;n)(xk;n � a)(xk;n � b)

(x� xk;n)jn(xk;n)j� : (17)

�à¨¬¥ïï â¥®à¥¬ã � £à ¦  ª (17),  ©¤¥¬

jlk;n(M; x)j � 1
�

xk�1;n � xk;n
x� xk;n

� Zk �Hk; (18)

£¤¥

Zk =

s
1� x2k;n
1� �2k

; Hk =
���� n(�k)n(xk;n)

����
q
(xk;n � a)(xk;n � b)p
(�k � a)(�k � b)

; xk;n < �k < xk�1;n:

�«ï ®æ¥ª¨

Zk �
s
1� xk;n
1� �k

=

s
1 +

�k � xk;n
1� �k

(19)

¨¬¥¥¬

�k � xk;n
1� �k

� xk�1;n � xk;n
1� �k

� �
p
(1� �2k)(�k � a)(�k � b)
(1� �k)jn(�k)j ; (20)

¨ ¯à¨ min((1� b)=2; 1=2) � 1� �k � 1� max
1���n1

ja�;nj ¯à ¢ ï ç áâì (20) ¥ ¯à¥¢®áå®¤¨â

2�
p
(�k � a)(�k � b)

C4

p
1� �k

nX
j=1

j�k � cj;nj
q
1� jaj;nj

1� jaj;nj�k

� C8

� nX
j=1

q
1� jaj;nj

p
1� �k

1� jaj;nj+ 1� �k

��1
� C8

C1

: (21)
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�à¨ 1� �k > min((1 � b)=2; 1=2) ¯®«ãç ¥¬

Zk � 1s
min

�
1� b

2
;
1
2

� : (22)

�«ï ®æ¥ª¨ Zk ¯à¨ 0 � 1 � �k � 1 � max
1���n1

ja�;nj ¢ë¡¥à¥¬ �1 â ª, çâ®¡ë ¤«ï 1 � �1 � x � 1
¢ë¯®«ï«®áì ¥à ¢¥áâ¢®

f(x) df= � (1� x2)(2x� a� b) + 2x(x� a)(x� b) � C9:

�®£¤  ¯à¨ x1;n � 1� �1 ¨¬¥¥¬

1p
1� x1;n

� C10q
(1� x21;n)(x1;n � a)(x1;n � b)

=
C10Z 1

x1;n

f(x)dx

2
p
(1� x2)(x� a)(x� b)

� 2C10

C9�2
; (23)

¯à¨ç¥¬ �2 = F (x1;n)

F (x) =
Z 1

x

dxp
(1� x2)(x� a)(x� b)

; x 2 (b; 1):

�®áª®«ìªã F ã¡ë¢ ¥â   (b; 1) ¨ Sn(F�1(�2)) � Sn(F�1(0)) = �
2
, ¬®¦® § ¯¨á âì S0n(F

�1(�3))�
� �2

F 0(�)
= �

2
, ¨«¨ �2 = �

2n(�)
, £¤¥ � = F�1(�3), x1;n < � < 1, 0 < �3 < �2.

�®¤áâ ¢«ïï ¯®«ãç¥®¥ § ç¥¨¥ ¢ (23), ¨¬¥¥¬

1p
1� x1;n

� 2C10n(�)
C9�

; (24)

®âªã¤  á ãç¥â®¬ (4) ¯®«ãç ¥¬

�k � xk;n
1� �k

� �
p
2(1 � a)(1� b)p
1� x1;njn(�k)j � C11

���� n(�)n(�k)

���� �

� C11C5

C4

nX
j=1

q
1� jaj;nj j� � cj;nj

.
(1� jaj;nj�)

nX
j=1

q
1� jaj;nj j�k � cj;nj

.
(1� jaj;nj�k)

� C12

1� a

�k � b
� 2C12(1� a)

b+ 1
(25)

¯à¨ �k � b � (1� b)=2. �á«¨ ¦¥ �k � b < (1� b)=2 ¨«¨ x1;n < 1� �1, â®

Zk � max
�s

2
1� b

;
1p
�1

�
: (26)

� ¯¨è¥¬ ®æ¥ªã

Hk � (1 +C13Bk)

p
xk;n � bp
�k � b

�
p
1� ap
1� b

; (27)

£¤¥

Bk =
nX

j=1

q
1� jaj;nj jxk;n � �kj

(1� jaj;nj�k)(1� jaj;njxk;n)
� nX

j=1

q
1� jaj;nj jxk;n � cj;nj

1� jaj;njxk;n :

�à¥¤¯®«®¦¨¬ á ç « , çâ® xk;n�b � �4, £¤¥ �4 > 0 â ª®¢®, çâ® ¯à¨ b � x � b+�4 < 1 á¯à ¢¥¤«¨¢®
¥à ¢¥áâ¢® f(x) � C9. �®£¤  (áç¨â ï ¤«ï ®¯à¥¤¥«¥®áâ¨ b > 0)

Bk

p
xk;n � bp
�k � b

�
n1X
j=1

q
1� jaj;nj jxk;n � �kj

(1� jaj;njxk;n)(1� jaj;nj�k)
�� nX

j=1

q
1� jaj;nj

1� jaj;njxk;n �
�4p
1� b

�
+

p
(1� b)3

�4C6

: (28)
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�¥¯¥àì ¡ã¤¥¬ ®æ¥¨¢ âì ¢¥«¨ç¨ã

�k;j
df=

j�k � xk;nj
1� jaj;nj�k �

xk�1;n � xk;n
1� jaj;nj�k =

�
p
(1� �2k)(�k � a)(�k � b)
(1� jaj;nj�k)jn(�k)j : (29)

�à¨ 0 < 1� �k < 1� max
1���n1

ja�;nj < min((1� b)=2; 1=2) ¨§ (28) ¯®«ãç ¥¬

j�k;j j � �
p
2
p
(1� a)(1 + b)

p
1� �k

(1� max
1���n1

ja�;nj)jn(�k)j � C14

� n1X
j=1

q
1� jaj;nj

q
1� max

1���n1
ja�;nj

1� jaj;nj+ 1� max
1���n1

ja�;nj � C14

C1

: (30)

� «®£¨ç® à áá¬ âà¨¢ îâáï ¢®§¬®¦®áâ¨ ¥à ¢¥áâ¢

1� max
1���n1

ja�;nj � 1� �k � min
�
1� b

2
;
1
2

�
¨ 1� �k > min

�
1� b

2
;
1
2

�
:

�¥à ¢¥áâ¢  (27){(30) ®§ ç îâ, çâ® ¯à¨ xk;n � b � �4

Hk � C15: (31)

�ãáâì â¥¯¥àì xk;n � b � �4 � �k � b. �®£¤  ¢ á¨«ã (7), (16)q
(xk;n � b)(xk;n � a)

p
�k � b

�
nX

j=1

q
1� jaj;nj jxk;n � �kj

(1� jaj;njxk;n)j1� aj;n�kj
� nX

j=1

q
1� jaj;nj jxk;n � cj;nj

1� jaj;njxk;n �

�
� n1X
j=1

q
1� jaj;nj�k;j

1� (b+ �4)
+

nX
j=n1+1

p
2
q
1� jaj;nj

1� (b+ �4)

���
C3

nX
j=1

q
1� jaj;njb� 1

2

p
�4

�
;

®âªã¤  á ãç¥â®¬ (27){(30) á®¢  ¯®«ãç ¥¬ (31). � «®£¨ç® à §¡¨à îâáï ®áâ «ìë¥ ¢ à¨ âë.
�â ª, ¨§ (17){(25) ¨ (31) ¯à¨ i = 1; 2; : : : ; q; k = i+ 1; i+ 2; : : : ;m ¨¬¥¥¬

jlk;n(M; x)j � C16

xk�1;n � xk;n
x� xk;n

: (32)

�®¤®¡ë¬ ®¡à §®¬  ©¤¥¬, çâ® (32) á¯à ¢¥¤«¨¢® ¨ ¯à¨ i = 1; 2; : : : ; q; k = m + 2; : : : ; n; k = i =
2; 3; : : : ; q + 1, ªà®¬¥ â®£®, ¤«ï i = 3; : : : ; q + 1; k = 1; 2; : : : ; i� 2

jlk;n(M; x)j � C17

i� k � 1
;

  ¯à¨ k = m+ 1
jlk;n(M; x)j � C18:

�§ ¯®«ãç¥ëå ¥à ¢¥áâ¢ á ãç¥â®¬ á®®â®è¥¨ï jl1;n(M; x)j � 1+
nP

k=2
jlk;n(M; x)j  ©¤¥¬ ®æ¥ªã

nX
k=1

jlk;n(M; x)j � C19 ln(i+ 1) + 2C16

nX
k=i+2
k 6=m+1

xk�1;n � xk;n
x� xk;n

:

�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ®áâ «®áì § ¬¥â¨âì, çâ® (á¬. â ª¦¥ (24))

nX
k=i+2
k 6=m+1

xk�1;n � xk;n
x� xk;n

=
nX

k=i+2
k 6=m+1

Z xk�1;n

xk;n

d�

x� xk;n
�

nX
k=i+2
k 6=m+1

Z xk�1;n

xk;n

d�

x� �
�
Z xi+1;n

xn;n

d�

x� �
�

�
Z b

xm+1;n

d�

x� �
� ln

2
xi;n � xi+1;n

= ln
2n(�i+1)q

(1� �2i+1)(�i+1 � a)(�i+1 � b)
� ln knk2C(E):
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�¢â®à £«ã¡®ª® ¡« £®¤ à¥ á¢®¥¬ã ¯®ª®©®¬ã ãç¨â¥«î, ¯à®ä¥áá®àã �.�.�à¨¢ «®¢ã §  ¯®áâ -
®¢ªã § ¤ ç¨.
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