
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2004 ���������� ò 10 (509)

������� ���������

��� 517.518

�.�. ��������, �.�.�����

��������� ������� ����������� �������� �������

����� ������{������� � ������� ������������ '(L)

1. �ãáâì
�
�n(t)

	
n2N

| ®àâ®­®à¬¨à®¢ ­­ ï ­  ®âà¥§ª¥ [0; 1] á¨áâ¥¬  äã­ªæ¨© �  à  [1]. � á-

á¬®âà¨¬ ¢¢¥¤¥­­ãî ¢ [2] á¨áâ¥¬ã äã­ªæ¨©
�
 m(x)

	
m2Z+

, £¤¥  0(x) � 1;  m(x) =
xR
0

�m(t)dt (m 2 N,

0 6 x 6 1). �¥à¥§ C def= C[0; 1] ®¡®§­ ç¨¬ ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå ­  ®âà¥§ª¥ [0; 1] äã­ªæ¨©.
� [2] ¡ë«® ¯®ª § ­®, çâ® ¯à®¨§¢®«ì­ãî äã­ªæ¨î f(x) 2 C ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

f(x) = a0(f) +
1X
m=1

am(f) m(x); (1)

£¤¥ a0(f) = f(0), am(f) =
1R
0

�m(t)df(t) (m 2 N). �à¨áãâáâ¢ãîé¨¥ §¤¥áì ¨­â¥£à «ë ¯®­¨¬ -

îâáï ¢ á¬ëá«¥ �¥¡¥£ {�â¨«âì¥á . � [3] à¥§ã«ìâ â ¢¨¤  (1) ¡ë« ¯¥à¥¤®ª § ­ á ¨á¯®«ì§®¢ ­¨¥¬
äã­ªæ¨©

� e m(x)	m2Z+, ®â«¨ç îé¨åáï ®â á®®â¢¥âáâ¢ãîé¨å äã­ªæ¨©
�
 m(x)

	
m2Z+

«¨èì ¯®áâ®-
ï­­ë¬¨ ¬­®¦¨â¥«ï¬¨, çâ® ­¥ áë£à «® ­¨ª ª®© à®«¨ ¯à¨ ¨áá«¥¤®¢ ­¨¨ ¢®¯à®á®¢ ¯à¥¤áâ ¢«¥­¨ï
äã­ªæ¨© àï¤ ¬¨. � §«¨ç­ë¥ á¢®©áâ¢  á¨áâ¥¬ë

�
 m(x)

	
m2Z+

(¢ â®¬ ç¨á«¥  ¯¯à®ªá¨¬ â¨¢­ë¥)
¨áá«¥¤®¢ ­ë ¢ [4].

�áî¤ã ¤ «¥¥ ¯®« £ ¥¬ N = 2k + i (k 2 Z+; i = 1; 2k).

�®¤ SN(f; x) = a0(f) +
NP

m=1
am(f) m(x) (N = 1; 2; : : : ) ¯®­¨¬ ¥¬ ç áâ­ãî áã¬¬ã àï¤  (1). �

à ¡®â å [4]{[6] ¡ë«¨ ¯®«ãç¥­ë ®æ¥­ª¨ á¢¥àåã ¢¥«¨ç¨­ë kf�SN(f)kC (N = 2; 3; : : : ), ¢ëà ¦¥­­ë¥
ç¥à¥§ ¬®¤ã«¨ ­¥¯à¥àë¢­®áâ¨ ¯¥à¢®£® ¨ ¢â®à®£® ¯®àï¤ª®¢.

�ãáâì � | ¬­®¦¥áâ¢® ç¥â­ëå, ª®­¥ç­ëå ¨ ­¥ã¡ë¢ îé¨å ­  [0;1) äã­ªæ¨© '(x), ã¤®¢«¥-
â¢®àïîé¨å ãá«®¢¨ï¬ '(0) = 0; lim

�
'(x) : x ! 1

	
= '(1) = 1. �á«¨ '(x) 2 �, â® ç¥à¥§

'(L) ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢á¥å ¨§¬¥à¨¬ëå ­  ®âà¥§ª¥ [0; 1] äã­ªæ¨© f , ¤«ï ª ¦¤®© ¨§ ª®â®-

àëå kfk'(L)
def=

1R
0

'
�
f(x)

�
dx < 1. �á«¨, ­ ¯à¨¬¥à, '(x) = jxjp, â® '(L) ¢ á«ãç ¥ 1 6 p < 1

¥áâì «¨­¥©­®¥ ¯à®áâà ­áâ¢® Lp
def= Lp[0; 1] áã¬¬¨àã¥¬ëå ­  ®âà¥§ª¥ [0; 1] ¢ p-© áâ¥¯¥­¨ äã­ªæ¨©

f(x) á ­®à¬®© kfkLp =
n 1R

0

jf(x)jpdx
o1=p

< 1. �á«¨ ¦¥ 0 < p < 1, â® ¢¥«¨ç¨­  kfkLp ­¥ ï¢«ï-

¥âáï ­®à¬®©, ­® ®¡®§­ ç¥­¨ï á®åà ­ïîâáï ¨ ¢ íâ®¬ á«ãç ¥. �à¨ 0 < p < 1 ª« áá Lp ï¢«ï¥âáï
¯à®áâà ­áâ¢®¬ �à¥è¥, â. ¥. ¯®«­ë¬ «¨­¥©­ë¬ ¬¥âà¨ç¥áª¨¬ ¯à®áâà ­áâ¢®¬, ¢ ª®â®à®¬ ¬¥âà¨ªã
¬®¦­® § ¤ âì à ¢¥­áâ¢®¬ �p(f; g) = kf � gk

p

Lp
.

�®¤ C1 def= C1[0; 1] ¯®­¨¬ ¥¬ ª« áá ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå ­  ®âà¥§ª¥ [0; 1] äã­ª-
æ¨©. �ãáâì W 1H! =

�
f(x) 2 C1 : !(f (1); t) 6 !(t), 0 6 t 6 1

	
, £¤¥ !(t) | § ¤ ­­ë© ¬®¤ã«ì
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­¥¯à¥àë¢­®áâ¨. �¢¥¤¥¬ á«¥¤ãîé¨¥ ¢á¯®¬®£ â¥«ì­ë¥ äã­ªæ¨¨:

�(!; a; b;x) def=
1
2

(
!(a+ b� 2x); ¥á«¨ a 6 x 6 (a+ b)=2;

�!(2x� a� b); ¥á«¨ (a+ b)=2 6 x 6 b;

L(!; a; b;x) def=
Z x

a
�(!; a; b; t)dt; a 6 x 6 b;

¨ ®¡®§­ ç¥­¨ï EN
�
W 1H!; '(L)

� def= sup
�
kf � SN(f)k'(L) : f(x) 2W 1H!

	
; h def= 2�(k+1).

2. �¥®à¥¬  1. �ãáâì äã­ªæ¨ï '(x) 2 � ­¥¯à¥àë¢­  ¨ ¬®­®â®­­® ¢®§à áâ ¥â ­  ¯®«ãá¥£-

¬¥­â¥ [0;1). �®£¤  á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

EN(W
1H!; '(L)) 6 2i

Z h

0
'
�
L(!; 0; h;x)

�
dx+ (2k � i)

Z 2h

0
'
�
L(!; 0; 2h;x)

�
dx: (2)

�á«¨ !(t) | ¢ë¯ãª«ë© ¢¢¥àå ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨, â® ¢ (2) ¨¬¥¥â ¬¥áâ® §­ ª à ¢¥­áâ¢ .

�«ï ­¥¯à¥àë¢­®© ­  ®âà¥§ª¥ [a; b] äã­ªæ¨¨ g(x) ¯®« £ ¥¬



�
!(g); a; b;x

� def=
1
2

(
!(g; a + b� 2x); ¥á«¨ a 6 x 6 (a+ b)=2;

�!(g; 2x � a� b); ¥á«¨ (a+ b)=2 6 x 6 b:
(3)

�á¯®«ì§ãï (3), § ¯¨è¥¬

e
�!(g); a; b;x� def=
Z x

a



�
!(g); a; b; t

�
dt; a 6 x 6 b:

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1, ¢ ç áâ­®áâ¨, ®¯¨à ¥âáï ­  à¥§ã«ìâ â, ï¢«ïîé¨©áï à á¯à®áâà -
­¥­¨¥¬ «¥¬¬ë 6.3.2 ¨§ ([7], £«. 6, x 6.3, á. 277) ­  á«ãç © ¯à®áâà ­áâ¢  '(L).

�¥¬¬ . �ãáâì äã­ªæ¨ï g(x) ­¥¯à¥àë¢­  ­  ®âà¥§ª¥ [a; b],
bR
a

g(x)dx = 0 ¨ äã­ªæ¨ï '(x) 2 �

­¥¯à¥àë¢­  ¨ ¬®­®â®­­® ¢®§à áâ ¥â ­  ¯®«ãá¥£¬¥­â¥ [0;1). �®£¤  ¤«ï Q(g; a; b;x) def=
xR
a
g(t)dt

(a 6 x 6 b) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®Z b

a

'
�
Q(g; a; b;x)

�
dx 6

Z b

a

'
�e
(!(g); a; b;x)�dx:

�«¥¤áâ¢¨¥ 1. �ãáâì '(x) = jxjp (0 < p <1) ¨ !(t) | ¢ë¯ãª«ë© ¢¢¥àå ¬®¤ã«ì ­¥¯à¥àë¢­®-
áâ¨. �®£¤  ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

EN(W 1H!; Lp) =
�
2i
Z h

0

Lp(!; 0; h;x)dx + (2k � i)
Z 2h

0

Lp(!; 0; 2h;x)dx
�1=p

: (4)

�®« £ ï, ­ ¯à¨¬¥à, ¢ (4) p = 1, ¯®«ãç¨¬

EN(W 1H!; L1) =
i

2

Z h

0

x!(x)dx+
2k � i

4

Z 2h

0

x!(x)dx: (5)

�á«¨ ¢ (5) !�(t) = t�, £¤¥ 0 < � 6 1, â®

EN(W 1H!�; L1) =
i+ (2k � i)2�+1

2(�+ 2)
h�+2:
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�®¢¥àè¨¢ ¢ (4) ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¯à¨ p ! 1, ¯®«ãç¨¬ â®ç­ãî ®æ¥­ªã ¯®£à¥è­®áâ¨ ¯à¨-
¡«¨¦¥­¨ï ¢ ¬¥âà¨ª¥ ¯à®áâà ­áâ¢  C

EN(W
1H!; C) =

1
4

8>><>>:
hR
0

!(x)dx; ¥á«¨ N = 2k+1 (k 2 Z+);

2hR
0

!(x)dx; ¥á«¨ N = 2k + i (k 2 Z+; i = 1; 2k�1):
(6)

� ç áâ­®áâ¨, ¨§ (6) ¨¬¥¥¬

EN(W 1H!�; C) =
h�+1

4(�+ 1)

(
1; ¥á«¨ N = 2k+1;

2�+1; ¥á«¨ N = 2k + i (k 2 Z+; i = 1; 2k�1):

3. �¥®à¥¬  2. �ãáâì f(x) | ¯à®¨§¢®«ì­ ï ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ï ­  ®âà¥§ª¥ [0; 1]
äã­ªæ¨ï,   '(x) 2 � ­¥¯à¥àë¢­  ¨ ¬®­®â®­­® ¢®§à áâ ¥â ­  ¯®«ãá¥£¬¥­â¥ [0;1). �®£¤  ¨¬¥¥â
¬¥áâ® ­¥ã«ãçè ¥¬®¥ ­  ª« áá¥ C1 ­¥à ¢¥­áâ¢®

kf � SN(f)k'(L) 6 2i
Z h

0
'
�
x
4
!(f (1); h)

�
dx+ (2k � i)

Z 2h

0
'
�
x
4
!(f (1); 2h)

�
dx: (7)

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2 ®á­®¢ ­® ­  ¨á¯®«ì§®¢ ­¨¨ ¢ëâ¥ª îé¥£® ¨§ «¥¬¬ë á®®â­®è¥­¨ïZ b

a

'
�
Q(g; a; b;x)

�
dx 6

Z b�a

0

'
�
1
4
!(g; b � a)

�
dx;

­¥®¡å®¤¨¬®£® ¤«ï ¯®«ãç¥­¨ï ®æ¥­ª¨ á¢¥àåã ¢¥«¨ç¨­ë kf � SN(f)k'(L). �à¨ ¯®¬®é¨ á£« ¦¨¢ -
îé¥£® ®¯¥à â®à  �â¥ª«®¢  ¤ «¥¥ áâà®¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨©

	H(x)
def=

1
2H

Z x+H

x�H

	(t)dt; 0 < H � h;

£¤¥ 	(x) def=
n xR

0

sgn
�
cos �t

h

�
dt, ¥á«¨ 0 6 x 6 2ih;

xR
2ih

sgn
�
cos �

2h
(t � 2ih)

�
dt, ¥á«¨ 2ih 6 x 6 1

o
,

	(x+ 1) = 	(x) (x 2 R), ­  ª®â®àëå ¯à¨ H ! 0 ¯à®¢¥àï¥âáï ­¥ã«ãçè ¥¬®áâì ®æ¥­ª¨ (7) ­  C1.

�«¥¤áâ¢¨¥ 2. �ãáâì '(x) = jxjp (0 < p < 1) ¨ f(x) | ¯à®¨§¢®«ì­ ï ­¥¯à¥àë¢­® ¤¨ää¥-
à¥­æ¨àã¥¬ ï ­  ®âà¥§ª¥ [0; 1] äã­ªæ¨ï. �®£¤  á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

kf � SN(f)kLp 6
h1+1=p

4(p+ 1)1=p
�
2i!p(f (1); h) + (2k � i)2p+1!p(f (1); 2h)

	1=p
; (8)

ª®â®à®¥ ï¢«ï¥âáï ­¥ã«ãçè ¥¬ë¬ ­  ª« áá¥ C1.

�áâà¥¬«ïï ¢ (8) p ª 1, ¯®«ãç¨¬ ®æ¥­ªã ¯®£à¥è­®áâ¨ ¯à¨¡«¨¦¥­¨ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨
f(x) 2 C1 ç áâ­ë¬¨ áã¬¬ ¬¨ SN(f; x) ¢ ¬¥âà¨ª¥ ¯à®áâà ­áâ¢  C

kf � SN(f)kC 6
h

2

(
1
2
!(f (1); h); ¥á«¨ N = 2k+1 (k 2 Z+);

!(f (1); 2h); ¥á«¨ N = 2k + i (k 2 Z+; i = 1; 2k�1);

­¥ã«ãçè ¥¬ãî ­  ª« áá¥ C1.
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