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1. �¢¥¤¥¨¥

�ãáâì p1; p2; : : : ; pn; : : : | ¯®á«¥¤®¢ â¥«ì®áâì æ¥«ëå ¯®«®¦¨â¥«ìëå ç¨á¥«, pn � 2; m0 = 1
¨ mn = pnmn�1. �®£¤  «î¡®¥ ¢¥é¥áâ¢¥®¥ ç¨á«® x � 0 ¬®¦o ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

x =
1X
k=1

x�kmk�1 +
1X
k=1

xk
mk

; (1)

£¤¥ x�k � [ x

mk�1
] (mod pk), xk � [xmk] (mod pk), 0 � x�k, xk � pk � 1, [ ] | æ¥« ï ç áâì ç¨á«  a ¨

¯¥à¢ ï áã¬¬  ¢ (1) á®¤¥à¦¨â ª®¥ç®¥ ç¨á«® á« £ ¥¬ëå. � ¯¨áë¢ ï   «®£¨ç® y � 0, ¢¢¥¤¥¬
£àã¯¯®¢ãî ®¯¥à æ¨î � ª ª ®¯¥à æ¨î ¯®ª®®à¤¨ â®£® á«®¦¥¨ï ¯® á®®â¢¥âáâ¢ãîé¥¬ã ¬®¤ã«î

x� y =
1X
k=1

z�kmk�1 +
1X
k=1

zk
mk

; zk � xk + yk (mod pk); z�k � x�k + y�k (mod pk);

¨   «®£¨ç® ®¡à âãî ®¯¥à æ¨î 	 ¯®ª®®à¤¨ â®£® ¢ëç¨â ¨ï. �¡®¡é¥ë¥ ¬ã«ìâ¨¯«¨ª -
â¨¢ë¥ äãªæ¨¨ �(x; y) ®¯à¥¤¥«¨¬ á ¯®¬®éìî à ¢¥áâ¢  (á¬. [1])

�(x; y) = exp
�
2�i

1X
k=1

x�kyk + xky�k
pk

�
: (2)

�¡®§ ç¨¬ ç¥à¥§ D(x; �) =
�R
0

�(x; u)du ï¤à® �¨à¨å«¥ ®¡®¡é¥ëå ¬ã«ìâ¨¯«¨ª â¨¢ëå äãª-

æ¨© �(x; y). �á«¨ f 2 L[0;1), â® (á¬. [2], á. 129; [3]) äãªæ¨ï

F (y) =
Z 1

0

f(x)�(x; y)dx (3)

áãé¥áâ¢ã¥â ¢áî¤ã   [0;1), g-¥¯à¥àë¢  ¨ ¯à¨ y ! 1 ã¡ë¢ ¥â ª ã«î. �à®áâà áâ¢® â ª¨å
äãªæ¨© á ®à¬®© ¬ ªá¨¬ã¬ ¬®¤ã«ï ¡ã¤¥¬ ®¡®§ ç âì L1[0;1). �ãªæ¨î F (y)  §®¢¥¬ ¬ã«ì-
â¨¯«¨ª â¨¢ë¬ ¯à¥®¡à §®¢ ¨¥¬ �ãàì¥ äãªæ¨¨ f(x) ¨ ®¡®§ ç¨¬ F [f ] = F , £¤¥ ®¯¥à â®à
¤¥©áâ¢ã¥â ¨§ ¯à®áâà áâ¢  L[0;1) ¢ ¯à®áâà áâ¢® L1[0;1).

� ¬¥ç ¨¥. � [2] ¯à¨¢®¤¨âáï ¡®«¥¥ ®¡é¥¥, ç¥¬ (2), ®¯à¥¤¥«¥¨¥ ®¡®¡é¥ëå ¬ã«ìâ¨¯«¨ª -
â¨¢ëå äãªæ¨©. �§ á¢®©áâ¢ äãªæ¨© �(x; y), ª®â®àë¥ ¯à¨¢®¤¨«¨áì ¢ [2]{[4], ®â¬¥â¨¬ á«¥¤ã-
îé¥¥: �(x; y) = �[x](y)�[y](x), £¤¥ f�n(x)g1n=0 | ¯¥à¨®¤¨ç¥áª ï ¬ã«ìâ¨¯«¨ª â¨¢ ï ®àâ®®à¬¨-
à®¢  ï   [0; 1] á¨áâ¥¬  äãªæ¨© (ª®â®àë¥ ¬®¦® ®¯à¥¤¥«¨âì ¤«ï æ¥«ëå n ¯® ä®à¬ã«¥ (2):
�n(x) = �(x; n)), ¯à®¤®«¦¥ ï á ¯¥à¨®¤®¬ ¥¤¨¨æ    ¯®«ã®áì [0;1). �®«¥¥ ®¡é¥¥ ®¯à¥¤¥«¥¨¥
¢ ([2], á. 33{36) ¯à¥¤¯®« £ ¥â áãé¥áâ¢®¢ ¨¥ ¤¢ãå (¢®§¬®¦® à §«¨çëå) ¯®á«¥¤®¢ â¥«ì®áâ¥©
P1 = fpng ¨ P2 = fp�ng ®¡à §ãîé¨å ç¨á¥«, ª ¦¤ ï ¨§ ª®â®àëå ®¯à¥¤¥«ï¥â á¢®î £àã¯¯®¢ãî ®¯¥à -
æ¨î � ¨ á®®â¢¥âáâ¢ãîéãî ¥© ¯¥à¨®¤¨ç¥áªãî ¬ã«ìâ¨¯«¨ª â¨¢ãî á¨áâ¥¬ã äãªæ¨© f�(i)

n (x)g1n=0

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ 04-01-00717).
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(i = 1; 2), ¨ ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì ï¤à® ¬ã«ìâ¨¯«¨ª â¨¢®£® ¯à¥®¡à §®¢ ¨ï ª ª áªà¥é¥®¥
¯à®¨§¢¥¤¥¨¥ ¤ ëå á¨áâ¥¬ �(x; y) = �

(2)
[x] (y)�

(1)
[y] (x).

� [2] ãâ¢¥à¦¤¥¨ï ¨§ [4] ¯¥à¥ä®à¬ã«¨à®¢ ë ¤«ï ¬ã«ìâ¨¯«¨ª â¨¢ëå ¯à¥®¡à §®¢ ¨© ¤ -
®£® ¢¨¤ . �®§¬®¦ë ¨ ¤ «ì¥©è¨¥ ®¡®¡é¥¨ï ¯®ïâ¨ï ¬ã«ìâ¨¯«¨ª â¨¢®£® ¯à¥®¡à §®¢ ¨ï
�ãàì¥, ¥á«¨ ¢¬¥áâ® á¨áâ¥¬ f�(1)

n (x)g1n=0 ¨ f�(2)
m (x)g1m=0, áªà¥é¥®¥ ¯à®¨§¢¥¤¥¨¥ ª®â®àëå ¤ ¥â

ï¤à® �(x; y), ¢§ïâì ¨å ¯¥à¥áâ ®¢ª¨, á®åà ïîé¨¥ ª®áâ âë �¥¡¥£ . �«ï á¨áâ¥¬ë �®«è  (á«ã-
ç © pn � 2) ¨ �à¥áâ¥á® {�¥¢¨ (á«ãç © pn � p 6= 2) â ª®¢ë¬¨ ï¢«ïîâáï «î¡ë¥ «¨¥©ë¥
¯¥à¥áâ ®¢ª¨ (á¬. [5]). �«ï ¬ã«ìâ¨¯«¨ª â¨¢®© á¨áâ¥¬ë á à §«¨çë¬¨ ®¡à §ãîé¨¬¨ ç¨á« -
¬¨ ¬®¦® à áá¬ âà¨¢ âì â®«ìª® «¨¥©ë¥ ¯¥à¥áâ ®¢ª¨ ¢ãâà¨ ¯ ç¥ª. � [6] ¯à¨¢¥¤¥ë â ª¦¥
¤àã£¨¥ á¨áâ¥¬ë äãªæ¨©, ®¡®¡é îé¨¥ ¯®ïâ¨¥ ¬ã«ìâ¨¯«¨ª â¨¢®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥. �
¯¥à¥ç¨á«¥ë¬ ¢ § ¬¥ç ¨¨ ®¡®¡é¥¨ï¬ ¬ã«ìâ¨¯«¨ª â¨¢®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥ ®¡à â¨¬áï
¢ ª®æ¥ áâ âì¨, £¤¥ ®â¬¥â¨¬ á¢ï§ ë¥ á ¨¬¨ ¨§¬¥¥¨ï ¢ ¤®ª § â¥«ìáâ¢ å.

�®çª¨ x > 0, ¤®¯ãáª îé¨¥ ¤¢  à §«¨çëå (ª®¥ç®¥ ¨ ¡¥áª®¥ç®¥) à §«®¦¥¨ï â¨¯  (1),
 §®¢¥¬ pk-à æ¨® «ìë¬¨. �á«¨ ®¡« áâìî ®¯à¥¤¥«¥¨ï áç¨â âì \¬®¤¨ä¨æ¨à®¢ ãî" ¯®«ã®áì
[0;1), £¤¥ ª ¦¤ ï pk-à æ¨® «ì ï â®çª  x § ¬¥¥    ¤¢¥ â®çª¨ x � 0 ¨ x + 0, â® ¬ã«ìâ¨-
¯«¨ª â¨¢®¥ ¯à¥®¡à §®¢ ¨¥ �ãàì¥ ¬®¦® à áá¬ âà¨¢ âì ª ª ¯à¥®¡à §®¢ ¨¥ �ãàì¥   ¯¥à¨-
®¤¨ç¥áª®© ã«ì-¬¥à®© «®ª «ì®-ª®¬¯ ªâ®©  ¡¥«¥¢®© £àã¯¯¥ (®¯à¥¤¥«¥¨ï á¬.,  ¯à., ¢ [6],
á. 79).

2. �à¨ ¢¨¤  ®¯¥à â®à  ¨ ¨å íª¢¨¢ «¥â®áâì

�«ï ¯à¥®¡à §®¢ ¨ï �ãàì¥   «®ª «ì®-ª®¬¯ ªâëå £àã¯¯ å ¢ ¬®®£à ä¨¨ ([7], á. 248{269)
à áá¬ âà¨¢ «¨áì Lp-¯à¥®¡à §®¢ ¨ï:   ¨¬¥®, ®¯¥à â®à F ¯à¥®¡à §®¢ ¨ï �ãàì¥ ¤¥©áâ¢®¢ « ¢
á®¯àï¦¥®¥ ¯à®áâà áâ¢® Lp0 , p0 = p

p�1
, ¨ ®¯à¥¤¥«ï«áï ª ª ¯à®¤®«¦¥¨¥ á á®åà ¥¨¥¬ ®à¬ë

®¯¥à â®à , à áá¬®âà¥®£®   ª« áá¥ ä¨¨âëå äãªæ¨© ¨§ Lp. �£à ¨ç¥®áâì ®¯¥à â®à  F
¯à¨ 1 < p < 2 á«¥¤®¢ «  ¨§ ¥à ¢¥áâ¢  kF [f ]kp0 � kfkp, ª®â®à®¥ ¢ë¢®¤¨«®áì á ¯®¬®éìî ¨-
â¥à¯®«ïæ¨®®© â¥®à¥¬ë �¨áá {�®à¨  ¨§ ¥à ¢¥áâ¢  kF [f ]k1 � kfk1 ¨ ¨§ ä®à¬ã«ë �ãàì¥{
�« è¥à¥«ï kF [f ]k2 = kfk2, ¤®ª § â¥«ìáâ¢® ª®â®à®© á¬.,  ¯à., ¢ [8].

� [4] ¤«ï ¬ã«ìâ¨¯«¨ª â¨¢ëå ¯à¥®¡à §®¢ ¨© �ãàì¥ ãáâ ®¢«¥   «®£ â¥®à¥¬ë �¨âç-
¬ àè  ¤«ï ¯à¥®¡à §®¢ ¨© �ãàì¥ (¤®ª § â¥«ìáâ¢® á¬. ¢ [2]: 6.1.7, 6.3.1, 6.3.2). �¤¥áì ¨ ¤ «¥¥
kfkp = kfkLp[0;1).

�¥®à¥¬  A. �á«¨ f 2 Lp[0;1), 1 < p � 2, â® áãé¥áâ¢ã¥â

F [f ](u) = lim
a!1

(p0)
Z a

0

f(x)�(x; u)dx; (4)

¢ë¯®«¥® ¥à ¢¥áâ¢® � ãá¤®àä {�£  kF [f ]kp0 � kfkp ¨ ¯®çâ¨ ¢áî¤ã

F [f ](x) = d

dx

Z 1

0

f(y)D(y; x)dy; (5)

f(x) =
d

dx

Z 1

0

F [f ](y)D(y; x)dy: (6)

� ä®à¬ã«¥ (4), ª®â®àãî ¬®¦® áç¨â âì ®¯à¥¤¥«¥¨¥¬ Lp-¯à¥®¡à §®¢ ¨ï, lim(p0) ®¡®§ ç ¥â
áå®¤¨¬®áâì ¢ ¬¥âà¨ª¥ ¯à®áâà áâ¢  Lp0 [0;1).

�¥®à¥¬  A á¯à ¢¥¤«¨¢  ¨ ¤«ï ®¯¥à â®à  F�1, ä®à¬ «ì® § ¤ ¢ ¥¬®£® ¢ ¢¨¤¥

F�1[f ](u) =
1R
0

f(x)�(x; u)dx.

�¡®¡é¨¬ ¯®ïâ¨¥ Lp-¯à¥®¡à §®¢ ¨©. �¢¥¤¥¬ âà¨ á¯®á®¡  ®¯à¥¤¥«¥¨ï ®¯¥à â®à  ¬ã«ìâ¨-
¯«¨ª â¨¢®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥, ¤¥©áâ¢ãîé¥£® ¨§ ¯à®áâà áâ¢  Lp[0;1) ¢ ¯à®áâà áâ¢®
Lq[0;1) ¯à¨ 1 < p; q <1.
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�¯à¥¤¥«¥¨¥ 1. �¯¥à â®à®¬ FI  §®¢¥¬ â ª®© ®¯¥à â®à ¬ã«ìâ¨¯«¨ª â¨¢®£® ¯à¥®¡à §®¢ -
¨ï �ãàì¥, ª®â®àë© äãªæ¨¨ f 2 Lp[0;1) áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ äãªæ¨î

FI [f ](u) = lim
a!1(q)

aR
0

f(x)�(x; u)dx.

�¯à¥¤¥«¥¨¥ 2. �¯¥à â®à®¬ FII  §®¢¥¬ ®¯¥à â®à ï¢®£® ¢¨¤  (5). �® ¥áâì FII[f ] = F , ¥á«¨

f 2 Lp[0;1) ¨ äãªæ¨ï F (u) = d

du

1R
0

f(x)D(x; u)dx ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã Lq[0;1).

�à¥¦¤¥ ç¥¬ ¢¢¥áâ¨ ®¯à¥¤¥«¥¨¥ ®¯¥à â®à  FIII, ãáâ ®¢¨¬ â¥®à¥¬ã ® ¡ §¨á¥ ¢ ¯à®áâà áâ¢¥
Lp[0;1).

�â¢¥à¦¤¥¨¥ ® â®¬, çâ® á¨áâ¥¬  äãªæ¨© f�n(x)g1n=0 ï¢«ï¥âáï ¡ §¨á®¬ ¯à®áâà áâ¢  Lp[0; 1],
1 < p <1, ¢ëâ¥ª ¥â ¨§ ¥à ¢¥áâ¢ 

kSn(f)kLp[0;1] � BpkfkLp[0;1]; (7)

£¤¥ Sn(f; x) =
n�1P
k=0

ck(f)�k(k) | ç áâ ï áã¬¬  àï¤  �ãàì¥ ¯® á¨áâ¥¬¥ f�k(k)g,   Bp | ¥ª®â®à ï

ª®áâ â . �â® ¥à ¢¥áâ¢® ãáâ ®¢«¥® ¤«ï á¨áâ¥¬ë �®«è  ¢ [9], ¤«ï ¬ã«ìâ¨¯«¨ª â¨¢ëå
á¨áâ¥¬ á ®£à ¨ç¥ë¬¨ ¢ á®¢®ªã¯®áâ¨ ®¡à §ãîé¨¬¨ ç¨á« ¬¨ pn ¢ [10] ¨ ¤«ï ¯à®¨§¢®«ìëå
¬ã«ìâ¨¯«¨ª â¨¢ëå á¨áâ¥¬ ¢ [11].

� ë¥ à¥§ã«ìâ âë ¬®¦® à á¯à®áâà ¨âì   ¯®«ã®áì [0;1). �¯à¥¤¥«¨¬ á¨áâ¥¬ã äãªæ¨©
f k;n(x)g1k;n=0 à ¢¥áâ¢®¬  k;n(x) = �k(x)�n(x), £¤¥

�k(x) =

(
1; ¥á«¨ x 2 [k; k + 1);

0; ¥á«¨ x 2 [0; k)
S
[k + 1;1):

� ¯®¬®éìî   «®£¨ç®© á¨áâ¥¬ë ¢ [8] ¤®ª §   ä®à¬ã«  �ãàì¥{�« è¥à¥«ï, ª®â®à ï ¤«ï
¬ã«ìâ¨¯«¨ª â¨¢ëå ¯à¥®¡à §®¢ ¨© �ãàì¥ ¨¬¥¥â ¢¨¤Z 1

0

jf(x)j2dx =
1X

k;n=0

jaknj2 =
Z 1

0

jF [f ](u)j2du;

akn =
Z 1

0
f(x) k;n(x)dx: (8)

� ª ª ª ¤¢®©®© àï¤ áå®¤¨âáï  ¡á®«îâ®, â® á¨áâ¥¬  äãªæ¨© f k;n(x)g1k;n=0 ï¢«ï¥âáï ®àâ®®à-
¬¨à®¢ ë¬ ¡ §¨á®¬ ¯à®áâà áâ¢  L2[0;1).

�«ï äãªæ¨© ¨§ Lp[0;1) ¨§ ¥à ¢¥áâ¢  (7) á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì ¯à¥¤-
áâ ¢«¥¨ï ¢ ¢¨¤¥ ¯®¢â®à®£® àï¤ 

f(x) =
1X
k=0

1X
n=0

akn k;n(x); (9)

£¤¥ à ¢¥áâ¢® ¨ áå®¤¨¬®áâì ª ¦¤®£® àï¤  ¯®¨¬ ¥âáï ª ª áå®¤¨¬®áâì ¢ ¬¥âà¨ª¥ ¯à®áâà áâ¢ 
Lp[0;1). �¤ ª® ¯®¤®¡®¥ ®¯à¥¤¥«¥¨¥ á¨áâ¥¬ë äãªæ¨© á ¤¢ã¬ï ¨¤¥ªá ¬¨ ª ª ¡ §¨á  ¡  -
å®¢  ¯à®áâà áâ¢  ¡ë«® ¡ë ¥ ª®àà¥ªâ®.

� §®¢¥¬ ¯à ¢¨«ìë¬ ¬¥â®¤®¬ áã¬¬¨à®¢ ¨ï ¤¢®©®£® àï¤ 
1P

k;n=0
ckn «î¡®© â ª®© ¬¥â®¤ ¯®-

á«¥¤®¢ â¥«ì®£® ¯®áâà®¥¨ï ç áâëå áã¬¬, ¯à¨ ª®â®à®¬ ¥  àãè ¥âáï ¯®àï¤®ª á«¥¤®¢ ¨ï
í«¥¬¥â®¢ ¯® áâ®«¡æ ¬ ¨ ¯® áâà®ª ¬ ¨ ª ¦¤ë© í«¥¬¥â ckn ¤®áâ¨¦¨¬ §  ª®¥ç®¥ ç¨á«® è -
£®¢. �¥à¢®¥ âà¥¡®¢ ¨¥ ®§ ç ¥â, çâ® ç áâ ï áã¬¬  Sm à ¢  Sm�1 + ck0n0 , £¤¥ k0 ¨ n0 «î¡ë¥,
ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î: ¢á¥ ckn á ®¬¥à ¬¨ k � k0 ¨ n � n0 á®¤¥à¦ âáï ¢ áã¬¬¥ Sm. �
ç¨á«ã ¯à ¢¨«ìëå ¬¥â®¤®¢ áã¬¬¨à®¢ ¨ï ¤¢®©ëå àï¤®¢ ®â®áïâáï ¬¥â®¤ë áã¬¬¨à®¢ ¨ï ¯®
âà¥ã£®«ì¨ª ¬ ¨ ¯® ¯àï¬®ã£®«ì¨ª ¬.

11



�¯à¥¤¥«¥¨¥ 3. �¨áâ¥¬ã äãªæ¨© á ¤¢ã¬ï ¨¤¥ªá ¬¨ ffk;ng1k;n=0  §®¢¥¬ ¡ §¨á®¬ ¡  å®¢ 
¯à®áâà áâ¢ X, ¥á«¨ «î¡ ï äãªæ¨ï f 2 X ¯à¥¤áâ ¢¨¬  ¥¤¨áâ¢¥ë¬ ®¡à §®¬ ¢ ¢¨¤¥ ¤¢®©®£®

àï¤  f =
1P

k;n=0
aknfk;n, áå®¤ïé¥£®áï ¢ ¬¥âà¨ª¥ ¯à®áâà áâ¢  X ª ª ª ¦¤ë© ¨§ ¯®¢â®àëå àï¤®¢

¨ «î¡ë¬ ¯à ¢¨«ìë¬ ¬¥â®¤®¬ áã¬¬¨à®¢ ¨ï ¤¢®©®£® àï¤ .

�¥®à¥¬  1. �¨áâ¥¬  äãªæ¨© f k;n(x)g1k;n=0 ï¢«ï¥âáï ®àâ®®à¬¨à®¢ ë¬ ¡ §¨á®¬ ¯à®-

áâà áâ¢  Lp[0;1) ¯à¨ ¢á¥å 1 < p <1.

�®ª § â¥«ìáâ¢®. �àâ®®à¬¨à®¢ ®áâì á¨áâ¥¬ë f k;n(x)g   [0;1) ¢ëâ¥ª ¥â ¨§ ®àâ®®à-
¬¨à®¢ ®áâ¨ á¨áâ¥¬ë f�n(x)g   [0,1]:Z 1

0

 k;n(x) l;m(x)dx =

(
1; ¥á«¨ k = l ¨ n = m;

0; ¥á«¨ k 6= l ¨«¨ n 6= m:

�¥®à¥¬  ¡ã¤¥â ¤®ª §  , ¥á«¨ ãáâ ®¢¨¬ á«¥¤ãîé¨¥ ¤¢  à ¢¥áâ¢ :

f(x) =
1X
n=0

1X
k=0

akn k;n(x); (10)

f(x) =
1X

k;n=0

akn k;n(x); (11)

£¤¥ àï¤ë áå®¤ïâáï ¢ ¬¥âà¨ª¥ ¯à®áâà áâ¢  Lp[0;1) ¨ ¤¢®©®© àï¤ (11) áã¬¬¨àã¥âáï «î¡ë¬
¯à ¢¨«ìë¬ ¬¥â®¤®¬. �ãé¥áâ¢®¢ ¨¥ à §«®¦¥¨© (9){(11) ¢ëâ¥ª ¥â ¨§ ä®à¬ã«ë (8) ¢ëç¨á«¥-
¨ï ª®íää¨æ¨¥â®¢ ak;n,   ¥¤¨áâ¢¥®áâì à §«®¦¥¨© (9){(11) ¥áâì á«¥¤áâ¢¨¥ ãâ¢¥à¦¤¥¨ï ®
¥¤¨áâ¢¥®áâ¨ ¤«ï àï¤®¢ ¯® á¨áâ¥¬¥ f�n(x)g.

�¢¥¤¥¬ ®¡®§ ç¥¨ï hn(x) =
1P
k=0

akn k;n(x) =
� 1P
k=0

akn�k(x)
�
�n(x) ¨ f(x;N) =

N�1P
k=0

hk(x).

� ª ª ª jaknj �
k+1R
k

jf(x)jdx �
� k+1R

k

jf(x)jpdx
� 1
p

, â® khnkpp =
1P
k=0

jaknjp � kfkpp <1.

�«¥¤®¢ â¥«ì®, ¤«ï «î¡®£® N ¨¬¥¥¬ f(�; N) 2 Lp[0;1). �§ (7) ¢ëâ¥ª ¥â, çâ® ¯à¨ ¢á¥å N ,
K ¨¬¥¥¬ kf(�; N)kLp [K;1) � BpkfkLp[K;1). �®íâ®¬ã kf(�; N) � f(�)kLp[K;1) � (Bp + 1)kfkLp[K;1).
�«ï «î¡®£® ä¨ªá¨à®¢ ®£® " > 0 áãé¥áâ¢ã¥â K = K("), çâ® kfkLp[K;1) � "

2(Bp+1)
.

�«ï ¤ ëå " ¨ K  ©¤¥âáï â ª®¥ N = N(";K), çâ® ¯à¨ ¢á¥å k = 0; 1; : : : ;K � 1 ¨ n � N
¨¬¥¥¬ kf(�; n)� f(�)kLp[k;k+1] � "

2K
. �«¥¤®¢ â¥«ì®,

kf(�; n)� f(�)kp � kf(�; n)� fkLp[0;K] + kf(�; n)� fkLp[K;1) � ":

� ¢¥áâ¢® (10) ¤®ª § ®.
� áá¬®âà¨¬ ®¤¨ ¨§ ¯à ¢¨«ìëå ¬¥â®¤®¢ áã¬¬¨à®¢ ¨ï ¤¢®©®£® àï¤  | ¬¥â®¤ áã¬¬¨à®¢ -

¨ï ¯® ª¢ ¤à â ¬. �¢¥¤¥¬ á«¥¤ãîéãî ã¬¥à æ¨î ¯ à ç¨á¥« (k; n), ¨§¬¥ïîé¨åáï ®â 0 ¤® 1:
¥á«¨ k < n, â® l = l(k; n) = n2 + k; ¥á«¨ k � n, â® l = l(k; n) = k2 + k + n. �ç¥¢¨¤®, ¤ ®¥
á®®â¢¥âáâ¢¨¥ ¢§ ¨¬®®¤®§ ç®¥. �ãáâì  l(x) =  k;n(x) ¨ al = akn, £¤¥ l = l(k; n). � áá¬®âà¨¬

àï¤
1P
l=0

al l(x). �«ï ¯à®¨§¢®«ì®£® ä¨ªá¨à®¢ ®£® " > 0, ª ª ¨ à ¥¥,  å®¤¨¬ K = K(") ¨

N = N(";K). �ãáâì M = maxfK2; N 2g. �®£¤  ¯à¨ ¢á¥å m �M ¢ë¯®«¥®f � mX
l=0

al l


Lp[0;K]

+
f � mX

l=0

al l


Lp[K;1)

� K
"

2K
+ (Bp + 1)

"

2(Bp + 1)
= ":

�«ï ¯à®¨§¢®«ì®£® ¯à ¢¨«ì®£® ¬¥â®¤  áã¬¬¨à®¢ ¨ï, ª®â®àë© ®¯à¥¤¥«ï¥âáï ¥ª®â®àë¬ ¢§ -
¨¬®®¤®§ çë¬ á®®â¢¥âáâ¢¨¥¬ (k; n) �! l(k; n), ¢ë¡¨à ¥¬ M = l(K;N).

�«¥¤áâ¢¨¥ 1. �¨áâ¥¬  äãªæ¨© f k;n(u)g1k;n=0 ï¢«ï¥âáï ®àâ®®à¬¨à®¢ ë¬ ¡ §¨á®¬ ¯à®-
áâà áâ¢  Lp[0;1) ¯à¨ «î¡®¬ 1 < p <1.

12



�®ª § â¥«ìáâ¢®. �á¥ ãâ¢¥à¦¤¥¨ï, ª®â®àë¥ ¨á¯®«ì§®¢ «¨áì, ¢¥àë ¤«ï ª®¬¯«¥ªá®-á®¯àï-
¦¥ëå ¢ëà ¦¥¨©.

�«¥¤áâ¢¨¥ 2. �¯¥à â®à ¬ã«ìâ¨¯«¨ª â¨¢®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥ ®áãé¥áâ¢«ï¥â ¯¥à¥áâ -
®¢ªã ®àâ®®à¬¨à®¢ ®£® ¡ §¨á  f k;n(x)g1k;n=0 ¯® ä®à¬ã«¥ F [ k;n] =  n;k, ¥  àãè ï á¢®©áâ¢ 
¡ §¨á®áâ¨ á¨áâ¥¬ë ¢ ¯à®áâà áâ¢ å Lp[0;1).

�®ª § â¥«ìáâ¢®. � «®£¨ç ï ä®à¬ã«  ®â¬¥ç « áì ¢ [8], ¨ ¥¥ «¥£ª® ¯à®¢¥à¨âìZ 1

0

 k;n(x)�(x; y)dx =
Z k+1

k

�n(x)�[y](x) �[x](y)dx = �n(y)�k(y) =  n;k(y):

�«ï ¯¥à¨®¤¨ç¥áª¨å ¬ã«ìâ¨¯«¨ª â¨¢ëå äãªæ¨© ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® �en(y) = �n(y), £¤¥en� n = 0. �§ ¨¬®®¤®§ ç®¥ ®â®¡à ¦¥¨¥ n �! en ¥áâì ¯¥à¥áâ ®¢ª   âãà «ì®£® àï¤ .
�¥¯¥àì ¬®¦® ¢¢¥áâ¨ âà¥â¨© á¯®á®¡ ®¯à¥¤¥«¥¨ï ®¯¥à â®à  ¬ã«ìâ¨¯«¨ª â¨¢®£® ¯à¥®¡à §®-

¢ ¨ï �ãàì¥ ¨§ Lp[0;1) ¢ Lq[0;1) ª ª ®¯¥à â®à  ¬ã«ìâ¨¯«¨ª â¨¢®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥,
¨á¯®«ì§ãîé¥£® à §«®¦¥¨¥ ¯à®¨§¢®«ì®© äãªæ¨¨ f 2 Lp[0;1) ¯® ¡ §¨áã ¢ ¢¨¤¥ (9){(11).

�¯à¥¤¥«¥¨¥ 4. �¯¥à â®à®¬ FIII  §®¢¥¬ ®¯¥à â®à ¬ã«ìâ¨¯«¨ª â¨¢®£® ¯à¥®¡à §®¢ ¨ï

�ãàì¥ â ª®©, çâ® ¤«ï ¯à®¨§¢®«ì®© äãªæ¨¨ f 2 Lp[0;1) ¢¨¤  f(x) =
1P

k;n=0
akn k;n(x), £¤¥ akn

¢ëç¨á«¥ë ¯® ä®à¬ã«¥ (8), ¤¢®©®© àï¤
1P

k;n=0
akn n;k(u) ¥áâì à §«®¦¥¨¥ ¥ª®â®à®© äãªæ¨¨

F 2 Lq[0;1) ¯® ¡ §¨áã f n;k(u)g1n;k=0.

�¥®à¥¬  2. �¯¥à â®àë FI, FII, FIII ª ª ®¯¥à â®àë, ¤¥©áâ¢ãîé¨¥ ¨§ ¯à®áâà áâ¢  L
p[0;1)

¢ ¯à®áâà áâ¢® Lq[0;1), £¤¥ 1 < p; q <1, íª¢¨¢ «¥âë.

�®ª § â¥«ìáâ¢®. 1. �ãáâì f 2 Lp[0;1) ¨ áãé¥áâ¢ã¥â FI[f ] 2 Lq[0;1). �á«¨ kF �Fakq �! 0

¯à¨ a!1, â® á®£« á® ¥à ¢¥áâ¢ã ��¥«ì¤¥à  ¯à¨ ¢á¥å � > 0 ¨¬¥¥¬
�R
0

F (u)du = lim
a!1

�R
0

Fa(u)du.

�®íâ®¬ã ¯à¨ ¢á¥å � � 0Z �

0

FI[f ](u)du = lim
a!1

Z �

0

Z a

0

f(x)�(x; u)dx =
Z 1

0

f(x)D(x; �)dx:

�«¥¤®¢ â¥«ì®, FI[f ](u) = FII[f ](u) ¯à¨ ¯®çâ¨ ¢á¥å x,   § ç¨â, ¢ ¬¥âà¨ª¥ Lq[0;1). �â ª, ®¯¥à -
â®à FII ¥áâì ¯à®¤®«¦¥¨¥ ®¯¥à â®à  FI.

2. �ãáâì f 2 Lp[0;1) ¨ áãé¥áâ¢ã¥â FIII[f ] 2 Lq[0;1). �«ï ï¤à  �¨à¨å«¥ ¨§¢¥áâ® (á¬. [2],
á. 37; [4]) ¯à¥¤áâ ¢«¥¨¥

D(x; �) =

8>>><>>>:
[�]�1P
n=0

�n(x) + f�g�[�](x); ¥á«¨ 0 � x < 1;

�[�](x)
f�gR
0

�[x](y)dy; ¥á«¨ x � 1;
(12)

ª®â®à®¥ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

D(x; �) =
[�]�1X
n=0

 0;n(x) +
1X
k=0

�Z f�g

0

�k(y)dy
�
 k;[�](x):

�®£« á® (9) ¨ ®àâ®®à¬¨à®¢ ®áâ¨ äãªæ¨©  k;n(x) ¨¬¥¥¬Z 1

0

f(x)D(x; �)dx =
[�]�1X
n=0

a0n +
1X
k=0

�Z f�g

0

�k(y)dy
�
ak[�]: (13)
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�à¥¤áâ ¢¨¬ FIII[f ] ¢ ¢¨¤¥ ¯®¢â®à®£® àï¤  â¨¯  (9) ¨ ¢ëç¨á«¨¬Z �

0

FIII[f ](u)du =
[�]�1X
n=0

Z n+1

n

1X
k=0

akn n;k(u)du+
Z �

[�]

1X
k=0

ak[�] [�];k(u)du =

=
[�]�1X
n=0

a0n +
1X
k=0

�Z f�g

0
�k(y)dy

�
ak[�]:

�«¥¤®¢ â¥«ì®, FII[f ] = FIII[f ] ¢ Lq[0;1). �â ª, ®¯¥à â®à FII á«ã¦¨â ¯à®¤®«¦¥¨¥¬ ®¯¥à â®à 
FIII.

3. �ãáâì f 2 Lp[0;1) ¨ áãé¥áâ¢ã¥â FII[f ]. �ãªæ¨îFII[f ](u) à §«®¦¨¬ ¯® ¡ §¨áã f n;k(u)g1n;k=0

¢ Lq[0;1): FII[f ](u) =
1P

k;n=0
dkn n;k(u). �®£¤ 

Z �

0

FII[f ](u)du =
[�]�1X
n=0

d0n +
1X
k=0

�Z f�g

0

�k(y)dy
�
dk[�]: (14)

�¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨ ¤®ª ¦¥¬, çâ® ª®íää¨æ¨¥âë dkn à ¢ë ª®íää¨æ¨¥â ¬
akn à §«®¦¥¨ï äãªæ¨¨ f(x) ¯® ¡ §¨áã f k;n(x)g1k;n=0 ¢ ¯à®áâà áâ¢¥ L

p[0;1). � ç «  ®¯¨è¥¬
¯à ¢¨«  ¢ëç¨á«¥¨ï ª®íää¨æ¨¥â®¢ dkn, ¯à¨à ¢¨¢ ï (13) ¨ (14).

�®¤áâ ¢«ïï ¢¬¥áâ® � ç¨á«  0; 1; 2; : : : , ¯®«ãç ¥¬ à ¢¥áâ¢  d00 = a00, d00 + d01 = a00 + a01,
d00 + d01 + d02 = a00 + a01 + a02 ¨ â. ¤. �¤ãªæ¨ï ¯® ¯¥à¢®¬ã áâ®«¡æã ®ç¥¢¨¤ . �®¤áâ ¢«ïï
ç¨á«  � = 1

m1
, � = 2

m1
; : : : ; � = m1�1

m1
, ¯®«ãç ¥¬ á¨áâ¥¬ã ¨§ (m1 � 1) ãà ¢¥¨© á ¥¨§¢¥áâë¬¨

d10; d20; : : : ; dm1�10. �¥à¢ë¥ ¤¢  ¨§ ¨å á«¥¤ãîé¨¥:

1
m1

(d00 + !d10 + � � �+ !m1�1dm1�10) =
1
m1

(a00 + � � �+ !m1�1am1�10);

1
m1

(2d00 + (! + !2)d10 + � � �+ (!m1�1 + !2(m1�1))dm1�10) =
1
m1

(2a00 + (! + !2)a10 + � � � );

£¤¥ ! = exp
� � 2�i

m1

�
. �á«¨ ¨§ ª ¦¤®© ¯®á«¥¤ãîé¥© áâà®ª¨ ¢ëç¥áâì ¯à¥¤ë¤ãéãî, ã¬®¦¨âì  

m1 ¨ ¯¥à¥¥áâ¨ ¢¯à ¢® á« £ ¥¬ë¥ á ã¦¥ ¢ëç¨á«¥ë¬ ª®íää¨æ¨¥â®¬ d00, â® ¯®«ãç¨¬ á¨áâ¥¬ã
ãà ¢¥¨© á ¬ âà¨æ¥© 0BBB@

! !2 : : : !m1�1

!2 !4 : : : !2(m1�1)

...
...

. . .
...

!m1�1 !2(m1�1) : : : !(m1�1)(m1�1)

1CCCA ;
à £ ª®â®à®© à ¢¥ m1 � 1. �«¥¤®¢ â¥«ì®, á¨áâ¥¬  ãà ¢¥¨© ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥
dk0 = ak0 ¯à¨ k = 1; 2; : : : ;m1 � 1.

� «®£¨ç® à ááã¦¤ ¥¬, ¯®¤áâ ¢«ïï ç¨á«  � = 1+ 1
m1
, � = 1+ 2

m1
; : : : ; � = 1+ m1�1

m1
. �®«ãç¨¬,

çâ® dk1 = ak1 ¯à¨ k = 1; 2; : : : ;m1 � 1. � â ª ¤ «¥¥ ¤«ï ®áâ «ìëå áâ®«¡æ®¢ ¨áå®¤®© ¬ âà¨æë
(dkn)1k;n=0.

� «¥¥, ¯®¤áâ ¢«ïï ç¨á«  ¢¨¤  � = s

m2
, £¤¥ ¢ ª ç¥áâ¢¥ s ¡¥à¥¬ ¢á¥ ¥ ¤¥«ïé¨¥áï   p2 ç¨á«  ®â

1 ¤® m2�1,  å®¤¨¬ á«¥¤ãîé¨¥ (m2�m1) ¥¨§¢¥áâëå: dk0 = ak0 ¯à¨ k = m1;m1+1; : : : ;m2�1.
�à¨ íâ®¬ ¯®«ì§ã¥¬áï â¥¬, çâ® ¯®«ãç ¥¬ ï (¯®á«¥ ¯¥à¥®á  ¢ ¯à ¢ãî ç áâì ãà ¢¥¨© áâ®«¡æ®¢ á
ã¦¥ ¢ëç¨á«¥ë¬¨ ª®íää¨æ¨¥â ¬¨ dkn) ¬ âà¨æ  ¥¢ëà®¦¤¥ , â. ª. ï¢«ï¥âáï ç áâìî ¬ âà¨æë
¤¨áªà¥â®£® ¬ã«ìâ¨¯«¨ª â¨¢®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥ (á¬. [1]). � â ª ¤ «¥¥.

�®àï¤®ª ¢ëç¨á«¥¨ï ª®íää¨æ¨¥â®¢ dkn ¬®¦® ®à£ ¨§®¢ âì ¯® ª¢ ¤à â ¬ (dkn)
ms�1
k;n=0.

� ª ª ª dkn = akn ¯à¨ ¢á¥å k; n � 0, â® ¨§ (13), (14) ¢ëâ¥ª ¥â, çâ® FII[f ] = FIII[f ] ¢ ¬¥âà¨ª¥
¯à®áâà áâ¢  Lq[0;1). �â ª, ®¯¥à â®à FIII ¥áâì ¯à®¤®«¦¥¨¥ ®¯¥à â®à  FII. � ç¨â, ®¯¥à â®àë
FII ¨ FIII íª¢¨¢ «¥âë.

14



4. �ãáâì f 2 Lp[0;1) ¨ áãé¥áâ¢ã¥â FIII[f ], â. ¥. á¯à ¢¥¤«¨¢ë à §«®¦¥¨ï (9){(11) ¨   «®-
£¨ç® ¤«ï FIII[f ] á â¥¬¨ ¦¥ ª®íää¨æ¨¥â ¬¨ akn. �á«¨

fM(x) =

(
f(x) ¯à¨ x 2 [0;M);

0 ¯à¨ x 2 [M;1);

â® F (u;M) = FIII[fM ](u) =
1P
n=0

M�1P
k=0

akn n;k(u).

�â¬¥â¨¬, çâ® fM 2 L[0;1) ¨ ¤«ï fM (x) áãé¥áâ¢ã¥â ¬ã«ìâ¨¯«¨ª â¨¢®¥ ¯à¥®¡à §®¢ ¨¥
�ãàì¥ (3), ª®â®à®¥ ¯®çâ¨ ¢áî¤ã   [0;1) á®¢¯ ¤ ¥â á äãªæ¨¥© FIII[fM ](u). �â® á«¥¤ã¥â ¨§
íª¢¨¢ «¥â®áâ¨ ®¯¥à â®à®¢ FII ¨ FIII ¨ â®£®, çâ® ¯à¨ p = 1 ®áâ îâáï ¢ á¨«¥ ¢á¥ ãâ¢¥à¦¤¥¨ï
â¥®à¥¬ë A §  ¨áª«îç¥¨¥¬ (6).

�¡®§ ç¨¬ hk(u) =
1P
n=0

akn n;k(u). � «ì¥©è¨¥ à ááã¦¤¥¨ï ¯®¢â®àïîâ ¤®ª § â¥«ìáâ¢® áå®-

¤¨¬®áâ¨ ¯®¢â®à®£® àï¤  (10) ¢ â¥®à¥¬¥ 1. � ª ª ª FIII[f ] 2 Lq[0;1), â® ¯à¨ ¢á¥å k ¨¬¥¥¬
hk 2 Lq[0;1), ¯à¨ ¢á¥å M ¨¬¥¥¬ F (�;M) 2 Lq[0;1) ¨ kF (�;M) �FIII[f ]kq ! 0 ¯à¨ M !1.

3. �¯¥à â®à ªàãç¥¨ï (ç¥â¢¥àâë© ¢¨¤)

� [12] (  ¢ [13], [14] ¤«ï ¯à¥®¡à §®¢ ¨© ¡®«¥¥ ®¡é¥£® ¢¨¤ )  ©¤¥ë á®¡áâ¢¥ë¥ äãªæ¨¨
®¯¥à â®à  F ¬ã«ìâ¨¯«¨ª â¨¢®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥ ¨ ¯¥à¥ç¨á«¥ë ¢á¥ ¥£® á®¡áâ¢¥ë¥
§ ç¥¨ï: 1, i, �1, �i. �ë¤¥«¨¬ ¤¢  ®á®¢ëå á«ãç ï ¬ã«ìâ¨¯«¨ª â¨¢ëå ¯à¥®¡à §®¢ ¨© �ã-
àì¥, ¤«ï ª®â®àëå ¤¥©áâ¢¨¥ ®¯¥à â®à  F ¢ ¡ §¨á¥ ¨§ á®¡áâ¢¥ëå äãªæ¨© ¨¬¥¥â à §ë© ¢¨¤.

� ç «  ¨§ãç¨¬  ¨¡®«¥¥ ¯à®áâ®© ¨ ¨â¥à¥áë© á ¯à ªâ¨ç¥áª®© â®çª¨ §à¥¨ï á«ãç © ¯à¥-
®¡à §®¢ ¨ï �®«è  (®¡à §ãîé¨¥ ç¨á«  â®¦¤¥áâ¢¥® à ¢ë ¤¢ã¬), ª®£¤  à áá¬ âà¨¢ îâáï ¯à®-
áâà áâ¢  ¤¥©áâ¢¨â¥«ì®§ çëå äãªæ¨©.

�¥®à¥¬  3. �à®áâà áâ¢® L2[0;1) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯àï¬®© áã¬¬ë ®àâ®£® «ì-

ëå ¤®¯®«¥¨© L2[0;1) = L2
+[0;1) � L2

�[0;1), ¨¢ à¨ âëå ®â®á¨â¥«ì® ®¯¥à â®à  F
¯à¥®¡à §®¢ ¨ï �®«è : F [f ] = f ¤«ï «î¡®© f 2 L2

+[0;1) ¨ F [f ] = �f ¤«ï «î¡®© f 2 L2
�[0;1);

L2
+[0;1) ¥áâì ®¡à § ®¯¥à â®à  (I + F) : L2[0;1) ! L2[0;1),   ¯à®áâà áâ¢® L2

�[0;1) ¥áâì
®¡à § ®¯¥à â®à  (I � F) : L2[0;1) ! L2[0;1), £¤¥ I | â®¦¤¥áâ¢¥ë© ®¯¥à â®à; á¨áâ¥-
¬  äãªæ¨© f n;n; 1p

2
( k;n +  n;k)g1k;n=0 (k<n) { ®àâ®®à¬¨à®¢ ë© ¡ §¨á ¢ L2

+[0;1),   á¨áâ¥¬ 
äãªæ¨© f 1p

2
( k;n �  n;k)g1k;n=0 (k<n) | ®àâ®®à¬¨à®¢ ë© ¡ §¨á ¢ L2

�[0;1).

�®ª § â¥«ìáâ¢®. � á«ãç ¥ ¯à¥®¡à §®¢ ¨© �®«è  äãªæ¨¨  k;n(x) ¯à¨¨¬ îâ § ç¥¨ï
0, 1 ¨ �1. �®íâ®¬ã F [ n;k] =  k;n ¨, á«¥¤®¢ â¥«ì®, F2[f ] = f ¤«ï «î¡®© f 2 L2[0;1). �®£¤ 
(I + F)F = (F + I), (I �F)F = �(I � F). �à¥¤áâ ¢¨¬ ¯à®¨§¢®«ìãî f 2 L2 ¢ ¢¨¤¥ f = f1 + f2,
£¤¥ f1 = 1=2(f + F [f ]), f2 = 1=2(f �F [f ]). �®£¤  F [f1] = f1 ¨ F [f2] = �f2,  

4(f1; f2) = (f + F [f ]; f �F [f ]) = f 2 � (F [f ])2 = 0:

�®£« á® à ¢¥áâ¢ã � àá¥¢ «ï ¯¥à¥å®¤ ®â ¡¥§ãá«®¢®£® ®àâ®®à¬¨à®¢ ®£® ¡ §¨á  f n;kg1k;n=0

¯à®áâà áâ¢  L2[0;1) ª ¡¥§ãá«®¢®¬ã ®àâ®®à¬¨à®¢ ®¬ã ¡ §¨áã fg+nn; g+kn; g�kng1k;n=0 (k<n), £¤¥
g+kn =

1p
2
( k;n+ n;k), g+nn =  n;n, g

�
kn =

1p
2
( k;n� n;k), ®ç¥¢¨¤¥. �à®áâà áâ¢® L2

+[0;1) ï¢«ï¥âáï
§ ¬ëª ¨¥¬ «¨¥©®© ®¡®«®çª¨ f g+kng,   ¯à®áâà áâ¢® L2

�[0;1) ï¢«ï¥âáï § ¬ëª ¨¥¬ «¨¥©®©
®¡®«®çª¨ fg�kng.

�â¬¥â¨¬, çâ® ®¯¥à â®àë P+ = 1=2(I + F), P� = 1=2(I � F) áãâì ®¯¥à â®àë ®àâ®£® «ì®-
£® ¯à®¥ªâ¨à®¢ ¨ï ¢ L2[0;1)   ¯à®áâà áâ¢  L2

+[0;1) ¨ L2
�[0;1) á®®â¢¥âáâ¢¥®. � ¨¬¥®,

P 2
+ = P+, P 2

� = P�, P+(P�) = 0, kerP+ = L2
�[0;1), kerP� = L2

+[0;1), ImP+ = L2
+[0;1),
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ImP� = L2
�[0;1). �¥©áâ¢¨ï ¯à®¥ªâ®à®¢   äãªæ¨ïå ¡ §¨á :

P+[ k;n] = P+[ n;k] =
1p
2
g+kn; P+[ n;n] =  n;n = g+nn;

P�[ k;n] =
1p
2
g�kn; P�[ n;k] = � 1p

2
g�kn; P�[ n;n] = 0:

� ë© ¡ §¨á ¨§ á®¡áâ¢¥ëå äãªæ¨© ¯à¥®¡à §®¢ ¨ï �®«è  ¯à¥¤«®¦¥ ¢ [15]. �¢¥¤¥¬
ã¬¥à æ¨î fvn(x)g1n=0 íâ®£® ¡ §¨á . �ãáâì v0 =  0;0, vn2+2n =  n;n, vn2+2k = 1p

2
( k;n +  n;k),

vn2+2k+1 = 1p
2
( k;n �  n;k), £¤¥ 0 � k < n.

�¥®à¥¬  4. �¨áâ¥¬  äãªæ¨© fvn(x)g1n=0 ï¢«ï¥âáï ¡ §¨á®¬ ¯à®áâà áâ¢  Lp[0;1) ¯à¨ «î-
¡®¬ 1 < p <1.

�à¨ p 6= 2 íâ®â ¡ §¨á ¥ ï¢«ï¥âáï ¡¥§ãá«®¢ë¬.

�®ª § â¥«ìáâ¢®. �«ï ¯à®¨§¢®«ì®£® m 2 N  ©¤¥¬ n ¨§ ãá«®¢¨ï n2 � m < (n+ 1)2. �á«¨

ci =
1R
0

f(x)vi(x)dx| ª®íää¨æ¨¥âë �ãàì¥ ¯® á¨áâ¥¬¥ fvn(x)g1n=0, â® ç áâë¥ áã¬¬ë ¯® íâ®© ¦¥

á¨áâ¥¬¥ ¨¬¥îâ ¢¨¤

Vm(f ;x) =
m�1X
i=0

civi(x) = Vn2(f ;x) +
m�1X
i=n2

civi(x)

(áã¬¬  ®âáãâáâ¢ã¥â, ¥á«¨ ¢¥àå¨© ¨¤¥ªá ¬¥ìè¥ ¨¦¥£®).
�®íää¨æ¨¥âë ci ¢ëà ¦ îâáï ç¥à¥§ ª®íää¨æ¨¥âë �ãàì¥ ¯® á¨áâ¥¬¥ f n;kg1k;n=0:

ci =

8>><>>:
ann; ¥á«¨ i = n2 � 1, n 2 N ;
1p
2
(akn + ank); ¥á«¨ i = n2 + 2k, k; n 2 N, k < n;

1p
2
(akn � ank); ¥á«¨ i = n2 + 2k + 1, k; n 2 N, k < n:

�âáî¤  cn2+2jvn2+2j + cn2+2j+1vn2+2j+1 = ajn j;n + anj n;j .

�«¥¤®¢ â¥«ì®, Vn2(f) =
n2�1P
i=0

civi(x) =
n�1P
l;j=0

alj l;j =
n�1P
i=0

Sn(fi;x), £¤¥ fi(x) = f(x)�i(x).

�«ï ®¬¥à®¢ ¢¨¤  m = n2 + 2k, £¤¥ 0 < k < n, ç áâ ï áã¬¬ 

Vm(f) = Vn2(f) +
k�1X
j=0

(ajn j;n + anj n;j) =
k�1X
i=0

Sn+1(fi) +
n�1X
i=k

Sn(fi) + Sk(fn)

á®®â¢¥âáâ¢ã¥â ®¤®¬ã ¨§ ¬¥â®¤®¢ áã¬¬¨à®¢ ¨ï ¯® ª¢ ¤à â ¬, ¤®ª § â¥«ìáâ¢® ¤«ï ª®â®à®£®
¯à¨¢¥¤¥® ¢ â¥®à¥¬¥ 1. � ª ª ª akn ! 0 ¯à¨ áâà¥¬«¥¨¨ å®âï ¡ë ®¤®£® ¨§ ¨¤¥ªá®¢ ª 1, â®
¤®¡ ¢«¥¨¥ ¯à®¬¥¦ãâ®çëå ®¬¥à®¢ m = n2 + 2k + 1 ¥ ¢«¨ï¥â   áå®¤¨¬®áâì Vm(f ;x) ª f(x) ¢
Lp[0;1).

�«ï ¯à¥®¡à §®¢ ¨© �®«è  ¢¢¥¤¥¬ äãªæ¨¨

'�n(x) =

(
2n; ¥á«¨ x 2 [0; 2�n);

0; ¥á«¨ x 2 [2�n;1);
'n(x) =

(
1; ¥á«¨ x 2 [0; 2n);

0; ¥á«¨ x 2 [2n;1):

� íâ¨å ®¡®§ ç¥¨ïå F ['�n] = 'n, F ['n] = '�n, â. ª. '�n =
2n�1P
k=0

 0;k, 'n =
2n�1P
k=0

 k;0.

�ãªæ¨ï f(x) =
1P
n=1

1
2n=2

'�n(x) á«ã¦¨â ¯à¨¬¥à®¬ äãªæ¨¨ â ª®©, çâ® f 2 Lp[0;1) ¯à¨ 1 <

p < 2, f =2 L2[0;1), F [f ] 2 Lq[0;1) ¯à¨ q > 2, F [f ] =2 L2[0;1). �«¥¤®¢ â¥«ì®, äãªæ¨¨
f1 = P+[f ], f2 = P�[f ] ¥ ¯à¨ ¤«¥¦ â ¯à®áâà áâ¢ã Lp[0;1) ¯à¨ «î¡®¬ p.
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�¥¯¥àì à áá¬®âà¨¬ á«ãç © ¬ã«ìâ¨¯«¨ª â¨¢®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥, ¤«ï ª®â®à®£® ¢á¥
®¡à §ãîé¨¥ ç¨á«  ¥ç¥âë¥. � íâ®¬ã á«ãç î ®â®áïâáï, ¢ ç áâ®áâ¨, ¯à¥®¡à §®¢ ¨ï �à¥áâ¥-
á® {�¥¢¨ á ®¡à §ãîé¨¬¨ ç¨á« ¬¨ pn � p, £¤¥ p 6= 2 ¯à®áâ®¥. � íâ®¬ á«ãç ¥ ª ¦¤ ï ¯ çª 
ç¨á¥« ®â mr�1 ¤® mr � 1 ¢ª«îç¨â¥«ì® ¤¥«¨âáï   ¤¢¥ à ¢ë¥ ¯®«ã¯ çª¨: «¥¢ ï | ®â mr�1 ¤®
Mr�1 � 1, ¯à ¢ ï | ®â Mr�1 ¤® mr � 1, £¤¥ Mr�1 = mr�1(

pr+1
2
).

�¡®§ ç¨¬ ç¥à¥§ ek ã àãî ®¯¥à æ¨î ¢ëç¨á«¥¨ï ®¡à â®£® í«¥¬¥â  ®â®á¨â¥«ì® ®¯¥à -

æ¨¨ �: k� ek = 0. �ç¥¢¨¤®, eek = k. �¥®¡å®¤¨¬®áâì à áá¬®âà¥¨ï ¤¢ãå á«ãç ¥¢ ¢®§¨ª«  ¨¬¥®
¨§-§  ®â«¨ç¨ï ¤ ®© ®¯¥à æ¨¨ ¯à¨ ç¥âëå ¨ ¥ç¥âëå ®¡à §ãîé¨å ç¨á« å.

�¥¬¬  1. �á«¨ k 6= 0, â® k 6= ek. �à¨ íâ®¬ ç¨á«  k, ek  å®¤ïâáï ¢ à §ëå ¯®«®¢¨ å («¥¢®©
¨ ¯à ¢®©) ®¤®© ¨ â®© ¦¥ ¯ çª¨.

�®ª § â¥«ìáâ¢® ¢ëâ¥ª ¥â ¨§   «¨§  áâ àè¨å à §àï¤®¢ ¢ ä®à¬ã«¥ (1) ¤«ï ¤ ëå ç¨á¥«.
� íâ¨å ®¡®§ ç¥¨ïå ä®à¬ã«  F [ k;n] =  n;k ¨§ á«¥¤áâ¢¨ï 2 ¯à¨¬¥â ¢¨¤ F [ k;n] =  

n;ek.
�«¥¤®¢ â¥«ì®, ®¯¥à â®à F ¬ã«ìâ¨¯«¨ª â¨¢®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥ ¥áâì ®¯¥à â®à ç¥-

â¢¥àâ®£® ¯®àï¤ª : F4 = I | â®¦¤¥áâ¢¥ë© ®¯¥à â®à. � ¨¬¥®, F :  k;n !  n;~k !  ~k;~n !
 ~n;k !  k;n.

�¥¬¬  2. �à¡¨â  !(k; n) «î¡®£® ¥âà¨¢¨ «ì®£® (k2 + n2 6= 0) í«¥¬¥â   k;n(x) áâ -
¤ àâ®£® ¡ §¨á  ®â®á¨â¥«ì® ®¯¥à â®à  F á®áâ®¨â à®¢® ¨§ ç¥âëà¥å à §«¨çëå äãªæ¨©

!(k; n) = f k;n(x);  n;~k(x);  ~k;~n(x);  ~n;k(x)g.
�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬,   «¨§¨àãï ¨¤¥ªáë.
�«ãç © k = 0: (0; n); (n; 0); (0; en); (en; 0) | à §«¨çë¥ ¯ àë ç¨á¥«. �«ãç © n = 0 ¤ ¥â â®â ¦¥

 ¡®à ¯ à: (k; 0); (0; ek); (ek; 0); (0; k). �«ãç © k = n: (n; n); (n; en); (en; en); (en; n) | à §«¨çë¥ ¯ àë
ç¨á¥«. �«ãç © k = en ¤ ¥â â®â ¦¥  ¡®à ¯ à.

�¡é¨© á«ãç © | k 6= 0, n 6= 0, k 6= n, k 6= en ¯à®¢¥àï¥âáï ¯® ¯à¥¤ë¤ãé¥© «¥¬¬¥.

�à¨ ¤«¥¦®áâì ª ®¤®© ®à¡¨â¥ ¤«ï äãªæ¨© áâ ¤ àâ®£® ¡ §¨á  ¥áâì ®â®è¥¨¥ íª¢¨¢ -
«¥â®áâ¨, ª®â®à®¥ ¯®§¢®«ï¥â à §¡¨âì ¢á¥ äãªæ¨¨ ¡ §¨á    ª« ááë íª¢¨¢ «¥â®áâ¨ !(k; n).

�¡®§ ç¨¬ ç¥à¥§ !k;n = f(k; n); (n; ek); (ek; en); (en; k)g á®®â¢¥âáâ¢ãîé¨¥ ª« ááë íª¢¨¢ «¥â®áâ¨
  ¬®¦¥áâ¢¥ ¯ à æ¥«ëå ¥®âà¨æ â¥«ìëå ç¨á¥«, âà¨¢¨ «ìë© ª« áá !0;0 = f(0; 0)g. �áâ «ìë¥
ª« ááë íª¢¨¢ «¥â®áâ¨ ¯¥à¥ã¬¥àã¥¬ ®¤®© ¨§ íâ¨å ¯ à ¯® á«¥¤ãîé¥¬ã ¯à ¢¨«ã. �« áá !k;n
áç¨â ¥¬ § ¯¨á ë¬ ¢ ª ®¨ç¥áª®© ä®à¬¥, ¥á«¨

1) k < mr�1 � n < en (¤«ï á«ãç ï ¨¤¥ªá®¢ ¨§ à §ëå ¯ ç¥ª),
2) k < ek ¨ n < en (¤«ï á«ãç ï ¨¤¥ªá®¢ ¨§ ®¤®© ¯ çª¨mr�1 � k; ek; n; en < mr). �à¨ íâ®¬ ¯ àã

(k; n)  §®¢¥¬ ª ®¨ç¥áª®©. �®¦¥áâ¢® ¢á¥å ª ®¨ç¥áª¨å ¯ à (¢ª«îç ï âà¨¢¨ «ìãî)
®¡®§ ç¨¬ �. �®£¤ 

Mr�1�1[
k=0

Mr�1�1[
n=mr�1

!(k; n) = f k;n(x)gmr�1
k;n=0 n f k;n(x)gmr�1�1

k;n=0 ;

£¤¥ Mr�1 = mr�1(
pr+1
2
). �«¥¤®¢ â¥«ì®,

S
(k;n)2�

!(k; n) = f k;n(x)g1k;n=0.

�¥®à¥¬  30. �à®áâà áâ¢® L2[0;1) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯àï¬®© áã¬¬ë ç¥âëà¥å

¢§ ¨¬® ®àâ®£® «ìëå ¯à®áâà áâ¢ äãªæ¨©

L2[0;1) = L2
0 � L2

1 � L2
2 � L2

3;

¨¢ à¨ âëå ®â®á¨â¥«ì® ®¯¥à â®à  F ª ª ¯à¥®¡à §®¢ ¨ï ¨§ L2[0;1) ¢ L2[0;1):
F [f ] = (�i)lf ¤«ï «î¡®© f 2 L2

l , l = 0; 1; 2; 3.
�¯¥à â®àë Al = 1=4(I + ilF + (ilF)2 + (ilF)3) ï¢«ïîâáï ¯à®¥ªâ®à ¬¨ (¨¤¥¬¯®â¥âë¬¨

íà¬¨â®¢ë¬¨ ®¯¥à â®à ¬¨) ¨§ ¯à®áâà áâ¢  L2[0;1)   ¯à®áâà áâ¢  L2
l á®®â¢¥âáâ¢¥®.
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�àâ®®à¬¨à®¢ ë¬ ¡ §¨á®¬ ¯à®áâà áâ¢  L2
l á«ã¦¨â á¨áâ¥¬  äãªæ¨© fg(l)k;ng, £¤¥

l = 0; 1; 2; 3, ¯ àë (k; n) ¯à®¡¥£ îâ ¬®¦¥áâ¢® ª ®¨ç¥áª¨å § ç¥¨© � á ®¤¨¬ ¨áª«îç¥-

¨¥¬, âà¨¢¨ «ì®© ¯ à¥ (0; 0) á®®â¢¥âáâ¢ã¥â ®¤  äãªæ¨ï g
(0)
0;0 =  0;0,   ¤«ï ®áâ «ìëå

g
(l)
k;n = 2Al[ k;n].

�®ª § â¥«ìáâ¢®. � ª ª ª ®¯¥à â®à F ¤¥©áâ¢ã¥â ¨§ L2[0;1) ¢ L2[0;1), â® ¨ ®¯¥à â®àë Al

¤¥©áâ¢ãîâ ¨§ L2[0;1) ¢ L2[0;1). �¡®§ ç¨¬ L2
l = ImAl. � ¬¥â¨¬, çâ® I = A0 +A1 +A2 +A3.

� ¢¥áâ¢® �« è¥à¥«ï (f; g) = (F [f ];F [g]) ¢«¥ç¥â F� = F�1, ®âªã¤  ¢á«¥¤áâ¢¨¥ à ¢¥áâ¢ 
F4 = I ¯®«ãç ¥¬ F� = F3, (F3)� = F , (F2)� = F2.

�«¥¤®¢ â¥«ì®, ®¯¥à â®àë Al íà¬¨â®¢ë:

A�
l = 1=4(I� + (ilF)� + ((ilF)2)� + ((ilF)3)�) = 1=4(I + (�i)l(F)3 + ((�i)lF)2 + (�i)3lF) = Al:

� áá¬®âà¨¬ ª®¬¯®§¨æ¨î ®¯¥à â®à®¢ Al ¨ Aj :

AlAj = 1=16(I + ilF + i2lF2 + i3lF3 + ijF + il+jF2 + i2l+jF3 + i3l+jF4 + i2jF2 + il+2jF3 +

+ i2l+2jF4 + i3l+2jF5 + i3jF3 + il+3jF4 + i2l+3jF5 + i3l+3jF6) = 1=4(1 + ij�l + i2(j�l) + i3(j�l))Al:

�«¥¤®¢ â¥«ì®, ®¯¥à â®àë Al ®àâ®£® «ìë (AlAj = 0 ¥á«¨ l 6= j) ¨ ¨¤¥¬¯®â¥âë ((Al)2 = Al).
�®£« á® ([7], B57) ®¯¥à â®àë Al ¯à®¥ªâ¨¢ë¥.

� «®£¨ç® ¯à®¢¥àï¥âáï, çâ®

FA0 = A0; FA1 = �iA1; FA2 = �A2; FA3 = iA3:

�¥£ª® ¯à®¢¥à¨âì, çâ® ®àâ®®à¬¨à®¢ ë© ¡ §¨á ¯à®áâà áâ¢  L2[0;1) (¯à¥¤«®¦¥ë© ¢ [13])
¨§ á®¡áâ¢¥ëå äãªæ¨©

g
(0)
0;0 =  0;0; g

(l)
k;n = 2Al[ k;n] = 1=2( k;n(x) + il n;~k(x) + i2l ~k;~n(x) + i3l ~n;k(x));

£¤¥ (k; n) 2 � n (0; 0), ¤«ï ª ¦¤®£® l = 0; 1; 2; 3 á®áâ ¢«ï¥â ®àâ®®à¬¨à®¢ ë© ¡ §¨á á®®â¢¥â-
áâ¢ãîé¥£® ¯à®áâà áâ¢  L2

l .

�â ª, ãáâ ®¢¨«¨, çâ® ®¯¥à â®à F ¥áâì ®¯¥à â®à ªàãç¥¨ï ¢ L2[0;1). �«ï «î¡®© f 2 L2[0;1)
áãé¥áâ¢ã¥â ¯à¥¤áâ ¢«¥¨¥ f = f0 + f1 + f2 + f3 â ª®¥, çâ® fl = Al[f ] 2 L2

l � L2[0;1) ¨ F [f ] =
f0 + if1 � f2 � if3, F2[f ] = f0 � f1 + f2 � f3, F3[f ] = f0 � if1 � f2 + if3. �ã¤¥¬ áç¨â âì, çâ® íâ®
ç¥â¢¥àâ ï ä®à¬  ®¯¥à â®à  F ,  ¨¡®«¥¥ ã¤®¡ ï ¨  £«ï¤ ï ¢ ¯à®áâà áâ¢¥ L2[0;1). �¤ ª®
¢ ¯à®áâà áâ¢ å Lp[0;1) ®  ¥ ¯à¨¬¥¨¬ , çâ® ¨««îáâà¨àã¥âáï   «®£¨çë¬ ¯à¨¬¥à®¬, ª ª
¨ ¤«ï ¯à¥®¡à §®¢ ¨ï �®«è , â. ª. äãªæ¨¨ fl ¥ ®¡ï§ ë ¯à¨ ¤«¥¦ âì Lp[0;1) ¯à¨ p 6= 2.

�¯à ¢¥¤«¨¢®   «®£¨ç®¥ á¯¥ªâà «ì®¥ à §«®¦¥¨¥ ([16], á. 316) ®¯¥à â®à  ®¡ëç®£® ¯à¥-
®¡à §®¢ ¨ï �ãàì¥ ª ª ®¯¥à â®à  ªàãç¥¨ï.

�à¥¤«®¦¨¬ ã¬¥à æ¨î fvn(x)g1n=0 ¡ §¨á  ¯à®áâà áâ¢  L2[0;1) ¨§ á®¡áâ¢¥ëå äãªæ¨©
®¯¥à â®à  F : v2mr�1(pr�1)k+4n+m2

r�1
�4mr�1+l = g

(l)
k;n, £¤¥ (k; n) 2 � n (0; 0), v0 =  0;0.

�¥®à¥¬  40. �¨áâ¥¬  äãªæ¨© fvn(x)g1n=0 ï¢«ï¥âáï ¡ §¨á®¬ ¯à®áâà áâ¢  Lp[0;1) ¯à¨
«î¡®¬ 1 < p <1.

�à¨ p 6= 2 íâ®â ¡ §¨á ¥ ï¢«ï¥âáï ¡¥§ãá«®¢ë¬.

�å¥¬  ¤®ª § â¥«ìáâ¢ . �ë¤¥«¨¬ ç áâë¥ áã¬¬ë ¯® á¨áâ¥¬¥ fvn(x)g, ï¢«ïîé¨¥áï ç áâ-

ë¬¨ áã¬¬ ¬¨ ¯® á¨áâ¥¬¥ f k;n(x)g ¯® ª¢ ¤à â ¬: Vm2
r
(f ;x) =

mr�1P
i;j=0

aij i;j(x). �¨ á®¢¯ ¤ îâ á

ãáà¥¤¥¨¥¬ mr-áà¥§ª¨ äãªæ¨¨ f ¯® ¨â¥à¢ « ¬ r-£® à £ .
�«ï ¯à¥¤«®¦¥®© ã¬¥à æ¨¨ ¢¥¤ãé¨¬ ¨¤¥ªá®¬ á®®â¢¥âáâ¢ãîé¥© ª ®¨ç¥áª®© ¯ àë (k; n)

áç¨â ¥¬ k, ª®â®àë© ä¨ªá¨àã¥â ¢ë¡à ë© æ¥«®ç¨á«¥ë© ¨â¥à¢ «. �«ï ç áâëå áã¬¬ á
¯à®¬¥¦ãâ®çë¬¨ (¬¥¦¤ã m2

r�1 ¨ m2
r) ®¬¥à ¬¨ ¢®§¬®¦ë âà¨ à §«¨çëå á«ãç ï: k = 0,

1 � k < mr�1, mr�1 � k < Mr�1. � á¨«ã à ¢¥áâ¢   n;~k =  n;k ®â¤¥«ìë¥ ç áâë¥ áã¬¬ë
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  ®â¤¥«ìëå æ¥«®ç¨á«¥ëå ¨â¥à¢ « å à áá¬ âà¨¢ ¥¬ ¯® á®¯àï¦¥®© á¨áâ¥¬¥, ª®â®à ï â ª-
¦¥ ï¢«ï¥âáï á¨áâ¥¬®© áå®¤¨¬®áâ¨ ¢ Lp. �à¨ k = 0    ç «ì®¬ ¨â¥à¢ «¥ ¨¤¥â ç¥à¥¤®¢ ¨¥

1; e1; 2; e2; : : : ; p1 � 1; ^(p1 � 1); : : : �®íâ®¬ã Vs � Vm2
r�1

à áá¬ âà¨¢ ¥¬   ã«¥¢®¬ ¨â¥à¢ «¥ ª ª
¤¢¥ ç áâë¥ áã¬¬ë ¯® ®á®¢®© ¨ á®¯àï¦¥®© á¨áâ¥¬ ¬, ª®â®àë¥   «¨§¨àã¥¬ ª ª áã¬¬ë ¯®
à §«¨çë¬ ¯®¤¯ çª ¬ ¨ ¢ãâà¨ á¨¬¬¥âà¨çëå ¯®¤¯ ç¥ª. �«ï á«ãç ï 1 � k < mr�1 ®á®¢ ï
¬®¤¥«ì ï á¨âã æ¨ï ¢®§¨ª ¥â ¤«ï ®¬¥à , ¯à¥¤è¥áâ¢ãîé¥£® ®¬¥àã, á®®â¢¥âáâ¢ãîé¥¬ã ª -
®¨ç¥áª®© ¯ à¥ (Mr�2; 0), ª®£¤    ¢á¥å æ¥«®ç¨á«¥ëå ¨â¥à¢ « å ãç áâª  [1;mr�1) ¡¥àãâáï
ç áâë¥ áã¬¬ë ¯® ¯®«ã¯ çª ¬ (á«¥¢   ç «ìë¥ ¯®«ã¯ çª¨,   á¯à ¢  ª®¥çë¥ ¯®«ã¯ çª¨).
�â®â á«ãç © á¢®¤¨âáï ª ¯à ¢¨«ì®¬ã ¬¥â®¤ã áã¬¬¨à®¢ ¨ï ¯® ¯àï¬®ã£®«ì¨ª ¬, ¥á«¨   ¨-
â¥à¢ « å á¯à ¢  à áá¬ âà¨¢ âì ç áâë¥ áã¬¬ë ¢¨¤  Smr

+Smr�1
�SMr�1

,   ¥ SMr�1
, ª ª á«¥¢ . �

âà¥âì¥¬ á«ãç ¥ ¨á¯®«ì§ã¥âáï â®â ¦¥ ¯à¨¥¬ á â®© à §¨æ¥©, çâ®   ®â¤¥«ì®¬ ¨â¥à¢ «¥ ¯¥à¥å®¤
  á®¯àï¦¥ãî á¨áâ¥¬ã ¥ ¢ á¥à¥¤¨¥ ¯ çª¨,   ¢ ¯à®¨§¢®«ì®© â®çª¥.

4. �¤¨áâ¢¥®áâì, § ¬ªãâ®áâì ¨ ¥®£à ¨ç¥®áâì ®¯¥à â®à 

�¥®à¥¬  ¥¤¨áâ¢¥®áâ¨ Lp-¯à¥®¡à §®¢ ¨© (¤«ï ¯à¥®¡à §®¢ ¨© �ãàì¥   «®ª «ì®-ª®¬-
¯ ªâëå £àã¯¯ å) ¯à¨¢¥¤¥  ¢ [7]. �«ï ®¯¥à â®à®¢ ¬ã«ìâ¨¯«¨ª â¨¢ëå ¯à¥®¡à §®¢ ¨© �ãàì¥,
¤¥©áâ¢ãîé¨å ¨§ ¯à®áâà áâ¢  Lp[0;1) ¢ ¯à®áâà áâ¢® Lq[0;1), 1 < p; q <1, ãáâ ®¢¨¬ á«¥¤ã-
îé¨¥ ¤¢¥ â¥®à¥¬ë ¥¤¨áâ¢¥®áâ¨.

�¥®à¥¬  5. �á«¨ f 2 Lp[0;1) ¨ F [f ](u) = 0 ¢ ¬¥âà¨ª¥ ¯à®áâà áâ¢  Lq[0;1), £¤¥

1 < p; q <1, â® f(x) = 0 ¢ ¬¥âà¨ª¥ ¯à®áâà áâ¢  Lp[0;1).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ®¯¥à â®à FIII ¨ ¯à¨¬¥¨¬ á¢®©áâ¢® ¥¤¨áâ¢¥®áâ¨ à §«®¦¥-
¨ï äãªæ¨© ¨§ Lq[0;1) ¯® ¡ §¨áã f n;k(u)g1k;n=0. �«ï p = 1 ¨ q = 1 â¥®à¥¬  5 ãáâ ®¢«¥ 
¢ [8].

�¥®à¥¬  6. �ãáâì f 2 Lp[0;1)
T
Lr[0;1) ¨ F1(u) = F [f ](u) ¤«ï ®¯¥à â®à  F : Lp[0;1) !

Lq[0;1),   F2(u) = F [f ](u) ¤«ï ®¯¥à â®à  F : Lr[0;1) ! Ls[0;1), £¤¥ 1 < p; q; r; s < 1. �®£¤ 

F1(u) ¯®çâ¨ ¢áî¤ã   [0;1) á®¢¯ ¤ ¥â á F2(u).

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ ¯à¨¬¥¥¨ï ®¯¥à â®à  FII.

�¥®à¥¬  6 ®áâ ¥âáï ¢ á¨«¥, ¥á«¨ p = 1, q =1 ¨ à áá¬®âà¥ F ¢¨¤  (3). � «®£¨ç® ¤®ª §ë-
¢ îâáï â¥®à¥¬ë ¥¤¨áâ¢¥®áâ¨ ¤«ï ®¯¥à â®à  F�1.

�à¨ 1 < p � 2 ®¯¥à â®à Lp-¯à¥®¡à §®¢ ¨ï, â. ¥. ¤¥©áâ¢ãîé¨© ¢ á®¯àï¦¥®¥ ¯à®áâà áâ¢®,
ï¢«ï¥âáï ¥¯à¥àë¢ë¬, ¥£® ®à¬  à ¢  1. �¥©áâ¢¨â¥«ì®, ¢ [4] ¯®ª §   ¥ã«ãçè ¥¬®áâì ¥-
à ¢¥áâ¢  � ãá¤®àä {�£  kF [f ]kp0 � kfkp ¤«ï ¬ã«ìâ¨¯«¨ª â¨¢ëå ¯à¥®¡à §®¢ ¨© �ãàì¥.
� ([7], á. 730) ®â¬¥ç¥®, çâ® «î¡ ï Lp-¬ ªá¨¬ «ì ï äãªæ¨ï ¨¬¥¥â ¢¨¤ (¢  è¨å ®¡®§ ç¥¨-
ïå) ��(x; y)'n;l(x). �¤¥áì � | ¯à®¨§¢®«ì®¥ ª®¬¯«¥ªá®¥ ç¨á«®, y 2 [0;1), n æ¥«®¥,   l æ¥«®¥
¥®âà¨æ â¥«ì®¥. �ãªæ¨¨ 'n;l(x) ®¯à¥¤¥«¨¬   [0;1) ¯à¨ k � 0:

'k;l(x) =

(
1; ¥á«¨ x 2 I�k(l) = [lmk; (l + 1)mk);

0; ¥á«¨ x =2 I�k(l);

'�k;l(x) =

(
mk; ¥á«¨ x 2 Ik(l) = [ l

mk
; l+1
mk

);

0; ¥á«¨ x =2 Ik(l):
(15)

� «¥¥ (â¥®à¥¬  8) ãáâ ®¢¨¬, çâ® ¯à¨ p 6= q0 ¨«¨ p > 2 ®¯¥à â®à F ¨§ Lp[0;1) ¢ Lq[0;1) ï¢«ï¥âáï
¥®£à ¨ç¥ë¬. �®ª ¦¥¬ â ª¦¥, çâ® ¯à¨ ¢á¥å 1 < p; q <1 ®¯¥à â®à F § ¬ªãâë©.

�¥®à¥¬  7. �ãáâì kfk�fkp ! 0 ¨ kFk�Fkq ! 0 ¯à¨ k !1, £¤¥ Fk = F [fk]. �®£¤  F = F [f ].

19



�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ®¯¥à â®à FII. � ª ª ª D(�; �) 2 Lp[0;1) ¯à¨ 1 < p < 1 (á¬.

[2], [4]), â® á®£« á® ¥à ¢¥áâ¢ã ��¥«ì¤¥à 
��� 1R
0

[fk(x) � f(x)]D(x; �)dx
��� � kfk � fkpkD(�; �)kp0 ¯à¨

k !1 ¤«ï ¢á¥å � � 0 ¨¬¥¥â ¬¥áâ® áå®¤¨¬®áâì
�R
0

F [fk](u)du!
1R
0

f(x)D(x; �)dx.

C ¤àã£®© áâ®à®ë, â. ª. F (u) = lim
k!1

(q)Fk(u), â®
�R
0

Fk(u)du !
�R
0

F (u)du ¯à¨ k ! 1. �«¥¤®¢ -

â¥«ì®,
�R
0

F (u)du =
1R
0

f(x)D(x; �)dx ¯à¨ ¢á¥å � � 0. � ç¨â, F (u) = FII[f ](u).

�¥®à¥¬  8. �«ï «î¡®£® 1 < p <1 áãé¥áâ¢ãîâ äãªæ¨¨ f; g 2 Lp[0;1) â ª¨¥, çâ®
a) ¤«ï ¢á¥å " > 0 ¨¬¥¥¬ f =2 Lp�"[0;1) ¨ g =2 Lp+"[0;1);
¡) F [f ];F [g] 2 Lp0 [0;1);
¢) ¤«ï ¢á¥å � > 0 ¨¬¥¥¬ F [f ] =2 Lp0+�[0;1), F [g] =2 Lp0��[0;1).
�«ï «î¡®£® q > 2 áãé¥áâ¢ã¥â ' 2 Lq[0;1) â ª ï, çâ® F ['] =2 Lq0 [0;1). �®«¥¥ â®£®, äãª-

æ¨î '(x) ¬®¦® ¢ë¡à âì â ª, çâ® ¤«ï ¢á¥å 1 � r � 1 ¢ë¯®«¥® F ['] =2 Lr[0;1).

�®ª § â¥«ìáâ¢®. �ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§ ç¥¨¥ ¨â¥à¢ «®¢ n-£® à £  In(l) ¨ äãªæ¨©
'n(x) = 'n;0(x) ¨§ (15). �®£« á® ¯à¥¤ë¤ãé¥© â¥®à¥¬¥ ® § ¬ªãâ®áâ¨ ®¯¥à â®à  F ¨áª®¬ë¥

äãªæ¨¨ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ àï¤®¢ ¯® äãªæ¨ï¬ 'n(x). �ãáâì an � 0 ¨
1P
n=0

an < 1.

� áá¬®âà¨¬ äãªæ¨î f(x) =
1P
n=0

an'n(x). �¡®§ ç¨¬ d� =
1P
k=�

ak. �®£¤  f(x) = d� , ¥á«¨

x 2 [m��1;m�), ¨ f(x) = d0, ¥á«¨ x 2 [0; 1).
�®íâ®¬ã f 2 Lp[0;1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ Z 1

0

��f(x)��pdx = dp0 +
1X
�=1

(m� �m��1)d
p
� <1: (16)

�à¥¡®¢ ¨¥ f =2 Lp�"[0;1) íª¢¨¢ «¥â® ãá«®¢¨î

1X
�=1

(m� �m��1)dp�"� =1: (17)

� ª ª ª ¯à¨ n � 0 ¨¬¥¥¬ 'n =
mn�1P
k=0

 k;0, '�n =
mn�1P
k=0

 0;k, â® F ['n] = '�n ¨ F ['�n] = 'n. �®íâ®¬ã

F [f ](u) =
1P
n=0

an'�n(u) ¨«¨ F [f ](u) =
kP

s=0
asms ¯à¨ u 2 [ 1

mk+1
; 1
mk
). �«¥¤®¢ â¥«ì®,

Z 1

0

jF [f ](u)jqdu =
1X
k=0

�
1
mk

� 1
mk+1

�� kX
s=0

asms

�q
: (18)

�«ï ¨áª®¬®© äãªæ¨¨ f(x), § ¤ ®© ¯®á«¥¤®¢ â¥«ì®áâìî dk = k�1m
�1

p

k , ¢ë¯®«¥® (16) ¨ (17):
1P
�=1

(m� �m��1)dp� <
1P
�=1

1
�p
<1,

1X
�=1

(m� �m��1)dp�"� =
1X
�=1

�
1� 1

p�

�
m"

�

�p�"
=1:

� ª ª ª ak = dk � dk+1, â® akmk < dkmk. � «¥¥

dk�1mk�1 =
k

k � 1
p
�1

p0

k dkmk �
�
1 +

1
k � 1

�
2
�1

p0 dkmk:
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�®íâ®¬ã ¯à¨ k � k0, £¤¥ k0 ä¨ªá¨à®¢ ®,
kX

s=0

dsms � C1(k0) +
kX

s=k0

�
1 +

1
k0 � 1

�
2
k0�k

p0 dkmk � C2dkmk:

�âáî¤ 

kF [f ]kp0p0 �
k0�1X
k=0

�
1
mk

� 1
mk+1

�� kX
s=0

dsms

�p0
+

+
1X

k=k0

�
1
mk

� 1
mk+1

�
(C2dkmk)

p0 � C3 +C4

1X
k=k0

1
kp0

<1:

� ¤àã£®© áâ®à®ë,

kF [f ]kp0+�p0+� �
1X
k=0

�
1
mk

� 1
mk+1

��
m

1� 1
p

k

k
� m

1� 1
p

k

(k + 1)p
1
p

k+1

�p0+�
�

�
1X
k=0

�
1� 1

pk+1

�
m

�
p0

k

�
1

k(k + 1)

�p0+�
=1:

�ãáâì g(x) =
1P
n=0

an'�n(x), £¤¥ dk = k�1m
�1

p0

k . �®£¤  F [g](u) =
1P
n=0

an'n(u) ¨ § ¤ ç  á¢®¤¨âáï

ª ã¦¥ à áá¬®âà¥®© äãªæ¨¨ f(x).

�ãáâì q > 2 ¨ '(x) =
1P
n=1

an'n(x), £¤¥ an = n
�1

q0 m
�1

q
n . �®£¤  an+1 = 1

p

1
q
n+1

( n

n+1
)
1

q0 an < 2
�1

q an ¨,

á«¥¤®¢ â¥«ì®, d� =
1P
k=�

ak <
1P
k=0

2
�k
q a� = (1� 2

�1

q )�1a� . �®íâ®¬ã

k'kqq = dq0 +
1X
�=1

(m� �m��1)d
q
� � dq0 +

1X
�=1

(m� �m��1)(m��
q

q0 )�1(1� 2
�1

q )�q <1:

� ¤àã£®© áâ®à®ë,

kF [']kq0q0 =
1X
k=1

�
1
mk

� 1
mk+1

�� kX
s=1

asms

�q0
�

1X
k=1

�
1� 1

pk+1

�
1
mk

�
m

1� 1
q

k

k
1

q0

�q0
� 1
2

1X
k=1

1
k
=1:

�ã¬¬  ¯®áâà®¥ëå ¢ëè¥ äãªæ¨© g(x) ¨ '(x) ¥áâì ¯à¨¬¥à äãªæ¨¨, ä®à¬ «ì® ¢ëç¨á«¥®¥
¬ã«ìâ¨¯«¨ª â¨¢®¥ ¯à¥®¡à §®¢ ¨¥ �ãàì¥ ª®â®à®© ¥ ¯à¨ ¤«¥¦¨â ¨ ®¤®¬ã ¨§ ¯à®áâà áâ¢
Lr[0;1).

5. � à ¢¥áâ¢¥ �« è¥à¥«ï

�¥®à¥¬  9. �á«¨ f;G 2 Lp[0;1), 1 � p � 2, â® ¢ë¯®«¥® ®¡®¡é¥®¥ à ¢¥áâ¢® �« è¥-

à¥«ï
1R
0

f(x)g(x)dx =
1R
0

F (x)G(x)dx, £¤¥ F (x) = F [f ](x) ¨ g(x) = F�1[G](x).

�®ª § â¥«ìáâ¢® (¢ [4] ¡®«¥¥ ¯®¤à®¡®¥). �à¨ p = 1 ®ç¥¢¨¤®,Z 1

0

G(x)
�Z 1

0

f(y)�(y; x)dy
�
dx =

Z 1

0

f(y)
�Z 1

0

G(x) �(y; x)dx
�
dy:

�á«¨ 1 < p � 2, â® F [f ](x) = lim
a!1

(p0)F (x; a), £¤¥ F (x; a) =
aR
0

f(u)�(u; x)du. � à ¢¥áâ¢¥

bR
0

F (x; a)G(x)dx =
aR
0

f(u)g(u; b)du, £¤¥ g(u; b) =
bR
0

G(x)�(u; x)dx, ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯® a ! 1,

§ â¥¬ ¯® b!1.
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� ¬¥ç ¨¥. �á«¨ p > 2, â® â¥®à¥¬  9 ¥¢¥à . � ¨¬¥®, áãé¥áâ¢ãîâ f;G 2 Lp[0;1) â ª¨¥,
çâ® g = F�1[G] =2 Lp0 [0;1) ¨ fg =2 L[0;1). �à¨ ¯®áâà®¥¨¨ ¯à¨¬¥à  ¯®« £ ¥¬ pk = const.

�ãáâì f(x) = ( mk

k ln2 k
)
1
p , ¥á«¨ x 2 [ 1

mk+1
; 1
mk
), k = 2; 3; : : : , ¨ f(x) = 0, ¥á«¨ x 2 [ 1

m2
;1). �ãáâì

g(x) = (mk

k
)
1

p0 , ¥á«¨ x 2 [ 1
mk+1

; 1
mk
), k = 1; 2; 3; : : : , ¨ g(x) = 0, ¥á«¨ x 2 [ 1

m1
;1).

�®£¤  kfkpp =
1P
k=2

mk

k ln2 k
( 1
mk
� 1

mk+1
) <1, kgkp0p0 =

1P
k=1

mk

k
( 1
mk
� 1

mk+1
) =1, ® g 2 Lp0�" ¤«ï " > 0.

�á«¨ ¤«ï g(x) ¢®á¯®«ì§ã¥¬áï ¯à¥¤áâ ¢«¥¨¥¬ g(x) =
1P
n=1

an'�n(x), â®
nP

k=1
akmk = (mn

n
)
1

p0

¨ F [g](u) =
1P
n=1

an'n(u) (áãé¥áâ¢ã¥â ª ª ¬ã«ìâ¨¯«¨ª â¨¢®¥ L2-¯à¥®¡à §®¢ ¨¥). �¡®§ ç¨¬

G(u) = F [g](u).
�à ¢¨¬ á äãªæ¨¥© '(x) ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 8. � ¬¥â¨¬, çâ® G(u) � '(u)   [0;1),

â. ª. ¨§ ãá«®¢¨ï anmn <
nP

k=1
akmk á«¥¤ã¥â an < 1

m
1
p
n n

1

p0
. �®£¤  kGkpp � k'kpp <1.

� ª ª ª f(x)g(x) = mk

k

1

(ln k)
2
p
, ¥á«¨ x 2 [ 1

mk+1
; 1
mk
), k = 2; 3; : : : , â®

Z 1

0

f(x)g(x)dx =
1X
k=2

mk

k(lnk)
2
p

� ( 1
mk

� 1
mk+1

) =1:

6. �¡ ®¡®¡é¥¨ïå ¬ã«ìâ¨¯«¨ª â¨¢®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥

�à®  «¨§¨àã¥¬ ¤®ª § ë¥ â¥®à¥¬ë ¤«ï ¬ã«ìâ¨¯«¨ª â¨¢®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥ á
ï¤à®¬ ¢ ¢¨¤¥ áªà¥é¥®£® ¯à®¨§¢¥¤¥¨ï à §«¨çëå á¨áâ¥¬ �(x; y) = �

(2)
[x] (y)�

(1)
[y] (x).

�®£¤  ¢ â¥®à¥¬¥ 1 ¨ ¢ á«¥¤áâ¢¨¨ 1 à áá¬ âà¨¢ ¥¬ ¤¢¥ á¨áâ¥¬ë äãªæ¨© f (i)
k;n(x)g1k;n=0 ®â¤¥«ì-

® (£¤¥  (i)
k;n(x) = �k(x)�(i)

n (x), i = 1; 2) ¨ á¨áâ¥¬ë á®¯àï¦¥ëå á ¨¬¨ äãªæ¨©. � á«¥¤áâ¢¨¨ 2 ®â-

¬¥ç ¥¬, çâ® F [ (1)
k;n] =  

(2)
n;k. �®®â¢¥âáâ¢¥® ¢ ®¯à¥¤¥«¥¨¨ 4 âà¥¡ã¥¬: ¥á«¨ f(x) =

1P
k;n=0

akn 
(1)
k;n(x),

â® FIII[f ](u) =
1P

k;n=0
akn 

(2)
n;k(u). �®à¬ã«  (12) ¯à¨¬¥â ¢¨¤ (1.5.38) ¨§ [2]. �¥®à¥¬ë 2, 5{7, 9 ¯à ª-

â¨ç¥áª¨ ¥ ¨§¬¥ïîâáï. � â¥®à¥¬¥ 8 ç¨á«  mn ¢ ä®à¬ã« å (16){(18) ¨ ¢ ®¯à¥¤¥«¥¨¨ äãªæ¨©
'n(x) ã¦® áâà®¨âì ¯® ¯®á«¥¤®¢ â¥«ì®áâ¨ P2. �¥®à¥¬ë 3, 4 ¤«ï áãé¥áâ¢¥® à §«¨çëå ¡ -
§¨á®¢ ¥ ä®à¬ã«¨àãîâáï.

�â® § ¬¥ç ¨¥ (ªà®¬¥ ¯®á«¥¤¥£® ¯à¥¤«®¦¥¨ï) ®áâ ¥âáï ¢ á¨«¥, ¥á«¨ ¢¬¥áâ® á¨áâ¥¬ f�(1)
n (x)g,

f�(2)
m (y)g à áá¬®âà¨¬ (¯à¨ ¯®áâà®¥¨¨ áªà¥é¥®£® ¯à®¨§¢¥¤¥¨ï) á¨áâ¥¬ë fw(1)

n (x)g, fw(2)
m (y)g,

ï¢«ïîé¨¥áï «¨¥©ë¬¨ ¯¥à¥áâ ®¢ª ¬¨ á®®â¢¥âáâ¢ãîé¨å á¨áâ¥¬. �à¨ ¤®ª § â¥«ìáâ¢¥ ã¦-
® ¢¢¥áâ¨ (¯®ª § ® ¢ [5]) á®åà ïîé¨¥ ¬¥àã ®â®¡à ¦¥¨ï Ti : [0;1) 7! [0;1) â ª¨¥, çâ®
w(i)
n (x) = �(i)

n (Tix).
�á«¨ á¨áâ¥¬ë fw(i)

n (x)g ¯à¨ i = 1 ¨ i = 2 á®¢¯ ¤ îâ, â® ¢á¥ ¯à¨¢¥¤¥ë¥ â¥®à¥¬ë ¯à ªâ¨ç¥áª¨
®áâ îâáï ¡¥§ ¨§¬¥¥¨ï. �á«¨ ¢ áªà¥é¥®¬ ¯à®¨§¢¥¤¥¨¨ ¢®§ì¬¥¬ à §«¨çë¥ ¯¥à¥áâ ®¢ª¨
®¤®© ¨ â®© ¦¥ á¨áâ¥¬ë, â® ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ 3 ¨ 30 ¨§¬¥ïâáï áãé¥áâ¢¥®, ¨ § ¢¨áïâ ®â
¢¨¤  ¯¥à¥áâ ®¢ª¨. � ¯à¨¬¥à, ¤«ï áªà¥é¥®£® ¯à®¨§¢¥¤¥¨ï á¨áâ¥¬ �®«è {�í«¨ ¨ �®«è {
�®«è  ®¯¥à â®à ¥ ¡ã¤¥â ¨¬¥âì ª®¥çë© ¯®àï¤®ª.

� ë¥ à¥§ã«ìâ âë c á®®â¢¥âáâ¢ãîé¨¬¨ ¢¨¤®¨§¬¥¥¨ï¬¨ ¬®¦® ¯¥à¥¥áâ¨   �-¬ã«ìâ¨-
¯«¨ª â¨¢ë¥ ¯à¥®¡à §®¢ ¨ï �ãàì¥, à áá¬®âà¥ë¥ ¢ [13],[14]. �â¤¥«ìë¥ à¥§ã«ìâ âë ¤ ®©
áâ âì¨ ¯à¨¢¥¤¥ë ¢ [17].
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