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1. �¢¥¤¥­¨¥. �®áâ ­®¢ª  § ¤ ç¨

� ­ áâ®ïé¥¥ ¢à¥¬ï § ¤ ç¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¡¥§ ®£à ­¨ç¥­¨© ­  ä §®¢ë¥ ¯¥à¥¬¥­-
­ë¥ ¢ ¢ëç¨á«¨â¥«ì­®¬ ®â­®è¥­¨¨ ®¡¥á¯¥ç¥­ë áà ¢­¨â¥«ì­® å®à®è® (¬¥â®¤ë ¨£®«ìç â®© «¨­¥ -
à¨§ æ¨¨ ¨ ¨å ¬®¤¨ä¨ª æ¨¨ [1], ¬¥â®¤ë ª¢ ¤à â¨ç­®-¨£®«ìç â®©  ¯¯à®ªá¨¬ æ¨¨ [2], ¯à®æ¥¤ãàë
ª¢ §¨£à ¤¨¥­â­®£® â¨¯  [3]). � § ¤ ç å á â¥à¬¨­ «ì­ë¬¨ ®£à ­¨ç¥­¨ï¬¨ ­  á®áâ®ï­¨¥ ¬¥â®¤ë
¨£®«ìç â®£® ¢ àì¨à®¢ ­¨ï, á¢ï§ ­­ë¥ á ¯à¨­æ¨¯®¬ ¬ ªá¨¬ã¬ , à §à ¡®â ­ë ¢ [4], [5]. �« ¡ë¬
¬¥áâ®¬ ¢ ¨å áâàãªâãà¥ ï¢«ï¥âáï ¯à®æ¥¤ãà  ¢ àì¨à®¢ ­¨ï, ª®â®à ï ¢ ¯« ­¥ à¥ «¨§ æ¨¨ ­®á¨â
á«¨èª®¬ \à §àë¢­ë©" å à ªâ¥à ¨ ­¥ ¬®¦¥â ¡ëâì ¯à¨§­ ­  ã¤®¢«¥â¢®à¨â¥«ì­®©. � ¤ ­­®© à ¡®-
â¥ ¤«ï ¯®áâà®¥­¨ï ¬¥â®¤®¢ ¢ § ¤ ç å á ®£à ­¨ç¥­¨ï¬¨ ¨á¯®«ì§ã¥âáï á®¢à¥¬¥­­ ï â¥å­¨ª  ¨£®«ì-
ç â®£® ¢ àì¨à®¢ ­¨ï, ­¥®¡å®¤¨¬ë¬ í«¥¬¥­â®¬ ª®â®à®© ï¢«ï¥âáï å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï
¬­®¦¥áâ¢  ¢ àì¨à®¢ ­¨ï. � à¥§ã«ìâ â¥ ¯®«ãç¥­ ¨ ®¡®á­®¢ ­ ¢ ¯à¨­æ¨¯¨ «ì­®¬ ¢ à¨ ­â¥ ¬¥-
â®¤ á ¤¢ã¬ï ¢á¯®¬®£ â¥«ì­ë¬¨ ¯®¤§ ¤ ç ¬¨, ª®â®àë¥ ¯®§¢®«ïîâ ¯à®¢¥áâ¨ ã«ãçè¥­¨¥ ¯® ¤¢ã¬
äã­ªæ¨®­ « ¬, ®¯à¥¤¥«ïîé¨¬ ª ç¥áâ¢® ª ¦¤®£® ¯à¨¡«¨¦¥­¨ï ¢ ¨áá«¥¤ã¥¬®© § ¤ ç¥.

� áá¬®âà¨¬ ã¯à ¢«ï¥¬ë© ¯à®æ¥áá (u(t) 2 Rr | ã¯à ¢«¥­¨¥, x(t) 2 Rn |ä §®¢®¥ á®áâ®ï­¨¥),
ª®â®àë© ­  § ¤ ­­®¬ ¯à®¬¥¦ãâª¥ T = [t0; t1] ®¯¨áë¢ ¥âáï á ¯®¬®éìî ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë

_x = f(x; u; t); x(t0) = x0: (1)

�¢¥¤¥¬ ¬­®¦¥áâ¢® ¤®áâã¯­ëå ã¯à ¢«¥­¨©

V = fu 2 Lr
1(T ) : u(t) 2 U; t 2 Tg: (2)

�â® ¨§¬¥à¨¬ë¥ ¢¥ªâ®à-äã­ªæ¨¨ u(t), t 2 T , á ®£à ­¨ç¥­¨¥¬ â¨¯  ¢ª«îç¥­¨ï ®â­®á¨â¥«ì­® ª®¬-
¯ ªâ  U � Rr. �  ¬­®¦¥áâ¢¥ V ®¯à¥¤¥«¨¬ ­ ¡®à äã­ªæ¨®­ «®¢

�i(u) = �i(x(t1)) +
Z
T

Fi(x(t); u(t); t)dt; i = 0;m; (3)

¨ ¯®áâ ¢¨¬ § ¤ çã ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï

�0(u)! min; �i(u) = 0; i = 1;m; u 2 V: (4)

�à¥¤¯®«®¦¨¬, çâ® § ¤ ç  (1){(4) ï¢«ï¥âáï £« ¤ª®© ¯® ä §®¢ë¬ ¯¥à¥¬¥­­ë¬ (äã­ªæ¨¨ f(x; u; t),
�i(x), Fi(x; u; t) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë ¯® x 2 Rn) ¨ ­¥¯à¥àë¢­®© ¯® ã¯à ¢«¥­¨î ¨
¢à¥¬¥­¨ (äã­ªæ¨¨ f(x; u; t), Fi(x; u; t) ­¥¯à¥àë¢­ë ¯® u 2 U , t 2 T ).

�¢¥¤¥¬ äã­ªæ¨®­ «, å à ªâ¥à¨§ãîé¨© ­¥¢ï§ªã ¢ë¯®«­¥­¨ï ®£à ­¨ç¥­¨©-à ¢¥­áâ¢ ¢ § ¤ ç¥
(4)

�(u) = max
1�i�n

j�i(u)j:
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�¯à ¢«¥­¨¥ u 2 V ­ §®¢¥¬ ¤®¯ãáâ¨¬ë¬ ¢ § ¤ ç¥ (4), ¥á«¨ �(u) = 0 (¢á¥ ®£à ­¨ç¥­¨ï ¢ë¯®«­¥-
­ë).

�¯à¥¤¥«¨¬ ­¥®¡å®¤¨¬ë¥ ª®­áâàãªæ¨¨, á¢ï§ ­­ë¥ á § ¤ ç¥© (4). �ãáâì u(t), t 2 T , | ¤®áâã¯-
­®¥ ã¯à ¢«¥­¨¥ á ä §®¢®© âà ¥ªâ®à¨¥© x(t). �«ï ª ¦¤®£® äã­ªæ¨®­ «  (3) ®¯à¥¤¥«¨¬ äã­ª-
æ¨î �®­âàï£¨­  H i( i; x; u; t) = h i; f(x; u; t)i � Fi(x; u; t) ¢¬¥áâ¥ á à¥è¥­¨¥¬  i(t) á®¯àï¦¥­-
­®© á¨áâ¥¬ë _ i = �H i

x( 
i; x(t); u(t); t),  i(t1) = �r�i(x(t1)). �ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨¥

�v(t)H
i[t] = H i( i(t); x(t); v(t); t) �H i( i(t); x(t); u(t); t), £¤¥ v 2 V . �ãáâì � = (�0; �1; : : : ; �m) |

¢¥ªâ®à ¬­®¦¨â¥«¥© � £à ­¦  ¢ § ¤ ç¥ (4) á ãá«®¢¨¥¬ �0 = 0 _ 1. �¢¥¤¥¬ ®¡éãî á®¯àï¦¥­­ãî

¢¥ªâ®à-äã­ªæ¨î  (t; �) =
mP
i=0

�i 
i(t) ¨ á®®â¢¥âáâ¢ãîéãî äã­ªæ¨î �®­âàï£¨­  H(�;  ; x; u; t) =

mP
i=0

�iH
i( i; x; u; t). �®­ïâ­®, çâ®  (t; �) ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© _ = �Hx(�;  ; x; u; t),  (t1) =

�
mP
i=0

�ir�i(x(t1)), ¯à¨ç¥¬ H(�;  ; x; u; t) = h ; f(x; u; t)i �
mP
i=0

�iFi(x; u; t). �à¨¬¥¬ ®¡®§­ ç¥­¨¥

�v(t)H[t; �] = H(�;  (t; �); x(t); v(t); t) �H(�;  (t; �); x(t); u(t); t):

�â¬¥â¨¬, çâ® äã­ªæ¨ï H ®¡á«ã¦¨¢ ¥â äã­ªæ¨®­ « � £à ­¦  ¢ § ¤ ç¥ (4)

L(u; �) =
mX
i=0

�i�i(u):

�¯à¥¤¥«¥­¨¥. �ã¤¥¬ £®¢®à¨âì, çâ® ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥­¨¥ u(t), t 2 T , ï¢«ï¥âáï íªáâà¥-
¬ «ì­ë¬ ¢ § ¤ ç¥ (4), ¥á«¨ ­ ©¤¥âáï ­¥­ã«¥¢®© ¢¥ªâ®à � = (�0; : : : ; �m), �0 = 0 _ 1, ®¡¥á¯¥ç¨¢ -
îé¨© ãá«®¢¨¥ ¬ ªá¨¬ã¬ 

�vH[t; �] � 0; v 2 U; t 2 T (u(t) = argmax
v2U

H(�;  (t; �); x(t); v; t); t 2 T ):

�®£« á­® ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬  ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ ï¢«ï¥âáï íªáâà¥¬ «ì­ë¬ ¢ § ¤ -
ç¥ (4). � è  æ¥«ì á®áâ®¨â ¢ ¨â¥à æ¨®­­®¬ ®âëáª ­¨¨ íªáâà¥¬ «ì­ëå ã¯à ¢«¥­¨© ­  ®á­®¢¥
¯®á«¥¤®¢ â¥«ì­®© «¨­¥ à¨§ æ¨¨ § ¤ ç¨ á ¯®¬®éìî ¨£®«ìç âëå ¢ à¨ æ¨© ã¯à ¢«¥­¨ï. �®®â¢¥â-
áâ¢ãîé¨© ¬¥â®¤ à ¡®â ¥â ¢ ª« áá¥ ¤®áâã¯­ëå ã¯à ¢«¥­¨© ¨ ®à¨¥­â¨à®¢ ­ ­  ¯®á«¥¤®¢ â¥«ì­®¥
ã¬¥­ìè¥­¨¥ äã­ªæ¨®­ «®¢ �(u), L(u; �) ­  ®á­®¢¥ à¥è¥­¨ï á¯¥æ¨ «ì­ëå ¢á¯®¬®£ â¥«ì­ëå § -
¤ ç.

2. �á¯®¬®£ â¥«ì­ë¥ § ¤ ç¨ ¬¥â®¤ 

�ãáâì u(t), t 2 T , | ¤®áâã¯­®¥ ã¯à ¢«¥­¨¥ ¢ § ¤ ç¥ (4). �ä®à¬¨¬ ¯à®æ¥¤ãàã ¥£® ¨£®«ìç â®£®
¢ àì¨à®¢ ­¨ï á«¥¤ãîé¨¬ ®¡à §®¬ [1], [2]:

uv;�(t) = u(t) + �(t)(v(t) � u(t)); t 2 T;

v 2 V; � 2 X�; � 2 [0; 1];

X� =
�
� 2 L1(T ) : �(t) = 0 _ 1;

Z
T

�(t)dt = �(t1 � t0)
�
:

�¤¥áì �(t), t 2 T , | äã­ªæ¨ï ¢ àì¨à®¢ ­¨ï á ¤¢ã¬ï ¢®§¬®¦­ë¬¨ §­ ç¥­¨ï¬¨, ¯ à ¬¥âà �

®¡¥á¯¥ç¨¢ ¥â \¨£®«ìç âãî" «®ª «ì­®áâì ¢ àì¨à®¢ ­¨ï ¯® ¬¥à¥: �(t1 � t0) = mes ft 2 T : �(t) =
1g.

�®®â¢¥âáâ¢ãîé¨¥ ¯à¨à é¥­¨ï äã­ªæ¨®­ «®¢ (3) ¯à¥¤áâ ¢«ïîâáï ¢ ¢¨¤¥ [1]

�i(vv;�)��i(u) = ��i(u; v; �) + oi(�); i = 0; : : : ;m; (5)

£¤¥ ��i | ¨£®«ìç â ï ¢ à¨ æ¨ï ( ¯¯à®ªá¨¬ æ¨ï) äã­ªæ¨®­ «  �i, ª®â®à ï ¢ëà ¦ ¥âáï ¯® ä®à-
¬ã«¥

��i(u; v; �) = �

Z
T

�(t)�v(t)H
i[t]dt:
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�â¬¥â¨¬, çâ® ¢¥«¨ç¨­  ��i ¨¬¥¥â ¯®àï¤®ª � : j��ij � C�.
�­ «®£¨ç­®, ¯à¨à é¥­¨¥ äã­ªæ¨®­ «  � £à ­¦  á ¢¥ªâ®à®¬ ¬­®¦¨â¥«¥© �  ¯¯à®ªá¨¬¨àã-

¥âáï ¢ ¢¨¤¥

L(uv;�; �)� L(u; �) = �L(u; �; v; �) + o(�);

�L(u; �; v; �) = �

Z
T

�(t)�v(t)H[t; �]dt:

� ä¨ªá¨àã¥¬ � ¨ ¯¥à¥©¤¥¬ ª ¯®áâà®¥­¨î ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ ¢ ¢ à¨ æ¨ïå (�-§ ¤ ç )
®â­®á¨â¥«ì­® ¯ à ¬¥âà®¢ v 2 V , � 2 X�. � ª ç¥áâ¢¥ æ¥«¥¢®£® äã­ªæ¨®­ «  �-§ ¤ ç¨ ¥áâ¥áâ¢¥­-
­® ¢ë¡à âì ¢ à¨ æ¨î ��0(u; v; �). �® ç áâ¨ ®£à ­¨ç¥­¨© ¯®áâ ¢¨¬ § ¤ çã ¯®¨áª  ¯ à ¬¥âà®¢
¢ àì¨à®¢ ­¨ï v, � â ª¨¬ ®¡à §®¬, çâ®¡ë ®¡¥á¯¥ç¨âì ã¬¥­ìè¥­¨¥ ¬®¤ã«ï ª ¦¤®£® äã­ªæ¨®­ « 
�i, i = 1; : : : ;m, ­  ¢¥«¨ç¨­ã ¯®àï¤ª  �. � ä®à¬ «ì­®¬ ¨á¯®«­¥­¨¨ íâ® âà¥¡®¢ ­¨¥ ¨¬¥¥â ¢¨¤
�i(uv;�) = (1 � �)�i(u) + oi(�), i = 1; : : : ;m. �®­ïâ­®, çâ® ¢ à¥£ã«ïà­®¬ á«ãç ¥ (�i(u) 6= 0) ¤«ï
¬ «ëå � 2 (0; 1] äã­ªæ¨®­ « �i á®åà ­ï¥â §­ ª (sign�i(uv;�) = sign�i(u) ) ¨ ã¬¥­ìè ¥âáï ¯®
¬®¤ã«î (j�i(uv;�)j < j�i(u)j).

� ¨â®£¥, á ãç¥â®¬ ¯à¥¤áâ ¢«¥­¨ï (5), ä®à¬ã«¨àã¥âáï á«¥¤ãîé ï § ¤ ç  ¢ ¢ à¨ æ¨ïå:

��0(u; v; �)! min; ��i(u; v; �) = ���i(u); i = 1; : : : ;m; v 2 V; � 2 X�:

�¤¥áì u 2 V | ¡ §®¢®¥ ã¯à ¢«¥­¨¥, � 2 [0; 1] | ¯ à ¬¥âà. �ç¨âë¢ ï ¢ëà ¦¥­¨ï ¤«ï ¢ à¨ æ¨©
��i ¨ ®¯à¥¤¥«¥­¨¥ X�, ¯à¥¤áâ ¢¨¬ �-§ ¤ çã ¢ ¨­â¥£à «ì­®© ä®à¬¥

Z
T

�(t)�v(t)H
0[t]dt! max; v 2 V; � 2 X;

Z
T

�(t)�v(t)H
i[t]dt = ��i(u); i = 1; : : : ;m;

Z
T

�(t)dt = �(t1 � t0):

�¤¥áì X = f� 2 L1(T ) : �(t) = 0 _ 1g.
�®áâà®¥­­ ï § ¤ ç  ®â¢¥ç ¥â § ï¢«¥­­ë¬ âà¥¡®¢ ­¨ï¬, ®¤­ ª® ¯® ç áâ¨ ç¨á«¥­­®£® à¥è¥-

­¨ï ¯à¥¤áâ ¢«ï¥âáï âàã¤®¥¬ª®© ¢ á¨«ã á¬¥è ­­®£® å à ªâ¥à  ¯®¤ë­â¥£à «ì­ëå ¢ëà ¦¥­¨©
(ª®¬¯®§¨æ¨ï ¯ à ¬¥âà®¢ ¢ àì¨à®¢ ­¨ï v ¨ �). �à®¢¥¤¥¬ ¤¥ª®¬¯®§¨æ¨î �-§ ¤ ç¨ á á®åà ­¥­¨¥¬
æ¥«¨ ¥¥ ¯®áâà®¥­¨ï. �®« £ ï � = 1 (�(t) � 1), ¯®«ãç ¥¬ ¯¥à¢ãî ¢á¯®¬®£ â¥«ì­ãî § ¤ çã ­ 
¯®¨áª ã¯à ¢«¥­¨ï v(t) (�1-§ ¤ ç )Z

T

H0( 0(t); x(t); v(t); t)dt ! max; v 2 V;
Z
T

H i( i(t); x(t); v(t); t)dt = �i(u) +
Z
T

H i[t]dt; i = 1; : : : ;m:

�ãáâì u(t) (t 2 T ) | ¥¥ à¥è¥­¨¥, � = (�0; : : : ; �m), �0 = 0 _ 1, | á®®â¢¥âáâ¢ãîé¨© ¢¥ªâ®à
¬­®¦¨â¥«¥©. �®£« á­® ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬ 

u(t) = argmax
v2U

� mX
i=0

�iH
i( i(t); x(t); v; t)

�
= argmax

v2U
H(�;  (t; �); x(t); v; t); t 2 T:

�¡à §ã¥¬ ¢á¯®¬®£ â¥«ì­ë¥ äã­ªæ¨¨

gi(t) = �u(t)H
i[t]; i = 1; : : : ;m; g(t; �) = �u(t)H[t; �]

¨ ¢¢¥¤¥¬ ¢¥«¨ç¨­ã

�(u) =
Z
T

g(t; �)dt:
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�®£¤  ¢ á®®â¢¥âáâ¢¨¨ á �1-§ ¤ ç¥©Z
T

gi(t)dt = �i(u); i = 1; : : : ;m; �(u) � 0:

�ä®à¬ã«¨àã¥¬ ¢â®àãî ¢á¯®¬®£ â¥«ì­ãî § ¤ çã ­  ¯®¨áª äã­ªæ¨¨ ¢ àì¨à®¢ ­¨ï �(t) (�2-
§ ¤ ç ) Z

T

�(t)g(t; �)dt! max; � 2 X;
Z
T

�(t)gi(t)dt = ��i(u); i = 1; : : : ;m;
Z
T

�(t)dt = �(t1 � t0):

�â¬¥â¨¬, çâ® §¤¥áì ¢ ª ç¥áâ¢¥ æ¥«¥¢®£® äã­ªæ¨®­ « , ¢ ®â«¨ç¨¥ ®â �-§ ¤ ç¨, ä¨£ãà¨àã¥â ¢ à¨ -
æ¨ï äã­ªæ¨®­ «  � £à ­¦  �L(u; �; u; �). �£à ­¨ç¥­¨ï �2-§ ¤ ç¨ ¯®«ãç¥­ë ¨§ á®®â¢¥âáâ¢ãîé¨å
®£à ­¨ç¥­¨© �-§ ¤ ç¨ ¯à¨ v(t) = u(t), t 2 T . �®¤ç¥àª­¥¬, çâ® �2-§ ¤ ç  § ¢¨á¨â ®â ¯ à ¬¥âà 
� 2 [0; 1].

�ãáâì ��(t) | à¥è¥­¨¥ �2-§ ¤ ç¨. �¡à §ã¥¬ �-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ã¯à ¢«¥­¨© ¢ -
àì¨à®¢ ­¨ï

u�(t) = u(t) + ��(t)(u(t)� u(t)); t 2 T:

�®­ïâ­®, çâ® u�(t) ¢ë¤¥«ï¥âáï ¨§ uv;� ¯à¨ v = u(t), � = ��(t). �§ãç¨¬ á¢®©áâ¢  ã¯à ¢«¥­¨ï
u�(t) ¯® ç áâ¨ ã¬¥­ìè¥­¨ï äã­ªæ¨®­ «®¢ �(u), L(u; �), á¢ï§ ­­ëå á § ¤ ç¥© (4).

3. �¢®©áâ¢® ã«ãçè¥­¨ï

� áá¬®âà¨¬ äã­ªæ¨®­ «ë �i(u), i = 1; : : : ;m. �®£« á­® ä®à¬ã«¥ ¯à¨à é¥­¨ï (5), á ãç¥â®¬
®£à ­¨ç¥­¨© �2-§ ¤ ç¨ ¯®«ãç ¥¬ �i(u�) � �i(u) = �

R
T

��(t)gi(t)dt + oi(�) = ���i(u) + oi(�).

�âáî¤  j�i(u�)j � (1��)j�i(u)j+ joi(�)j � (1��)�(u)+o(�), o(�) = max
1�i�m

joi(�)j. �«¥¤®¢ â¥«ì­®,

�(u�) � (1� �)�(u) + o(�).
� ª¨¬ ®¡à §®¬, ¢ á«ãç ¥ �(u) > 0 (ã¯à ¢«¥­¨¥ u 2 V ­¥ ¤®¯ãáâ¨¬®) ã¯à ¢«¥­¨¥ u� ¯à¨

¤®áâ â®ç­® ¬ «ëå � > 0 ®¡¥á¯¥ç¨¢ ¥â á¯ãáª ¯® äã­ªæ¨®­ «ã �(u) : �(u�)��(u) � ���(u)+o(�).
�®«ãç¨¬ ®æ¥­ªã á­¨§ã ¤«ï §­ ç¥­¨ï �2-§ ¤ ç¨. � íâ®© æ¥«ìî ¯à¨¬¥­¨¬ «¥¬¬ã �ï¯ã­®¢ 

[6] ª ¢¥ªâ®à-äã­ªæ¨¨ p(t) = (g(t; �); g1(t); : : : ; gm(t); 1): ¤«ï «î¡®£® � 2 (0; 1) ­ ©¤¥âáï â ª ï
äã­ªæ¨ï �(t; �) 2 X, çâ® Z

T

�(t; �)p(t)dt = �

Z
T

p(t)dt:

�â ª, äã­ªæ¨ï �(t; �) ï¢«ï¥âáï ¤®¯ãáâ¨¬®© ¢ �2-§ ¤ ç¥, ¯à¨ç¥¬Z
T

�(t; �)g(t; �)dt = �

Z
T

g(t; �)dt = ��(u):

�®áª®«ìªã ��(t) | à¥è¥­¨¥ �2-§ ¤ ç¨, â®Z
T

��(t)g(t; �)dt �
Z
T

�(t; �)g(t; �)dt:

� áá¬®âà¨¬ ¯à¨à é¥­¨¥ äã­ªæ¨®­ «  � £à ­¦  á ¢¥ªâ®à®¬ ¬­®¦¨â¥«¥© �

L(u�; �)� L(u; �) = �

Z
T

��(t)g(t; �)dt+ o(�) � ���(u) + o(�):

�à¥¤¯®«®¦¨¬, çâ® �(u) > 0 (ã¯à ¢«¥­¨¥ u(t) ­¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ¬ ªá¨¬ã¬  äã­ªæ¨¨
H(�;  (t; �); x(t); v; t) ). �®£¤  ã¯à ¢«¥­¨¥ u�(t) ¤«ï ¬ «ëå � > 0 ®¡¥á¯¥ç¨¢ ¥â á¯ãáª ¯® äã­ªæ¨-
®­ «ã L(u; �).
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�®¤¢¥¤¥¬ ¨â®£. �á¯®¬®£ â¥«ì­ë¥ § ¤ ç¨ �1, �2 ¯®§¢®«ïîâ ¯®áâà®¨âì á¥¬¥©áâ¢® ã¯à ¢«¥­¨©
u� 2 V , � 2 (0; 1], á® á¢®©áâ¢®¬ «®ª «ì­®£® (¤«ï ¬ «ëå � > 0) ã«ãçè¥­¨ï ¯® ¤¢ã¬ äã­ªæ¨®­ « ¬
�(u), L(u; �):

�(u�) < �(u) (¥á«¨ �(u) > 0); L(u�; �) < L(u; �) (¥á«¨ �(u) > 0):

� á«ãç ïå �(u) = 0 ¨«¨ �(u) = 0 ã¬¥­ìè¥­¨ï á®®â¢¥âáâ¢ãîé¥£® äã­ªæ¨®­ «  ­¥ ¯à®¨áå®¤¨â (¨
­¥ âà¥¡ã¥âáï).

� ª¨¬ ®¡à §®¬, ¢ à ¬ª å ¯à¥¤« £ ¥¬®© ¨â¥à æ¨®­­®© ¯à®æ¥¤ãàë ª ç¥áâ¢® ª ¦¤®£® ¤®áâã¯-
­®£® ã¯à ¢«¥­¨ï u 2 V ®æ¥­¨¢ ¥âáï á ¯®¬®éìî ¤¢ãå ªà¨â¥à¨¥¢: ­¥¢ï§ª¨ �(u) ¯® ®£à ­¨ç¥­¨ï¬,
­¥¢ï§ª¨ �(u) ¯® ãá«®¢¨î ¬ ªá¨¬ã¬ . �à¥¤¥«ì­ë© á«ãç © �(u) = 0, �(u) = 0 ®§­ ç ¥â, çâ® u
| íªáâà¥¬ «ì­®¥ ã¯à ¢«¥­¨¥ ¢ § ¤ ç¥ (4). �¥«ì ¨â¥à æ¨¨ | ã¬¥­ìè¨âì äã­ªæ¨®­ «ë �(u),
L(u; �) | ¤®áâ¨£ ¥âáï §  áç¥â á¯¥æ¨ «ì­®© áâàãªâãàë ¢á¯®¬®£ â¥«ì­ëå § ¤ ç �1, �2. �«ï ®¡-
«¥£ç¥­¨ï ¯à®æ¥¤ãàë ¬®¦­® ¨á¯®«ì§®¢ âì ª®¬¡¨­¨à®¢ ­­ë© ªà¨â¥à¨© | ¬®¤¨ä¨æ¨à®¢ ­­ë©
äã­ªæ¨®­ « � £à ­¦  M(u) = L(u; �) + �(u).
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